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ABSTRACT. This book is devoted to the geometric theory of differential equa-
tions. It covers: ordinary differential equations and their solving by quadra-
tures from the geometric viewpoint; the theory of classical (point) symmetries;
contact geometry and its application to first-order partial differential equation;
the theory of higher (generalized) symmetries with emphasis on computational
techniques and demonstration of their use in solving concrete problems; con-
servation laws and their computation; Lagrangian formalism; Noether’s theo-
rem and relationship between symmetries and conservation laws; Hamiltonian
structures on evolutionary equations; nonlocal symmetries; coverings over dif-
ferential equations; symmetries of integro-differential equations.

The book is rendered as self-contained as possible and includes detailed
motivations, extensive examples and exercises, along with careful proofs of all
presented results.

The book is intended for readers who wish to learn the basics on applica-
tions of symmetry methods to differential equations of mathematical physics,
but will also be useful for the experts because it assembles a lot of results
previously dispersed in numerous journal publications. The text is accessible
to advanced graduate students in mathematics, applied mathematics, mathe-
matical and theoretical physics, mechanics, etc.
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Preface

The classical symmetry theory for general systems of partial differential equa-
tions was created by Sophus Lie more than 100 years ago. The concepts of Lie
groups and Lie algebras, so fundamental for modern mathematics, were discovered
by S. Lie [68] during these studies. Most of S. Lie basic ideas and results on trans-
formation groups were later worked out in numerous papers and books, while his
heritage in differential equations remained aside of these developments. The first,
after Lie, attempts to apply systematically the Lie theory to mechanics of con-
tinuous media were made by L. V. Ovsiannikov and his collaborators in 1950-60
(see [92]).

A new, non-Lie epoch in the symmetry theory for partial differential equations
began with discovering of “completely integrable” systems and with subsequent
development of the inverse scattering problem method [1, 22, 89, 28]. As it is well
known, any completely integrable equation generates a whole hierarchy consisting
of “higher analogs” of the initial equation. Studying these analogs made possible to
understand them as symmetries of some equation. Nevertheless, this approach did
not comply with the Lie theory and it was the theory of infinite jet spaces which
allowed to construct the concept of “higher symmetries”.

Informally speaking, classical (i.e., Lie type) symmetries are analytically de-
scribed in terms of independent and dependent variables and first-order derivatives
of the latter, while non-Lie symmetries may depend on arbitrary order derivatives.
What is more essential is that classical infinitesimal symmetries are vector fields on
the submanifold determined in the corresponding jet manifold by the initial equa-
tion, while “higher” (i.e., nonclassical) ones are cohomology classes of a natural
differential complex related to the so-called infinite prolongation of the equation at
hand. By this reason, a higher infinitesimal symmetry does not, in general, generate
a one-parameter group of (local) diffeomorphisms on the space of its solutions. In
other words, the usual relations between groups and Lie algebras cease to exist in
this context. Nevertheless, it still exists “virtually” and always materializes when
additional appropriate conditions arise in the problem (e.g., when boundary prob-
lems are considered). This nonclassical cohomological approach becomes even more
essential when the theory of conservation laws is constructed. Note that a priori
it was difficult even to assume that the theory of conserved quantities (integrals,
fluxes, etc.) admitted by a given system of partial differential equations may be
based on homology algebra and uses the theory of spectral sequences as its main
technique.

Foundations of the theory of higher symmetries and conservation laws were
developed by one of us in 1975-77 [60, 127, 129]. Later on, it was tested in partic-
ular computations and sufficiently efficient computational methods were obtained.

vii
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These methods were applied to compute higher symmetries and conservation laws
for particular systems of nonlinear partial differential equation [142, 137].

Besides, the most important theoretical details were established [130] and re-
vealed striking parallels between the calculus of vector fields and differential forms
on smooth manifolds, on one hand, and that of symmetries and conservation laws,
on the other hand. This observation gave birth to a hypothesis that these parallels
are of a much more general nature and can be extended to all concepts of differential
calculus. Subsequent analysis led to discovery of Secondary Differential Calculus,
which is both a powerful instrument to study general systems of partial differential
equations and a natural language to construct modern quantum field theory on a
nonperturbative basis.

Higher symmetries and conservation laws are “local” quantities, i.e., they de-
pend on unknown functions (or “fields”, if one uses physical terminology) and on
their derivatives. This framework, however, becomes insufficient to describe some
important concepts, such as Backlund transformations or recursion operators: the
reason is that in most interesting cases they operate with “nonlocal” quantities (e.g.,
integrals of local objects). Note also that integro-differential equations, where non-
local quantities are present from the very beginning, are of independent interest
for the theory of symmetries and conservation laws. The desired extension of the
theory is achieved by introducing the notion of coverings [62] in the category of
differential equations.

The fundamentals of the higher symmetry theory! and the corresponding com-
putational algorithms are elaborated sufficiently well now. Concerning the latter,
one needs to distinguish between algorithmic techniques oriented to computer appli-
cations (see, for example, the collection [137]) and analytical methods of studying
various model systems. It this context, it is necessary to mention works of the
“Ufa school” (see, for example, [85, 116, 112] and many other publications). The
results of analysis for particular equations and systems are scattered over numerous
publications. The most representable (but unfortunately becoming more and more
obsolete) digest can be found in [44, 45, 46].

There exists now a lot of books dealing with geometrical aspects of differen-
tial equations and, in particular, with their symmetries (see [13, 4, 148, 43, 92,
91, 114]). The most consistent exposition of geometrical and algebraic founda-
tions of symmetry and conservation law theory for partial differential equations
contains in the monograph [60] and paper [132], but hardly can be considered
as “user-friendly” texts. Their deficiencies are partially compensated by the pa-
per [131] and by the works [61, 62] (the last two deal with the nonlocal theory).
But they do not fill the gap completely.

Therefore the idea to write a more popular and at the same time mathemati-
cally rigorous text on symmetries and conservation laws aroused immediately after
publication of the book [60]. Some chapters of the book you hold now were written
then: S. V. Duzhin wrote a text on symmetries of ordinary differential equations
and a draft version of the chapter on classical symmetries, A. V. Bocharov wrote the
chapter on symmetries of first-order equations, while I. S. Krasil’shchik prepared a
text on higher symmetries. By a number of “historical” reasons, this project could
not come to reality then and we returned back to it in ten years only.

'In modern literature, the terms generalized symmetries (see [91]) and Lie—Béicklund sym-
metries ([43]) are also used.
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A lot of things changed during this period, our attitudes to some aspects
of algebro-geometric foundations of the symmetry theory included. By this rea-
son, some old texts were considerably updated: using A. V. Bocharov’s text,
Yu. N. Torkhov wrote the final version of Chapter 2, Chapter 3, in its present
form, belongs to A. V. Samokhin, I. S. Krasil’shchik prepared a renewed version of
Chapter 4. We also decided that the book would be incomplete without mentioning
conservation law theory and the corresponding chapter was written by A. M. Ver-
bovetsky. Finally, Chapter 6 was written by N. G. Khor'kova and V. N. Chetverikov
(the section on symmetries of integro-differential equations belongs to him). We
also supplied the book with an Appendix containing adequately adapted text of
A. M. Vinogradov’s paper on Secondary Differential Calculus describing a deeper
perspective on geometric theory of partial differential equations.

In this book, we expose the basics on the theory of higher and nonlocal sym-
metries for general systems of partial differential and integro-differential equations.
The topic of the book concentrates on the following questions:

e What are higher symmetries and conservation laws admitted by a given
system of differential equation?

o What are efficient methods of their computation?

e If we found a symmetry or a conservation law, how to use them?

Concerning the last question, we had to restrict ourselves with the simplest and
most straightforward applications of the theory constructed. A more detailed ex-
position would need another couple of volumes (which we hope to write in future).

We tried to take into account interests of two groups of readers of this book:
first, of those who are mainly interested in theoretical aspects and, second, of those
ones who are interested in applications. To the latter (and we believe that those
who work in theoretical and mathematical physics, field theory, continuous media
mechanics, belong to this group) we advise to skip proofs and general conceptual
discussions and mostly pay attention to algorithms and techniques needed in par-
ticular computations. We hope that exposition of these matters is sufficiently clear.
On the other hand, we saw no possibility to make exposition more popular by pass-
ing to the standard in mathematical physics language of local coordinates. For
understanding the conceptual part of the theory, as well as for efficient use of the
corresponding algorithms, such an approach would be murderous. We can state
here that a lot of works concerning with the topics of this book are fighting with
coordinate difficulties rather than with real problems.

We hope that having read this book you will not only be able to look from a
different point of view at various problems related to nonlinear differential equa-
tions, but will take a pen and paper (or will switch on your computer and load
one of accessible packages for symbolic computations) to find something new and
interesting in your own professional problems. Formally speaking, to start looking
for symmetries and conservation laws, it suffices to know mathematics in the limits
of the standard university course and use the formulas exposed in the book. To
understand material deeper, one needs knowledge on:

e geometry of smooth manifolds and vector bundles over these manifolds [3,
95, 25, 115, 146],

e symplectic geometry [143, 7],

e theory of Lie groups and Lie algebras [122, 94, 105],

e commutative algebra [9],



X PREFACE

e homology algebra [15, 31, 35, 79, 84].

In addition, by “philosophical reasons”, we also recommend to get at least prelim-
inary knowledge in algebraic geometry [108] and category theory [31, 79].

Since the fall of sixties, the authors of this book are participants of the seminar
on algebraic and geometric foundations of nonlinear differential equations at the
Faculty of Mathematics and Mechanics of Moscow State University. On behalf of
all authors, we would like to express our gratitude to all the participants who helped
us both in forming a general approach and in clarifying some particular problems.
We are especially grateful to: D. M. Gessler, V. V. Lychagin, V. E. Shemarulin,
M. M. Vinogradov, and V. A. Yumaguzhin. We are also grateful to one of our
first Russian readers, A. V. Shepetilov, for his useful remarks on some errors in the
book.

Our special thanks are due to the Russian Foundation for Basic Research
(RFBR) whose financial support was crucial for the Russian edition publication.
When writing the book, I. S. Krasil’shchik, A. V. Samokhin, and A. M. Verbovetsky
were also partially supported by the RFBR Grant 97-01-00462, and Yu. N. Torkhov
was supported by the RFBR Grant 96-01-01360.

Finally, we would like to point out that this book can be considered as an
introduction to the monograph series on the foundations of secondary calculus
launched by the Diffiety Institute of Russian Academy of Natural Sciences. Hot
information on the Diffiety Institute activities can be found on the World Wide
Web starting at URL:

http://www.botik.ru/~diffiety/
or
http://ecfor.rssi.ru/"diffiety/

A. M. Vinogradov
I. S. Krasil’shchik



CHAPTER 1

Ordinary Differential Equations

Of all differential equations, two classes, ordinary differential equations and
scalar partial differential equations of order one, stand out by a number of fea-
tures facilitating their study and making the theory more readily applicable. This
chapter discuss the geometric approach to ordinary differential equations. Here we
first introduce, in the simplest situation, the concepts that will be extensively used
throughout the book. We also show that the geometric theory of symmetries makes
it possible to understand and generalize the standard procedures of explicit inte-
gration of ordinary differential equations and to obtain new results in this direction
as well.

1. Ordinary differential equations from the geometric viewpoint

It is well known (see, e.g., [6]) that a first-order ordinary differential equation
resolved for the derivative

W = f(w,u) (L1)

can be geometrically interpreted as a vector field on the (z,w)-plane. To this end,
at each point (x,u) one has to consider the vector (1, f(xg,ug)) and the operator
0/0x + f(xo,up)d/0u of derivation in the direction of this vector. The trajectories
of the field 9/0x + f(x,u)0/0u are called the integral curves of equation (1.1).
They are graphics of solutions of the equation under consideration (see Figure 1.1).

To interpret the equation

F(z,u,u')=0 (1.2)

/]

S S S
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—— T T
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FIGURE 1.1. The vector field X = 9/0x + ud/0u corresponding
to the differential equation v’ = u

1



2 1. ORDINARY DIFFERENTIAL EQUATIONS

FIGURE 1.2

in the same fashion, one needs to solve it for the derivative u’. When doing so, the
following difficulty is encountered: several values of w’' (or no values at all) may
correspond to some values of x and u by (1.2). Moreover, in a neighborhood of
a singular point (that is, of a point where dF/0u’ = 0 and, hence, the implicit
function theorem is not valid), the function expressing v’ in terms of z and u, even
though it is well-defined, may not be smooth.

EXAMPLE 1.1. Let
F(z,u,v') = u/? +u? + 2% — 1.

Then v = +v/1 — 22 — «2. This function is defined on the disk 22 + v2 < 1. Tt is
two-valued inside the disk and its derivatives become infinite on the boundary (see
Figure 1.2).

These difficulties can be overcome in the following way. Consider the space R?
with the coordinates z, y, p and the surface £ given by F(z,u,p) = 0. To every
solution v = f(x) of equation (1.2) there corresponds the curve on this surface
defined by the equations

u=f(z), p=f(z) (1.3)
The coordinate x can be taken as a parameter, i.e., the projection of this
curve to the z-axis is a diffeomorphism. Furthermore, the functions expressing the
coordinate v and p in terms of x are not arbitrary: the latter is the derivative of
the former. Consequently, not any curve in R? can be written in the form (1.3).
Since po = f’(xo), the tangent vector to the curve (1.3) at a point a =
(z0,up, po) takes the form

0 0 " 0
%‘Fpoaﬁ"f (xo)afp' (1.4)

Therefore this vector lies in the plane given by the equation
u — ug = po(xr — x0), (1.5)
i.e., it belongs to the kernel of the 1-form
w=du—pdz (1.6)

at the point a. It is also obvious that the span of all vectors of the form (1.4)
coincides with the entire plane (1.5).
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The inverse statement holds as well: a curve in R? projecting diffeomorphi-
cally to the z-axis and integral for the 1-form w (or, which is the same, for the
distribution C of codimension 1 given by the form w) has the form (1.3).

Thus, the two-dimensional distribution C given by 1-form (1.6) is the geometric
structure which distinguishes in a natural way the class of curves corresponding to
solutions of ordinary differential equations of the first order. This distribution C is
called the Cartan distribution.

By means of the Cartan distribution, solutions of a differential equation & C R?
can be interpreted as integral curves of the distribution C belonging to the surface £
and projecting to the z-axis without degeneration.

Note that the 2-form dw = dx A dp cannot be written as v A w, where 7 is
an 1-form. Hence, by the Frobenius theorem (see, e.g., [115, 146]), the Cartan
distribution is not completely integrable. Therefore its maximal integral manifolds
are one-dimensional, and the set of points where the plane of the Cartan distribution
is tangent to the surface £ is a closed nowhere dense subset of £. We call such points
singular. Thus, the set of nonsingular points of the surface £ is open and everywhere
dense.

Singular points of equation (1.2) can be found from the condition that the
differential dF and the form w are collinear at these points. This condition can be
written as two relations:

oF oF oF
=0, o7 +p E 0.

If a € £ is a nonsingular point, then the intersection of the plane tangent to
the surface £ at the point a with the plane C, of the distribution C is a straight
line [, tangent to £ at the point a. Thus on & there arises the direction field
(one-dimensional distribution) a — I,, which will be denoted by C(£). A curve I'
is integral for the direction field C(€) if and only if T" is an integral curve of the
distribution C and lies on & (with the exception of the set of singular points).
Therefore, it can be concluded that solutions of the equation £ are integral curves
of the direction field C(€) projecting to the z-axis without degeneration.

Note that arbitrary integral curves of the direction field C(£), which do not
necessarily satisfy the condition of nonsingularity of projection to the x-axis, can
be interpreted as multi-valued solutions of the equation &£.

ExAMPLE 1.2. The curve given by the equations
{ w—u+z=0,
3ulp—p+1=0,
lies on the surface
Bx—2u)p=u

(see Figure 1.3) and is integral for the Cartan distribution, but it is not of the
form (1.3). Hence this curve is a multi-valued solution to the equation (3z—2u)u’ =
u.

ExAMPLE 1.3. From the geometric point of view, the equation

du\? 9
— =1
(&) +

is the cylinder £ (see Figure 1.4) in the space R? with coordinates z, u, p defined
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N

u

FIGURE 1.3. The graph of the surface (3z — 2u)p = u for p > —1/2

by the relation p? +u? = 1. Consider the coordinate system (z, ) on this cylinder,
with ¢ being defined by

u = sin ¢, P = COS .
Then the restriction of w = du — pdx to £ is
wg =cospd(p — x).

The points of tangency of the distribution C and the cylinder £ are those where
we vanishes. It is obvious that these points are situated on the two straight lines
obtained by intersection of £ with the plane p = 0. These are singular solutions u =
+1 to the equation at hand. Further, the equation wg = 0 reduces to the equation
d(p — x) = 0 and implies that the integral curves of the distribution C(€) are the
circular helices

p=z+c, ceR.

All these curves project to the z-axis without degeneration and give rise to usual
solutions. Expressing ¢ in terms of u, these solutions can be written in the following
explicit form:

u = sin(x + ¢).

FIGURE 1.4
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u
1

FIGURE 1.6

Projecting to the (z,u)-plane, the solutions fill the region |u| < 1 (see Figure 1.5).
The singular solutions (the straight lines u = +1) are envelopes of the sine
curves.

ExXAMPLE 1.4. Consider the Clairaut equation

du f du
U—T— = —
dz dz )’

where f is a smooth function. The form of the surface £ = {u—ap = f(p)} depends
on the choice of f. As coordinates on &£, we can take the variables x, p. The form w
in these coordinates is written as

we = d(zp + f(p)) — pdz = (z + f'(p)) dp.
This form vanishes at the points of the surface £ belonging to the curve z = —f’(p).
The projection of this curve to the (z,u)-plane will be the graph of a singular
solution of the Clairaut equation. This solution can be obtained in analytic form
by solving the equation = — f’(p) for p and substituting the result to the equation
u—xp = f(p). For example, if f(p) = p%, o <0, then

u=(1—a) (fz)ﬁ

(07

Note that a singular solution can be multi-valued (e.g., u = +2/z for a = —1, see
Figure 1.6).

The integral curves of the distribution C(€) at nonsingular points can be found
from the equation wg = 0 subject to the condition z+ f’(p) # 0. This yields dp = 0,
p=c, and u = cx + f(c), where ¢ € R.

Asin Example 1.3, we see that singular solutions are envelopes of one-parameter
families of nonsingular solutions.
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u

FIGURE 1.7

Let us remark that the formal procedure for searching the envelope, i.e., elim-
ination of p from

F(I’ u’p) = 07
oFup) (1.7
Op -

can yield a curve with cusps and points of tangency to integral curves'.

Consider, for instance, the equation [100]

du\ > ’ du® ’
(xu)2<1+<dx>> a2<1+(dx)> ., a>0.
It can easily be checked that the functions defined by
(0= P 4 (y = P = PP,
are solutions to this equation, the solutions of (1.7) being of the form
r—u=+a or z—u==+a/V2

This family of curves contains envelopes of solutions as well as cusps and points of
tangency to integral curves (see Figure 1.7).

2. Ordinary differential equations of arbitrary order

By analogy with §1, we can develop the geometric theory of ordinary differential
equations of arbitrary order.

The equation
du d*u
F — e, —— | =0
<x7 u7 dl” 7d1:k:)

can be interpreted as a hypersurface in the (k + 2)-dimensional space R*+2 with
coordinates x, u, p1,...,pr defined by F(x,u,p1,...,px) = 0.

1For more details on finding envelopes see [27, 97]. A detailed discussion of singular solutions
to differential equations is found in [113, 100, 47].
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Consider the 2-dimensional distribution in R*+2 given by

wo = du — py dx,
wi = dpy — padx,

Wk—1 = dpx—1 — pk dz.

For k = 1, this distribution coincides with the Cartan distribution discussed in §1,
so we shall likewise call it the Cartan distribution and denote by C.

Note that a curve in R**2 is the graph of a function u = f(z) and of its
derivatives

Ly={u=f(z), pr = f'(2),....o0 = [P (@)}

if and only if it projects to the z-axis without degeneration and is an integral curve
for the distribution C (in §1 we proved this fact for k = 1).

Using the Cartan distribution C, one can give a geometric interpretation to the
well-known method for integrating of ordinary differential equations not containing
the independent variable in explicit form.

EXAMPLE 2.1 (see also [91]). Let us consider a second-order equation of the
form F(u,du/dz,d?u/dz?) = 0 or, in other words, a hypersurface £ in R* defined
by

F(u,p1,p2) = 0.
Restrict the distribution given by 1-forms
wo =du —pidz, w;=dp —padx (2.1)

to this hypersurface. The hypersurface £ and the forms wy, w; (and, hence, the
distribution C) are invariant under translations along the z-axis, i.e., transforma-
tions t.: (z,u,p1,p2) — (& + ¢,u,p1,p2), where ¢ is a constant. This makes it
possible to construct the quotient equation by the variable x of which the equation
is independent (more precisely, by the action of one-parameter group T of parallel
translations t.).

In other words, let us consider the quotient mapping 7

7 (z,u,p1,p2) —— (u,p1,p2)

from R* to the 3-dimensional space R*/T. The image of the hypersurface £ un-
der this mapping is the hypersurface £/T in the space R*/T given by the same
equation F'(u,p1,p2) = 0. The distribution C projects without degeneration to the
space R* /T and, thus, gives rise to the two-dimensional quotient distribution C/T.
This distribution can be defined by a 1-form on R*/T": for example, one can take
the following linear combination of the forms (2.1):

w=w 712(,00 =dp P2 g,
p1 p1

Thus, as a result of the factorization, we obtain the 3-dimensional space R* /T,
endowed with the 2-dimensional distribution given by @ = 0, and the 2-dimensional
surface £/T C R*/T), i.e., an ordinary first-order differential equation. This will be
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in complete agreement with §1 if we identify the form w with the canonical form w.

To this end, let us introduce the coordinates

_p
T ;m

on R*/T. Then we have @ = du’ — p’dx’. In the new coordinates, the equation of
E/T takes the form

o =u, u=p, p (2.2)

F/('r/7 u/7pl) = O’
where F'(z/, v/, p’) = F(a', v/, p'v’).
Thus, the quotient mapping 7 takes the initial equation of order two to a first-

order equation
du’
/ ’o _
F <x , U ’dx’) =0,

which is called the quotient equation. Therein lies the geometric meaning of the
change of coordinates (2.2).

REMARK 2.1. The distribution C/T can be defined by another form. Consider,
for example, the form

- 1 ?
w = wo —&wl =du— p—ldpl =du— d<p1>.
D2 D2 P2\ 2
To identify it with the canonical form w, we are to do the following change of
coordinates

2
x/:& r_ / 1

which reduces the initial equation to the first-order equation
d !/
F o, +v20, %5 ) =o.
du’

In a similar manner, one can reduce by 1 the order of any equation not ex-
plicitly depending on z. Factorizing by = the space R¥*? with the coordinates
T,u,p1,. .., Pk, We obtain the space R¥+2 /T with the coordinates u, p1, ..., px. The
image of the Cartan distribution C on R*¥*2 under this factorization is the two-di-

mensional distribution C/T on R¥*2/T given by
Go = wn — 2wy = dpr — 2 du,
p1 p1

~ Dk Pk
Wg—9 = Wg—1 — —wp = dpg_1 — — du.
b1 b1

We claim that the coordinates u, p1, ..., pg in the space Rk+2/T can be changed
for new coordinates x’, v, p,. .., pj_;, such that the quotient distribution C/T is
given by

Oy =du' —pida',...,0_o=dpj_s —pl_,dz’.
Indeed, define 2/, v/, and p’ = p} by formulas (2.2). Since

1
dpy =d (p2> = —dp2 — p%dpla
P1 pr
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we can put
2
m:;@—g%:@&(g—g)m
Therefore
%=%—%
P P
Continuing this line of reasoning, we obtain the desired change of variables. If we
replace the variables u, ..., py in the initial k-order equation by ', «/,...,p}_,

F(U,pl, cee 7pk) = Oa
we get the quotient equation of order k£ — 1.

As it was noted above, the restriction C(£) of the two-dimensional Cartan
distribution on R¥*? to the hypersurface £ is one-dimensional at all points except
for a nowhere dense set of singular points where the tangent plane to £ contains
the plane of C. Therefore, the distribution C(€) can be defined by one vector field.
Let us describe explicitly such a field and establish the conditions distinguishing
between singular and nonsingular points.

Let

0 0 0 0
Y_a%+60%+6187}91+."+ﬁk87m
be a field lying in the distribution C and tangent to the surface £. Since the field YV
belongs to the Cartan distribution, we have

w;(Y) =0, 1=0,1,...,k—1
i.e., for all ¢ except for ¢ = k we have (3; = p;+1a. The requirement that the field YV

is tangent to & is equivalent to the condition Y (F)|; = 0, i.e., to existence of a
function A such that

7

OF OF oF oF oF
= il 4. — = )\F. 2.3
a(@x +p18u +p28p1+ +pk5pk—1) kapk (2:3)
Obviously, we can satisfy this condition by putting
oF oF oF oF
A=0, =——, = -t
& on Br 7 +p1 7 +o P e
Thus, the desired vector field can be written as
vp= -0 (0 ) 0y
B Opr \ Ox p1 ou Pk Opr_1
L(OF L OF o OF ) 0
oz P ou PE et ) op
In particular, for a first-order equation F'(z,u,p) = 0, the field Y takes the
form
oF (0 0 OF oF\ 0
Vi=—o [ 4+ p— o) = 2.4
r Op (8x+p8u>+<8x +p8u>8p (24)

If the equation is solved with respect to the derivative, i.e., F = —p + f(z,u),
then & = {p = f(x,u)} and

o 0 0
Yr=g, trg, + et phu)g .
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FIGURE 1.8

The projection of this field to the (z,u)-plane has the form

9]
2 + fl=, u)%
The trajectories of the field obtained are, as it is well known, integral curves for
the equation at hand.
The point P of the equation & is singular if relation (2.3) at this point holds for

all @ and . Since the right-hand side of this relation vanish on &, the equalities

P OF OF oF OF
*%erl%Jr"'erk%*aipkfo
are necessary and sufficient condition for the point under consideration to be sin-
gular. Thus, the singular points of the hypersurface £ are those where the field Yp
vanishes.
The field Y is called the characteristic field of the equation £. The projections
of its trajectories to the (x,u)-plane are the graphs of solutions of this equation.

ExXAMPLE 2.2. Consider the equation (3z —2u)u’ = u. Then F = (3z—2u)u’ —
u, and by formula (2.4) we have

0 0 0
Yr = (2u — 33:)% +p(2u — Sx)% +(2p— 2p2)a—p

0 0 0
= (Qu—3z)— — u—» 2 — ) —
(2u x)acc u8u+(p p)ap
(the last equality holds on the equation, i.e., on the surface £ = {(3x — 2u)p = u}).
Let us take z and u as coordinates on £ and find the trajectories of the field Yp
from the system of equations

U= —u.

{iz?u—?)x,

Solving this system, we get z = Cre~t4+Che™3, u = Cret. Hence x = u+au?,
a = const. The family of trajectories of Yz is shown in Figure 1.8. Note that at
the point (0,0,0), which is a singular point of the equation under consideration,
the uniqueness theorem for solutions of ordinary differential equations is not valid.

3. Symmetries of distributions

Since solutions of ordinary differential equations (including the multi-valued
ones) are integral curves for the corresponding Cartan distributions, we begin the
study of symmetries of differential equations with discussing symmetries in a more
general context of distributions.
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NN

FIGURE 1.9. The Cartan distribution C on R?

Recall (see [115, 146]) that a p-dimensional distribution P on a manifold M of
dimension n is a correspondence a — P, that takes each point a € M to a p-dimen-
sional subspace P, of the tangent space T, M. The distribution P is called smooth,
if for any point @ € M there exist a neighborhood U 3 a and p smooth vector fields
X1,..., X, generating the distribution at every point of the neighborhood.

Let P be a smooth distribution on a smooth manifold M.

DEFINITION 3.1. A diffeomorphism ¢: M — M is called a (finite) symmetry of
the distribution P if it preserves this distribution, i.e., . (P,) C P, for all a € M.

EXAMPLE 3.1. The Cartan distribution on the space R? (see Figure 1.9) with
coordinates x, u, p is given by the 1-form w = du — pdz. It is obviously invariant
under translations along x and along u, i.e., the diffeomorphism ¢1 = (z+a, u+b, p)
is a symmetry of C for all a and b. Note that ¢j(w) = w. Translations s =
(z,u,p + c) along p are not symmetries. Indeed, ¢} (w) = du — (p + ¢) dz and this
form is not proportional to w.

The distribution under study has less trivial symmetries as well.

For example, it can easily be checked that the so-called Legendre transformation
o(z,u,p) = (p,u — xp, —x) is a symmetry, since it preserves the form w.

The transformation

¢:R3HR37 1/)(:1:7u,p):(p,xp7u,x),

resembles the previous one, but does not preserve the form w, since ¢¥*(w) = —w.
Nevertheless, the transformation v is a symmetry of the distribution C.

The set of all symmetries will be denoted by Sym P. It is obvious that the com-
position of two symmetries is a symmetry again. The map inverse to a symmetry
is also a symmetry. Thus, Sym P is the group with respect to the composition.

Let P D be the C*°(M)-module of vector fields X such that the vector X,
belongs to P, for all a € M.
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Suppose that the distribution P is generated by fields Xi,...,X; € P D. Def-
inition 3.1 is equivalent to p.(X;) € P D for all i = 1,...,[ or, which is the same,

Xi)=> piX;, i=1,...1 (3.1)
J
for some functions f;; on M.
Assume that the differential forms wq,...,ws, where w; = Zj wijdxj, wij €
C>° (M), generate the distribution P. The condition ¢ € Sym P means that
wz) :Z)\ijwj, 1= 1,...,/€, (32)
J

for some functions A;; on M or, equivalently,
0 .
Zw” %ds—Z)\” (2)wjs(x) ds, i=1,...,k,

where s = 1, ...,n=dim M. Hence the symmetries ¢ of the distribution at hand
can be found from the following system of equations

3
Z wij (i 852 Z Aij (@)wjs (x (3.3)

where );; are arbitrary smooth functions, i =1,...,k, j=1,...,n

The problem of solving these equation is not easier than the problem of finding
the integral manifolds of the distribution under consideration. Moreover, the direct
attempt to describe the set Sym P of all symmetries of a given distribution P is
doomed to failure. However, passing to the infinitesimal point of view, i.e., passing
from above-defined finite symmetries to infinitesimal ones, considerably simplifies
the situation.

DEFINITION 3.2. A vector field X € D(M) is said to be an infinitesimal sym-
metry of the distribution P, if the flow A; generated by the field X consists of finite
symmetries.

The set of all infinitesimal symmetries will be denoted by Dp.
Definition 3.2 is generally inconvenient to use in concrete computations. But
it can be restated in a more constructive way:

THEOREM 3.1. Let P be a distribution on M. The following conditions are
equivalent:
1. X € Dp.
2. If Xq,...,X; are vector fields generating P, then there exist smooth func-
tions pui; such that [X, X;] =37, iy Xy for alli=1,....1.
3. If wi,...,wy are 1-forms defining P, then there exist smooth functions v;;
such that X (w;) =3, vijw; for alli=1,... k.

PROOF. 1 = 2. Let X be a symmetry of the distribution P and A; be the
one-parameter transformation group corresponding to the vector field X. Since the
diffeomorphism A; preserves the distribution P for every ¢t € R, the image of the
vector field X; € P D under this diffeomorphism belongs to P D:

X;) = Z i (1) X
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where «;;(t) is a family of smooth functions on M smoothly depending on the
parameter ¢ € R. Differentiating this expression with respect to t at ¢t = 0, we get

(X, X:] = pi X5,
i

with Wij = —dO&ij (t)/dt|t:0'

2 = 3. Suppose that a vector field X satisfies Condition 2. We claim that if a
1-form w vanishes on all vector fields X, ..., X}, then the form X (w) has the same
property (and, hence, can be represented as a linear combination of wy,...,wy).
Indeed, for all ¢ we have

X(w)(XZ) = —w([X, Xl]) =0.
3 = 1. First note that the equality A7, , = A} o A} implies

d

7| Arw) = A (X W)).

t=s
Further, consider the following (k + 1)-form dependent upon the parameter ¢:
Qz(t) = Af(wz) ANwp A« N\ wg.
Since Aj(w;) = w;, we have ;(0) = 0. We claim that €;(¢) = 0. Indeed,
a
dt
Hence, the vector consisting of (k + 1)-forms (Q4(¢),...,Q(¢)) is a solution to
a linear homogeneous system of ordinary differential equations with zero initial
conditions. Therefore, Q;(t) = 0 for all i.

Thus, Aj (w;) is a linear combination of wy, . .. ,wy, for all ¢, i.e., A; is a symmetry
of the distribution P. O

Qi) = AF(X(wi)) Awr A= Awp = 3 Af (13;)Q(t).

COROLLARY 3.2. If X,Y € Dp, then aX+8Y € Dp (o, 8 € R) and, moreover,
[X,Y] € Dp. In other words, Dp is a Lie algebra over R with respect to the
commutation operation.

PRrOOF. In view of Condition 2 of the theorem proved, we can write [X, X;] =
> ki X5, [V, Xi) = 30, Aij X, Then [aX + Y, X,] = Y (api; + BAi;)X;. This
yields aX + Y € Dp.

Further, by virtue of the Jacobi identity

HX’ Y]aXz} = [[XvXZLY] - [D/’Xz]’X]

= (i X5, Y= X5, X1) =Y g tin—pigAgw) Xty (X (Nij) =Y (i) X
j ik j

This shows that [X,Y] € Dp. O

Using Theorem 3.1, we can write down coordinate conditions for a field X =
> X'0/0z; to be a symmetry of the distribution given by the system of 1-forms
Wiy Wiy Wy = D Wi .

We have
;O0wjs  0X°

1,8
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FIiGURE 1.10

By Condition 3 of Theorem 3.1, the 1-form X (w;) is represented as ), vjw;, i.e.,
there exist smooth functions v;; such that

iasz 8XZ
Z (X Tml + axs wji) = Z Vjiwis, (34)

%

where j=1,...,k,s=1,...,n.

Note that in contrast to (3.3), the system of equations (3.4) is linear in the
fields X1, ..., X*. It is called the system of linear Lie equations corresponding to
the system of nonlinear Lie equations (3.3). Just as the nonlinear Lie equations
serve to find finite symmetries of a given distribution, the linear Lie equations serve
to find its infinitesimal symmetries.

Further on we primarily study infinitesimal symmetries, so the word “symme-
try” will always mean “infinitesimal symmetry” unless otherwise explicitly specified.

EXAMPLE 3.2. Symmetries of a one-dimensional distribution generated by a
vector field Y are vector fields X such that [X,Y] = AY for some function A.

Consider, as an example, the vector field Y on the sphere that in the “geo-
graphical” coordinates ¢, 6 has the form Y = 9/9¢ (see Figure 1.10). Take a field
X = a0/08 + B0/0p. We have [X,Y]| = —a,0/00 — 8,0/0¢, so the field X is a
symmetry, if oo, = 0. Thus, the symmetries of the distribution under study are the
fields of the form ad/d6 + B0/D¢, where [ is an arbitrary function on the sphere
and « is a function constant on the parallels.

The finite symmetries of this distribution are given by pairs of functions 6 =

f(0), 2 =g(0, ).

EXAMPLE 3.3. Let us discuss the local structure of the symmetry algebra of a
completely integrable distribution.

It is clear that for any completely integrable distribution P at a generic point
there exists a coordinate system such that P is given by the basis

0 0

= (9.’)31,”" 1= axl.

Let X = >, X'0/0z;. Then [X;,X] =>",(0X"/0z;)0/0xz;, so that the condition

[X,X;] € PD,j=1,...,1, is equivalent to the equalities 0X"/0z; =0, j <1 <.
The field X splits into the longitudinal component ) ., X'0/0z; and the

transversal component ), ; X ¢0/0x;. Using this decomposition, we can say that

X is a symmetry of the distribution P if and only if the coefficients of its transversal

component are constant on the leaves of P, i.e., on the maximal integral manifolds

Xy
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of the distribution P which are of the form ;41 = Cj41,...,2, = Cy, C; = const
(see Figure 1.11).

EXAMPLE 3.4. Let us find all (infinitesimal) symmetries of the Cartan distri-
bution C on R3. Recall that it is given by the form w = du — pdz. Let

0 0 0

be a symmetry of C. We have
X(w) = (ﬁﬂc — bay — 7) dx + (ﬁu - pau) du + (ﬁp - pap) dp.

The condition that X (w) is proportional to w reads

{6}) — pap = 0;
Br — pay — v = —p(Bu — Pta,).

This system implies that the symmetries of the distribution C are vector fields of
the form (3.5) such that o and 8 are arbitrary functions related by the equality
Bp = poy, and v is expressed in terms of these functions by the formula v =
Bi + By — pay — p*a,. Consider the function f = 8 —pa. It is clear that o = — f,),

ﬂ = f_pfl)’ Y= f;t +pfu7 i'e'v
0 0 0
X = _fp%+(f_pfp)%+(fm +pfu)87p

Thus, a symmetry X of the Cartan distribution is uniquely determined by the
function f = f(x,u,p), which can be chosen arbitrarily?.

Among symmetries of a given distribution P there is a distinguished class of
symmetries that lie in P, i.e., belong to Dp N P D. These are called characteristic
(or trivial) symmetries. Symmetries that does not belong to P D will be referred
to as nontrivial.

ProproOsSITION 3.3. Let X,Y € Dp, the symmetry Y being trivial. Then the
symmetry [X,Y] is also trivial. In other words, the set of all characteristic sym-
metries is an ideal of the Lie algebra Dp.

2This result is a particular case of the general theory of contact fields (see Ch. 2).
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PrOOF. Let X1,..., X be vector fields generating the distribution P. Suppose
that Y = > f; X;. By Theorem 3.1, we have [X, X;] = Zj 1ij X ;. Therefore,

[X7Y] = [X’Zlel] = ZX(fl)Xz + Zfi,uinj.
7 % i,j

Thus, the field [X,Y] lies in P. By virtue of Corollary 3.2, it is a symmetry of the
distribution P. O

Let char P C Dp denote the ideal of trivial (characteristic) symmetries. By
definition, char P =Dp NP D.
In view of Proposition 3.3, we can consider the quotient Lie algebra

sym P = Dp/charP,

which is said to be the Lie algebra of nontrivial symmetries of the distribution P.
Note that for completely integrable distributions one has char P = P D. Conse-
quently sym P = Dp / P D in this case.

Let us consider symmetries of a completely integrable distribution P. Clearly,
the one-parameter transformation group generated by a symmetry preserves the
leaves of P. By the Frobenius theorem, transformations corresponding to a char-
acteristic symmetry move every leaf of P along itself. By contrast, nontrivial sym-
metries shuffle the leaves.

These observations can be generalized to nonintegrable distributions.

PROPOSITION 3.4. A characteristic symmetry of the distribution P is tangent
to every maximal integral manifold of P.

PRrROOF. Assume that there exists a characteristic symmetry X which is not
tangent to an integral manifold L. Consider the flow A; of X and the manifold
L =J, Ai(L). Clearly, L is strictly embedded to L.

We claim that the manifold L is integral for P. Indeed, the tangent space to L
at a point x spans the vector X, and the tangent space to the submanifold A;(L)

passing through z. Since both lie in P,, the same is true for T, (L). O

REMARK 3.1. Thus, every maximal integral manifold of the distribution P is
composed of its characteristics, i.e., of the trajectories of characteristic symmetries
of P. A similar construction occurs in the theory of first-order partial differential
equations, where our terminology came from.

Similar to the case of completely integrable distributions, transformations cor-
responding to nontrivial symmetries of an arbitrary distribution preserve the set of
maximal integral manifolds, but, unlike trivial symmetries, shuffle them. Note that
the action of elements of sym P on the set of maximal integral manifolds is well-
defined, since by Proposition 3.4 such a manifold is invariant under the action of a
trivial symmetry.

PRrROPOSITION 3.5. The set of characteristic fields is a module over the function
ring, i.e., if X € char P and f € C°°(M), then fX € char P.

PROOF. For an arbitrary vector field Y € P D, we have
Hence, fX € Dp. In addition, fX € P D, therefore fX € char P. O
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COROLLARY 3.6. The set char P consists of vector fields tangent to the distri-
bution.

The distribution char P is called characteristic. The dimension of this distri-
bution may decrease at some points.

THEOREM 3.7. The characteristic distribution is completely integrable.

PRrROOF. It follows from Proposition 3.3 that char P is a Lie algebra. The
theorem is proved. O

Now, let us use Examples 3.2-3.4 to illustrate the above theory.

In Example 3.2, we dealt with a one-dimensional distribution on the sphere.
Any one-dimensional distribution is completely integrable, so that in this case the
characteristic distribution coincides with the one considered.

The same obviously holds for any completely integrable distribution.

Further, let X be the characteristic symmetry of the Cartan distribution dis-
cussed in Example 3.4. Since X € Dp, we have

X = —fg+ = ph) e+ e ph) 5

The fact that X € char P implies w(X) = 0. But w(X) = X . (du — pdz) = f.
Therefore f = 0 and, hence, X = 0. Thus, in this case the characteristic distribution
is zero-dimensional.

4. Some applications of the symmetry theory to integration of
distributions

In this section, we show how to describe maximal integral manifolds of a dis-
tribution using its symmetries.

4.1. Distributions and characteristic symmetries. Consider a typical sit-
uation. Let P be a distribution and X be a characteristic symmetry of P. Given
an integral manifold L transversal to the trajectories of X, we can construct the
manifold N = |J, A¢(L), where A, is the flow of X. Since maximal integral mani-
folds of a distribution are composed of its characteristics, the manifold V is integral
for P. In particular, taking a point as the manifold L, we get one trajectory of the
field X, which is a one-dimensional integral manifold.

EXAMPLE 4.1. In Example 2.2, we discussed the differential equation
(3z — 2u)u’ = .

For the distribution Cg given by the form du — p dx the characteristic symmetry Yp
was constructed. The trajectories of this field,

{a: = (zo — ug)e " 4+ uge ™,

U= uoe_t,

are solutions of the equation at hand passing through the point (xq, ug, po)-
ExAMPLE 4.2. Consider the upper half-plane

H={xz,y|y>0} CR?



18 1. ORDINARY DIFFERENTIAL EQUATIONS

and the manifold M of all unit tangent vectors to H. As coordinates on M take
x, Yy, u, with u € R mod 27 being the angle between the upward vertical direction
and the given vector. Further, consider the distribution P defined by the 1-form
w = du+ l—cosudx_ sinw
Y Yy
The reader can readily verify that this distribution satisfies the Frobenius complete
integrability condition.

This distribution defines the so-called oricycle foliation. Its geometric meaning
can be explained as follows.

Recall that the upper half-plane with the metric ds?> = (dz? + dy?)/y? is a
model of the Lobachevskian plane. The geodesics (“straight lines”) in this model
are semicircles with centers on the z-axis and vertical rays.

A leaf of the oricycle foliation consists of all vectors tangent to the geodesics
passing through the same point of the z-axis.

The lines L = {u = 7,z = ¢}, where ¢ is a constant, are integral manifolds
of P, since w vanishes on them. The field
0 1—cosu O
Ox Y ou
is a characteristic symmetry of P, because the distribution P is completely inte-
grable and the form w vanishes on the field D,. Moreover, it is obvious that the
field D, is transversal to the field §/dy, which is tangent to the line L.

Now, we consider all trajectories of the field D, passing through L to obtain a
two-dimensional integral surface of the distribution P.

Solving the system

dy.

D, =

=1,

y=0,

. 1—cosu

UV=—-—"-,
Y

yields the trajectories of the field D,:
U
y:Ch minOt§:027

where C7 and Cy are constants.

If points (z,y,u) and (c¢,yo,m) € L lie on the same trajectory, then y = ypo,
x —ycotu/2 =c—ypcotw/2. It follows that x — y cot u/2 = ¢. This is exactly the
surface J, A¢(L) (see Figure 1.12).

Geometrically, this surface is the set of all unit vectors tangent to the semicircles
such that their centers lie on the z-axis and they pass through the same point of
this axis (Figure 1.13).

4.2. Symmetries and dynamical systems. Many standard methods for
solving differential equations make use of the symmetry theory. Let us discuss an
example.

A system of first-order ordinary differential equations resolved with respect to
derivatives is interpreted as a vector field X (or, in other words, as a dynamical
system). A vector field YV is called a symmetry of the field X if [X,Y] = 0. It is
readily seen that a shift along the trajectories of Y shuffles the trajectories of X.
Given a symmetry, one usually changes coordinates to “straighten” the field Y (i.e.,
chooses new coordinates, y1,...,%n, in such a way that all except one of them,
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(x,y,u)

FIGURE 1.12

FIGURE 1.13

say yn, are constant on the trajectories of the field Y). In these new coordinates,
the field Y takes the form 0/0y,, so that the condition [X,Y] = 0 implies that the
coefficients of the field X do not depend on y,,. Thus, finding trajectories of the

field X reduces to integration of an (n — 1)-dimensional dynamical system and one
quadrature.

ExAMPLE 4.3. Consider the 3-dimensional dynamical system

X
. 1T
Tog=1 + x1,
T2
. ZT1T3
I3 =
T2

The vector field

oo D 0D
- 81‘1 28:172 38:63

is a symmetry of this system. Indeed, it can easily be checked that the commutator
of the field

2 2 2

T T T 0 1T 0 r1x3 O

X=(tZ2+Fas)+-L)—+ t13+x1>+ 175 =
x3 x5 To ) 011 To 0xo Ty Ox3
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and the field Y is equal to zero. Now choose the new coordinates

! Z1
ry =—
Z2
;o X2
Ty = —,
Z3
L=1
Tq = Inxs.

In these coordinates, the field Y takes the form 9/90x%, while the dynamical sys-
tem X is

xll :tzéa
-/ /
.'1;2 :t$17
A

1’3 = .

It follows that finding the trajectories of the dynamical system X reduces to the
integration of the two-dimensional dynamical system

) = ta,
b =t}
and one quadrature x4 = [ 2 (t) dt.

We now turn to discuss applications of nontrivial (i.e., noncharacteristic) sym-
metries to the problem of integrating distributions.

4.3. Distributions and noncharacteristic symmetries. Let X be a sym-
metry of a distribution P and A; be the corresponding flow. Given an integral
manifold L of the distribution P, we can construct the whole family A;(L) of such
manifolds.

EXAMPLE 4.4. Consider the equation (3z — 2u)u’ = u from Example 2.2. The
field X = u2d/0x, written in the local coordinates (x,u) on &, obviously commutes
with the field Yz (see Example 2.2) restricted to £ (check that this restriction has
the form (2u—3x)0/dz—ud/0u). Therefore X is a symmetry of the one-dimensional
distribution C(£) on €. Take the solution L = {u = x} of the equation under study.
Shifts of this solution along the trajectories of the field X yield all solutions of our
equation (except for u = 0). In fact, the shift along the trajectories of the field X
at time ¢ has the form

{ac:ugt—l—xo,

U = Ug-

From these formulas it easily follows that the image of the straight line L = {u = z}
is the curve A;(L) = {tu® +u = z} (see Figure 1.14).

EXERCISE 4.1. Find a symmetry of this equation that yields every (or almost
every) solution from the zero solution.

REMARK 4.1. Under shifts along the trajectories of the field X from Exam-
ple 4.4, the solution u = 0 moves along itself. Such a solution is said to be invariant.

EXERCISE 4.2. Find the solution of the equation (3z — 2u)u’ = w invariant
under the infinitesimal homothety zd/0x + ud/Ju.
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4.4. Integration of equations by quadratures. The second aspect of ap-
plications of nontrivial symmetries to which we would like to call attention, is inte-
gration of equations by quadratures. The point is that if for a completely integrable
distribution one knows a solvable Lie algebra of nontrivial symmetries and the di-
mension of this algebra equals the codimension of the distribution, then the integral
manifolds of this distribution can be found by quadratures. Before describing of
this procedure, let us give the following

DEFINITION 4.1. A function f € C*°(M) is called a first integral of a distribu-
tion P, if X(f) =0 for any X € P D.

It is obvious that if f is a first integral of the distribution P, then it is constant
on every integral manifold of this distribution, or, in other words, every integral
manifold of P lies entirely in a level surface {f = ¢} of the first integral.

Let us find first integrals for distributions from Examples 3.2-3.4.

Clearly, first integrals of the field X = 9/0¢ on the sphere are functions con-
stant on the parallels of the sphere. This example is easily generalized to the case
of an arbitrary one-dimensional distribution?.

First integrals of a completely integrable distribution P locally given by the
fields

0 0
Xi=—,.., X = —,
! 31'1 ! 8xl
are of the form f(x;41,...,2,), where f is an arbitrary function.

Finally, let f be a first integral of the Cartan distribution given by the form
w = du—pdz. Since the fields 9/9p and 9/dx+pd/0u lie in the Cartan distribution,
we have 0f/0p = 0f/0x + pdf/Ou = 0, therefore f = const. Thus, the Cartan
distribution does not possess nontrivial first integrals.

3Note that the terminology used here is consistent with that used in the theory of first-order
partial differential equations: if the distribution P is given by a vector field X, then its first
integrals are the first integrals of the equation X (¢) = 0, i.e., functions constant on the trajectories
of the field X. See also Ch. 2.
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Assume that we know a first integral of a distribution P on M. Then the
problem of finding all maximal integral manifolds reduces to integration of a dis-
tribution on a manifold whose dimension is diminished by one with respect to M.
Namely, the problem amounts to integrating the restriction of the distribution P to
a level surface of the first integral. Each new independent first integral reduces the
dimension by one. In the case functionally independent first integrals fi,..., fx,
where k = codim P, are known, the distribution under consideration can be given
by the set of exact 1-forms dfi,...,dfx. Therefore this distribution is completely
integrable and its leaves are the mutual level surfaces {x € M | fi(z) = ¢; } of the
functions f1,..., fr, where c1,...,ci are constant.

The problem of finding a first integral can be stated as the problem of finding
an exact 1-form w = df vanishing on vectors belonging to the distribution P, since
in this case w(X) = X(f) = 0 for all X € P D. Thus, complete integrability
of P is equivalent to existence of k£ = codim P such forms, provided that they are
independent.

DEFINITION 4.2. A linear subspace ) C sym P is called nondegenerate, if for
any point x € M and any field X € )Y the condition X, € P, is equivalent to the
condition X = 0.

Let . € M and Y, = { X, | X € Y }. If the subspace ) is nondegenerate, then
from Definition 4.2 it follows that

dim)Y = dim )Y, < codim P.

Let wy,...,wr be a set of forms defining the distribution P and Xq,...,X;
be a basis of a nondegenerate subspace ) C sym P. Clearly, | < k and the ma-
trix ||w;(X;)|| has the rank [ at any point of the manifold M. If | = k, then
det||w;(X;)|| # 0 and one can choose another set of forms defining P, say w/,...,w},
such that w}(X;) = d;;. To do this, it suffices to multiply the column (w, ... ,wg)"
by the matrix inverse to ||w;(X;)||. Assume that the space ) is closed with respect
to the commutation; then we have the following

THEOREM 4.1. Let P be a completely integrable distribution defined by the set
of 1-forms wy,...,wi. Let Xq,..., Xi be a basis of a nondegenerate Lie algebra Y
of symmetries of this distribution. Suppose that w;(X;) = 0;; and

(X0, X;] = e X,
S
where c;; are constant. Then

1 S
dwg = 3 Zcijwi A wj.

(2%

Proor. By the Frobenius theorem, there exist 1-forms +;; such that
dws = szj A wj.
J

Since X; € sym P, the 1-forms
Xi(ws) = Xz gdws + d(Xl gws) = Xz gdws
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vanish on vectors from the distribution P. The equality

Xo Sy = Y (X0 — e
J

implies that the forms ~,; are also zero on vectors from P and, therefore, v;; =
>, aj;ws for some appropriate functions af; € C°°(M). Hence,

— s . .
dws = E a;;wi A\ wj.

i<j
It follows that

dws(Xi, Xj) = ajj, for i < j.

On the other hand,
s (X1, X;) = Xi(we (X)) — X ((X)) — wn([X0 X)) = —0, (Z czjxt) —y
t

S _ _ .S
Therefore, aj; = —cj; and

1
dws = — Zcfjwi Nwj = —3 Zcfjwi Awj. O
i<j i,

COROLLARY 4.2. Under the conditions of Theorem 4.1, assume that the alge-
bra Y is commutative. Then all the forms w; are closed and, thus, locally exact:
w; = dh; for some smooth functions h;. These first integrals can be locally found
by computing the integrals

a
hz(a) :/ Wi,
ag

where ag s a fixed point of the manifold M.

In particular, since ordinary differential equations of order k are identified with
one-dimensional distributions on (k + 1)-dimensional manifolds, Corollary 4.2 im-
mediately implies the following

COROLLARY 4.3. If the distribution corresponding to an ordinary differential
equation of order k possesses a k-dimensional commutative nondegenerate Lie al-
gebra of symmetries, then this equation is integrable by quadratures.

ExXAMPLE 4.5. Consider a first-order equation resolved with respect to the de-
rivative. Assume that the right-hand side does not depend on z:
du
The corresponding distribution is defined on the surface p = f(u) by the 1-form
w = du — fdx. The vector field
0
X=—
ox
is tangent to this surface and is a nontrivial symmetry of the distribution C(£).
By virtue of Theorem 4.1 and Corollary 4.2, the form wg/f is exact. Indeed,

u}g}(dufd:c)d( Céz)x>
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In multiplication by 1/f, one easily recognizes the well-known method of “separa-
tion of variables” for solving equations of the considered type. Thus, this method
essentially amounts to transforming the 1-form defining the equation to an exact
one.

EXERCISE 4.3. Show that on the equation & the field X coincides with the field

0 , 0
f 50 T I'p o’

The previous example serves to illustrate the following general fact: with a
knowledge of one nontrivial symmetry of a completely integrable distribution of
codimension 1 (in particular, of a first-order ordinary differential equation), it is
possible to describe leaves of this distribution (in particular, solutions to this dif-
ferential equation) by means of quadratures. If X is a nontrivial symmetry of a
distribution P given by 1-form w, then the form fw, with f = 1/w(X), which also
defines the distribution P, is closed?. In this case, the leaves of P coincide with the
level surfaces of the integral of this form.

EXAMPLE 4.6. Consider the distribution P from Example 4.2. Since the coef-
ficients of the form
W= du+ l—cosudm_ sinudy
Y Y

do not depend on z, the field X = 9/0x is a symmetry of P. We have w(X) =
(1 —cosu)/y # 0, so that X is a nontrivial symmetry. Thus, the integrating factor
equals f = 1/w(X) =y/(1 — cosu) and

sinu Y

du = d(x — ycot E).

:df
Jo . 1—cosuy 1—cosu 2

The equation = —y cot(u/2) = ¢, ¢ = const, defines all the leaves of the distribution
at hand, except for the leaf {u = 0} (the function f is undefined for u = 0).

EXAMPLE 4.7. Any homogeneous first-order equation £

coo (2

has the symmetry X = x0/0x + ud/0u. Indeed, in the coordinates z and wu the
Cartan distribution on £ is given by the form

we =du — ¢ (E) dx.
x
It can easily be checked that X (p) = 0 and X (wg) = wg, hence X is a symmetry.
For an integrating factor one can take the function

1 1

f:wg(X) :“—w(%)'

In particular, for the equation (3z—2u)u’ = u (see Example 2.2), which is equivalent
to the equation
u
li
u=—
3z — 2u

4Recall that the function f is said to be an integrating factor.
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everywhere except for the line 3z — 2u = 0, we have
¢ 3z —2u

2u(z —u)’

and, therefore,

we _ sro we=d 1ln v
E ouz—u) f "2z =)
As above, this yields the solutions of equation under study: u®/(z —u) = ¢, ¢ =
const.

ExXAMPLE 4.8. Consider a linear nonhomogeneous equation
apu™ + -+ aju’ + agu = f,

where ag, a1,...,a and f are given functions of x. It is easy to prove that the
field

0 0 0
X = p— .. (k) 2
© Lpau+<papl+ + @ opr’

where (z) is an arbitrary solution of the corresponding homogeneous equation
arpu® + - 4 ayu’ + agu = 0,

is a symmetry of the initial equation. Such symmetries make a k-dimensional
commutative Lie algebra, and if one knows its basis, i.e., a fundamental system
©1,-..,pk of solutions of the homogeneous equation, then, by Corollary 4.3, the
nonhomogeneous equation can be integrated by quadratures. Note that w;(X,) =
0@, where, as before, w; = dp; — pi41 dz, Therefore, the matrix llwi (X, )|, which
in the course of solution must be inverted to find an integrating factor, is nothing
but the usual Wronski matrix of the fundamental system involved.

Now, suppose that we know a nondegenerate noncommutative Lie algebra Y
of symmetries of a completely integrable distribution P. Consider its commutator
subalgebra

Y0 =,y ={SX Y] XY ey}

and assume that Y # ). Then one can choose a basis Xi,..., X, of J in such
a way that Xi,..., X, ¢ Y while X, ;1,...,X; € Y. In this case, for any
two fields X; and X, we have [X;, X;] € Y1) so that ci; = 0 for all 4,7, if s < r.
Hence, the forms wq,...,w, are closed and, therefore, w; = dhq,...,w, = dh, in
some open domain. The level surfaces

H.={hi=c,....,~h, =¢  }, c=(c1,...,¢), ¢ ER,

are invariant under the commutator subalgebra Y| since X;(h;) = wi(X;) = 0 if
1 <r,j>r+1.

Let P. be the restriction of the distribution P to the surface H.. The distri-
bution P, is completely integrable. Indeed, the foliation of M whose leaves are
maximal integral manifolds of P cuts a foliation on the surface H.. The same fact
can be proved analytically. By Theorem 4.1,

1
dwsz—i}z ciwi A wy, s>r+1,
1,3>T
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The forms w; vanish on H, for ¢+ < r. Hence, by the Frobenius theorem, the
distribution P, is completely integrable.

Observe now that Y1) is a nondegenerate Lie algebra of symmetries of the
distribution P,. Actually, a shift along the trajectories of any field X € Y
shuffies the leaves of P and preserves the manifold H.; hence it must also shuffie
the leaves of P., which is the restriction of P to H,. Nondegeneracy of Y follows
from the fact that |w;(X;)||, r < i,j < k, is the unit matrix and, therefore, is
nondegenerate.

Because of this, we can subject V() to the same procedure that was formerly
applied to Y. Namely, let

y(2) — D}(l)7 y(l)]

be the commutator subalgebra of Yy, o1 @) #* y<1>, then some of the 1-form
Wrttlgg, -+ Wklqpy, are closed and give rise to local first integrals of the distribu-
tion P.. The distribution P, can be restricted to the mutual level surface of these
integrals, etc.

We continue in this fashion obtaining the sequence of subalgebras

yjy(l)jy@))...’

where Y+ = [y<i>,y<i>]. If the algebra Y is solvable, i.e., Y is commutative
for some ! (which is equivalent to Yy = 0), then after [ steps we shall be able
to apply Corollary 4.3. All this work yields the following theorems (which, by the
way, explain the term “solvable”):

THEOREM 4.4. If a completely integrable distribution P of codimension k pos-
sesses a solvable k-dimensional nondegenerate Lie algebra of symmetries Y C sym P,
then P is integrable by quadratures, i.e., one can find a complete set of first integrals
for P by integrating closed 1-forms and solving functional equations.

THEOREM 4.5 (Bianchi-Lie). If an ordinary differential equation of order k
possesses a solvable k-dimensional nondegenerate Lie algebra of symmetries, then
it is integrable by quadratures.

It is these results which caused the concept of solvability, originated in the
Galois theory of algebraic equations, to be extended to the theory of Lie groups and
algebras. Note also that the Lie groups of finite symmetries can be used instead of
the algebras of symmetries, since one can always pass to the corresponding algebra
by considering infinitesimal generators of the group.

ExAMPLE 4.9. Consider the equation
au2u/// 4 buu'u" 4 Cu/B =0.
It possesses a solvable three-dimensional nondegenerate algebra of symmetries con-
sisting of the translation along x (i.e., the field 9/9z) and of two independent scale

transformations (i.e., the fields ©0/0x and ud/Ju). It is convenient to take the
fields

0
Xl_%7
0 0 0 0 0
Xy = 2 U 42— I g
2 $8x+u8u+ p18p1+3p28p2+ psapg’
0 0 0 0
Xg=uU—+pim—+p2s— +p35g—

du o1 Op2 Ops



4. SYMMETRIES AND INTEGRATION OF DISTRIBUTIONS 27

for a basis of the symmetry algebra and follow the above-described scheme to ac-
complish the integration.

REMARK 4.2. Interestingly, in the well-known Kamke’s reference book [49] on
ordinary differential equations, for each of the following two differential equations
(numbers 7.8 and 7.9 in Kamke’s book):

4uPu" — 18uu/v” + 1503 = 0,

9uu'"" — 4buu/u” + 40u'3 = 0,

which both are of the type considered in Example 4.9, a different solution procedure
is given.

EXERCISE 4.4. Prove that any Lie algebra consisting of infinitesimal transla-
tions and infinitesimal scale transformations is solvable. To this end, check that
if ) is a Lie algebra of the considered type, then its commutator subalgebra Y1)
consists of translations only and, hence, is commutative.

Note that any two-dimensional Lie algebra is solvable. Indeed, if X; and X5 is
a basis of ), then the subalgebra Y s generated by [X7, X5] and, thus, Y@ =o.
Therefore, any completely integrable distribution of codimension two, in particular,
any second-order ordinary differential equation, can be integrated by quadratures,
if a two-dimensional Lie algebra of its symmetries is known.

ExAMPLE 4.10. Consider the second-order equation

n 2n+2
U// — U/ +u — mu, (41)

where n # —3, n € R.
The independent variable x does not enter into the equation explicitly, hence
the field

0
Oz
is a symmetry. It is not hard to prove that the field

P N T S L LR VI S AN
2T Ox 2 Ou 2 2 opl’

X1

where k = (1—n)/(n+3), is also a symmetry of the equation under consideration®.
The geometric image associated with the given equation is the hypersurface &£
in the four-dimensional space with coordinates x, u, p, ¢, where p and ¢ stand for u’
and u” respectively, defined by the equation
un 2n+2
= Ut — ——=u
q=p (n+3)2 )
together with the one-dimensional distribution on £ given by the forms w; = du —
pdx and we = dp — qdx.

5Contrary to the previous example, where all symmetries was seen with “the naked eye”,
finding X2 is not as straightforward. To do this, one needs the method of generating functions
for symmetries of the Cartan distribution. It is discussed in §5.
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The functions z, u, p can be taken for coordinates on £. Consider the matrix

wr [(F+1
—p e 5 U—P

M = lwi(X5)| = _
e e,m(k(kﬂ) 1 kp_q)

5 4T3

The inverse matrix has the form

k(k+1 1—k k+1
A )

where A = det M = €**T,
k(k+1) 1—k 5, k+1
T=— — .
5 up 5 o+ 5 uq

Multiplying the matrix M ~! by the column consisting of w; and ws, we obtain new
basis forms defining C(€):

;1 E(k+1) 1-k (k41
wl—T[( 7 U+ 3 p—q| du

1
wy = x(gdu —pdp).

u—p) dp] + dx,

By Theorem 4.1 the form wj is closed, since [X, X2] = kXo. To find its integral,
note that

or 1-k? E+1)2(k—-1
5= p+(1fk)u”+%4()u,
or 1-k?

Therefore, if k # 1, then the form w] can be written as

, 1 oT du+ oT J
wi=——"—=——du+ —

L= - 1)T \ 9u ap P
Thus, f = Te*~17 is a first integral of the distribution. Note that we have reduced
the order of equation (4.1), because it is equivalent to the family of first-order
equations of the form

E—1 1 — k2 E+1 E+1)2%(k—1
5 P’ + 5 up + ; u”+1+—( + )8< )u2—ce(1_k)‘”=0, (4.2)

where c¢ is an arbitrary constant.
Let us now restrict the distribution C(€) to the surface H. defined by (4.2).
On this surface, p can be expressed in terms of x and w as follows:

k+1 1+ k& 2
p=F L ui\/ TE 1y 20w, (4.3)

1
— (k—1)z
>—|—dx r_ldln(Te ).

2 1-k k—1

Furthermore, note that on H. we have A = ce®. Therefore,

efxp2 e % k271 e % 9
w’2|HCd< 50 >+C(p+u”+ T du72—cp dzx,
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where p is given by (4.3). From the proof of Theorem 4.4 it follows that this form
is closed; its integral is

e (k+1 1+k 2c 2 e~k
+ n+1 (1—-k)z
2c< g \/1—k“ L ) TRR—D

e (urtt (k+1)2 .2 \/1+k 2c
n+l | (1-k)x
T (n+1+ 8 ) / M .

All solutions of the equation at hand are given by the implicit relation g = ¢1,
c¢; = const. The Chebyshev theorem implies that the integral g is an elementary
function whenever 2/(n + 1) is integer.

g:

EXERCISE 4.5. 1. Complete the integration of 4.1 in the case n = —1.
2. Integrate the equation u” = u’+ae®™ —2/b by means of the symmetry algebra
with the generators

9 (0 20 2.0
X1 =— Xo=c¢e (83:+b0”'u+(p_b)8p>

5. Generating functions

In this section, we describe the generating function method for finding symme-
tries of the Cartan distribution.

Let £ be an ordinary differential equation of order k resolved with respect to
the highest-order derivative:

u® = fz,u,u®, .. uFY), (5.1)
Let us view z, u = pg,p1,...,Pk—1 as coordinates on the hypersurface & =
{pr = f(z,u,p1,...,pk—1)}. In this coordinates, the restriction of any vector

field X to & is written as

0 0
Xfa%+/6’oa—m+ A P15

Opr—1

Note that the algebra of characteristic symmetries of C(£) consists of fields of
the form AD, where A is an arbitrary function on £ and

-~ 0 0 0 0
D= _—+4pig—+ - +Di + : 5.2
oz " oo P on 2

is the total derivative operator with respect to x on the equation &.
Let us remark that D(p;) = pit1, @ < k — 1, and, by (5.1), D(px—1) = f.
In the quotient space of all fields by char C(£), one has

0 0 0 0

= —pis— — = Pret — :
oz dpo Opr—2 Opi—1

so that it is sufficient to search for symmetries only among vector fields of the form

0

5.3
Op.— 1 ( )

0
X=ﬁ067+ P15
Po
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For further calculations, it is convenient to consider the operation of horizon-
talization on the space of 1-form on £ which is defined by

ldx = dzx,
poi:pi-‘rl dﬂf, Z<k—17
ldpx—1 = fdz

and extended to all of the space of 1-form as a linear map over the ring of smooth
functions.

LEMMA 5.1. The following statements holds:

1. The operation of horizontalization takes a 1-form w to zero if and only if w
vanishes on the Cartan distribution.
2. For any function g € C*(E), one has

“1dg = D(g) dx.

PROOF. 1. Let w = ydx + Y, vidp;,. The equality lw = 0 means that v +
> YiPi+1 + vk—1f = 0. Therefore,

w=— (Z YiPi+1 + ”Vk—lf) dr + Z% dp; = Z%wi'

2. It is straightforward to compute that

dg dg dg dg dg _
_ )= (22 +3p — D(g)dz.
“ldg T(am dr + % ap: dpz) <8x + i Pi+1 o + f@pk,l dx (¢9)dz. O

Suppose now that a vector field X of the form (5.3) is a symmetry of the Cartan
distribution. By virtue of Theorem 3.1 and Lemma 5.1, this is equivalent to

TX(dpl — Pi+1 d.’L‘) =0, i< k- 1, (54)
11X (dpr—1 — fdx) = 0. (5.5)
From (5.4) it follows that
(D(Bi) = Biy1) dz = 0.

Hence, 3;11 = D(3;) for all i < k — 1. Denoting By by ¢, we arrive to the following
expression for X:

k—1
X = ZD%’(@ ai‘ (5.6)
i—0 1

In particular, we see that the field X, which is a symmetry of the Cartan distribu-
tion, is uniquely defined by one function ¢ = X (u). The function ¢ will be referred
to as the generating function of the field X given by (5.6). The symmetry with the
generating function ¢ will be denoted by X,,.

Clearly, the generating function of a symmetry for a given differential equation
cannot be arbitrary. From (5.5) it follows that

k—1
D*(p)~ 3 52 D'(e) =0, 57)
i=0
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The linear differential operator at the left-hand side of (5.7) is denoted by ¢4,
and is called the universal linearization® of the function F' = p;, — f restricted to
the equation £.

The above discussion can be summarized as follows.

THEOREM 5.2. Suppose that the equation € has the form F = 0, where F =
Pk — f(@,u,...,pr—1); then the correspondence ¢ — X, defines the isomorphism

ker /5, 2 sym E.

REMARK 5.1. The assumption that the equation is resolved with respect to the
the highest-order derivative is not in fact essential. In Ch. 4, we shall prove that
this theorem holds for “almost all” functions F'. In the general case, the operator E%
is defined by

oF
f :ZﬁpiD-

Obviously, this formula gives the above expression for ¢4 in the case when F =
Pk — f(xaua s 7pk—1)-

Since the fields of the form (5.6) are in one-to-one correspondence with the
generating functions, the generating function ¢ of the field X, is recovered by
means of the formula

=X, awy =wo(Xy,), (5.8)

where wg = dpg — p1dz. Note that the form wy vanishes on the characteristic
symmetries, because wo(D) = 0, i.e., the right-hand side of (5.8) is defined by
the coset of X, modulo the characteristic symmetries. So, to find the generating
function, it is not necessary for the symmetry to be reduced to the form (5.6).
Note also that, since no differential other than dr and du appears in the ex-
pression of wy, the generating function of a symmetry X is uniquely determined by

the coefficients at d/0z and 9/0u in the coordinate expression for this symmetry:

0 0
wo (OéaxﬂLﬂaqu“') =0 —ap:.

Consider now a symmetry X such that its coefficients o and 5 depend on z
and u only. Geometrically, this means that the image X, of X under the projection
7: REFZ — R2 w(x,u,p1,...,pk) = (7,u), is well defined. The field X, has the
form

In the case considered, the symmetry X is uniquely determined by the field X
and is called the lifting of Xy. Vector fields on the plane R2, i.e., infinitesimal
changes of independent and dependent variables, are said to be infinitesimal point
transformations”.

Thus, point transformations (or, more precisely, the liftings of point transforma-

tions) are those symmetries of the Cartan distribution whose generating functions

6The general theory of such operators is discussed in Ch. 4.
"The meaning of this term will be clarified in Ch. 2 and 3 in studies of more general contact
transformations.
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depend on x, v and p; only, with linear dependence on p;. If the generating func-
tion is an arbitrary function of x, v and p;, then the corresponding vector field is
called contact. Symmetries whose generating functions depend on all coordinates
T,Uu,p1,-..,Pk—1 are called higher. The general theory of higher symmetries will be
developed in Ch. 4.

Here are point transformations which are mostly frequently encountered in
applications:

1. Translation along x: Xy = 9/0z. The generating function is —py.

2. Translation along u: Xo = d/0u. The generating function is 1.

3. Scale transformation: Xo = axd/0x + bud/du, where a and b are constant.

The generating function is bu — azp;.

Consider now a system of ordinary differential equations. For the sake of sim-
plicity, restrict ourselves to first-order systems resolved with respect to the highest-
order derivatives:

...................... (5.9)
Up = fo(T,ur, ... up).
As before such a system is geometrized by considering the manifold £ with the
coordinates x, u1,...,u, equipped with the one-dimensional completely integrable
Cartan distribution C(&). This distribution is defined by the forms
wy = duy — f1dz,

Its integral curves are graphs of solutions of the system under consideration. A
counterpart of Theorem 5.2 in the case of systems of ordinary equations can be
formulated as follows:

THEOREM 5.3. The space of nontrivial infinitesimal symmetries of system (5.9)
is isomorphic to the kernel of the matrixz operator

D - afl/aul 7(9]01/81@ e 76‘](‘1/611,”
€ = | —0f/0w  D—0f/0uy ... —0f/0un
C0fajous  ~0fu)Ous ... D—0fsjOun

where D = 0/0x+ f10/0uy+- - -+ f,0/Oun, acting on the space of n-vector functions
of variables x, uy,. .., Uy,.

The symmetry corresponding to a vector function ¢ = (p1,...,¢n) € kerl%
under this isomorphism has the form

0 0
X = — .- =
] ¥1 aul + + Pn aun
The vector function ¢ is called the generating section of the symmetry X.
Let us now discuss the Lie algebra structure on the space of generating functions

and sections induced by the commutator operation of symmetries. Computing the
commutator of symmetries X, = >, D'(¢)9/0p; and Xy, = Y, D*(1)0/0p; yields:

X, Xy] = ZZ(N(@@%@ . Diw)ww)) 0

dpi ) op;’
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Denote the generating function of the field obtained by {p,%}. Contracting this
field with wg = dpy — p1 du, we get

N (D@ By 08
(o =2 (Pl D5 )

This bracket is called the higher Jacobi bracket (on the equation &).
For a system of the form (5.9) the Jacobi bracket x = {p, %} of generating
sections ¢ = (1,...,p,) and ¥ = (Y1,...,1y,) is given by the formula

o - _51/11'_ _a%’ -
m—Z(%auj wgau), j=1...n,

Jj=1

which immediately follows from the fact that the symmetry with the generating
section ¢ has the form X, = ¢10/0ui +- - -+ ¢, 0/0u, and that the Jacobi bracket
corresponds to the commutator of symmetries.

6. How to search for equations integrable by quadratures: an example
of using symmetries

Let us find all equations of the form
u =+ f(u) (6.1)

possessing a two-dimensional Lie algebra of point symmetries [26, 77]. As it was
mentioned above, all two-dimensional algebras are solvable, and therefore all such
equations are integrable by quadratures.

Since the independent variable x does not enter explicitly into the equation,
the translation along z is a symmetry. So, the problem is to determine when this
equation has one more symmetry with a generating function of the form

p=ap+p, (6.2)

where p = p;1, a and 8 are functions of x, u, such that {p, ¢} is a linear combination
of p and ¢. In what follows, we exclude the trivial case when the function f(u) is
linear.

We shall use variables x,u, p as coordinates on the surface £ corresponding to
equation (6.1). In these coordinates, the operator of total derivative has the form

0 0 0

D= _——+p—+{+f)
X u

—+p5 o (6.3)

The generating function of a symmetry o(z,u, p) must satisfy the equation
D?*() = D(¢) = f'¢ =0.
Taking into account equalities (6.2) and (6.3), we can rewrite this equation as
auup” + (200 + 2050 + Bua)p® + (Bauf + o + s + 2054)p
+ (2amf + Buf + Bre — Be — 6.}(,) =0, (64)

where the indices = and u label the derivative with respect to these variables. The
left-hand side of this expression is a polynomial in p, so that the coefficients of this
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polynomial vanish. Thus, equation (6.4) is equivalent to the system
Qyy = 0,
20, + 2034 + Buu = 0,
3fay + ap + Qg + 2600 = 0,
2fas + fBu+ Bow — B — ['B=0.
The first equation yields
a=~vyu+0, 7,6 € C*™(x),

where C*°(z) stands for the ring of smooth functions of . Substituting this ex-
pression into the second equation, we obtain

B=—(+Nu’+eu+( g ¢eC®)
Then the third equation is reduced to
3fy=3(v++9")u—-48—48"—2¢.

Since the function f(u) was supposed to be nonlinear, it follows that v = 0, e =
(3¢ — 0 —¢")/2, where » = const.
Now, the last equation of system (6.5) takes the form

(eu+ Q) f —nf =0u+ A, (6.6)

where n =28 +¢,0 =¢" — &', A = (" — ¢’ are functions belonging to C*°(x).
Equation (6.6) is an ordinary differential equation for f(u), involving the vari-
able z as a parameter. If € # 0, n # 0, and ¢ # 7, its general solution has the

form
f(U)H<u+C)€+9<u+<)+0<€>\, (6.7)
€ n € en

where p € C*(x).
Of all the functions (6.7), we have to choose those which does not depend on x
and are nonlinear in u. If /e # 2, then these requirements hold if and only if

n=a, gzba g:C,
0 6C — e (6.8)
:d7 :67
eE—n en

where a, b, ¢, d, and e are some constants.
Taking into consideration all the relations on the functions d, €, n, ¢, 6, A and
using (6.8), we easily obtain the following expressions:

e=het®, (=be, n=ce, O=(k>—k)e, \=0bb,
where k = (1 —¢)/(c+ 3) and h is a constant. Hence,
e 2c+2

From the relations on 6, ¢, n, ¢, 6, and X it follows that if n = 2e and function (6.7)
does not depend on z, then it has the form (6.9) for ¢ = 2.
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Now consider the possibilities previously excluded. Either of the assumptions
17 =0 and n = ¢ results in the linearity of f(u). In the case ¢ = 0, we have a new
series of solutions to equation (6.6):

2
_ bu _ =
f(U) = ae ba
From the computation above, we obtain the following

a,b = const.

THEOREM 6.1. Among all nonlinear equations of the form
u' =+ f(u)

only equations of the two following series:

2 2
1. u":u'+a(u+b)c—ﬁ(u+b) a,b,CER, 67&1773
2
2. v =u 4 ae? — =, a,beR, b#0.

b

possess a two-dimensional algebra of point symmetries. In the first case, this algebra
spans the generating functions

Y1 =D,
kE+1 1-c
kx
fr — b k = .
= <p 2 (u+ >>’ c+3
In the second case, the algebra is generated by

Y1 =D,

2
pa=e¢"(p—7].
(-5)
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CHAPTER 2

First-Order Equations

In this chapter, the geometric approach to differential equations and their so-
lutions, discussed above in the case of ordinary differential equation, is extended to
scalar differential equations of first order.

As in Ch. 1, we interpret such differential equations as manifolds endowed with
the Cartan distribution and, in this language, study their symmetries, integrability,
etc.

Geometric theory of first-order equations is closely related to symplectic ge-
ometry and, in particular, Hamiltonian mechanics. These questions are also the
concern of the present chapter.

1. Contact transformations

1.1. Contact elements and the Cartan distribution. Let z1,...,z, de-
note coordinates on R™. In this coordinates, a first-order differential equation for
one unknown function u has the form

F(acl,...7xn, Ou 8u> =0,

"0z’ Oy,

where F' is a smooth function of 2n 4 1 variables.

Denote the partial derivatives of u by p; = du/0x1,...,p, = Ou/Ox, and
consider the (2n + 1)-dimensional vector space J*(R™) with coordinates 1, ..., Z,,
u, P1,---,Pn- A differential equation gives rise to a locus

52{F(xlv"'7xn7u7p17"'apn) :0}

in this space.
As a rule, we shall assume that the differential

" OF oF " IOF
dF:;%d:ci—k%du—k;@—mdpi

is nonzero on some everywhere dense subset of the hypersurface £.

Under this assumption, any function G vanishing on £ has the form G = pF
near the hypersurface £, where p is a smooth function of x1,..., 2y, u, p1,-..,Pn-

Differential equations on manifolds other than R™ (e.g., on torus) are not infre-
quent in applications. Thus, let us define, in a coordinate-free manner, the space
JY(M) for an arbitrary smooth manifold M.

Consider the (n + 1)-dimensional manifold J°(M) = M x R; a point of J°(M)
is a pair (z,u), where x € M, u € R. A contact element at a point 6 € JO(M) is
a pair (6, L), where L C Ty(J(M)) is an n-dimensional plane. A contact element
(0, L) is called nonsingular, if the plane L does not contain the vertical vector 9/0u.

37
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EXERCISE 1.1. Prove that the set of all nonsingular contact elements on J°(M)
is a smooth manifold.

DEFINITION 1.1. The manifold of all nonsingular contact elements on J°(M)
is called the manifold of 1-jets of smooth functions on M and is denoted by J*(M).

Note that the projections
w0 JHM) — JO (M),  m00,L)=0 (1.1)
m: JH(M) —— M, m((x,u), L) =z, (x,u) € J°(M). (1.2)

are well-defined and are smooth vector bundles. The C'*°(M)-module of sections
of bundle (1.2) will be denoted by J*(M).

The manifold J!(M) is basic to geometric formulation of first-order differential
equations.

Let T'(f) € J°(M) be the graph of a function f € C°°(M), i.e., I'(f) consists of
the points b = (a, f(a)), where a € M. At every point b = (a, f(a)) of this graph,
consider the nonsingular contact element (b, L), where L = T, (I'(f)) is the tangent
plane to the graph. Clearly, every nonsingular contact element § = (b, Lg) € J*(M)
is tangent to the graph of an appropriate function.

Let us give a coordinate description of contact elements. Take a function
f € C*(M) and suppose that in local coordinates x1, ..., x,,u it has the form u =
f(xy,...,2n). Let &,...,&,m be coordinates on Ty (J(M)), where b = (a, f(a)),
a € M, with respect to the basis 9/0x1,...,0/0x,,0/0u. Clearly, the plane tan-
gent to the graph of f is given by the equation

n=pi&1+ -+ Pnén, (1.3)
where p; = 0f/0x1(a),...,pp = 0f /0, (a).

Thus, on the manifold of 1-jets there exist special (or canonical) local co-
ordinates x1,...,Tn, U, P1,...,Pn. Their geometric meaning is as follows: if
6 = (b,Ly) € JY(M), where Ly is the plane tangent to the graph of the func-
tion u = u(x1,...,2,) at b = (a, f(a)), then the contact element (b, Lg) has the

coordinates
(a1 (@ gL @ 7 @),

"Oxy T Oy
EXERCISE 1.2. Show that J'(M) =T*(M) x R.

By this exercise, one can define the projection 7: J*(M) — T*(M). In the
special coordinates it takes the form

T(T1y ey Ty Uy Ply - e o3 Dn) = (T1y 0oy Try D1y v oy Pr)- (1.4)

Let us now discuss a geometric interpretation of solutions to a given differential
equation. For any smooth function f € C°°(M), define the map

Jl(f)MéJl(M% ]1(f)a}—_>(b7Lf(a))7 (15)

which takes each point @ € M to the nonsingular contact element consisting of the
point b = (a, f(a)) and the plane tangent to the graph of f at this point.

The map ji(f) is said to be the 1-jet of the function f. Its graph N; =
J1(f)(M) c JY(M) is a n-dimensional manifold. In the special local coordinates
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P =01,

e
/ (71—1,0)*
w b Le

FIGURE 2.1

L1,y Ty, U, P1,- - -, Prp this manifold is obviously given by the equations

u= f(x1,...,Tn),

p1 = 87.131(‘%1’ s 7xn)7

Note that, similar to the case of one independent variable, not every n-dimen-
sional submanifold in J'(M) has the form Nj. To describe submanifolds of the
form Ny, we supply the manifold J*(M) with the Cartan distribution, which is
defined below.

Let 0 = (b, Ly) be a point of J1 (M), Ly C Ty(J°(M)). Denote by Cy the set of
vectors in the tangent space Ty(J'(M)) whose images under the projection (1 o)
belong to the plane Lyg:

Co={& € Tp(J'(M)) | (m1,0)+(€) € Lo }.
Cy is a hyperplane called the Cartan plane at 6 € J'(M) (see Figure 2.1).
DEFINITION 1.2. The distribution
0 —— Cy, 6c JH M),
on the manifolds of 1-jets J(M) is called the Cartan distribution.

PROPOSITION 1.1. Let f € C™(M) be a function, a € M, 8 = j1(f)(a) € Ny.
Then the manifold Ny is tangent to Cy.

Proor. The map 7, takes the manifold Ny to the graph of f. Therefore the
tangent plane Typ(Ny) is projected to the tangent plane to the graph of f at the
point b = (a, f(a)), i.e., on Lg. Hence, Ty(Ny) C Cy. O

This proposition can be restated as follows:

COROLLARY 1.2. The image of the map ji(f): M — JY(M) is an integral
manifold of the Cartan distribution.

EXERCISE 1.3. a. Show that the fibers of the projection (1.1) are integral man-
ifolds of the Cartan distribution.

b. Let V be an arbitrary k-dimensional submanifold of JO(M), 1 < k <n =
dim M. Consider the manifold P C J*(M) consisting of contact elements (b, L)
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such that b € V and L D T (V). Prove that P is an integral manifold of the Cartan
distribution.

Let us now define a differential form U; which determines the Cartan distri-
bution on J!(M). Take a contact element 6 = (b, Ly), where b € J°(M) and
Ly C Ty(JO(M)). The image of a tangent vector £ € Ty(J'(M)) under the projec-
tion m 0: JL(M) — JO(M), m10(f) = b, can be uniquely decomposed to the sum

£ = & + &, where & = (m1,0)+(§) = pe 0/0ul,, & € Lo. Set Ui(§) = pe. The
following proposition is obvious.

PROPOSITION 1.3. £ € Cy if and only if U1(£) = 0.

Thus, the 1-form U; defines the Cartan distribution. Let us describe this form
in local coordinates.

Let x1,...,%,, U, p1,...,Pn be special local coordinates on J'(M) in the
vicinity of a point . Since the plane Ly C Ty(J°(M)) is given by the equation
n = pi1€1 + -+ + pu&n, where &1,...,&,, n are the coordinates in T(JO(M)), we

have
" 0 ~ 0
;&87% + (;pi&) 70 € Ly. (1.7)

Suppose that

"9
£=) &ig—+ny +Z@ - € To(J (M));
i=1 v
then

0
(71.0) Z& o 3

From (1.7) it follows that

(71.0) ( Zlh&) X

with y € Ly. Hence,

U1 :du—Zpidxi. (18)
i=1
REMARK 1.1. Contact geometry closely resembles symplectic one. This is es-
sentially due to the isomorphism J!(M) = T*M x R. For a detailed discussion of
symplectic geometry see, e.g., [33, 3, 7].

In view of this remark, it is not surprising that there exists a universal element
on the manifold J*(M) similar to the universal form pdq in symplectic geometry
(72, 77].

PROPOSITION 1.4. There exists a unique element p € J+(J*(M)) on the man-
ifold J'(M) such that for any section 6 € J*(M) one has 0*(p) = 0.

PROOF. Consider an arbitrary point € J'(M). It is clear that there exists
a function f € C°°(M) such that x = ji(f)|,, ¢ = m(z). By definition, put
pl, = J1(mi(f))|,. Let us prove the equality 6*(p) = 0. Take x = 0(a). We have

0% (p)lo = 0" (1w (N)],) = 510" 71 (N)lo = 51()] = 2 = 0(a).
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To prove uniqueness of p, observe that if one has (8)*(p’) = 0 for some element p’
and all § € J1(M), then p' = 0. O

EXERCISE 1.4. Prove that in the local coordinates the element p has the form
ZZ‘L:1 p; dx;.

The decomposition J*(M) = T*(M) x R induces the decomposition J*(M) =
AY(M) @ C>(M). Define an operator S: J'(M) — A'(M) by the formulal
S(f,w) =df —w.

EXERCISE 1.5. Prove that the image of the operator ji: C*°(M) — JY(M)
coincides with the kernel of the operator? S.

It is readily seen that U; = S(p).
The following proposition states that the converse of Corollary 1.2 is also true:

PROPOSITION 1.5. A submanifold N C JY(M) that projects to M without de-
generation is a maximal integral manifold of the Cartan distribution if and only if
it is the graph of a function f € C*(M), i.e., N = j1(f)(M).

PROOF. An n-dimensional manifold N C J1(M) that projects to M without
degeneration has the form

u= f(z1,...,2,),
pP1 = gl(xlvﬂ'»x’n)a

The manifold N is an integral manifold of the Cartan distribution if and only if
Uiy = 0. In the coordinates z1,...,z, on N, the restriction of U; to N can be
written as Y., (0f/0x; — g;) dz;. Thus, N will be an integral manifold if and
only if ¢;(z1,...,z,) = 0f/0x;, i = 1,...,n, and this is precisely the assertion of
the proposition. O

Thus, the Cartan distribution on J!(M) is the geometric structure which dis-
tinguishes the graphs of 1-jets from all n-dimensional submanifolds of J*(M).

Consider a submanifold & C J!(M). The Cartan distribution on J* (M) induces
the Cartan distribution C(E) on &, C(E)g = CoNTp(E).

DEFINITION 1.3. 1. A submanifold & C J*(M) of codimension one sup-
plied with the induced Cartan distribution is called a first-order differential
equation.

2. A generalized solution L C £ to an equation £ is an n-dimensional maximal
integral manifold of the Cartan distribution on £.

ExaMPLE 1.1. Consider the stationary Hamilton—Jacobi equation

2
(?) +¢*=0C, C = const,
q

1The operator S is the simplest operator in the series of the Spencer operators
St T @A — T @ A S i(ajk(f) ® w) = jr-1(f) ® (da Aw).

For discussion of the Spencer operators see [60].
2The exact sequence

0 —— o) 2 Fh ) =2 AY (M) —— 0

is the simplest Jet-Spencer complex (see [60]).



42 2. FIRST-ORDER EQUATIONS

FIGURE 2.2

NN\

FIGURE 2.3

describing one-dimensional harmonic oscillator. The corresponding locus p? + ¢? =
C' is the cylinder in the (g, u, p)-space. The Cartan distribution C(£) is a direction
field on this cylinder. Integral curves of C(€) (see Figure 2.2) are generalized so-
lutions of the equation. It is obvious that these curves project to the g-axis with
degeneration. Figure 2.3 shows the projections of these curves to the (g, u)-plane.

If the tangent spaces Ty(E) nowhere coincide with the Cartan planes Cy, then
the induced Cartan distribution C(€) is of codimension 1.

DEFINITION 1.4. A point 6 € &£ is called a singular point of the equation & if
Ty(E) = Cy.

EXERCISE 1.6. Show that the origin of coordinates is a singular point of the

equations
_of of _ of \* of \* _
Ny Yo, (8331) \ow) =7

Below, we work, as a rule, in the vicinity of nonsingular points of £.

1.2. Contact transformations. A smooth transformation J*(M) — J(M)
is called a contact transformation, if it takes the Cartan distribution to itself.
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FIGURE 2.4

Thus, F: J}(M) — J(M) is a contact transformation, if either of the following
two equivalent conditions holds:

1. F.(Cy) C Cr(g) for all 0 € JHM).
2. F*(Uy) = AUy, where A € C°(JY(M)).

In coordinates the second condition takes the form:

where X; = F*(x;), U = F*(u), P, = F*(p;), A € C®°(J*(M)).
Historically, contact transformations were understood as “transformations of
curves on the (z,y)-plane” of the form

X = f(z,y.9),
Y = o(z,y,y),

satisfying the following condition: that the images of any two curves tangent to
each other are also tangent. Consider a curve [ given by an equation y = y(z) and
a point p € . Suppose that a transformation F' of the form (1.10) takes [ to a
curve L given by an equation Y =Y (X) and P = F(p) (see Figure 2.4). It is clear
that

(1.10)

%yu
dp | ¢ /> 9y’
+ 1+
dp e, 0 <6x ay” 90, 97,
v o ay? Tay? ox " oy’
dx — Of orf ﬁ,, of
or T ay? T oyY of L of ay"”
ox = Oy 3f 3f/
oz 8yy

Obviously, dY/dX does not depend on y” (this is just the condition that the
transformation F' preserves the tangency of curves), if

dp (Of [ Of )\ _ Of dy ,
— | =+ = — . 1.11
Dy <3:17 T oY) T oy 6‘:1: . oy Y (L.11)

It can easily be checked that (1.11) exactly means that the transformation J*(R!) —

JHRY), ji(y(x))], = 51(Y(X))|p preserves the differential form dy — p da.
Contact transformations can be obtained by lifting smooth transformations of

the space J°(M). Namely, let F: JO(M) — J°(M) be such a transformation. In
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the coordinates 1, ..., z,, u, it has the form
(xla cee ,xn,u) — (a1($7u)7 SERE) an($7u)7 b(az,u)) (112)

This transformation induces the transformation of J!(M). The coordinate descrip-
tion of the latter is as follows.
EXERCISE 1.7. Show that under the transformation (1.12)

D1 0b/0x1 + p10b/Ou
— A7 x

Dn Ob/0x,, + ppdb/ou
where A is the matrix with the elements A;x = day/dx; + p;dax/Ou.

, (1.13)

EXERCISE 1.8. Prove that the transformation given by (1.12) and (1.13) is
contact.

Formulas (1.12) and (1.13) define the transformation of J* (M), which is called
the lifting of a given transformation of J°(M) to J'(M). The lifting of F takes
each contact element 6 = (b, Lg) to the element F(6) = (F(b), (F.)y(Lg)).

Since w90 F = Fom g and (F.)y(Lg) = L), we have (F.)y(Co) C Cpp)-
Thus, the transformations of the form F preserve the Cartan distribution and,
therefore, take the integral manifolds of this distribution to themselves?.

Contact transformations that are liftings of transformations of J%(M) are called
point transformations..

Point transformations do not exhaust contact ones.

ExAMPLE 1.2. Consider the Legendre transformation

Zi —— Py,
n
L: { ur— Zxkpk —u, (1.14)
k=1
pi —— Ty, 1=1,...,n,
where x1,...,Z,, u, p1,...,ps are special local coordinates.

EXERCISE 1.9. Show that the Legendre transformation preserves the Cartan
distribution.

EXERCISE 1.10. Let F: J%(M) — J°(M) be a transformation of the form
F(z,u) = (f(z),u), where f: M — M. Prove that the lifting I of I preserves the
form Uy, i.e., F*(Uy) = Us.

ExXAMPLE 1.3. The following transformation is a generalization of the Legendre
transformation and is called the Fuler transformation:

Z; —— Dy,
Ty —— Xy,
k
E: U —— szps —u,
s=1
pi —— Ty,
p— —p, i=1,...k l=k+1,...,n

3Strictly speaking, the lifting fails to exist at the points @ for which the element F(0) is
singular. Analytically, this means that the matrix A is not invertible at these points. In what
follows we do not consider such points.
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FIGURE 2.5

It can easily be checked that E*(U;) = —Uj, so that the Euler transformation
is contact.

Here are more examples of contact transformations (see [33]).

ExXAMPLE 1.4. Consider the transformation given by

Opi g
T =0t m—m——, U=U—- Y, Di=Di (1.15)
L+ pi L+ 1 pi

EXERCISE 1.11. Prove that transformation (1.15) is contact. Is it a point trans-
formation?

EXAMPLE 1.5. The transformation of R3 given by the formulas

1
pg—u pg—u u
is contact. Its geometric meaning is as follows. Consider the unit circle
P +u?=1

(see Figure 2.5). Recall that the polar line of a point P = (a,b) with respect to
this circle is the straight line Lp given by the equation

aqg+bu—1=0.

If P lies outside the circle, then its polar line passes through the intersection points
of the tangents to the circles passing through P with the circle.

Consider the straight line £p passing through P with a slope equal to pg. There
exists a unique point on Lp such that Lp is its polar line with respect to the circle.

It is not hard to prove that the coordinates of P are given by (1.16).

By taking an arbitrary second-order curve instead of the circle, one can define
a contact transformation in a similar way.

EXAMPLE 1.6. Consider the contact transformation of R? given by the formulas

(zp—u)p  _ p—u . xpt—ax—2up

—_—, u = — s =
1+ p? i+p2 7

and called the pedal transformation. Let us give its geometric interpretation (see
Figure 2.6).

(1.17)

T = .
up? —u + 2xp
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FIGURE 2.6

Let O be the origin of coordinates. Consider a point @ = (xg,ug) and the
straight line L passing through @ with a slope equal to p. Drop a perpendicular
to L from O. Through the foot of the perpendicular let us pass a tangent to the
circle with the diameter OQ. It can easily be checked that formulas (1.17) give the
coordinates of Q and the slope of the tangent L.

Let us discuss the action of contact transformations on differential equations.

A contact transformation F: J1(M) — J'(M) takes a hypersurface &, cor-
responding to an equation, to a hypersurface £ (which may coincides with £).
Since contact transformations preserve the Cartan distribution, £ is also “almost
everywhere” a differential equation. Note that the transformation F' establishes a
one-to-one correspondence between (generalized) solutions of the initial equation
and the transformed one.

DEFINITION 1.5. Equations £ and £ in J*(M) are called (locally) equivalent,
if there exists a contact transformation of J(M) such that the image of £ under
this transformation is &£’.

ExAMPLE 1.7. Consider the action of the lifting of the transformation J°(M) —

JO(M), (x1,72,u) — (u,x2,71) on the equation & = {u = +/p3/p1 — 22}. From
formula (1.13) it follows that

(J)l,l‘Q, u;plap2) I (uvaa X, 1/p17 _p2/p1)

The transformed equation & = {z1 = \/p3/p1 — u?} coincides with the initial one
for x1 > 0, u > 0.

The same transformation takes the equation & = {4u — p? — p3 = 0} to
& = {4x1p? — 1 — p2 = 0}. The image of the graph of the solution to & given
by u = 2? 4+ 232 is the surface u?> = x; — 3, which is a multiple-valued solution to
&}. The points (z; = x3,u = 0) on this surface are singular, since the surface is
tangent to the vector 9/0u at these points.

For x; > 33% the solutions u = +v/x1 — x% are single-valued and smooth.

DEFINITION 1.6. Let £ C JY(M) be a first-order differential equation. A con-

tact transformation F: J1(M) — JY(M) is called finite contact symmetry of £, if
F(E) = €.
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Consider an equation £ given by a hypersurface H = 0, where H € C>°(J(M))
is a smooth function with nonzero differential. It is obvious that a contact trans-
formation F' is a symmetry of £ if and only if F*(H) = AH for some function
A€ C®(JHM)).

Let us also stress that symmetries of € take (generalized) solutions of this
equation to solutions of the same equations.

ExAMPLE 1.8. The Legendre transformation is a finite contact symmetry of
the equation

1 n
£ = {uQ;xlpiO}. (1.18)

Equation (1.18) has the n-parameter family of solutions u = Y, b;z?, where
b; € R. This family is invariant under the Legendre transformation:

o(n(Sne)) -5 (355)

The graph of the constant function u = ¢ transformed by the Legendre trans-
formation,

u =c, u= —c,
p1 =Y, T =Y,
—
pn =0, ZTn =0,

is an integral manifold whose projection to the manifold of independent variables
is the point (z1 = --- =z, = 0).

Let us now use the Clairaut equation to illustrate applications of such degen-
erate integral manifolds.

1.3. Clairaut equation and its integrals. The general Clairaut equation
has the form

n
F(inpi—u,ph---,pn) =0, (1.19)
=1

where F' is a smooth function of (n+1) variables. The image of this equation under
the Legendre transformation is the equation

F(u,z1,...,2,) =0, (1.20)

which contains no derivatives. The locus associated to (1.20) is an n-dimensional
surface in the (n+1)-dimensional space J°(R™), the corresponding first-order differ-
ential equation being its inverse image under the projection my o: J!(R™) — JO(R™).

Take a point (ay,...,a,,b) € JO(R™) such that F(b,ay,...,a,) = 0. The fiber
of m10: JLHR™) — JO(R™) over this point is a generalized solution of (1.20).

Applying the Legendre transformation to these generalized solutions yields an
n-parameter family of single-valued solutions to (1.19), which is said to be a com-
plete integral of the Clairaut equation.

On the other hand, solving (1.20) for u in the vicinity of a nonsingular point
(i.e., where OF/0u # 0) yields

u= f(x1,...,2Tn). (1.21)
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To find the image of this solution under the Legendre transformation observe
that the graph of the 1-jet of (1.21) has the form

= ——(x1,...,Zp),
P 63:1( 1 n)
..................... L9
of ( | (1.22)
=—(z ST
DPn 8(En 1 s4n )y
Fu,z1,...,2,) = 0.
Under the Legendre transformation, (1.22) maps to the system
= )
1 63)1 1y-+-9Pn)
ofi (1.23)
Tn = 3$n (pla s 7pn)7
n
F(Z TiPi — Uy P1y- - - 7p7l> = Oa
i=1
which is compatible.
Express p1,...,p, in terms of x1,...,z, by the first n equations. Substitut-
ing them to the last equation and solving it for u in terms of z1,...,x, yields a

finite number of solution to the Clairaut equation, which are called its exceptional
integrals.

ExaMPLE 1.9. Consider the following Clairaut equation with two independent
variables
wip1 +aps — = S (4 ). (124
Using the Legendre transformation, we obtain the equation
w= 3t +ad)
which gives the following complete integral of the initial equation

_ _los s _
U= a1T] + asxs 3(a1 + ay), ai,as = const.
Exceptional integrals are found from the system

1
u=1x1p1 + Taps — g(p? + p3),

x1 = p?, (1.25)
ro = p%
It follows that exceptional integrals exist in the quadrant z; > 0, x5 > 0 and
have the form

p1 = 1/ T1, D2 = Q24/T2,

2
u= g(oaa:i’/2 + a2x3/2)7 (1.26)
with oy = 1 and ap = 1. Thus, formula (1.26) defines four exceptional integrals.

However, from the geometric point of view, the system (1.25) defines only one
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generalized solution, which is a surface of the fourth order and degenerately projects
to the (x1,z2)-plane. Formula (1.26) defines the four branches of this generalized
solution.

1.4. Contact manifolds in mechanics.

DEFINITION 1.7. A (2n+1)-dimensional manifold M equipped with a 1-form 6
is called a contact manifold if 6 A (df)™ is a volume form.

An odd-dimensional manifold equipped with a closed 2-form of maximal rank
will be said to be an almost contact manifold.

It immediately follows from §1.1 that the manifold of 1-jets J!(M) is a contact
manifold.

Note that at any point of a contact manifold the restriction of df to the kernel
of 0 is nondegenerate. In particular, any contact manifold is almost contact (with
the 2-form df).

Given a 2-form w on a manifold M, the set of vectors & such that £ sw =0 is
called the characteristic distribution of the form w. A vector field X on an almost
contact manifold (M,w) is called characteristic if X sw = 0.

Let us give some examples of contact manifolds ([2]).

EXAMPLE 1.10. Let (M,w, H) be a Hamiltonian system (i.e., (M, w) is a sym-
plectic manifold and H is a smooth function on M) and H. be a regular energy
surface. We claim that (H., w|y ) is an almost contact manifold and the restriction
of the Hamiltonian field Xy to H, is a characteristic vector field on this manifold.

Indeed, d(w|y ) = dw|y =0, so that the form w|y is closed. Since the form
w is nondegenerate and codimension of H. is equal to 1, w is of maximal rank
on H,. Further, the field Xy is tangent to H,, therefore XH‘HF - w|Hﬁ =0.

EXAMPLE 1.11. Let (M,w) be a symplectic manifold and mo: R x M — M
be the natural projection ma(t,z) = x. We claim that (R x M, 73 (w)) is almost
contact.

Indeed, dn}(w) = 0, hence the form &w = 73 (w) is closed. To check the max-
imal rank condition, it is sufficient to show that the characteristic distribution of
this form is one-dimensional. If the vector ((t,7),v,) € T(sp) (R x M) lies in the
characteristic space, then

T3 (W) (e.p) (¢, 7),0p), (L, 8), wp)) = 0,

where w, € T,M and s = 0/0t. By definition of 73(w), we have wy(v,, wp,) = 0 for
any wy. Thus, v, = 0 and the characteristic distribution is generated by the vector
field

= ((t,1),0) € T4 p)(R x M) = TR x T, M.
(t.p)

Note that if w = df and 6 = dt + 73 (0), where t: R x M — R, t(t,2) = ¢, then
w=d# and (R x M, 0) is a contact manifold.

9
ot

A smooth mapping X: R x M — TM is called a vector field depending on
time, if for any ¢ € R the mapping X : {t} x M — TM is a vector field on M. To
any vector field depending on time, one associates the vector field X onRx M by
X =09/t + X.
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Take a function H € C*°(R x M). For each ¢ € R, there is the Hamiltonian
vector field Xp,, where H;: M — R, H,(z) = H(t,z). Define the vector field
depending on time Xgy: R x M — TM by the formula Xy (¢t,z) = Xp,(x). Let
Xy be the corresponding field on R x M.

THEOREM 1.6 (Cartan). Let (M,w) be a symplectic manifold and H € C*(Rx
M) be a function. Set
wg = m5(w) + dH Adt.
Then:

1. (R x M,wpq) is an almost contact manifold.

2. The field Xy generates the characteristic distribution of the form wy.
3. If w =d0 and g = w30 + Hdt, then wg = dOg; in this case, if H +
75(0)(Xg) is nowhere zero, (R x M,0p) is a contact manifold.

EXERCISE 1.12. Prove Theorem 1.6.

2. Infinitesimal contact transformations and characteristic fields

In Ch. 1 we saw that passing to the infinitesimal point of view is useful in the
theory of ordinary differential equation. In this section, we consider infinitesimal
contact transformation.

2.1. Infinitesimal contact transformations. Let A;: J'(M) — J(M) be
a one-parameter group of finite contact transformations. Consider the vector field
X = d/dt|,_, A;. By definition of contact transformations, A;(U;) = AUy, where
A € C=(JL(M)), so that
dA

X(Uy) = MU, where A= —| . (2.1)
dt Ji—o

DEFINITION 2.1. A vector field X on the manifold J!(M) is called an infini-
tesimal contact transformation or a contact vector field, if

X(Uy) = Uy, where A € C*°(J'(M)).

EXERCISE 2.1. Prove that contact vector fields are closed under the commuta-
tor operation.

It can easily be checked that a one-parameter group corresponding to a contact
vector field consists of finite contact transformations.

ExXAMPLE 2.1. In the special local coordinates xi,...,Zn, U, P1,...,Pn ON
JY(M) the vector fields 9/0z1, . .., /0, and d/Ou are contact, while the fields 9/0p;

are not.

EXAMPLE 2.2. Let n = 2. The vector field X = x10/0x2—x20/0x1+p10/0ps—
p20/0p1 is an infinitesimal contact transformation, since X (du — py dzy —pa dxg) =
p2 dry + p1dra — p1dr2 — padzr; = 0.

EXAMPLE 2.3. Consider the vector field X € D(J*(M)) in special local coor-
dinates given by

= 9 0 < 0

?
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where a1, ..., a,, 3 are constant. It is easily shown that X (U;) = gUy, so that X
is an infinitesimal contact transformation.

In §1 we saw that any smooth transformation A: JO(M) — J°(M) gives rise to
the contact transformation A: J*(M) — J'(M). The same is true for infinitesimal
transformations as well. Namely, let X € D(J°(M)) and A; be the one-parameter
group of shifts along trajectories of X. Clearly, the vector field X = d/dt|,_, A} €
D(JY(M)) is contact. This vector field X is called the lifting of the field X to the
manifold of 1-jets J(M).

All contact fields discussed in Examples 2.1-2.3 are in fact liftings of some
fields. The fields 8/0z;, d/0u € D(J'(M)) (see Example 2.1) are liftings of §/0z;
and 0/0u considered as vector fields on JY(M). The vector field from Example 2.2
is the lifting of the infinitesimal rotation x19/9xe — x20/0x1, while the field from
Example 2.3 is the lifting of the infinitesimal scale transformation

9 9 9 .
04133187‘%_1 + -+ Oénafna +ﬁu% € D('] (M))

This is an immediate consequence of the corresponding coordinate formulas for the
liftings of A;.

EXERCISE 2.2. Check that a contact vector field X € D(J'(M)) is the lifting
of a field X(©) € D(JO(M)) if and only if in the special local coordinates 1, .. ., Ty,
U, Py -+, Pp o0 JL(M) one has [X,0/0p;] = a;j10/0p1 + - -+ + @0/ Opy, where ay,
are smooth functions on JY(M), 1 <, k < n.

EXAMPLE 2.4. The vector field X = Y"1 | (2p;0/0x; + p?0/0u) is contact (be-
cause X (Uy) = 0), however, [X,0/0p;] = —20/0x; — 2p;0/0u. Hence X cannot be
the lifting of a vector field X(©) € D(J(M)).

Let us now give a description of contact vector fields in terms of generating
functions [72, 77].

THEOREM 2.1. A contact vector field X on J*(M) is uniquely determined by
the function f = Uy(X). To every function f € C*°(JY(M)) there corresponds a
contact field Xy, i.e., f = U1(Xy). The correspondence f — Xy is linear over R
and satisfies the following properties:

U(Xy) = f,

Xy (Uy) = X1(f) - Uy,
Xirg=Xp+ Xy g€ CF(JH(M)),
Xpg = fXg+9Xy— foXa,
Xi(f)=Xu(f) 1.

ProoF. Consider the 2-form dU;. We claim that for any point 6 € J*(M) the
form (dUj)g is nondegenerate on the Cartan plane Cy. Indeed, from the coordinate
expression for dU; it follows that Xi|, = (dU1)s = 0, where X; = 0/0u, and
(dUy)p is nondegenerate on any hyperplane that does not contain Xi|g. Since
(U1)g(X1) =1+#0, one has Cp # X1],.

Thus, the map Y — Y _1dU; establishes an isomorphism between vector fields
that lie in the Cartan distribution (i.e., on which the form U; vanishes) and 1-forms
that vanish on Xj.
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Let X be a contact vector field on J* (M), X (U;) = hU;, where h € C°°(J*(M)).
Decomposing X into the sum
X=f-X1+Y,  where f € C®(J'(M)), Ui (Y)=0, (2.3)
we get
Y dU; = X odUy = hUy — d(X o Uy).
Thus,
Y _dU; = hU; — df. (2.4)

Applying both sides of (2.4) to the field X7, we get h = X5 (f).

The equality U;(Y) = 0 means that Yy lies in Cy for any 6 € J'(M). Since
the 2-form dU; is nondegenerate on Cy, the vector Yy can be recovered by means
of (2.4). Hence, the field X is uniquely determined by the function f = U (X).

Conversely, for an arbitrary function f on J(M) define the field Y by (2.4),
with h = X1(f). Then (2.3) yields X = X/.

The rest of the proof is by direct verification. O

DEFINITION 2.2. Given a contact vector field X, the function f = Uy(X) is
called the generating function of X.

EXERCISE 2.3. Let f1,..., fr € C®(J}(M)) and ¢ € C=(R¥) be an arbitrary
smooth function. Using Theorem 2.1, prove that

w(fl, k) T Zafl fis (2.5)

where Yy = Xy — fX;.

In view of (2.5), to describe X in local coordinates it suffices to obtain the
coordinate formulas for Y,,, Y,, Y,, (i =1,...,n). It immediately follows from the
definitions that

0 .
Y., = api, i=1,...,n, (2.6)
Yo = ;pzapl (2.7)
y, = -2 0 i=1,...,n. (2.8)

pi _87‘%1' _pi%,
Using (2.5) we get
af 9 - af “af  af\ @

i=1

Since Xy = Yf + fX1, we obtain

of o O9f\ 0 [ 0f of
Zap 7 (f_;piam>m+2<aa;i+ au>a' (2.10)

1=

REMARK 2.1. Consider the pullback f = 7*(H) of a function H € C*°(T*(M))
along the projection : J*(M) — T*(M). The projection of the field Xy to T* (M)
is the Hamiltonian field Xg. From the equalities X;(U1) = X1(f)U: and dU; =
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—7*(w), where w is the symplectic structure on 7*(M), it follows that Xy —dw =
dH.

EXERCISE 2.4. The 2n+1 vector fields (2.6), (2.7), and (2.8) at each point 6 lie
in the 2n-dimensional plane Cy at each point 6, so that they are linearly dependent.
Find the linear dependence (over C°°(.J*(M))) between these fields.

EXERCISE 2.5. Consider the trivial extension of a vector field Y € D(M) to
JO(M) = M x R. Find the generating function for the lifting Y € D(J(M)) of Y.

EXERCISE 2.6. Let f € C>(J°(M)) be a function and 7*(f) € C(J*(M))
be the pullback of f along the projection 7 defined by (1.1). Prove that the contact
field X - gy is the lifting of some field Y € D(J?(M)) and describe Y in coordinates.

The isomorphism between contact vector fields and functions on J!(M) makes
it possible to define a number of brackets on the set of functions.

First, let Xy and X, be the contact vector fields with the generating functions
f,g € C®(JY(M)). The commutator of these fields is a contact field as well.

DEFINITION 2.3. The generating function {f, g} = U1 ([Xs, X,]) of the contact
field [Xf, X, is called the Jacobi bracket of f and g.

PROPOSITION 2.2. For f,g € C*(J'(M)), one has
{f:9} = Xs(9) = Xa(f)g- (2.11)

PROOF. Since Xf(Ul) = ngdUl +d(ngU1) = ngdUl +df and Xf(Ul) =
X1(f) - Uy, it follows that

dUl(vaXg) =gX1(f) - Xg(f)~
Hence,
{f,9} = Ui([Xy, X)) = Xy (Ur(Xy)) = Xg(Ur(Xy)) — dUL(Xy, Xg)
= X7(9) = Xg(f) = 9Xa(f) + Xy (f) = X5(9) = Xa(f)g. O

THEOREM 2.3. The set of function on J'(M) is a Lie algebra over R with
respect to the Jacobi bracket.

PrROOF. It is obvious that the Jacobi bracket is skew-symmetric and bilinear.
The Jacobi identity is a direct consequence of (2.11). O

EXERCISE 2.7. Using (2.11), prove that in the special coordinates the Jacobi
bracket takes the form

_N~(0f09 0f 99\ N~ (0f0g 090f\ .09 Of
{f’g};(&ci@pi 8pi8$i>+zpl<8u8pi auﬁpi>+ u gau.

i=1

Another bracket is defined as follows:

DEFINITION 2.4. The Mayer bracket [f, g] of two functions f,g € C>°(J*(M))
is defined by [f, g] = dU1 (X, X,) € C>®(JH(M)).

The Mayer bracket is bilinear over R and skew-symmetric, but instead of the
Jacobi identity, one has

(£, 9], A + [[h, f1 9] + g, A, f1 = X1(f)lg, h] + X1(9)[h, f1+ X1(h)[f, g]-
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Using
[f,9] = Ys(9) = Xy (9) — fX1(9),

we obtain the following coordinate formula for the Mayer bracket:

_N~(9f 09 0f 99\ N~ (0F 09 090f

i=1

Finally, let us define the Poisson bracket.

DEFINITION 2.5. The Poisson bracket (f, g) of two functions f, g € C*°(J*(M))
is defined by (f,g) = X¢(g) € C>®(J}(M)).
EXERCISE 2.8. Prove the following properties of the Poisson bracket:

1. Bilinearity over R.

2. (f,9)+(9,f) =Xa(flg+ Xa(9)f.
3. (f,9) =1fr91+ X1(9)f.

4. (f,9) ={f.9} + X1 (f)g-

In coordinates, the Poisson bracket looks as

o\ of 99  Of dg n_%ag_@af [
(f:9) = Z (8% Op;, Op; 83&5) +sz <8u Op;, Ou 8pi> + ou’

i=1 i=1

REMARK 2.2. The restrictions of all the three brackets to the functions which
are pullbacks of functions on T*(M) coincide with the Poisson bracket on T*(M),
because X (7*(H)) = 0 for all H € C(T*(M)).

2.2. Infinitesimal symmetries of equations.

DEFINITION 2.6. Let & C J'(M) be a first-order differential equation. A con-
tact vector field X € D(JY(M)) is called an infinitesimal contact symmetry of the
equation &, if at each point § € £ the vector Xy is tangent to £.

In the sequel, such a symmetry will be called simply a “symmetry”. The
generating function of a symmetry will also be referred to as “symmetry” for short.

It is clear that the set of symmetries of £ is a Lie algebra over R with respect
to the commutation operation. In terms of generating functions, the Lie algebra
structure is given by the Jacobi bracket.

If the equation & is (locally) of the form & = {F = 0}, F € C*°(J*(M)), then
X is a symmetry of &, if X(F)|z =0, or, which is equivalent, X (F') = pF' for some
function p € C*°(J1(M)).

Note that the equality Xr(F) = X;(F)- F implies that the equation & = {F =
0} always possesses at least one symmetry, namely, Xp.

As an example, let us discuss equations, which are symmetric with respect to
the contact fields from Examples 2.1-2.3.

EXAMPLE 2.5. The vector field X given by (2.2) (see Example 2.3) is a symme-
try of & = {F = 0}, if the function F' is quasihomogeneous in the following sense:

for any real numbers aj, ..., a,, § there exists v € R such that for each 7 € R one
has
F(r%%%y, ..., 7%, TPu, Py . 7P,

=7 F (21, Ty Uy P1y .y Pn). (2.12)
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Indeed, suppose that F' satisfies (2.12) and consider the trajectory of X passing

through a point 6 = (x:(LO), .. ,m%o), u(o),pgo)7 .. ,pﬁf’)) eé&:

T; = mgo)e“’it,

u=ue,

Di :pl(.o)e(ﬁfo"?)t7 i=1,...,n.
Set 7 = e and compute F at a point (z1,...,Tpn,u,p1,...,ps) on the considered
trajectory:

F(z1, .. Ty Uy D1y ey Pr) = T”F(mgo),...,x%o),u(o),pgo),...,pslo)) =0.

Therefore, the trajectory of X passing through 6 lies entirely on £. Hence, X (F') =
Oon €.

PROPOSITION 2.4. The contact field 0/0x; (resp., 0/0u) is a symmetry of € =
{F = 0}, where F € C*(JY(M)), if and only if F does not depend on x; (resp.,

PrOOF. If £ = {G = 0} and 9G/dx; = puG, p € C°(J'(M)), then G = e"F,
where v is a function satisfying Ov/dx; = p and F does not depend on x;. Since ¢
is nowhere zero, we have £ = {G = 0} = {F = 0}. The field 9/0u can be handled
in the same way. O

EXERCISE 2.9. Prove that the vector field from Example 2.2 for n = 2 is a
symmetry of an equation £ if and only if £ is of the form

F(u, 2} 4 x3,p] + p3, 21p1 + T2p2) = 0.

2.3. Characteristic vector fields and integration of first-order equa-
tions. Recall (see Ch. 1, §3) that a vector field X is a characteristic symmetry
of a distribution P, if X belongs to P and the Lie derivative with respect to X
preserves P.

PROPOSITION 2.5. The Cartan distribution on J'(M) has no nontrivial char-
acteristic symmetries.

PRrOOF. If X is a characteristic symmetry, then X is contact and U;(X) = 0.
Hence, by Theorem 2.1, X = 0. O

Recall also that from the geometric viewpoint the finding of (generalized) so-
lutions to a differential equation amounts to integration of the Cartan distribution
restricted to the locus of this equation. So, the problem of finding all (generalized)
solutions to a first-order differential equation £ can be stated as follows:

To find all mazimal integral manifolds of the induced Cartan distri-
bution C(E) on the manifold & C JY(M).

Now, we claim that although the Cartan distribution on J!(M) has no charac-
teristic symmetries, any nontrivial first-order equation has a nontrivial character-
istic symmetry. Indeed, consider the 1-form U,|. that defines the Cartan distribu-
tion C(£). For any point 6 € J*(M), the 2-form (dU;)s is nondegenerate on the
Cartan plane Cy. If 0 is a nonsingular point of the equation & = {F = 0}, then

C(E)g =CoNTY(E)

is a hyperplane in Cy. On this hyperplane, the 2-form (dU;)g is of rank 2n — 2 and,
therefore, is degenerate. Thus, on the everywhere dense set of generic points of £
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there exists the direction field ly C Ty(E), where Iy C C(€)y is the degeneration
subspace of (dUj ).

PROPOSITION 2.6. The direction field lg is tangent to every generalized solution
of €.

PrOOF. Recall that an n-dimensional plane R C Cy is called Lagrangian with
respect to the 2-form (dU, ), if the restriction (dUi)g|, vanish. It is not hard to
prove that if R is contained in a hyperplane S C Cy, then R must contain the
1-dimensional degeneration subspace of (dU)g|.

Now, let N be a generalized solution to &, i.e., a maximal n-dimensional integral
manifold of the Cartan distribution contained in €. Since Ui|y = 0, we have
(dUr)ny = 0, and, therefore, for any 6 € N the plane Ty(N) C C(£)g C Cp is
Lagrangian with respect to (dU;)g. Hence, ly C Ty(N). O

The field {lg} is called the characteristic direction field. Tts integral curves are
called the characteristics of £.

PROPOSITION 2.7. Let € = {F = 0} be an equation. The characteristics of €
are integral curves of the characteristic vector field Yp.

PROOF. Since U;(Yr) = 0, we have (Yr)g € Cy for any point 6 € J1(M). From
the formula

Yp L dU; = X, (F)U, — dF (2.13)
(see (2.4)) it follows that
Yi(F) = dF (Yr) = X1(F)U1(Yr) — dUy (Yp, Vi) = 0,

therefore Yp is tangent to every level surface of F. Thus, (Yr)s € C(E)e for all
0et.

By virtue of (2.13), the form Yr _dU; vanish on the (2n — 1)-dimensional plane
C(€)p. Hence, (Yr)g is a degeneration vector of (dU;)g on this plane, i.e., for all
0 € £ we have (Yr)g € lg, which proves the theorem. O]

PRrROPOSITION 2.8. The vector field Yr is an infinitesimal symmetry of the dis-
tribution C(E).

PROOF. Since Yr = Xp — F X, the vector fields Yr and Xg coincide on
&€ = {F = 0}. To conclude the proof, it remains to recall that X is an infinitesimal
symmetry of the Cartan distribution. O

Now let us turn to the discussion of the Cauchy problem. By Propositions 2.6—
2.7, a noncharacteristic Cauchy problem for the equation & = {F = 0} reduces to
the solution of the following system of characteristic equations:

:,C___aF
K2 8p1’

" JF
L= — i =, 2.14
! izzlp Ip; ( )
. oOF oF 1
pi_ axz pl 8u’ 1= ) 7n’

describing the trajectories of the field Y.
Further on an (n — 1)-dimensional integral manifold of the Cartan distribution
contained in £ will be called Cauchy data for £.
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ExAMPLE 2.6. Let I' C M be a smooth hypersurface, ug be a smooth function
on it, and @y be an extension of ug such that the graph j1(t)(I") is contained in £.
This graph is an (n — 1)-dimensional manifold of Cauchy data.

“Almost always” the graph ji(up)(T") is determined by the initial function ug
and does not depend on the choice of uy. To prove this, observe that for any point
a € I the n-dimensional plane tangent to the graph of % at a point (a, ug(a)) must
contain the (n — 1)-dimensional plane tangent to the surface { (x,up(z)) |z € T'}.
Therefore, all contact elements j;(%p)(a) lie on a 1-dimensional curve, which in a
general case intersects £ at one point.

In particular, suppose that in local coordinates the hypersurface I' C M is
given by I' = {z,, = 0} and the equation & is resolved with respect to p,:

Pn = f(’rla sy Ty Uy Py - - 7pn—1)'

Then, for any function ug € C*°(I") and any point a € T, the contact element
j1(tp)(a) is uniquely determined and in coordinates has the form
)

8u0 8u0 6UQ
(al, oy an,ugla), Ern JRREY = a,f (a,uo(a), pr

PROPOSITION 2.9. Let & C JY(M) be a first-order differential equation and
R C & be a manifold of Cauchy data such that none of the characteristic direc-
tions lg, 0 € R, is tangent to R. Then, in a neighborhood of R, there exists a
generalized solution of £ containing R.

6’&0

g any axn71

a

PrOOF. For each point 8 € R there exists a segment of a characteristic passing
through 6 that does not intersect R in other point. Take the union N = [y x0 C
& of these segments. In view of the theorem about smooth dependence of solutions
on initial conditions, without loss of generality we can assume that N is a smooth
manifold.

Since for # € R the tangent plane Tp(N) is generated by the plane Ty(R) C
Cp(€) and the straight line Iy C Cy(E), we get Ty(N) C Cy.

Consider a point # € N that does not belong to R. There is a shift along
trajectories of the characteristic field which takes this point to a point 6y € R. The
manifold N can be considered as invariant under this shift, so that the plane Tp(N)
maps to Ty, (N). Since the characteristic field belongs the Cartan distribution, the
shift along its trajectories takes the space Cy(E) to Cy,(E). Hence, To(N) C Cp.

Thus, NV is the equation we seek for. O

ExampPLE 2.7. Consider the equation with two independent variables
ou Ou

8331 61‘2 o
ie,, &€= {u—pips = 0}. Let us find the solution whose restriction to the hyper-
surface I' = {9 = 0} equals ug(z1) = x2. The graph of ug uniquely determines the
following 1-dimensional Cauchy data
T =T, 1'2:05 u:T27 p1:27_7 p2:u/p1:T/27
where 7 is a parameter.
Using (2.9), we get

0

t P2y —-
Opa2

Fﬁp?@xl ]918%2 P1p28u pl@pl
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Parametric equations of trajectories of this field have the form
r =7(e" +1)/2,

Ty = 27(e" — 1),

u=rT12e*, (2.15)
p1 = 2T1€’,
P2 = Tet/za

where t is a parameter on trajectories.

Equations (2.15) give the solution in the parametric form. Solving the first
two equations for 7 and ¢ and substituting the expressions obtained into the third
equation yields the solution to the Cauchy problem in the explicit form: u =
(4z1 + 22)?/16.

ExAMPLE 2.8. Consider the Hamilton-Jacobi equation®

ou
H — | =
(q’ dq ) &

where ¢ = (q1,...,qn), Ou/dq = (Ou/dqu, . ..,0u/dq,), C is a constant, i.e., H does
not depend on wu.

Note that the surface H(q,p) = c, as well as the Cartan distribution on J (M),
is invariant under shifts along trajectories of the field 9/0u. The corresponding
quotient equation can be considered as a submanifold of T* M. The quotient Cartan
distribution is given by the universal form pdg, since this form coincides with the
projection of the form —U;. Therefore, the symplectic structure on T* M is defined
by the projection of —dU;.

The system (2.14) corresponding to the characteristic field takes the form

.‘_(’)H
qi 312,'7
. " OH
U:*szia
o
piif s ’L:L,TL
9q;

Note that the first and the third equations correspond to the Hamiltonian vector
field on T*M, i.e., the characteristics are described by the Hamilton equations.

The invariant theory of the Hamilton—Jacobi equations (including the solution
of the Cauchy problem) is fully considered in [143].

2.4. Symmetries and first integrals. As discussed above, solution of a non-
characteristic Cauchy problem for a first-order differential equation in the vicinity
of nonsingular point amounts to integration of the characteristic direction field Iy,
i.e., to solution of the characteristic system (2.14).

Recall that a first integral for a system of differential equation (resp., a vec-
tor field) is a function constant on solutions to this system (resp., trajectories
of this field). We shall say that ¢ € C°°(J*(M)) is a first integral of equation

4Sometimes by the Hamilton—Jacobi equation is meant the one of the form ut = ¢(t, x, uz),
where ¢ = (z1,...,%n), Uz = (Ugy,...,Uz,). Such an equation can be obtained by setting
Ty = Gi, t = gn+1, and H(q,uq) = ut — ¢(t, 2, ua).
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E={F =0} C JY(M), if ¢ is a first integral of the characteristic system (2.14)
of £. Symmetries and first integrals are intimately related.

PROPOSITION 2.10. If X¢ and Xy, are two symmetries of € = {F = 0} lin-
early independent over C°(JY(M)), then the function f = fo/f1 is a first integral
of €.

ProOF. We have
MNE = X4, (F) =Y, (F) + £iX1(F) = fiX1(F) = Ye(fi)

for some functions \; € C°(JY(M)), i = 1,2. It follows that Yr(f;) = f; X1(F) —
N F'. Hence
Ye(fa/fr) = (Ye(f2) fr = Ye(f1) f2)/ /7
= ([1f2X1(F) = M f1iF = f1f2 X0 (F) + M foF)/ ff = (W) F. O
1

EXERCISE 2.10. Prove that contact vector fields X, and X, are linearly inde-
pendent over C°°(J1(M)) if and only if they (or, which is the same, their generating
functions) are linearly independent over R.

ExXAMPLE 2.9. The equation
Ou Ou b

a c __
—— —ziru“ =0

8561 82132
for ¢ # 2 has the contact symmetries Xqy—g,p,, Where a = (a +1)/(2 — ¢) and
XBu—mapy» With = (b+1)/(2—c¢). Therefore, the function f = (fu — z2p2)/(au —
x1p1) is a first integral of this equation.

PROPOSITION 2.11. If an equation & C J*(M) possesses an (14 1)-dimensional
Abelian algebra of symmetries, then it has | independent first integral which are
mutually in involution with respect to the Mayer bracket.

PROOF. It can easily be checked that for all f,g € C°°(J!(M)) one has

where f' = X1 (f), ¢ = X1(9).
Let Xy,,..., Xy, , be mutually commuting symmetries of £. Put
p AR
Fl [
We claim that the first integrals g; are mutually in involution on &.
Indeed, {f;, fr} = 0 on &, because the symmetries f; and f; commute. Us-
ing (2.16), we get
[fi fil = fifk — fifi-
From (2.5) it easily follows that

(9, 9x] = fgi(le[fiafk] = filfirs fu] = felfis fin])
1+1

1
fi

on &, which proves the proposition. O

(frsrfife = fisrfife = ifioifu + fifisr fo — fisr fife + fla fife) =0
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Thus, if Xf,, Xy,,..., Xy, is a basis of an Abelian algebra of symmetries of &,
then the first integrals g; = f;/fo, i = 1,...,1, of the characteristic distribution are
independent and are mutually in involution.

EXAMPLE 2.10. Any equation of the form F(u,p,...,p,) = 0 has the n-di-
mensional Abelian algebra of symmetries generated by

9] 0
— =Xy, =— ==X, .
8I1 p1 axn Pn
It immediately follows that pa/p1, ..., pn/p1 is an involutive system of first integrals.

3. Complete integrals of first-order differential equations

In §2, we saw that the Cauchy problem for a first-order equation amounts to
integration of the characteristic system of the equation under consideration. This
observation gives rise to another method of solving first-order equations, namely,
the complete integral method. Complete integrals are dealt with in [20, 113].
Remark that the role of symmetries in the construction of completes integrals is
quite important.

3.1. Complete integrals: a coordinate approach. It is a common knowl-
edge that a system of n first-order ordinary differential equations for n unknown
functions has, in the vicinity of a nonsingular point, an n-parameter family of so-
lutions. By analogy, let us look for an n-parameter family

u=V(x1,...,Tn,a1,...,0p) (3.1)
of solutions to a first-order partial differential equation £. Here aq,...,a, are
parameters.

Differentiating this relation with respect to x; yields
v ov
Py = —. 3.2
D1 al’l Dn aIn ( )
If one can obtain the initial equation £ through eliminating the constants a1, ..., a,

from (3.1) and (3.2), then V(z1,...,2,,a1,...,a,) is said to be a complete integral.
Writing this condition analytically, we arrive at the following

DEFINITION 3.1 (coordinate). A complete integral of a first-order partial dif-
ferential equation with n independent variables is an n-parameter family

u=V(x1,...,Tn,a1,...,05). (3.3)

of solutions to this equation. A complete integral is called nondegenerate if the
matrix

oV /0ay .. oV/0day,
82V/8a18x1 e 62V/8an8z1 (34)
0?V/da,0x, ... 0°V/da,0w,

is of maximal rank n almost everywhere.
ExaMPLE 3.1. The family

u=2a, 2125 + alxS + asx?
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is a complete integral for the equation

% +£€ 87+2U*x%
oz, Lo %D

In this case, the matrix (3.4) vanishes on the surface {x2 = 0}. Outside this
surface the complete integral is nondegenerate.

ExAMPLE 3.2. For each equation of the form F(pi,...,p,) = 0, the fam-
ily v = a1y + -+ + ap_12pn_1 + cx, + a,, where c is defined by the equality
F(a1,...,an-1,¢) =0, is a complete integral.

ExAMPLE 3.3. For a Clairaut equation of the form v = z1py + -+ + Tppn +
f(p1,...,pn), the family u = a121+- - -+apx,+ f(a1, ..., ay) is a complete integral.

3.2. The construction of complete integrals using symmetry algebras.
The integration method discussed below is based on “integration” of an algebra of
symmetries, i.e., on construction of the Lie group of finite contact transformations
for which the given algebra is the algebra of infinitesimal generators.

Let M be an n-dimensional smooth manifold, & C J1(M) be an equation of
codimension one, and Xy ,..., X be a basis of a Lie algebra g of infinitesimal
symmetries of this equation. Suppose that the Lie group G corresponding to g is
realized as a group of finite contact transformations. By the latter we mean an
exponential correspondence defined for sufficiently small values of a1, ..., a, which
takes every vector field a1 Xy, + -+ + a, Xy, to a finite transformation A, . a4,),
with

d * *
a(A(tal,...,tan)) f= (A(tal,...,tan)> (alel +-- aann)f?

for any f € C°°(J*(M)).

Let now N be a “sufficiently good” generalized solution of £. In more exact
terms, assume that the span of Typ(NN) and the vectors (Xy, )g, ..., (X, )o is of di-
mension 2n almost everywhere in N. Since the finite contact symmetries A,
take generalized solutions of £ to the generalized solutions,

N(al,...,an) = A(al,...,an)(N)

is an n-parameter family of generalized solutions, i.e., a complete integral of £.
Let us find out what particular solutions can be used to construct complete
integrals.
Let w = w(zy,...,z,) be a solution to £&. The plane tangent to the graph
N = ji(u)(M) spans the vectors

Tyeees@n)

0
177; =
ox; 8:101 Bu Z 8:10 8:1:k (’“)pk

Thus, constructing complete integral requires that the matrix composed of the
coefficients of the fields

Ty T Xy X, (3.5)

be of rank 2n almost everywhere in N.
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ExAMPLE 3.4. As we have mentioned in Example 2.10, any equation of the
form F(u,p1,...,pn) = 0 possesses the n-dimensional algebra of contact symmetries

generated by
o 9
Oxy’ T Oy )

The exponential correspondence for this algebra has the form

Atar,.an) (1, xn) — (1t a1,...,Tn + ay).
Therefore, if u = w(xy,...,2,) is a solution satisfying the above conditions, then
V(@1 0y @y 1y @) = W1 — a1, 2 — a2)

is a complete integral for this equation.
Note that the matrix (3.5) is nonsingular, if the matrix

ou/dx, 0%u/dx10ry ... 0*u/dx10T,

ou/dx, 0*u/dx,0x1 ... 0*u)dx,0x,

is of rank n almost everywhere. Consider several particular cases.
a. The equation

Ju Ou

- a

6$1 81‘2 -
has the solution & = ((2 — a)?z122)"/ >~ for a # 2 and the solution 7 = e2v®1%2
for @ = 2. Using this, we obtain the complete integral u = [(2 — a)?(z1 — a1)(z2 —
)]/~ in the first case and u = €2V (#1791)(#2=a2) ip the second case.
b. The equation

w=3n (28
- i=1 "\ Oz
has the solution @ = ", #7/4b;, which yields the complete integral

— (zi —a;)?
u ; yT—

ExAMPLE 3.5. It is not hard to construct the exponential correspondence for
the Abelian algebra consisting of infinitesimal translations and scale transforma-
tions (see Examples 2.1 and 2.3). In this case, each infinitesimal transformation
can be integrated separately.

The equation

ou Ou ou

Iy —— 2 _
xl(“)xl 0xo @

Uu— =
81'2
possesses the Abelian symmetry algebra with the basis

0] 0 0
T——p1=—, —.
! 8951 p1 8p1 ’ 8332
The particular solution u? = 2x5(2; — a) gives the following complete integral
V2(z1, 29, a1,a2) = 2(2z0 — az)(a121 — a).
Let us now discuss an example of how to construct a complete integral using a
non-Abelian algebra of contact symmetries.
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EXAMPLE 3.6. Suppose that an equation F(xs,u,p1,pe2,ps) = 0, in addition
to obvious symmetries 9/0z1 and 9/0x4, has a scale symmetry of the form

& ) o< )

Computing shifts along trajectories of this field, we easily obtain the exponential
correspondence

ay o1 as ai
A(al,ag,a;;): (x17m27$3au7p17p25p3) T+ et — )
a1a3 a1a3

a as _ _ _
To + 203 _ 71’36a3a37u€5a3,p16(6 al)%,pge(ﬁ az)a?,’p?’e(ﬁ az)as
203 203

Take as an example the equation

2 2
P1 D2
o= (p§”> - (p§‘2> Areps,

which has the symmetry of the form (3.6) with a3 = 1 and 8 = 0. Using the
particular solution u = 2% + 23 + z3 and the above exponential correspondence, we
get the following complete integral

2 2
ai _ a1 ag — az _
V=||xz+ e vres — + | [ x2 + e~ ¥208 _ + x3e” 3,
a1as a1as3 Q203 Q203

3.3. Complete integrals: an invariant approach.

DEFINITION 3.2 (geometric). Let & C J1(M) be a differential equation with
one dependent variable, n = dim M. Suppose that a domain O C & is foliated
by an n-parameter family of generalized solutions to the equation (n-dimensional
integral manifolds of the distribution C(£)), i.e., there are an n-dimensional smooth
manifold N and a regular smooth map 7wny: © — N such that inverse images
N, = 7' (a) of points a € N are n-dimensional integral manifolds of C(£); such a
foliation is called a complete integral of £.

We claim that Definitions 3.1 and 3.2 are equivalent. Indeed, let us prove that
from the coordinate definition it follows existence of a domain O C & foliated by
solutions of £.

To this end, define a map a: M x N — &, where N = {a = (a1,...,a,)} is a
parameter domain, by the formula (b,a) — j1(V(z,a))(b). Since the matrix (3.4)
is nonsingular, this map has rank 2n at each point and, therefore, is a local diffeo-
morphism. Hence, we can choose open domains U C M, N C N, O C & such that
the restriction

a:UxN—-O (3.7)

of & is a diffeomorphism and for any a € N the surface W, = o(U x {a}) is a
solution to & over the domain U. We construct the desired map my by putting

7N (0) = B2(0) if a=1(0) = (81(0), B2(6)). Clearly, W, = 5" (a).
Using the above procedure yields a system of local coordinates

(1., Tn, a1, ..., ap), (3.8)
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in O C & such that the integral surfaces of the complete integral are given by

ay :Cla

where C4,...,C, are constants.

EXERCISE 3.1. Show that the geometric definition of a complete integral im-
plies the coordinate one.

Given a complete integral, we need not explicitly solve system (2.14) to find
the characteristics. Indeed, observe that the map « (see (3.7)) is given by

u="V(z,a),

= V 1 x7a b)
P1 x ( ) (39)
Pn = Vxn (xaa)v

which describe the relation between the special local coordinates x,u,p and the
coordinates (3.8). It follows that in the coordinates (3.8) the form Uj is written as

Va Va
U1=Va1da1+~~+Vandan:Val<da1+ 2dag + -+ "dan>.
Va1 Va1

We can assume without loss of generality that locally V,, # 0, so that C(£) is
given by the 1-form

Vs V.
w=da + ——=day + - + == day,.
Var Vo,
Taking the functions
_ Va2 _ Van
A1y eeey Ony Y1, Y2 = oy Yn =

v, v,

where y; is an arbitrary independent function, for coordinates on &£, we get
w=day +y2das + - - + Yy, da,.

Therefore, 9/0y; defines the degeneration direction of dw on C(€) (i.e., 9/0y; ww =

0 and 9/0y; o dw = 0), while the functions aq,...,an, Y2,...,y, are first integrals
of the characteristic distribution.

ExAaMPLE 3.7. Consider the equation
ou Ou ou ou
Bl B s il
axl 61‘2 18:171 28552

It can easily be checked that the function V(z1, %2, a1, a2) = a1 + (21 + x2a2)?/2a
is a complete integral for this equation.

We have V,,, =1, p1 = (z1+22a2)/aa, p2 = 1+2x20a2, whence ag = pa/p1, a1 =
u — p1p2/2. Substituting a; and as to the expression for V,, yields yo = p1(paze —
p121)/2p2. The functions ay, az, and y, are first integrals of the characteristic
distribution.

=0.

ExaMPLE 3.8. Consider the equation
Ou Ou ou

21’17

0wy 0wy Omy
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A complete integral for this equation can be obtained by means of the relation
u? = V? =2(a1z1 — a)(z2 — az).
It is easily shown that

Ve, aipe _ p1(airy — a)
Y2 = =— , A2 =xg— ————=
Vva1 T1pP1 a1p2

where a; is the integral defined by 2p; (a2 — a)2 = u?pya;. The functions a1, as,
Yo constitute a complete set of first integrals of the characteristic distribution on
the equation at hand.

3.4. The Lagrange—Charpit method. To construct a complete integral in
the case of two independent variables it suffices to know one nontrivial first integral
of the characteristic distribution. The method allowing one to do this is called the
Lagrange—Charpit method [113, 36].

Let £ = {F = 0} be a first-order equation with two independent variables,
F € C*(J'(R?)), and f € C>°(J*(R?)) be an integral of the characteristic vector
field Yp, i.e.,

Yr(f)=0. (3.10)
Let us look for generalized solutions of £ satisfying
F T1,T2,U,pP1,P2) = 07
( ) (3.11)
f(xlax27uap17p2) = az,

where a; is a constant.
Solving (3.11) for p; and po yields

b1 = gl(x17x2au7a1)7
p2 = 92(21, T2, U, 1),

It is readily seen that under conditions (3.10) and (3.11) the form U; = du —
p1 dx1 — po dzo is closed, so that the system

ou

ox = gl(x17x27u7a1)a
1

Ju

o = 92(x17x27u7a1)a
2

is compatible and has a solution u = V' (x1, 22, a1, as), which is the desired complete
integral of £.

ExAMPLE 3.9. Consider the equation

g OwOu  Ou o
261‘1 8332 3331 (9332 -

where a is a nonzero constant. It is easy to prove that ps is a first integral of the
characteristic distribution of the equation under consideration. Setting ps = aq
and solving the equation for p;, we get p1 = cas/(u — x2a2). Thus, the system
of equations Ou/dxy = ay and Ou/dx1 = caz/(u — xaay) is compatible. Inte-
grating the first equation with respect to z1, we get u = asza + v(z1). The
second equation yields v,, = cag/v, whence v = £+/2casxy + aj. Therefore,
u = Vi(x1,x9,01,0a2) = asxs £v/2casx; + a1 is a complete integral of the equation
in hand for either of the two signs.
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The Lagrange—Charpit method can be generalized to the case of arbitrary num-
ber of independent variables. To describe this generalization, let us first discuss the
problem of the compatibility for an overdetermined system

fi=c,
....... (3.12)

with f; € C*®°(JY(M)),i=1,...,r, and ¢1,...,c, constants.

PROPOSITION 3.1. A sufficient condition for system (3.12) to be compatible is
that for all 1 < i,k <r the Mayer brackets [f;, fr] vanish on the surface (3.12).

Proor. First of all, note that the characteristic vector fields Yy, ,..., Yy are
tangent to the (2n — r + 1)-dimensional surface in J!(M) given by (3.12), since
Y%, (fx) = [fi, fr] = 0 on this surface.

Further, we have

[Yf’Yt(/] :}/[f,g] +g/Yf _f/Yg - [f’g]Xla (313)
where f' = Ui ([X1,X¢]), ¢ = Ui([X1, X,]).
EXERCISE 3.2. Prove (3.13).

Using (3.13), we obtain [Y},,Yy ] = f.Y}, — fIY}, on the surface (3.12), so
that, by the Frobenius theorem, the vector fields Yy, ..., Y} generate a completely
integrable distribution Y on this surface.

Next, observe that the manifold of intersection of an m-dimensional integral
manifold of the Cartan distribution with the surface (3.12) is at least of dimen-
sion n—r. Take an (n —r)-dimensional integral manifold of the Cartan distribution
belonging to the surface (3.12) such that for any 6 € R the tangent plane Ty(R) and
the span of (Yy,)e,...,(Y},.)s intersect at zero. Let N be the union of all integral
manifolds of the distribution Y passing through points of R. We claim that the
n-dimensional manifold N is a generalized solution of (3.12) near R.

Indeed, for each point 6 € R the space Typ(N) is the sum of Typ(R) C Cy and
Yy C Cy. Thus, Ty(N) C Cy for all § € N near R. O

Recall that we have been working under the assumption that the form dF|g,
where F is the function that defines the equation at hand £ = {F = 0}, is almost
everywhere nonzero. In this case, any function f € C°°(J(M)) vanishing on € has
the form f = vF for some v € C°°(J1(M)).

Under this condition, f € C*(J'(M)) is a first integral of the characteristic
distribution of £ if and only if

[F, f] = AF for some A\ € C™(J(M)). (3.14)

EXAMPLE 3.10. Consider the differential equation

ou \? ou \? ou ou 2
2 2 _ ~Z =
h(xl +.Z'2) |:(8(£1) + (5‘:52) :l (1?1 aﬂjl +$2 6‘962 U> 0-

In this case F' = h(23+23)(p?+p3) — (v1p1 +22p2—u)?. Taking f = (xopy —x1p2)/u,
we get

2(»’52171 - $1p2)

- F.
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Therefore condition (3.14) is satisfied, so that the function f can be used in con-
struction of a complete integral by means of the Lagrange—Charpit method.

System (3.12) is said to be in involution if [f;, fr] =0, 1 < i,k < r, by virtue
of this system.
Let us now state the Lagrange—Charpit method in the general case.

THEOREM 3.2. Let £ ={F =0} C JY(M) be a first order differential equation
with n independent variables and fa, ..., fn be smooth functions on J*(M) such
that the following conditions hold:

L [F fi]l = MF, k=2,...,n, \j € C®(JY(M)).

2. [fzafk] = )\i,kF7 2 < i, k < n, )\i,k S COO(JI(M))

3. The functions F, fo,..., fn are functionally independent.

Then a complete integral of £ can be computed by the following system

F =0,
f2 = az,
(3.15)
Jn=an
PROOF. System (3.15) defines an (n+1)-dimensional surface P,, a = (ag, ..., an),

in €. Let C(P,) denote the induced Cartan distribution on this surface, i.e., the
distribution given by the 1-form w, = Uj| P, (equivalently, C(P,)g = Co N Ty(Py)
for all 0 € P,).

The distribution C(P,) is completely integrable. Indeed, since C(P,) is gener-
ated by Yp, Yy,,..., Y, , this fact is a part of the proof of Proposition 3.1.

Let fi be a first integral of this distribution. The system

F =0,

fl = b17

fn = bn
defines a generalized solution to £ for arbitrary constants by,...,b,. Thus, we
have constructed a complete integral for £ (see Definition 3.2). Regularity of the
parameter map can be proved using the Frobenius theorem. O

ExamMPLE 3.11. Consider the following equation with n independent variables:

ou Ou ou 0
UY—— + —— v veoe —— — L1Lo - I — .

0x1 Oxo 0xy, 12 "

The functions
1/n 1/n 1/n
p1u ba2u bnu
fi= , fo= N

X T2 I

are first integrals of the characteristic distribution for the considered equation & =
{upip2---pp —x1--- 2, =0}.

It can easily be checked that the integrals f1,..., f, are in involution, so that
the system



68 2. FIRST-ORDER EQUATIONS

is compatible for all Ay,..., A, = const, being compatible with the initial equa-
tion &£ for A; -...- A, = 1. Solutions of this system are written as
n/(n+1)
n+1 «
u = ( 7 ;Aixf + An> , A,, = const.

In particular, putting A, = (Ay--- A, 1)~ !, we get a complete integral of £.



CHAPTER 3

The Theory of Classical Symmetries

The methods of Ch. 2 were based on representation of a first order differential
equation as a submanifold in the space J(M) endowed with the Cartan distri-
bution. In this chapter we extend the approach to arbitrary systems of nonlinear
partial differential equations. We consider here the space of k-jets and the most
important geometric structures related to it. We define classical symmetries of dif-
ferential equations and, using some examples of equations in mathematical physics,
illustrate methods of computation of these symmetries. Besides, we discuss appli-
cations of classical symmetries to construction of exact solutions.

1. Equations and the Cartan distribution

Consider a system of nonlinear differential equations of order k:

Fi(xz,u,p) =0,

............... (1.1)

F.(x,u,p) =0,
where F} are some smooth functions, = (z1,...,x,) are independent variables,
u = (u',...,u™) are unknown functions, while p denotes the set of partial deriva-
tives pl = 91w/ 9z - - dxin, o = (iy,...,i,) being a multi-index, |o| = iy 4 -+

in <k.

Geometric study of system (1.1) consists in treating the equations F;(x, u,p) =
0, 1 <i < r, not as conditions on functions u themselves, but on k-th order Taylor
series of these functions. This approach allows to introduce a finite-dimensional
space whose coordinates correspond to the values of the functions w and of their
derivatives.

Thus we shall consider the variables

1 m %
XTlyeey Ty U yeno ™, Pl lo| <k,

as coordinates in some space J*(n,m) whose dimension is

k .
+i—1 n+k
dim J* - (" = :
im J"(n, m) n—i—mi_o(n_l) n+m( k:)

Relations (1.1) determine in J*(n,m) a surface £ of codimension r which is
the geometric image corresponding to the given system of nonlinear differential
equations. This surface in J*(n, m) will be called a differential equation of order k
with n independent and m dependent variables. (We shall make this definition more
precise below.) The surface £ is a coordinate-free object unlike its representation as
a system of the form (1.1), since the same equation can possess different analytical
representations.

69
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The fact that the variable p’, o = (i1,...,i,), corresponds to the partial de-
rivative of u? with respect to z1,...,z, is expressed geometrically in the following
way. Consider on J*¥(n,m) the Cartan distribution C = C¥(n,m) determined by

the basic 1-forms
wl=dp) =Y pliydri,  1<j<m, |o|<k-1, (1.2)
i=1

where 1; = (0,...,0,1,0,...,0) and 1 stays at the i-th place’. A straightforward
computation shows the number of the basic 1-forms equals

k—1 .
n+i—1 n+k—1
Nm;<n—l )m( ko1 )

It is easily checked that the forms wl are linear independent at every point and
consequently the number N coincides with codimension of the Cartan distribution
C. Hence, dimension of the Cartan distribution is

k-1
dim C*(n,m) = dim J*(n, m) — codim C*(n,m) = n + m(n:;_ 1 )
Consider the projection
s J¥(n,m) — R", mr(x, u,p) = x. (1.3)

In the preceding chapters (see §2 of Ch. 1 and §1 of Ch. 2) we showed that the
Cartan distribution on the manifolds J*(1,1) and J!(n, 1) allows one to distinguish
between all sections of the mapping (1.3) and those ones which correspond to jets
of smooth functions.

In general, the following theorem is valid:

THEOREM 1.1. Let Q C J*(n,m) be an n-dimensional surface nondegenerately
projecting to the space of independent variables R™ in a meighborhood of a point
y € Q. The surface Q is an integral manifold of the Cartan distribution C in the
neighborhood under consideration if and only if it can be given by relations of the
form

U :fl(xh 7:En)a
u™ = (2, ., X)), (1.4)
olol fi
Llyeeny l‘n)

7 Q.. ozl
for some smooth functions f1,..., f™, where o = (iy,...,i,) and |o| < k.

PROOF. In fact, nondegeneracy of the projection 7Tk|Q in a neighborhood of
the point y (see Figure 3.1) means that locally the equation of @ can be represented
as

uJ: :fjl(:z:l,...,xn),
Pl = fo(w1,. .., m0),

IHere and below we formally set p{o 0= ul.
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7 x

X

FiGURE 3.1. Nondegenerate projection of @ to R™

j=1,...,m, |o| <k, where f7, fI are some smooth functions. The surface @ is an
integral manifold for the distribution C, if the basis 1-forms vanish on this surface,
ie.,

of}
o= - >, da:l_z<axi— U+1>dm,_0
which is equivalent to the equalities
ololfi
ascill ... Oxlp

forall j=1,...,m and |o| < k. O

fa=

DEFINITION 1.1. The surface @ given by the relations (1.4) will be denoted by
F’} and called the graph of the k-jet of the vector function f = (f1,..., f™).

From Theorem 1.1 it follows that a solution of a given equation & C J*(n,m)
is exactly an n-dimensional integral manifold of the Cartan distribution C* nonde-
generately projecting to the space R™ and lying on the surface &:

wg|Q:07 ker dmy|, = 0, yew, QcCét.

Solutions of the equation £ can be defined without using the fact that & is
a surface in J¥(n,m). Namely, consider the manifold € together with the distri-
bution C(£) induced on £ by the distribution C. The plane of the distribution
C(€) at every point y € £ is the intersection of the plane C, with the tangent
plane T, € to the surface £. Obviously, integral manifolds of the distribution C(£)
nondegenerately projecting to the space of independent variables R™ coincide with
integral manifolds of the distribution C lying in £ and possessing the same property.
Therefore, one can say that solutions are n-dimensional manifolds of the manifold
C(€) diffeomorphically projecting to the space R™(x1,...,z,). Recall that this is
the approach to solutions of equations from which we started Ch. 1. Considering
arbitrary n-dimensional maximal integral manifolds, we arrive to the concept of
generalized solutions.

EXAMPLE 1.1 (the Burgers equation). Consider the Burgers equation

Up — Uy — Ugye = 0.
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In the 8-dimensional space of jets J2(2, 1), the surface £ corresponds to this equation
and is described in standard coordinates

T =1, t = T2, U, P(1,0); P0,1)> P(1,1)s P(0,2)> D(2,0)
by the relation
P(0,1) — UP(1,0) — P(2,0) = 0.
The Cartan distribution on J?(2,1) is determined by the basis 1-forms

W(0,0) = du — p(1,0)dr1 — p(o,1)dx2,
w1,0) = dp(1,0) — P(2,00dT1 — p(1,1)dx2,
w(o,1) = dp(o,1) — P(1,1)dT1 — P(0,2)dT2.

Solutions of this equation are two-dimensional integral manifolds of this distribution
lying in &.

Choosing the functions x = x1, t = z2, u, p(1,0), P(0,1), P(1,1), P(0,2) for coordi-
nates on the surface £ and changing p(2 0y by p(o,1) — up(1,0) everywhere, we shall
obtain the distribution on the 7-dimensional space given by the basis forms

W(0,0) = du — p(1,0ydT1 — P(o,1)dT2,
W(1,0) = dp(1,0) — (P0,1) — uP(1,0))dT1 — p(1,1)dT2, (1.5)
W(o,1) = dp(o,1) — P(1,1)dT1 — P(0,2)dT2.

Two-dimensional integral manifolds of this distribution, where the functions u, p; ;
are expressed via x1, z2 (which is equivalent to nondegeneracy of the differential of
the projection to R?(x,t)), correspond to solutions of the equation. For example,
the two-dimensional surface

T 1 T 1 2z
u = s Pa,0) = - P,1) = 2 pay = 2 P(o,2) = e

corresponds to the solution v = —z/t.

Note that contrary to the case of systems of ordinary differential equations
(n = 1), the Cartan distribution C on the manifolds J*(n,m), as well as the distri-
butions C(£) obtained by restricting C to a partial differential equation &, is not,
in general, completely integrable. Nevertheless, for some overdetermined systems
the distribution C(€) may be completely integrable.

EXERCISE 1.1. Let m =k =1, n = r = 2. Consider the system of equations

{Uac = f(I,ZJ,’LL),
uy = g(x,y,u).

Prove that if this system is compatible, then the Cartan distribution restricted to
the corresponding surface is completely integrable.

2. Jet manifolds and the Cartan distribution

In this section, we consider the basic objects important for the geometrical
theory of differential equations. These are the jet manifolds and the Cartan distri-
butions on them. We already met these objects when studying ordinary differential
equations and first-order partial differential equations. Here we deal with the most
general definitions and study basic properties.
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R™(u)

f(zo)

o) z, R*(z)
FIGURE 3.2

2.1. Geometric definition of the jet spaces. Up to now we considered
equations on a vector function w = (ul,...,u™) depending on the variables & =
(z1,...,2,). From geometric point of view, the function w = f(x) is an analytical
representation for a section of the projection R™ x R™ — R”™. In fact, to choose a
function f(x) means to put into correspondence to every point &y € R™ another
point f(x) € R™, which can be considered as a point of the fiber R™ over the
point x¢ (see Figure 3.2).

To deal with equations on an arbitrary manifold, this construction is to be
generalized. Consider an m-dimensional locally trivial bundle 7: F — M over an
n-dimensional manifold M. Recall that a section of the bundle 7 is a mapping
s: M — FE such that o s is the identical mapping of the base M. In other words,
the mapping s takes a point € M to some point of the fiber E;. In a particular
case of the trivial bundle M x N — M, sections are the mappings M — N. In
what follows, for the sake of simplicity we shall always assume that all bundles
under consideration are vector bundles, i.e., their fibers are vector spaces and the
gluing functions are linear transformations. Nevertheless, almost all constructions
considered below are valid for arbitrary locally trivial bundles [101, 60].

Let 4 C M be a neighborhood over which the bundle m becomes trivial, i.e.,
such that #=3(U) = U x R™. If eq,...,e, denotes a basis in the fiber of the
bundle m, i.e., in the space R™, then any section is represented over U in the
form s = fle; +--- + f™e,, where f! are smooth functions on . If U is a
coordinate neighborhood on the manifold M with local coordinates x1, . .., ,, then
any point of the fiber is determined by its projection to U/ and by its coordinates
ul,...,u™ with respect to the chosen basis. The functions x1,..., T, u!,...,u™
are coordinates in 7~ 1(I) and are called adapted coordinates for the bundle under
consideration. Thus, any section is represented in adapted coordinates by a vector
function f = (f!,..., f™) in the variables 1, ..., 2.

DEFINITION 2.1. Two sections ¢1 and @5 of the bundle 7 will be called tangent
with order k over the point g € M, if the vector functions u = f,(x), u = fy(x)
corresponding to these sections have the same partial derivatives up to order k at
the point x.

Obviously, this condition is equivalent to the fact that the k-th order Taylor
series of the sections coincide. Since the functions themselves may be considered as
their partial derivatives of zero order, the tangency condition for k = 0 reduces to
coincidence of f,(xg) and fy(xg), i.e., the graphs of the sections s; and sy must
intersect the fiber E, at the same point (Figure 3.3a). On Figures 3.3b and 3.3c
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R|—_-—_ — =

FIGURE 3.3

the cases of tangency with orders 1 and 2 are shown: a straight line tangent to a
curve and an arc of the osculating circle.

EXERCISE 2.1. 1. Prove that Definition 2.1 is invariant, i.e., is does not depend
on choice of adapted coordinates in the bundle 7.

2. Prove that two sections have tangency of order k, if their graphs (see Defi-
nition 1.1) are tangent with the same order.

Tangency of sections with order k at a point x is an equivalence relation which

will be denoted by s1 e so2. The set of equivalence classes of sections, i.e., the set
of k-th order Taylor series, will be denoted by J¥ and called the space of k-jets of
the bundle 7 at the point @. The point of this space (the equivalence class of a

section s) will be denoted by [s]%. Thus, if s; e 59, then [s1]% = [s2]k. The space

of k-jets of the bundle m is the union of J¥ over all points x € M:

TEmy = 7%

xeM

For any point 0 = [s]% € J*(r) let us set 71 (f) = . Thus we have the projection
T J¥(7) — M, and 7 () = JE.

For the case k = 0 we have JO(7) = U,cpy Be = E, ie., the space JO(m)
coincides with the total space of the bundle 7.

Let us define local coordinates on the space of k-jets of the bundle 7. To this
end, take the functions x;, u?, and p’ , corresponding to dependent and independent
variables and to partial derivatives of latter with respect to former. In fact, let
Z1,...,Zn,ul, ..., u™ be an adapted coordinate system in the bundle 7 over a
neighborhood U of the point & € M. Consider the set m, '(U) C J*(r). Let us
complete local coordinates x1, . .., Z,,ul, ..., u™ by the functions pJ defined by the
formula

A ol g
(D —

o) = o j=1....m, o<k,
1 n

In what follows, we shall call the coordinates p’ canonical (or special) coordinates
associated to the adapted coordinate system (z;,u”).
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For a given bundle 7 one can consider all jet manifolds J*(7), k = 0,1,...,
arranging them one over another as the tower

Jets and projections Coordinates in jets
Jk+1(7r) zi, (',, lo| <k+1
Thitk
JF(n) zi,ul pl, ol <k
Tk,k—1
1,0
Jo(m)=F xi,ul
™
M T
The projections 741+ are defined by the formula
Torie: S ) —= T, mge((sl5) = [sla
where ¢t = 0,...,k. Since the equivalence class [s],™* € J*!(7) determines the

class [s]t, € J*(m) uniquely, the projections 71, are well defined.

EXERCISE 2.2. 1. Prove that the family of neighborhoods ng (U) together with
the coordinate functions x;, u’, pJ. determines a smooth manifold structure in J* ().

2. Prove that the projection 7, : J*(7) — M is a smooth locally trivial vector
bundle.

EXERCISE 2.3. Prove that the projections m41 ¢ are smooth locally trivial bun-
dles. Prove also that m; o w41+ = mey1.

2.2. The Cartan distribution. Let us introduce now the basic geometric
structure on the manifold J* (7). This structure is the Cartan distribution. First
of all, let us note that if s is a section of the bundle 7, then for any point x € M
one can define the element ji.(s)(z) = [s]X € JE(w). Obviously, the mapping
jr(s): M — J¥(7) is a smooth section of the bundle 7y : J*(7) — M. It is called
the k-jet of the section s. The graph of the k-jet in the space J*(7) is denoted by
Tk

Let us say that an n-dimensional plane in the tangent space Tp(J*(7)), 6 €
J¥(m), is an R-plane , if it is tangent to the graph of the k-jet of some section of
the bundle 7. Obviously, any R-plane is horizontal with respect to the projection
i JE(M) — M.

Note that a point ' € J*+1(7) can be considered as the pair consisting of the
point 0 = m41.5(0") € J¥(7) and an R-plane Ly C Ty(J* (7)) defined as the plane
tangent to the graph of the k-jet of some section s such that [s]5+1 = @', (It is easily
seen that this plane is uniquely determined by the jet [s]5*1.) In other words, ¢’ is
the set of values of derivatives up to order k + 1 while the plane Lo C Ty J* () is
determined by the values of first derivatives of k-th derivatives.
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F‘; ’ ]k+l(ﬂ.)

| Ly

Ry Yy @)

FIGURE 3.4. The fiber of the projection myy;

o8

I
I
I
7, |
|

:

FIGURE 3.5. A basis of the plane Ly

EXERCISE 2.4. Write down the conditions that an n-dimensional plane in the
space Ty(J* (7)) is an R-plane.

Let us fix a point § € J*(r) and consider various points 6’ € J**+1(r) pro-
jecting to 6 under the mapping mj11,. These points form the fiber of the bundle
Thr1k: JETH(m) — JE () over the point §. We shall denote this fiber by Fi11 x(6)
or by Fp (see Figure 3.4). In other words, we fix the value of some vector function
and of its derivatives up to order k and let other derivatives vary in an arbitrary
way. When a point 6’ moves along the fiber Fy, the corresponding n-dimensional
plane Ly C Ty(J*(n)) rotates somehow around the point @, but always remains
horizontal with respect to the projection mj: J*(m) — M.

DEFINITION 2.2. The Cartan plane Cy = C§ at the point § € J¥(r) is the span
of all planes Ly for 6 € Fp, i.e., the span of all planes tangent to the graphs T'* of
all k-jets of sections for which [s]X = 6. The correspondence

C:0+——Cp
is called the Cartan distribution on J*(r).

Let us give a coordinate description of the Cartan distribution. To do this,
we shall explicitly write down a basis of the plane Ly corresponding to the point
¢’ € J**1(r) in an adapted coordinate system x1,...,z,,u!,...,u™. The coor-
dinates of the point ' will be denoted by z;(0"), u?(8’), pl(0') (see Figure 3.5).

Let s be a section such that [s]**? = ¢’ T'* C J¥(r) be its graph, and the
R-plane Ly be tangent to F’; Let us choose a basis in Ly consisting of the vectors
v, ..., v? whose projections to M coincide with v; = 0/0x1|, ..., vn = 0/0xy],.
From equations (1.4) determining the surface I'¥ it is easy to deduce formulas for
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FIGURE 3.7. Structure of the Cartan plane

the basis vectors v?:

0 mo P
0 _
v 0zx; + Z Zp‘?f-i-li(e/)@. (2.1)

lo|<k j=1 o

It is easily seen that the above summation over o, |o| < k, is determined by
the point § and is independent of the choice of the point 6’ projecting to 6. Thus
any plane L,, corresponding to i € Fy can be obtained from the given plane Lg by
rotating in the “vertical direction”. More exactly, the position of L, with respect
to Ly can be determined by the set of n shift vectors §; = v) — v¢ (see Figure 3.6)
vertical with respect to the projection n'=m ;_1. Denote the space of vertical
vectors at the point 6 by Vy = Ty(Fy~), where 6" = 75 ._1(0); the vectors 9/9p?,
|o| = k, form a basis in this space. Note that any vertical tangent vector v € Vj
can be considered as a shift vector: for a basis vector 9/9p’, |o| = k, it suffices to
take the point 1 € Fp, such that all its coordinates, except for one, coincide with
the corresponding coordinates of the point §” while p}, , (n) = p},,,(0") 4+ 1. Then
5 =v] —vl =0/0p].

From equations (2.1) it follows that the Cartan distribution on J*(r) is deter-
mined by the set of 1-forms wl = dpl =37, p§+1idfm, |o| < k—1, which are called
the Cartan forms.

Geometric structure of Cartan planes (Figure 3.7) is described by the following
theorem:

THEOREM 2.1. Let C be the Cartan distribution on the manifold J* (). Then
the following statements are valid:
1. The Cartan plane Cy C Ty(J* (7)) is the direct sum of the vertical and hori-

zontal subspaces

Co="Vy & Ly, (2.2)
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where Vy is the tangent space to the fiber of the projection my 1 and Ly is
the R-plane corresponding to some point 0 in the fiber Fy over the point 6.

2. The Cartan plane Cy consists of tangent vectors at the point 8, that project
to Ly under the mapping 7y k1, i.e.,

Cy = (7Tk7k_1);1(L9). (23)

PROOF. The first statement follows from the above considerations. Let us note
only that in the decomposition (2.2) the first summand, unlike the second one, is
determined by the point 6 uniquely.

To prove the second statement, note that the projection (7 x—1). takes the
subspace Vp to zero while the plane Ly is taken to Ly bijectively. Therefore, Cy C
(7k.k—1)5 (Lg). The inverse embedding follows from the fact that the inverse image
of the point (g k—1)5 *(8”) coincides with Vy C Cp. O

COROLLARY 2.2. Any horizontal (with respect to the projection my p—1) sub-
space of the Cartan plane Cy cannot be of dimension greater than n = dim M.

COROLLARY 2.3. A plane P C Cy is horizontal with respect to the projection
Tk, k—1 if and only if it is horizontal with respect to the projection my,: JE(r) — M
(i.e., degeneracy of the Cartan plane under the mappings

JE(r) — JEY(n) JO(n) M

may occur at the first step only).

Let us find out coordinate representation for a vector field X lying in the Cartan
distribution C* on the manifold J* (7). To do this, we shall use the splitting (2.2).
The set of vertical vector fields 8/9pZ, j = 1,...,m, |o| = k, forms a basis of
the vertical subspace Vjy at the point 6. A basis of the horizontal subspace can be
chosen as the set of truncated operators of total derivatives

w_ 0 5 j 0
DY =5 +Y ) Vit T (2.4)
Jj=1|o|<k i
Thus any vector field X lying in the Cartan distribution can be decomposed in the
chosen basis:

xX=>"aD"+ " b{,ij. (2.5)
i=1 o= OP7

The distribution C* is not completely integrable, since, for example, for |o| =

k — 1 the commutator
0
0 pwl- 9
8pf,+1i ops

is not of the form (2.5). Consequently, maximal integral manifolds of the distribu-
tion C* are of dimension less than dim C*.

We can finally give a definition of a differential equation of order k& similar to
that given for differential equations of first order.

DEFINITION 2.3. A differential equation of order k in the bundle 7: E — M is
a submanifold & C J*(7) endowed with the Cartan distribution C(£): 6 — Cy(€) =
CENTy(E), 0 € £. A maximal integral manifold (of dimension dim M) of the Cartan
distribution is called a (generalized) solution of the equation £.
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E®.9

F1GURE 3.8. The ray manifold

EXERCISE 2.5. Let 7: E — M be a fiber bundle and 71 : J*(7) — E. Show
that sections of the bundle 7 ¢ are connections in the bundle 7 while the condition
of zero curvature determines a first order equation in the bundle 7 .

2.3. Integral manifolds of the Cartan distribution. In Theorem 1.1, we
showed that the graphs F’} of k-jets of sections are integral manifolds of the Cartan
distribution. Here we shall describe the structure of arbitrary maximal integral
manifolds.

DEFINITION 2.4. Let P C Cé“*l be a plane of dimension s, s < dim M. The
subset

I(P)={0e€Fy|L;>P}

of the fiber over the point € is called the ray submanifold (or simply ray) corre-
sponding to the plane P, Figure 3.8. If N C J*~!(7) is a submanifold, then the
set

L(N) = |J t(z,N)

is called the prolongation (or lifting) of the submanifold N.
EXERCISE 2.6. Show that if %! C N, then I'} C L(N).

EXAMPLE 2.1. Consider the manifold of 1-jets J1(2,1) of scalar functions in
two variables with the coordinates x, y, z, p, ¢, where z is a function in z, y and p
and ¢ are its derivatives with respect to x and y.

Let us fix a point § € J°(R?) with the coordinates x, y, z. The fiber Fy of the
bundle J!'(R?) — JO(R?) over this point is the plane with coordinates p, q. Let
&€ =X0/0x+Y0/0y+ Z0/0z be a nonzero vector at the point 6 and P be the
straight line determined by this vector. Let us deduce the equations describing the
corresponding ray manifold [(P).

Let pg, go be the coordinates of the point 0 Fy. Then the corresponding
plane Lj is described by the equation

dz —podx — qody =0
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FIiGURE 3.9

while the condition Lz D P, i.e., § € Ly, is of the form Xpy + Yqo = Z. Conse-
quently, if the values of X, Y, and Z are fixed while p and ¢ vary, the submanifold
[(P) C Fy is described by the equation Xp +Yq = Z.

In generic position, [(P) is a straight line in the plane Fy. Note that the
direction of this line is determined by the projection (X,Y") of the vector £ to the
plane RJQW. The position of its initial point also depends on Z. In the exceptional
case, when the vector ¢ is vertical (i.e., when X =Y = 0 and Z # 0), the set I(P)
is empty, since an R-plane cannot contain vertical vectors.

Consider now a submanifold N C J°(R?) nondegenerately projecting to R2 .
Depending on the dimension of N, its prolongation L(N) is described in the fol-
lowing way:

1. The submanifold N consists of one point 6 only. Then L(N) = Fp, the fiber
over the point 6.

2. The submanifold N is a curve parametrized as («(t), 3(¢),v(t)). Then L(N)
is a two-dimensional surface in the five-dimensional space J!(R?) given by
the equations

The curve N C J°(R?) can be considered as the graph of some function z(x,y)
defined on a curve x = a(t), y = B(t) lying in the plane RZ . The last equation
of system (2.6) shows how partial derivatives p = 2, ¢ = z, of this function are
related to each other on the curve.

3. The submanifold N is a surface of the form z = f(x,y). Then every point
6 € N uniquely determines a point 6 € Fp such that Ly = Tp(N). In fact, the

coordinates p, ¢ of the point 6 must coincide with the slopes of the tangent plane
Tp(N). Hence, 6 = [f]; while L(N) =T} is the graph of 1-jet of the function f.

ExAMPLE 2.2. Consider an integral curve @ of the Cartan distribution on
JY(2,1) and its lifting to J2(2,1). From Corollaries 2.2 and 2.3 it follows that
the lifting of @ is not empty if and only if the curve @ is horizontal with respect
to the projection 71 : J'(R?) — R2. In this case, one can choose coordinates x, y
on R? such that the projection S of the curve Q in a neighborhood of some point
is of the form y = 0 (see Figure 3.9). The curve itself in this case can be described



2. JET MANIFOLDS AND THE CARTAN DISTRIBUTION 81

by the relations of the form

Y= 07

z = a(x),

p= ﬁ(x)a @7
q =)

Since this curve is an integral manifold of the Cartan distribution given by the
equation (dz —pdz —qdy)|y = 0, one has 3 = o'. Conditions (2.7) mean that we
know the values of the function z(z,y) together with the values of its derivative
zy(z,y) for y = 0. Thus we obtained the standard formulation for the Cauchy
problem for second order equations. Hence, in this situation the problem of lifting
is equivalent to describing the graphs of the jets for functions satisfying Cauchy
conditions.

Let 8(z,y, z, p, q) be a point of the curve Q and £ = (X,Y, Z, P, Q) be a tangent
vector. Let us describe the set {(£) in the fiber Fy. Denote by r,s,t coordinates
in the fiber of the projection J2(R?) — J!(R?) (they correspond to the derivatives
Zyzs Zoy, Zyy Tespectively). Then the equations

Xr+Ys=P,
{Xs—i—Yt:Q (2:8)
describe the line /().

Note that the classical concept of a characteristic for second order equations
is based on consideration of system (2.8) together with the initial equation & C
J%(R?).

Note now that for an integral manifold N C J*~!(7) nondegenerate with re-
spect to the projection to the base (in what follows, such manifolds will be called
horizontal) the corresponding manifold L(N) C J*() is also integral one. To see
this, it suffices, applying Theorem 2.1, to check that at any point 0 e L(N) the
image of the tangent space T5(L(NN)) under the projection 74 ;1 lies in Lg. By def-
initions and by the construction of L(NN), we have (7 x—1), 5(L(N)) = T;(L(N)) =
Ty(N) C Lz. Thus L(N) is an integral manifold. Therefore, we obtained a method
to construct integral manifolds in J*(7) starting with the ones in J*~1(r).

As it will be proved in Theorem 2.7, the above construction is of a universal
nature. We shall now describe a local structure of horizontal integral manifolds N
and deduce a formula to compute dimension of L(N) via dimension of N.

PROPOSITION 2.4. Any horizontal integral manifold N of the Cartan distribu-
tion on J*(m) locally lies on the graph 1"’} of the k-jet of some section f.

PROOF. Let 7 = dimN < n. Let us introduce in a neighborhood of the
point @ = m(A), & € N, coordinates x1,...,z, such that N = m(N) is given
by the equations z,;1 = -+ = z, = 0. Since the manifold N is horizontal, it is
nondegenerate with respect to the projection 7y : J*¥(7) — M. Consequently, N is
described by the equations

z; =0, i>m, = fl(xy,... ), j=1,....m, |o| <E.
Restricting the Cartan forms to N (cf. the proof of Theorem 1.1), we obtain that

5 Ofi(z,..., @)

o+1; — 8$i ) |J|§k_1v i:17~~~7r~
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Thus, the functions f!..., f™ are defined on N. They satisfy the above conditions
and the values of all their normal derivatives are given along IN. Hence, there exist
functions f1,..., f™ such that fj|]\7 = fJ and with the given values of normal

derivatives on N. Consequently, f(z) = (f,..., f™) is the section we need. O

PROPOSITION 2.5. Let m: E — M be an m-dimensional bundle over an n-di-
mensional manifold M and N C J*(m) be a horizontal integral manifold of the
Cartan distribution of dimension r < n. Then?
n—r+ k)

im L(N) =
dim L(N) r—i—m(n_r_l

PROOF. Let us fix a point # € N and denote by Py the tangent space Tp(N).

We introduce a coordinate system 1, ..., x, in a neighborhood of the point m4(0)
such that 7 (V) is described by the equations x,11 = -+ = z, = 0. Then the
vectors

J=1|o|<k 7

8 m ] a )
R  — < < .
&i (axi + E g a”@;ﬂ) , 1<i<m, (2.9)
0

form a basis of the plane Py, where afAml = 8“"“#/83008% for the section f =
(f%,..., f™) constructed in Proposition 2.4.

The condition that a point 0 with the coordinates P2 and lying in the fiber over
6 belongs to I(Py) can be written in the form

f)?ﬂ_li:af,’i, 1<i<r, 1<j5<m.

This system of linear inhomogeneous equations on the unknowns p/ is compatible,
i.e., for all 4, [, 7, u the equalities aLHi,l = aiﬂl’i are valid. Therefore, relations
(2.9) make it possible to find unique coordinates p2 such that the multi-index 7,
|7| = kK + 1, is not equal to zero in the first 7 components.

There are no relations for other coordinates; the number of these coordinates

for any fixed j = 1,...,m equals the number of all indices 7, |7| = k + 1, whose
components r + 1,...,n, do not vanish. Hence, this number is (Z::tlf)

Thus, dimi(Py) = m(fL:;t’f), and since the manifold L(N) is fibered over N
with the fiber [(Py) over the point § € N, we have dim L(N) =r + m(Z::flf) O

COROLLARY 2.6. Ifr; = dim N7 < rg = dim N», then dim L(N7) > dim L(N3)
and equality is achieved in the following cases only:
(a) m=n=1.
(b) k=0, m=1.
(c) m=1,r1=n—-1,r9=n.
All maximal integral manifolds of the Cartan distribution are described in the
following theorem:

THEOREM 2.7. An integral manifold Q of the Cartan distribution on J*(r) is
maximal if and only if everywhere, possibly except for a manifold of lesser dimen-
sion, it is locally of the form L(N) for some horizontal integral manifold N C

JF1(7).

2For 8 < 0 we set (g) =0.
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]k-l(ﬂ.)

FIGURE 3.10. Regular and singular points of the projection 7y —1

PROOF. Let @ be a maximal integral manifold in J*(7). We shall prove the
statement of the theorem for any point 8 € @ such that in its neighborhood the
rank of the mapping ' = 7y, ,_1: J*(7) — J*¥~1(7) is constant (clearly, such points
form an open everywhere dense set in @, see Figure 3.10).

In what follows, we shall need a lemma which is a consequence of the implicit
function theorem and is given here without proof.

LEMMA 2.8. Let A, B be smooth manifolds and f: A — B be a smooth map-
ping of constant rank p in a neighborhood of a point a € A. Then there ezists a
neighborhood U > a such that the set f(U) is a submanifold in a neighborhood of
b = f(a). Moreover, its tangent space at b is the image of the tangent space of A
at a: Tp,(f(U)) = f«(Ta(A4)).

Let us come back to the proof of the theorem. Let § € Q and N = «'(U) be the
projection of the corresponding neighborhood U C @ to J*~!(r). By Lemma 2.8,
N is a submanifold in J*~!(7). Let ¢ = 7'(f). By the same lemma and by
Theorem 2.1, one has Ty (N) = Ty (7' (Q)) = 7. (Tp(Q) C 7. (Cy) = Ly. Tt follows
that N is a horizontal manifold and dim N < n, i.e., we can apply Proposition 2.4.
The embedding Ly D Ty (N), by definition, means that § € L(N). Hence, U C
L(N), i.e., @ C L(N) locally. Therefore, by maximality condition, @ = L(N).

Conversely, consider a manifold of the form L(N). As it was just proved, it
contains in the maximal integral manifold L(N;) and dim L(N) < dim L(Ny). But
N = 7'(L(N)), N1 = ©'(L(Ny1)). Therefore, N C N; and dim N < dim N;. By
Corollary 2.6, one has dim L(N;) < dim L(N), i.e., L(N) = L(Ny). O

Note that if N is the graph of the (k — 1)-jet of some section of the bundle 7,
then the manifold L(N) is the graph of the k-jet of the same section. Hence, the
graphs of jets are maximal integral manifolds of the Cartan distribution.

From the theorem proved and from Corollary 2.6 we obtain the following state-
ment:

COROLLARY 2.9. FExcept for the cases m = n =1 and k = m = 1, the mani-
folds L(N), where N is zero-dimensional, are of the maximal dimension among all
integral manifolds of the Cartan distribution on J*(r). In other words, the fibers
of the projection my, ;1 are integral manifolds of mazimal dimension.

This fact is of a fundamental role in description of transformations preserving
the Cartan distribution. The next section deals with these transformations.
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3. Lie transformations

Informally speaking, Lie transformations are transformations of independent
and dependent variables, together with derivatives of the latter with respect to
the former, which preserve differential relations between them. From geometric
viewpoint, Lie transformations are diffeomorphisms of the jet manifolds J* () pre-
serving the Cartan distribution, i.e., preserving the structure which contains infor-
mation on differential relations between variables. Thus, Lie transformations are
symmetries of the Cartan distribution. The symmetries on J*(M), i.e., contact
transformations, were studied in Ch. 2. By analogy, Lie transformations of the
manifold J¥ () are natural to be called contact transformations of order k. We
shall show below that in the case of one dependent variable such transformations
reduce to the usual contact transformations, while in the case of several dependent
variables they reduce to point transformations, i.e., to changes of independent and
dependent variables.

3.1. Finite Lie transformations. Assume that we have n independent vari-
ables x1,...,z, and m dependent variables u',...,u™. Suppose that change of
variables is given by the formulas

Ei = fi(:mu),
. . 3.1
{u] = ¢’ (z,u). 3.1)

Then we can express partial derivatives p) = 0l°1% /07 via x;, w/, and pl =
olmlu7 JoxT.
ExXAMPLE 3.1. Consider the scale transformation
T; = ;T4 w = ﬁjuj.

The derivatives p/ = 0w’ /0T; are transformed as

in this case. One can also write down prolongations of this transformation to
derivatives of arbitrary order:

B
pg:;ipg’

where a(i1in) = ot g

ExAMPLE 3.2. The translation along a constant vector in the space of depen-
dent and independent variables is described by the formulas

T; = x; + &, W=l + 1.
It acts as the identity for the variables p?
P, =Pl
ExXAMPLE 3.3. The Galilean transformation (pass to a new frame of reference
moving with a constant velocity) is given by the formulas
t=t, T =x — vt, U= u.
Prolongation of this transformation to first-order derivatives is of the form

U = U + VU, Uy = Ug-
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EXAMPLE 3.4. An arbitrary diffeomorphism of the plane (z,u) (i.e., change of
one dependent and one independent variable)
T = Mz, u),
(£se .-
7= ()
induces a linear-fractional in p transformation of the three-dimensional space with
coordinates x, u, p. It is easily checked that p = du/dZ and thus
__du _ pedr+ pudu _ pig + pup
D= T N+ ddu N+ hup
EXERCISE 3.1. Let m = n, i.e., the number of independent variables coincides
with that of dependent ones. Consider the change of variables

(3.3)

T, =u', W =ugxj, ,j=1,...,n=m.

This transformation is called the hodograph transformation. Derive formulas for
the action of this transformation on first derivatives.

Consider now a general geometric construction corresponding to changes of
variables and to prolongation of these changes to derivatives over independent vari-
ables.

Let m: E — M be a fiber bundle. Then formulas (3.1) can be interpreted as
coordinate representation of a diffeomorphism in the space E. Recall that such
transformations are called point transformations.

For any k > 1, a diffeomorphism A: E — FE generates the diffeomorphism
A®): Jk(1) — J*(7) defined in the following way. Let 6 be a point of the manifold
J*(7), b and a be its projections to £ and M respectively. Choose a section  such
that 0 = [¢]* and consider its graph I', C E. Under action of the transformation
A, the point b is taken to some point b" € E, while the graph T', is taken to the
submanifold A(T',) C E. If, in a neighborhood of the point &', this submanifold
is the graph of some section ¢, we shall set § = [¢]¥,, where o’ = 7(b') and
AR (9) =0,

EXERCISE 3.2. Show that the point 6’ is independent on choice of the section
@: it is uniquely determined by the k-jet of the section ¢ at the point a, i.e., by
the point 6.

The transformation A®*) is called the k-th lifting of the point transformation
A. In general, this lifting is not defined on the whole manifold J*(7), but (as it
will be seen below) on an open everywhere dense domain in J*(7). This geomet-
ric fact corresponds to the following analytic observation: when one transforms
derivatives, the denominator may vanish, and these are exactly the points, where
the transformation is undefined (cf. equation (3.3)).

ExAMPLE 3.5. Consider the hodograph transformation of one dependent and
one independent variable
T =u, u=ux.

Let p = du/dx, p = du/dZ. Then, as it follows from Exercise 3.1, p = 1/p. Note
that though the initial transformation A was an everywhere defined diffeomorphism
of the space R? = J'(R), the transformation A is defined in the space R? = J'(R)
everywhere except for the plane p = 0.
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From the above construction of the transformation A®*) it follows that it is a
symmetry of the Cartan C* distribution in its domain. In fact, the subspaces Cp
are spans of R-planes Lg, 6eJ k41 while the differential Agk) takes such planes
to each other. In fact, if A(T,) = Ty, 6 = [p]¥, § = [k, 0 = [/, then
AL (Lg) = Ly

DEFINITION 3.1. A diffeomorphism F': J*(7) — J¥(7) is called a Lie transfor-
mation, if Fy ¢(C}) = Clli(@) for any point § € J*(r).

Since locally the Cartan distribution is described by formulas (1.2), a diffeo-
morphism F' is a Lie transformation if and only if the equalities

m

=2 D X

=1 |7|<k-1

are locally valid for all j = 1,...,m and |o| < k—1, where N7 -, are smooth functions
on J¥ (7).

EXAMPLE 3.6. Let us once again obtain the formulas for lifting to J* () of the
point transformation using the above formulated property of Lie transformations.
We shall look for the function p(x,u,p) using the condition that the image of the
distribution du — pdz = 0 under the mapping (3.2) coincides with the distribution
du —pdx = 0. This condition means that when one changes all variables in the
expression du — pdx by the corresponding functions in x, u, p, one must obtain a
form proportional to du — pdx. After computations, we obtain

du — pdT = U, dx + Uy du — p(T, dx + T,, du)
= (W, — PTy) du + (Uy — PT,) dx = M(du — pdzx),

which yields @, — pZ, = —p(u, — PZ,) and consequently
Uy Uyp
== —

as it is to be by (3.3).

In a similar manner, we shall obtain the formulas for lifting to J'(7) of an

arbitrary point transformation (3.1). Namely, the functions® T?f, 1=1,...,n,75 =

1,...,m, are determined by m systems of linear equations (for j =1,...,m)
Di(z1) ... Di(@n)\ (7 Dy (@)
...................... =) (3.4)
Dn(71) ... Dn(@.)) \P, Dy, (u)

where D; denotes the total derivative operator along x;, which acts on the functions
flxy, ..., zn,ut,. .., u™) by the formula

8x1+§ Za i

The determinant of the matrix at the left-hand side of equation (3.4) is reasonable
to be called the “total Jacobian” of the system of functions Z1,...,Z,. Note that
vanishing of this Jacobian on some open set implies functional dependence of the

D;(f

3In the next formula, as well as in all similar cases, we shall write p; instead of 1, -
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functions 7;. Since the transformation (3.1) is a local diffeomorphism, the functions
Z; are independent and thus equations (3.4) uniquely determine the values of p’
almost everywhere.

EXERCISE 3.3. Let A: J(w) — JO(m) be a point transformation. Prove that
if the lifting A™) is defined in a neighborhood of a point # € J* (), then the lifting
A) is defined in a neighborhood of any point 6’ projecting to 8 under the mapping
mea: JE(m) — JH(m).

The lifting procedure can be applied not only to diffeomorphisms of the mani-
fold of dependent and independent variables E = J°(r), but to Lie transformations
of arbitrary jet manifolds J* (7). In fact, let a Lie transformation A: J*(x) — J*(7)
be given. As we know, the manifold J**1(7) of contact elements of order k + 1 can
be understood as the set of all horizontal n-dimensional integral planes (R-planes)
in J¥(7). The planes which are not overturned by the transformation A (i.e., the
planes L such that A, (L) is horizontal again) form an open everywhere dense set in
this manifold. The lifted transformation A acts on the set of these planes taking
a plane L to A.(L).

EXAMPLE 3.7. Consider the Legendre transformation (see also §1 of Ch. 2) in
the five-dimensional space J!(2,1)

T=-p,

y=-q

U =u—Ip—yq, (3.5)
p=z,

q=1y.

As it was already shown in Ch. 2, this is a contact transformation and, consequently,
is a Lie transformation. To describe the lifting A of this transformation to the
8-dimensional space J2(2,1), it is necessary to express the second derivatives

Pu  _ 9w - 0%
g "oy T op
via x, y, u, p, q, r, s, t. Since the Cartan distribution is invariant with respect to
Lie transformations, the 1-forms
dp —7dT —$dy = dx +TFdp + 5dg,

dg—35dT —tdy=dy +3Sdp+tdg

T =

(3.6)

are to be represented as linear combinations of the 1-forms
du—pdx —qdy, dp—rdr—sdy, dq—sdx—tdy.

Therefore, expression (3.6) identically vanishes, when one changes the form dp by
dx + sdy and dq by sdx + tdy. Thus, we obtain the system of equations

COGD=G )

t _ S 7 r
- $ = — = ——
rt — s2’ rt — g2’ rt — s2

which implies

T =
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EXERCISE 3.4. Let A: J*(m) — J*(7) be a Lie transformation. Prove that at
the points where the lifting A(+s): Jetits(r) — Jetits(r) 1 s € N, is defined one
has (AD)) = AC+).

We finish this section by a complete description of Lie transformations.

THEOREM 3.1. Any Lie transformation X of the jet manifold J*(r), k > 1, is
described as follows:

1. For dimm = 1, the transformation X is the (k — 1)-st lifting of some (arbi-
trary) contact transformation of the space J! (7).

2. For m = dimm > 1, the transformation X is the k-th lifting of some (arbi-
trary) diffeomorphism of the space J°(r) of dependent and independent vari-
ables (i.e., all Lie transformations are point transformations in this case).

REMARK 3.1. From the theorem it follows that in the case m = 1 contact
geometry of order k is richer, since contact transformations of J!(r) include both
arbitrary diffeomorphisms of J°(7) and transformations of a more general nature.
The Legendre transformation (3.5) is an example of a transformation, which is
contact, but not a point one.

PROOF. The proof of this theorem is based on the above established fact: the
fibers of the projection my ;—1 are integral manifolds of the Cartan distribution on
J*¥(7) of maximal dimension (Corollary 2.9). The case m = n = 1 needs a special
treatment.

Assume that mn > 1. Let A: J*(r) — J¥(n) be a Lie transformation and
k>2ifm=1 and £k > 1, if m > 1. Since the transformation A preserves
the Cartan distribution, it must take its maximal integral manifolds to maximal
integral manifolds. Since A is a diffeomorphism, dimension of these manifolds is also
preserved. Consequently, A takes a fiber of the projection 7 —1 to another fiber.
Hence, A induces a transformation A; of the manifold J*~1(x): if A(W;ifl(e)) =
ﬂ',:’i_l(n), then A;(6) = .

Since A; is the projection of the Lie transformation A, the transformation A;
itself is also a Lie transformation. Let us consider the transformation A and the
lifting (A1) of the transformation A;. They both are symmetries of the Cartan
distribution C*, preserve the fibers of the projection 7y x_1: J*(m) — JF~1(7),
and induce the same transformation of J*~1(r). Therefore, the diffeomorphism
A" = A o A71 is a Lie transformation of J*(7) inducing the identical mapping of
JE=1(T).

EXERCISE 3.5. Prove that Lie transformation of the space J*(7) projecting to
the identical mapping of J*~1(7) is identical itself.

Consequently A = Agl). One can apply the same reasoning to the transforma-
tion A; and continue in the same way till we obtain some transformation of the
space J!(7) (in the case m = 1) or of J°(7) (for m > 1). To conclude the proof, it
suffices to use Exercise 3.4.

In the case m = n = 1, the proof of the theorem is implied by the following
considerations. Let z, pg, p1,...,pr be canonical coordinates on J*(1,1). The
Cartan distribution C on J*(1,1) is two-dimensional: it is generated by the vector
fields Z = 9/0py, and D = 9/0x + Zf;ol pi+10/0p;. It suffices to prove that
any Lie transformation A takes the field Z to itself, i.e., is a symmetry of the
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one-dimensional distribution V' spanned by the field Z; all further reasoning will
be similar to the above used.

LEMMA 3.2. Let C' = [C,C] be the distribution on the manifold J*(1,1), k > 2,
spanned by the commutators of the vector fields lying in the Cartan distribution C.
Then, if D(P) denotes the set of all vector fields lying in some distribution P, and
Pp denotes the set of fields X, such that [X,D(P)] C D(P), one has

D(V) = D(C) NCh.

PROOF OF THE LEMMA. Obviously, the distribution C’ is three-dimensional. Tt
is spanned by the fields Z, D, and [Z,D] = 9/dpr—1 = Y. It is easily seen that
[Z,Y] =0, [Y,D] = X = 0/0pi—2. Let the field S = aZ + 6D be a symmetry
of the distribution C’. Then [Y,S] € D(C’), i.e. [Y,S] is represented as a linear
combination of the fields Z, D, Y. But since

Y, 8] = [Y,aZ + D] = Y(a)Z + Y (B)D + X

and the fields X, D, Z are linear independent at all points of the manifold J*,
we obtain # = 0. Consequently, S € D(V) and this completes the proof of the
lemma. O

Let now A: J*(1,1) — J*(1,1). Then, obviously, 4, D(C) = D(C), A.C' =,
and A.C[, = C. Then, by the lemma proved, one has A.D(V) = D(V). The
theorem is proved. O

3.2. Lie fields.

DEFINITION 3.2. A vector field X on the manifold J*(7) is called a Lie field,
if shifts along its trajectories are Lie transformations.

Let X be a Lie field on J*(7) and {4;} be the corresponding one-parameter
group of transformations of the manifold J* (). By definition, A4; is a Lie transfor-
mation and consequently its liftings Agl) to the manifolds J*+!(7) are defined and
are also Lie transformations. The field X corresponding to the one-parameter
group {Agl)} is called the lifting of the field X. Similar to the case of liftings of Lie
transformations, for any natural numbers [ and s the equality (X®)() = x(+s)
holds.

THEOREM 3.3. Any Lie field J*(r), k > 1, is of the form:

(a) X®) for dimn > 1, where X is a vector field on the space JO(r).
(b) X* =1 for dimn = 1, where X is a contact vector field on the space J().

Note that by the already discussed properties of Lie transformations, any vector
field on JO(7) and any contact vector field on J!(7) can be lifted to a Lie field on
JF (7).

Infinitesimal point of view has two important advantages. The first is that
the lifting of a Lie field, unlike that of finite Lie transformation, is always defined
on the whole manifold. In fact, to compute the vector of the field X(*) at some
point # € J*T1(7), it needs to know an arbitrary small part of the trajectory
passing through this point. The R-plane Lg in J*(7) corresponds to the point 6
and this plane projects to the base M nondegenerately. It remains to note that for
sufficiently small transformations the image of this plane will still project to the
base nondegenerately and thus define a point in J**+1 (7).
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The second advantage is that there exist explicit computational formulas ex-
pressing the components of the vector field X %) via the components of the field X.
In addition, one obtains a possibility to use the techniques of generating functions
(see below).

Let us consider a bundle 7: E — M and canonical coordinates in a neighbor-
hood of a point § € J*(r). Note that a field X on J*(r) is a Lie field if and only

if for any Cartan form wl = dpl — >°" | piHi dz; on J*(7) one locally has
ol it
I=1 |7|<k-1
THEOREM 3.4. If
SIS o DS @9
J=10<|o|<k

is a Lie field, then the coefficients b’

o

b1, = Di(6)) = > Pl Dilas), (3.9)
s=1

where 0 < |o| <k —1 and

are computed by the recurrent formulas

0 ; 0
Di=—+) pl, —
YT o, ZU: T o,
is the total derivative operator with respect to x;.

PRrROOF. Let X be a Lie field of the form (3.8). Then, by invariance of the
Cartan distribution, the forms

X(w)) =db}, = (bl dz;+pl,,, da;) (3.10)
i=1
are linear combinations of the Cartan forms.

EXERCISE 3.6. Show that any 1-form on J*(7) is uniquely represented as

n
w:Zgoi dx; + we, (3.11)
i=1
where (; are functions on J**+!(7) while we is a linear combination of Cartan forms.
In particular, for any smooth function ¢ on J k( ) the equality

dp = ZD dx,+z

(3.12)

(T

Bpa
holds.

Note that the form w represented by equality (3.11) vanishes on the Cartan
distribution if and only if the coefficients ; are trivial. Applying this observation
to equality (3.10), we obtain

X(ny) = Z( ( a+1 Zp0+1 ) dx; + we,

which implies (3.9). O
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EXERCISE 3.7. Check that equalities (3.9) comply with the representation of
contact fields on J*(M) in the form

of 0 of of of
- Y+ (Tl s+ S (5 ) o

Let us now introduce the concept of the generating section of a Lie field. To do
this, consider evolution of the graphs of sections of the bundle 7 under the action
of the corresponding one-parameter group of transformations.

Let X = 32, a;0/dx; +3,579/0u? 4 --- be a Lie field on J*(r) and {A;}
be the corresponding one-parameter group of local transformations of the manifold
JF(m). Consider a section f of the bundle 7. The graph of its k-jet I"} c Jk(m)
is an n-dimensional integral manifold of the Cartan distribution on J*(7) nonde-
generately projecting to the base M. As it was already pointed out, for sufficiently
small ¢ the manifold At(I"}) is also the graph of the k-jet for some other section f,:
A(T%) =T .

Thus the transformations A; generate evolution f, of the section f. Let us find
the velocity d/dt|,_, f, of this evolution at the starting moment. To compute this
derivative, let us represent the field X as the sum of two fields, one of them being
vertical and the other one tangent to the manifold F’}.

If the section f is locally presented by the functions u’/ = fi(x1,...,2,), j =
1,...,m, then the vector fields tangent to the manifold 1’"} can be written in the
following form (note that on the surface I} the equalities pJ, = 87! f7 /027, |o| <k,
hold):

A
Dz(f) + Z( Z pg+1la j Z 0x7dx; 5]9,J;>

lo|<k lo|=

Therefore, a field tangent to the graph I"} is of the form

-t
i=1
while the vertical component of the Lie field X equals
_ - £ _ j j
=X YD == ) +
i=1 j i

Since the field X5 shifts the manifold 1"’; along itself, it does not influence the
evolution. On the other hand, the coefficients of the field X; at 9/0u’ exactly

coincide with the velocities of the components f, = (f},..., f™):
4 f=(v- En:a-pﬂf (3.13)
dt -0 t ‘ (24
= i=1 Tk
¥
The vector function ¢ = (¢, ..., ¢™), where

=V =Y apl, (3.14)
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is called the generating section (or, in the case m = 1, the generating function) of
the Lie field

_ ) J_Z

X*Zalaxi+zbauﬁ‘+"' (3.15)
i=1 j=1

EXERCISE 3.8. Show that in the case of the trivial bundle 7: R x M — M, the

above definition of generating function coincides with that for a contact field given
in Ch. 2.

From this exercise and from Theorem 3.3 we obtain the following

PROPOSITION 3.5. Any Lie field X on J*(r) is uniquely determined by its
generating section p = (¢*,...,¢™). The components of the generating section
can be computed using the formulas

¢’ :XA“’go ,,,,, 0)’

where wy o =du! — 370, pl dx;.

Note that in the case m > 1 the generating section ¢ = (©!,..., ™) linearly

depends on the variables pg and for any i, j, [ the equalities

0p 05 0 _

;T 9 - 07 l .7
opl op! 7

hold.
Arbitrary generating sections lead to the theory of higher symmetries which
will be considered in Ch. 4.

4. Classical symmetries of equations

4.1. Defining equations. Let £ C J¥(7) be an equation of order k.

DEFINITION 4.1. A Lie transformation A: J*(7) — J*(7) such that A(E) C &€
is called a classical (finite) symmetry of the equation & C J* (7).

DEFINITION 4.2. A Lie field is called a classical infinitesimal symmetry of the
equation & C J*¥ (), if it is tangent to .

Obviously, these definitions are natural generalizations of the basic construc-
tions considered in Ch. 1 and 2.

A direct consequence of the definitions and considerations of §§1-3 is the fol-
lowing*

PROPOSITION 4.1. 1. Let A: J¥(m) — J*(nt) be a symmetry of the equa-
tion & C J¥(w) and f be a solution of this equation, i.e., a section of the
bundle ™ such that its graph I"; lies in £. Then A(F;ﬁ) is a generalized so-
lution of the equation £. In particular, if the manifold A(I"}) is of the form
F’fu for some section f' = A*f, then ' is a solution of € as well.

4Everywhere below in this chapter we use the term “symmetry” in the sense of a classical
symmetry.
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2. If X is an infinitesimal symmetry of the equation € and f is its solution,
then for any point 6 € F’Ji there exists a neighborhood U > 0 and £ > 0 such
that for any t € [—e, €] the manifold Ai(U), where Ay is the one-parameter
group of transformations corresponding to X, is locally of the Flj\?(f)’ i.e.,
X determines a flow on the set of solutions of the equation &.

From practical viewpoint, finite symmetries are by all means preferable, but it
is not simple to find them. There are no general algorithms to search for them,
and they can be found accidentally only or using a sort of “physical reasons”.
On the contrary, a search for infinitesimal symmetries is governed by a certain
algorithm leading, from technical point of view, to solving (usually, overdetermined)
systems of linear differential equations. The reason is that Lie fields are efficiently
described by the corresponding generating functions. That is why we work below
with infinitesimal symmetries only and often use the word “symmetry” meaning the
generating function of an infinitesimal symmetry. The latter identification does not
cause ambiguities, since the correspondence between Lie fields and their generating
functions is one-to-one.

Let ¢ and 1 be symmetries of the equation & C J*(r), i.e., the Lie fields Xi,s)

and Xé)s) are tangent to the manifold £ (s =k for m > 1 and s =k —1 for m = 1).
Then obviously the commutator [Xif), X 1(;)] is also a symmetry of the equation &

and consequently is of the form X ;S) for some generating section p. This section
is called the Jacobi bracket of the generating sections ¢ and v and is denoted by
{o, v}

Evidently, the set of symmetries forms a Lie R-algebra with respect to the
Jacobi bracket.

If 21,...,2n, ul,...,u™, ..., pJ,... are canonical coordinates in J*(r), then
from the definition of the commutator of vector fields and from equations (3.9) it
follows that the j-component of the Jacobi bracket is of the form

WWV-;( 81/} waua)

(4.1)

T~ 509\ O M I~ 0P O¢?
+ZZ<(axl Zpiauﬁ)apg‘(axz le) )

=1 a=1

Let us deduce now local conditions for a Lie field X to be a symmetry of the
equation & C J¥(r). To do this, let us choose canonical coordinates in J*(7) and
assume that the submanifold £ in these coordinates is described by the relations

Fe =0, a=1,...,7 (4.2)

where F® are smooth functions on J*(7). Suppose that the system (4.2) is locally
of maximal rank. Then the condition that a field X is tangent to the manifold
& ={F =0}, where F = (F',... F"), is of the form

T
Fo) =Y \GF”, a=1,...,r (4.3)

for some smooth functions A3, or equivalently

X(FY)|g=0, a=1...,m (4.4)
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Let us represent the field X in the form Xés), where s = k or s = k — 1, depending
on dimension of the bundle 7, and express the coefficients of the lifting of the field
X, via generating functions using equations (3.9). Then from the relations (4.3)
or from (4.4) we shall obtain a system of equations on ¢ called defining equations.

EXAMPLE 4.1. Consider in J2(2,1) a general second order equation in two
independent and one dependent variable:

F(ml,$27U,pl,anp(z,o)ap(l,l)yp(o,z)) =0.
Let

n

= 0 = 0 0
X, =— Z%% + (np - Zpuppi) 50+ > (@, +pz-<pu)8fp_, (4.5)
i=1 ’ i=1

i=1 v

be a contact vector field in J1(2,1). Then the coefficients be,jy at 0/0pg jy, i+]j = 2,
of the lifting of the field to J2(2,1) are of the following form:

b(2,0) = P(2,0)Pu + Parar + 2P1 01w + 2D(2,0)Parps + 2P(1,1) Paips + PiPun
+ 2P1D(2,0)Pupr + 2P1P(1,1)Pups + P{a.0)Prrm + 2P(2,0)P(1,1)Pprps + P(1.1)Prapa>
b(1,1) = P(1,1)Pu + Prizs + P2Pziu + P1P2ou + P(1,1)Pripr T P(0,2)Parrips + P(2,0)Prapy
+ P(1,1)Praps T P1P2Puu + (P1P(1,1) + P2DP(2,0)) Pups +(P1P(0,2) +P2P(1,1)) Pups
+ P2,00P(1,1)Ppripy T (P(2,0)P(0,2) +p%171))90p1p2 + P(1,1)P(0,2) Ppapa >
b(0,2) = P(0,2)Pu + Paszs + 2D2Pwsu + 2P(1,1)Paapr T 2P(0,2)Paaps + P3Puu
+ 2pap(1,1)Pupr + 2P2P(0,.2)Pups + Pl 1) Poaps + 2P(1,1)P(0,2) Pprps + Plo.2)Poaps-

Then the equation Xg(pl)F = A\F', where the coefficient of the field Xfpl) are computed
by the above formulas, is the defining equation in the situation under consideration.

EXERCISE 4.1. Deduce similar formulas for a system of two second order equa-
tions in two dependent variables.

4.2. Invariant solutions and reproduction of solutions. Let X be an
infinitesimal symmetry of the equation & C J*(w), f, be its solution, I";O =
Je(fo)(M) C &. Let, further, {A:} be a one-parameter group of diffeomorphisms
corresponding to the field X. Then the submanifold At(F’}O) C J¥(m) is an in-
tegral manifold of the Cartan distribution. In the case when At(I"}O) and I"}U
are horizontal with respect to the projection to the base M, then At(I";O) = F’}t

for some section f,. In addition, by the definition of a symmetry, At(I‘I}O) C €.
Thus, at least locally, f, is a one-parameter family of solutions of the equation &:
Je(f) (M) = F’}t C €. A passage from the initial solution f to the family f, is
called reproduction of the solution f by means of the symmetry X.

If ¢ is the generating function of the field X = X, then search for the family
f. reduces to solving the system of equations

S wt) = ooy @0, F(@,0)= fola), (1.6
or, component-wise,

ofi . , . _

W(IB,ﬂ: LpJ‘F,; (x,t), [f)(x,0)=f(x), j=1,...,m,
as it follows from (3.13).
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If <p|F;; (z,t) =0, then f(x,t) = f(x,0) for all admissible values of ¢, i.e., f,
is a fixed point for the one-parameter group of transformations {A;} when it acts
on sections. In other words, the manifold F’}O is invariant under the field X.

DEFINITION 4.3. If I"}o is invariant with respect to the field X, then fg is
called an p-invariant solution of the equation &.

The above introduced concepts can be generalized as follows. Let G be a
Lie group whose Lie algebra g is realized as a subalgebra in the Lie algebra of
infinitesimal symmetries (or, equivalently, in the Lie algebra of generating functions
of symmetries) of the equation £. Then, starting from an arbitrary solution f, we
shall obtain a (dim g)-parameter family of solutions { f, | g(FI}U) = Fl}g, g€ G}of

the equation £ (provided the manifolds g(F’}O) are horizontal with respect to the
projection to the base M).

DEeFINITION 44. If f, = f, for all g € G, then f is called a G-invariant
solution of the equation & (or g-invariant, if we consider the corresponding Lie
algebra).

Let ¢1,...,ps be generating sections and assume that they are generators of
the Lie algebra g. Then to find g-solutions means to solve the overdetermined
system of differential equations

Fy (9) =0,
FE.(6) =0,
4.7
(0) =0, o
ps(0) =0,
6 € J*(n), where F,..., F, are the functions determining the equation £. In

particular, X -invariant solutions can be found from the system (4.7), where the
only additional equation to £ is ¢ = 0.

Let us stress one important moment. If an equation possesses a classical sym-
metry X, one can diminish the number of independent variables by 1. In fact,
consider, for simplicity, the case dim7 = 1. Then the equations o1 =0,...,90s =0
can be considered as a system of equations on unknowns pi,...,p,. It is natural
to consider the case when this system is of maximal rank. Then, without loss of
generality, one may assume that it is of the form

Pn—s+1 = ()51 ($,U,p1, e 7pn75)7

Pn = st(w7u7p17 e 7pnfs)-

Substituting these equalities to the initial equation, we shall obtain an equation,
which does not contain the derivatives with respect to the last s variables. Obvi-
ously, in the case of several dependent variables the number of dependent ones is
diminished in the same manner.

When an equation possesses two symmetries, the number of independent vari-
ables diminishes by 2, etc. In particular, if dimg = n — 1, where n is the number
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of independent variables, invariant solutions can be found by solving ordinary dif-
ferential equations and for dim g = n the equations become “algebraic”, i.e. do not
contain derivatives. Some examples will be discussed below.

We shall finish this section with some remarks.

1. In general, even for small ¢, one can not expect the manifolds At(F’}O) to be
horizontal. Therefore, when reproducing a regular solution, we shall obtain general
integral dim M-dimensional manifolds of the Cartan distribution, i.e., “general-
ized” solutions, or solutions with “singularities”. At some points, a tangent plane
to such a solution degenerately projects to the base (and this corresponds to the
fact that some derivatives of f,(x) become infinite); therefore a solution may be-
come multivalued. Such generalized solutions are usual in analysis of discontinuity
propagation, shock waves, in catastrophe theory, etc. Physical meaning of these
solutions is determined by the appropriate context.

2. For many nonlinear equations it is often convenient to find an invariant
solution with respect to some symmetry and then to reproduce it by means of
other symmetries. Sometimes this is the only way to find explicit formulas.

3. The concept of invariant solutions includes, as a particular case, the notion
of a self-similar solution : a solution is called self-similar, if it is invariant with
respect to the scale symmetries, i.e., symmetries of the form

0 o,
X:;alfmaixz—l—;ﬁjujw .

5. Examples of computations

Many examples of symmetry computations, of constructing invariant solutions,
and of other applications can be found in [91, 114, 137, 44, 45, 46].

5.1. The Burgers equation. The Burgers equation is of the form
Up = Uy + Ugy - (5.1)

This equation describes the motion of weakly nonlinear waves in gases, when dis-
sipative effects are sufficiently small to be considered in the first approximation
only. When dissipation tends to zero, this equation gives an adequate description
of waves in nonviscous medium. Initially proposed by Burgers to describe one-
dimensional turbulence, this equation was later used to study other wave phenom-
ena. The Burgers equation is linearized by the substitution v = y,/y. This fact
indicates existence of a large symmetry algebra.
Rewriting equation (5.1) in canonical coordinates

L1 =T, T2 = ta Po = U, P1 = Ug, P2 = Ut, P(2,0) = Uzx
on J2(2,1), we obtain
D2 = pop1 + P(2,0)-
Then the defining equations for symmetries obtained in Example 4.1 acquire
the form
(P —DP1¥p; —P2Pp, )P1+P0 (s +P18po +P(2,0)Ppo T Py +2P19Pu1po +2P(2,0) P
+2P(1,1)Pa1pa + PTPpopo + 2010(2,0)Ppops + ZP1P(1,1)Ppopa + Di2,0)Ppim
+ 2P(2,0P(1,1) Pprps + Pl 1) Poape — P — P2po = APoP1 + P2,0) — 2);  (5:2)
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where ) is a smooth function on J%(2,1). Analysis of this equation shows that the
function ¢ is to be of the form

¢ = A(z1,x2,p0)p1 + B(x1, 22, po)p2 + C(21, 22, p0)-
From here, using (5.2), we see that the functions A, B, and C satisfy the
equation
P1P2Ap, + 1Az, + Be,p2 + Couy + Cpop2 — pop1 (A, + p1Ap,) — po(Cay +p1Cp,)
= p1C = 2D (A)p(2,0) = Da(Az, + Apy)p1 — Da(Cay + Cp) =0, (5.3)
where D, is the total derivative over x = x7.

The last equation is polynomial in p; and p(zy. Therefore, the coefficient at
P(2,0) = —4Ap,p1+ By, —2A,,, has to vanish. In turn, this coefficient is polynomial
in p;; hence, the coefficients of this polynomial are also trivial®.

Thus, A,, = 0 and By, —24,, = 0. Substituting these equalities to (5.3), we
obtain

1Az, +pop1Ac, + Coy = PoCay — P10 — PrAga,
— Coyay — 2D1C0,py — PiCpopo =0 (5.4)
The last equality is quadratic in py, from where it follows that
Cpopo =0, Az, +PoAz; —C — Ay — 2Cs,p, =0,
Cyry —P0Coy — Coyzy = 0. (5.5)
Differentiating the second equation of (5.5) with respect to pg, we obtain®
Ay, = Cy,. (5.6)
From the first equation in system (5.5) it follows that C is linear in py:
C = r(z1,2z2)po + s(21,22).
Substituting this expression to the last equation of (5.5), we shall obtain the equality
TuoD0 + Szy — DaTay — D0Sz: — P0Twrar — Seyay = 0.
Equating the coefficients at the powers of pg to zero, we obtain the relations
Toy =0, 7oy — Sz, =0,  Szy — Spya, =0. (5.7)
The first of them means that Cp,,, = 0. Taking into account (5.6), we get
Agizy =0.

Differentiating the second equation in (5.7) with respect to x; and using the first
equation, we have s;,,, =0, i.e.,

s =w(x2)x1 + v(T2).
Taking into account the third equation of (5.7), we have the relation s,, =0, i.e.,
s =wx1 + v, w,v € R. (5.8)
5This recursive way of reasoning, using reduction in higher derivatives order, is typical for
the first stage of solving defining equations.

6In general, at the second step, it is typical to obtain differential consequences and to use
compatibility conditions.
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Taking derivative of the second equation (5.7) with respect to x5 and using (5.8),
we obtain 7;,,, = 0 and consequently

r =mxy +n, m,n € R,

(recall that r is independent of x; by the first equation of (5.7)). Hence, from the
second equation of (5.7) we obtain m = w.
As a result, we get the relation

A= (wry +v)ry +nry+k, B=wri+2wry+1, C=(wry+v)py+vr +n,
where w, v, n, k, [ € R.
From here it follows that the functions
T1T9p1 + T3P2 + Topo + T1, T1P1 + 2T2p2 + po, Tap1 + 1, p1, po (5.9)

form an R-basis in the space of symmetries of the Burgers equation.
Coming back to “physical” notation, these functions can be represented in the
form

Ttug + tPup + tu + x, Tug + 2tus +u, tug + 1, Uy, U (5.10)

Let us finally write down the Lie fields on J°(2,1) corresponding to the above
listed generating functions ¢:

(tu + )g—t 9 _pd
B R T
9 .9 —QtQ (scale symmetry)
You Tor ot R
0 0
— —t— i 3 5.11
5u t 5 (Galilean symmetry), (5.11)
% (translation along x),
% (translation along t).

5.2. The Korteweg—de Vries equation. Another well-known equation widely
used in studying nonlinear phenomena is the Korteweg—de Vries equation

Uy — 6uUy + Ugzr = 0.

The summands wu, and wug;;, correspond to dissipative and dispersive phe-
nomena in nonlinear wave processes. This equation was suggested by Korteweg
and de Vries in 1895 to describe waves of small (but finite) amplitude in long time
periods. Other applications of this famous equation include description of rotating
fluid flow in a pipe, the theory of ion-sound or magnetohydrodynamic waves in low-
temperature plasma, longitudinal waves in bars, etc.

From the mathematical point of view, the interest to the Korteweg—de Vries
equation was caused by special properties both of the equation itself, and of its
solutions. In particular, it possesses solitary wave solutions (solitons), as well as
infinite number of commuting conservation laws (see Ch. 5) and an infinite-dimen-
sional algebra of (higher) symmetries (Ch. 4).

Skipping technical computations, which differ from those for the Burgers equa-
tion in details only, we shall give the final answer here. An R-basis of the symmetry
Lie algebra is formed by the following generating functions:

TUg + 3tug + 2u, Otugz +1, Uz, uy. (5.12)
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The Lie fields corresponding to these functions are

2u% e Stﬁ (scale symmetry),
0 0 .
90 6ta— (Galilean symmetry),
v a“”” (5.13)
p (translation along x),
0
g (translation along t).

5.3. The Khokhlov—Zabolotskaya equation. Propagation of a bounded
three-dimensional acoustic beam in nonlinear media is described by the equation
with the following dimensionless form:

P 1) B
0q10q2 2 0q} dq3  0qi 7

(5.14)

where ¢g1,q2 > 0 and —oco < ¢3,q4 < +oo. In this equation, the value of u is
proportional to the deviation of the media density from the balanced density, while
the dimensionless variables ¢, g2, q3,qs are expressed via the time ¢ and spatial
variables x, y, z in the following way

t—x/co 12 21
= ——— C s = x’ Q = —1Y, = 72:7
q1 \/m vV PoCo q2 = W qs o Y, Q4 .

where ¢y is the sound velocity in the media, ~ is the isentropic exponent, x is the
coordinate in the direction of beam propagation, p is a small parameter, and pg
is the balanced density. In the coordinates ¢;, p,, the equation (5.14) acquires the
form

—P(1,1,0,0) T UP(2,0,0,0) +pi + P(0,0,2,0) + P(0,0,0,2) = 0. (5.15)
This equation is called the Khokhlov—Zabolotskaya equation.

THEOREM 5.1. The algebra of all classical symmetries for the Khokhlov—Zabo-

lotskaya equation (5.15) is generated by the following symmetries:

J(A) = A'qspy +2Aps + A”gs,

9(B) = B'qup1 + 2Bps + B"q4,

h(C) = Cp + ',

Ty = po, (5.16)
L = qip1 + q2p2 + q3p3 + qup4,

M =2q1p1 + 4q2p2 + 3q3ps + 3qapa + 2u,

Ms4 = qaps — q3pa,

where A, B, C are arbitrary smooth functions in qs.

"Note that computation needed to prove the theorem are rather laborious. This is the reason
to use symbolic computation programs in this field. A detailed analysis of computations can be
found in [109, 73, 75]
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5.3.1. “Physically meaningful” symmetries. Let us single out of all classical
symmetries of equation (5.15) the “physically meaningful” ones, i.e., those preserv-
ing the condition of solution decay at infinity.

Consider the symmetry f(A). Then
0] 0

0
X =Aqgp— —24A— + A"qg5—.
£(4) q3 o0 o + A"q3 ou

It is easily seen that the flow of this field is described by the system of equations

q = AAT? + A'ggT + qf,

4 = g5,
g3 = 2A7 + ¢3, (5.17)
g1 = q3,

u=—AA"7* — A" +u°,

where u°, ¢?, q9, ¢3, qY are initial values.

Consider an arbitrary solution u® = u°(¢?, ¢9, ¢, ¢9) of equation (5.15) decaying
at infinity, i.e., satisfying the condition u® — 0 as ||(¢?, 3, ¢5, ¢9)|| — co. Then the
flow (5.17) takes this function to the solution

u=—AA"T? — A"q37 +u’(q7. 43, 45, 43)
= u(AA'T? + A'g37 + 47, 43, 2A7 + ¢3, q5).-
Let |[(AA'T2+ A'¢87+ 40, ¢, 2A7 + 5, q9)|| — oo for a fixed value of the parameter
7. If A” =0, then the condition of decay of u at infinity will not fulfil, since we
shall have u — oo as ¢§ — oo in this case. Hence, A” = 0. Obviously, this is also
sufficient for the decay of solution at infinity.
From the condition A” = 0 it follows that A = C1qs + C5, where C7, Cy are

constants. Thus, among infinite number of symmetries f(A) physically meaningful
are the following two only:

T3 = ps, Rz = q3p1 + 2qga2p3.

In the same way, the symmetries of the form ¢(B) produce two physically
meaningful symmetries

Ty=ps,  Ra=qap1+2q2p4,
while symmetries A(C') produce a sole symmetry
Ty = p1.

It is easily checked that the symmetries T4, T5, M, and Ms4 preserve the condition
of decay at infinity while the symmetry L does not.

On the other hand, it is easily checked that the following linear combinations
of L and M are physically meaningful:

My = 2(M +2L) = 2q1p1 + q3p3 + qaps — 2u,
My = (M — L) = 2gop2 + q3p3 + qaps + 2u.
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Thus, the subalgebra of physically meaningful symmetries is generated by the
following generating functions:
T =pi, 1=1,2,3,4 (translations),
M3q = qups —qsps  (rotation),
My = 2q1p1 + q3ps + qapa — 2u
My = 2q2p2 + q3p3 + qupa + 2u
R3 = q3p1 + 2q2ps,
Ry = qap1 + 2q2pa.

(scale symmetries),

Translations T; = p;, i = 1,2,3,4, are responsible for homogeneity of the four-
dimensional space-time, the rotation Ms, corresponds to isotropy of the space in
the plane perpendicular to the beam propagation direction, M; and M5 correspond
to invariance of the Khokhlov—Zabolotskaya equation with respect to the scaling
transformations

—27 2T T T
u(e q1,92,€ g3,€ Q4)7

AW u(g) — e
A‘(r2) : U(q) 62Tu(q17 62TqQa eTq37 eTq4)'
Finally, R3 and R4 correspond to invariance of the equation with respect to the
transformations

AS’) s u(q) — u(qr + 7qs + 72q2, 42, 43 + 2742, qa),
AW u(q) — ulqr + 74 + 772, G2, g3, Ga + 27¢2).

5.3.2. Invariant solutions. Let us find solutions invariant with respect to some
subalgebras of the Lie algebra of all classical symmetries of the Khokhlov—Zabo-
lotskaya equation (5.15).

Consider the subalgebra of symmetries G generated by the symmetries M7, Mo,
R3, R4. The Lie algebra structure in G with respect to the Jacobi bracket in the
basis e; = (M1 + Ms)/2, ea = (—Ms + M1)/2, e3 = Rs, e4 = Ry is given by the

relations
[ea,e3] = e3, [ea,eq] =eq, [es,eq] =0, [e1,e;] =0, i=2,3,4.
Thus G is a solvable Lie algebra with the commutator subalgebra
G = [G,G] = Res @ Rey.

Consider an arbitrary three-dimensional subalgebra H C G containing GV,
Any such a subalgebra is generated by the elements es, e4, A1e; + Azes.

Let us describe H-invariant solutions of equation (5.15). If Ay + Ay # 0, then
H-invariant solutions u(q) are of the form

u(g) =z v(@*y),

where © = q2, y = 4q1g2 — ¢3 — 3, A = —2X2 /(A1 +A2). Substituting this expression
to the Khokhlov—Zabolotskaya equation, we obtain the equation for v(t):

v + (V)2 + atv” =0, (5.18)

where t = 27272y, a = —(\g — A1) /4(A\1 + A2).
Since the left-hand side of (5.18) is of the form (vv’ + atv’ — av)’, we obtain
the equation

v’ + atv’ — v = const.
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In the case when the constant in the left-hand side vanishes, this equation possesses
the solution

vinv + av = at,

where a is a constant.

5.3.3. The Kadomitsev—Pogutse equations. This system is a simplification of
the general magnetohydrodynamic (MHD) system, where some inessential (from
the point of view of maintaining high-temperature plasma in TOKAMAK-like sys-
tems) details are omitted. The authors of the paper [48] started from the ideal
MHD equations, because in this context characteristic times of the most important
physical processes are essentially less than the distinctive dissipation time. Dissi-
pation here is caused by viscosity and electric resistance of plasma. Besides, it was
taken into account that plasma stability needs: (a) plasma pressure and the cross-
component of magnetic field pressure were much less than the pressure created by
the longitudinal component of the magnetic field and (b) the smaller TOKAMAK
radius was much less then the external radius.

As aresult, a system of two scalar equations was obtained which in an adequate
norming is of the form
%f +[Vip, V1Yl = %’

02 (5.19)

O AL+ V10 Vidig) = TAY+ [Vie, ViAW,
where V| = {8/0z,0/0y}, A = 8%/0x* + 8 /0y? while [u,v], = uzvy — uyv, is
the z-component of the vector product [u,v] of the vectors u and v.

Here the functions ¢ and 1) are the potentials of the velocity and of the cross-
component of the magnetic field respectively (they also may be understood as
the potential of the electric field and z-component of the vector potential of the
magnetic field). The coordinate system is chosen in such a way that the z-axis is
directed along the TOKAMAK axis.

We shall call equations (5.19) the Kadomtsev—Pogutse equations. They are
also called reduced MHD equations.

Relative simplicity of the Kadomtsev—Pogutse equations made it possible to
construct an experimentally confirmed theory of kink instability; they were also
used in quantitative analysis of instability [147].

5.3.4. Computation of symmetries. We shall change here general notation for
coordinates in jet spaces for specific ones to make formulas more understandable
for reading. The coordinates in the base will be denoted by =z, vy, z, t, while for
coordinates in the fiber of J°(4,2) the notations ¢ and v will be used. We shall
write @giyiong and yiyiep instead of pl, p2 respectively, where o = (4,4, k,1),
l|o| =i+ j+ k4 1. In this notation, (5.19) acquires the form

Fy =9y + @w"/}y - (py'(/Jw -, =0, (520)
Fa = o2t + @y2t + 0uPazy T Qrpys — Oy — PyPay?
_ waZ — ¢y22 — ¢1¢$U2 — wIwys + wywws + wywzyg =0.

The system of Kadomtsev—Pogutse equations contains two dependent variables
o and v and consequently the generating function of a symmetry is two-component

(5.21)
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in this case:
S=54 A, + Bypy + Cyp, + Eyy,

Here A, B, C, E, S, T are functions on J°(4,2), i.e., functions in x,y, 2, t.

(5.22)

THEOREM 5.2 ([98]). The algebra of classical symmetries of the Kadomtsev—
Pogutse equations as a linear space over R is generated by symmetries with the
generating functions of the form

_( o (o + 1) +asﬁz+sﬁf)> ( (o =)+ B(p: — ))

“ "o+ v¥) + otz + ) B'(e =)+ Bz =) )

o _ <7’(w +y2) + 27(ypq —wy)) ( 0'(a? +y?) +20(ypa —wy))
T\ (@ +y?) + 29(yee — aty) (2% + %) +26(ys — aty)

%@@+%)’HH(ﬂm+M@’KK&’
= (PTae=tie Tz + Yoy + 220, + 2tpy
N '(/} + Z'(/}z + t"/}t x"/}z + ywy + 221/& + 2t¢t

Here a = a(z+t), 8= B(z—1t), vy =v(z+1), § =0(2—t), G = G(z,t), H = H(z,t),
K = K(z,t) are arbitrary functions and

de(C) dg(n) dr(§) dé(0)

’ _ / AN / _ YIS / _ 2oV

The vector fields on J°(4,2) corresponding to the above listed generating func-
0 0

Xy, = (<p+w)(+>

tions are of the form
N
o 0z oOt)’

y 0 0 0 0
XBgzﬁ(SD_?/))(&p_aw)—ﬁ(az—at)a

Xe, =7 (2> +¢%) (£p+£p)— 7(1/(%- ;g/),
s -2) ok 5

Xgo yGtaa a?p Ga%’

Xy, —tha‘?p—xﬂzaaw—Haay,

Xicx Ktai—i-K%

X, —wa z%—t%,

Xy = e Ly 9.0 90

ox yay 0z ot
The above listed symmetries is of the following physical meaning: £ and M
are scale symmetries, C, and Ds are generalized rotations in the (z,y)-plane (they
become real rotations, when v = ¢ = const), A, and Bs are generalized translations
along z and t respectively (in the case @ = § = 1 real translations are obtained as
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their linear combinations), the symmetries Gz and Hy are generalized translations
along x and y respectively (real translations correspond to the case G = H = 1),
finally Kk is the gauge by the trivial solution.

The Lie algebra structure of symmetries is described in Table 1.

TABLE 1. Commutation relations in the algebra of classical sym-
metries for the Kadomtsev—Pogutse equations

[, ] Az Bj & Ds 9g
Ao | 2450—ara 0 —2Gsra 0 ~Go(Gya
Bs 0 25555 0 —2Dg5 | Yp@,-a.)
Cy 2Cya 0 0 0 —2H,a
Ds 0 2D;,; 0 0 2Gs,,
e Ja(ai+a.) _gﬁ(ct—cz) 2H56 H5a 0
Hu | Hawrn) | Mgw, wy | —29H 2G5k Kéu
Ki | —cKauc ik | =Kz _x 0 0 0
IL | —lA¢tzya-a _ZB(z—t)@—B —ICotyy _ZD(z—t)E/ _lgté,,+z@z
mM 0 0 0 0 mHg
[, ] Hy Kz ic mM
Aa | Horiy | Matgoiiy | Mitna—a 0
Bs | My, | Kok, | Be-vps 0
¢y 29, 5 0 lAC(t-S-Z)'Y’ 0
Ds 26 5 0 1Dy 0
e Ker 0 G.c. 116, | —Gc
Hu 0 0 THeg, 42m. | —Hpy
K 0 0 Kok, 12k, | —2mKx
L | Mg, y-a. | —Kger. 0 0
mM mH g 2mK 0 0

5.3.5. Invariant solutions.
Ag-invariant solutions. The invariance conditions are of the form

o (p+9) +alp.+9) =0, o (p+9)+a(. +1) =0.
Solving this system, we obtain
p=(alz+1) Az, y,2 — t) + B(a,y,2 — 1),
= (a(z+1t) Az, y, 2 — t) + B(z,y, 2 — t),



5. EXAMPLES OF COMPUTATIONS 105

where the functions A and B satisty the following conditions implied by (5.20) and
(5.21):
A, =B,A, - A, By,

AJ.A,, = BQ;AJ_Ay + AIAJ_B'L/ — AyAJ_Bx _ ByAJ_AJ;, (523)

where ) = z — t. Note that equations (5.23) are the same for all a.
Ge-invariant solutions. Invariance conditions in this case lead to the follow-
ing equations:

G G,
0= —Etafy + Ay, z,t), = — Gyt B(y, z,t),

where A and B satisfy the linear system

C,-invariant solutions. From the invariance conditions we obtain
0 =720y )2y + A(r,z,t), =120y /2v+ B(r, z,1),
where r are 6 are the polar coordinates on the plane x,y. The functions A and B
satisfy the linear system
—Bi+ A, = (ry/2v)(A - B),,
AL(A = B:) = [(ry'/27)AL + (29'/r7)I(A = B),.

It is interesting to note, that C,-invariant solutions are uniquely defined only
in the sector |6 — 6y| < 7 for some 6. Discontinuous solutions can be constructed
of such pieces.

Let us consider examples of solutions invariant with respect to some two-di-

mensional subalgebras.
Ay, Bg-invariant solutions. These solutions are of the form

¢ = (a(z+1) " Alz,y) + (B(z — 1)) "' B(z,y),
¥ = (alz+ 1) Alz,y) — (B(z — 1)) Bz, y).
Thus these solutions represent an arbitrary (the so-called Alfvén) wave propagating

along the z-axis with the velocity c4 = 1 and with the amplitude depending on =z
and y. The functions A and B must satisfy the system of equations

A,B, — A,B, =0,
A,AB, — A,AB, + B,AA, — B,AA, = 0.

(5.24)

From the first equation of the system it follows that B = f(A). From the second
one we obtain

A (AL AA, — AyAA) + f(A)[Ary (A2 — Az) — Azy(Azz — Aype)] = 0.
In particular, for B = A we have
AA=F(A). (5.25)

Other examples of invariant solutions for the Kadomtsev—Pogutse equations,
including the case of three-dimensional subalgebras, can be found in [37].
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5.4. Reproduction of solutions. Let (¢g, 1) be a solution of system (5.20),
(5.21) and Q = (Q*, Q?) be its symmetry. Recall that solving the system

9 (¢)_ (@

or \v)  \Q?
with the initial values (¢, )|, _, = (¢0,%0), gives a family of solutions for equa-
tions (5.20), (5.21) depending on 7. Thus, the solution (¢g, %) is “reproduced” or

“deformed” by the symmetry @. Consider some examples.
C,-reproduction. In this case we need to solve the equations

Pr :7/7‘2/2—’—7@97 S0|7—:0 2900(7“’9’2»15)’

1,2 (5.26)
wr:’YT /2+’)’¢07 w|7—=0 :QDO(TaaaZﬂf)'

The solutions are
or =T 7/24 0o(r,0 + 77, 2,t), by =1 7/24Yo(r,0 + 77, 2,1).

It can be noticed that the obtained solutions are single-valued while invariant so-
lutions for this symmetry are multivalued (see above).

From the formulas for the family ¢ and v one can see that the phase 6 can be
deviated from the axis z by means of the Alfvén wave propagation y(z + t), but
this causes the correction yr27 to the solution. Note that the Ds-reproduction leads
to similar formulas (and to the deviation 70(z — t) of the phase). If the solution
is periodic in z (for example, the TOKAMAK z-axis is closed and is of length 1),
then the “quantization conditions” for the parameter 7 arise. For example, taking
the phase deviation 7z = 7[(z + t) + (z — t)]/2, we shall obtain that 71 = 27mn,
7 = 2mn/l. But this effect may not appear, if deviation is periodic (for example, if
one has the “phase trembling” of the form v = sin[tN(z + ¢)/l]).

Ga-reproduction. In this case

¥ = yTGt + <P0($ =+ TG’yVZat)v ¢ = yTGZ + ¢0($ =+ TG7y7zat)'

Here the solution deviates from the z-axis and the correction (yrGy,y7G.) to the
initial solution arises. Quite similar, the H g-reproduction is a shift along the y-axis
by 7H. Combining different shifts, one can bend the solution in a helical way.

Nevertheless, it should be noted that the indicated freedom in deformation
choice is in a sense illusive: from the physical point of view, strong deformation
seems to lead to necessity of taking into account the plasma pressure and conse-
quently of adding new terms to the initial equation.

A,-reproduction. To solve the system

Yy = (wz + ¢t) + a/(SD + 7!’);

let us add and subtract its equations:

(p+v)r =alle+ ). + (0 +¥)d + 20 (¢ + ¥),
(o —=V)r =alle =) + (¢ — 1)
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The transformed system is easy to solve with respect to the new unknown
functions (¢ + v), (¢ — ¥). The answer is

_ @) +ale+t) aZ) —alz+1)

20z + 1) o2,y Z,T) + ——~ o) Yola,y, 2, T),
_ o) —alz+1) a(X) +alz +1t)
= w@o(%% zZ,T)+ W¢g($,y,Z, 7).

Here
S=T"'r+T(z+1), I(z+t)= /mdE

1 1

and I'"! is the inverse function. One can obtain explicit formulas for particular
values of a. For example, for ¢g = 0 and o = z +t we have the “rumpled” solution

(P()(l', Y, eT(Z + t)v Z— t)
5 .
It is interesting to note that if one takes a discontinuous symmetry, then the

initially smooth solution includes in a family of discontinuous ones. For example,
ifpg =0, =¢&71, € =2+t then

_ VT+E2,2—1t)
=5(1 2\—1/2 300(1“7 Y, Sgn(f) T )

o =5(1+[€|(r+ €571 .

For £ =0, 7 # 0 a traveling break arises proportional to

Wo(x7y7 \/;72 - t) - @0(x7y7 _\/;7Z - t)

Though the break of the potential ¢ does not admit a straightforward physical
interpretation, when the function ¢, is even a gradient break arises and it makes
sense physically.

Consider another example of using invariant solutions for reproduction [37].
Choose an A, Bs-invariant solution (5.24) taking o = 2, § = —2 and functions A
and B such that A = B and AA = exp A (cf. (5.25)). For the solution, we shall

take the function
4 .
A(z,0) = —In [7“2 sinh? (COSQ + 1)} )
T

Then the corresponding invariant solution is of the form

=0,
Y= A.
Thus obtained solution is static (independent of time) and constant along the

z-axis. Let us apply the C,-deformation to it, with a(z +t) = exp(—(z+1))/2. For
7 =1 from formulas (5.26) we obtain

p=(1+e)

2
¥ = 7%67(Z+t)7
2 4 _ —(z+t
b Pttt _ ln{r i {00896” N 1] }
2 2 r

On Figure 3.11 one can see the magnetic level surface ¢(z,y,2,0) = 5. The
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FIGURE 3.12

arrow shows the direction of Alfvén velocity along the z-axis. Thus, after defor-
mation the solution lost its static property and became inhomogeneous along the
z-axis.

On Figure 3.12 the same solution is exposed, first deformed by Lg-deformation
and then by H g-deformation, where G = (sin 20z)/20 and H = (cos 20z),/20.

6. Factorization of equations by symmetries

The symmetry group of a differential equation consists of diffeomorphisms of
the jet space preserving the equation itself and taking solutions to solutions. What
will be the quotient object of this action, i.e., the orbit space? More general, what
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will be the orbit space when we consider the action of a subgroup of the symmetry
group?

Consider an equation & C J¥(7), whose symmetry group is a Lie group G, and
assume that H C G is a Lie subgroup. The Cartan distribution C = C* is invariant
with respect to symmetries and the solutions are n-dimensional maximal integral
manifolds of the distribution C*(£). Consider the orbit space of the group H and
denote by p the factorization mapping®:

£ Jk(Rn)

M|5J Ju
& — JYRY/H

The quotient distribution C’ is defined on £ and almost everywhere it is of the
same dimension as C. In fact, let C, = p.(C,-1(,)) for a € J¥(x)/H. It is a
well-defined construction, since the distribution C is invariant with respect to H.
Besides, vectors tangent to the orbits of H almost everywhere do not belong to the
distribution C. In fact, let b € J¥(m) and H, be the orbit of the point b under the
action of the group H. Then the mapping H — Hy, h € H — h(b) € Hy, generates
an epimorphism of the corresponding Lie algebra H to the tangent space Ty(Hjp).
Therefore, any vector X € Ty(Hy) is of the form X, |,, where ¢ is the generating
section of some symmetry from H. Let X € Cp,. This means, in particular, that

n
(X = (du? = " pl d))y = 9 (5) = 0.
i=1
Therefore, for almost all b € J*(r) one has C, Nker .|, = 0 and consequently
dimC = dim(C’.

Solutions of the equation £ are maximal integral n-dimensional manifolds of
the distribution C and in general they project to n-dimensional manifolds of the
distribution C’ lying in &’. It should be stressed that we are not interested in all
integral manifolds of C’, but in those ones which are images of solutions of the
initial equation (since this equation is the ultimate object of our study). Therefore,
the desired condition defining in £’ the integral manifolds of C’ will be the quotient
equation®.

Let L’ C &' be the image of some solution L of the equation £. Then

pNL) =H(L) = [ nL). (6.1)

heH

Denote by iz, the immersion p~'(L’) — J*(7). Then the restriction of the Cartan
distribution to u~!(L’) is determined by the differential system Dy, = i%,D, where
D C A(J*(x)) is the differential system given by the Cartan forms and determining
C. It is easily seen that the distribution Dy, is completely integrable: any h(L) is
its integral manifold and the union of these manifolds is ~*(L’). The Frobenius
complete integrability condition dDjy, C Dy, of the distribution Dy is exactly
the condition defining those L', which are the images of solutions of the initial

8We assume that the orbit space is a smooth manifold and p is a smooth bundle.

90f course, if it may be realized, at least locally, as a submanifold in the jet space J k/(w’ )
for some 7’ and k’.
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equation under the factorization with respect to H. Thus, precisely these conditions
constitute the quotient equation.

In the examples considered below such quotient equations are represented ex-
plicitly in coordinate form due to convenient relations between dimension of the
objects under consideration; in more general situations, it is often difficult to ob-
tain a coordinate description.

6.1. Second-order equations in two independent variables. Consider
a second order equation in two independent and one dependent variable, where
a two-dimensional Lie group H acts without fixed points. More exactly, let £ C
J%(2,1) and q1, go, u, p1, P2, P(2,0), P(1,1)s P(0,2) be canonical coordinates in J%(2,1).
Then dim& = 7, dimE/H = 5. In the same coordinates, a basis of the differential
system D determining the Cartan distribution is

wo = du — p1dq; — p2 dgs,
w1 = dp1 — p(2,0) dg1 — p(1,1) dg2,
wa = dp2 — p(1,1) dq1 — P(0,2) dg2,

and consequently dimension of Cartan planes at generic points is 4.

As it was already explained, the vector fields forming the Lie algebra H of
the Lie group H does not intersect the Cartan distribution almost everywhere
and therefore the quotient Cartan distribution on the five-dimensional manifold
E/H is also four-dimensional. Hence, the differential system D’ determining this
distribution is one-dimensional (at least locally) and the distribution C’ can be
described by one differential form w. In the generic situation, a one-form on an
even-dimensional manifold determines a contact structure and by the Darboux
lemma it can be written as

w = dv — y1dxry — yo2dxs

in appropriate coordinates x1, xa, v, y1, y2 on £/H. Thus, the quotient manifold
E/H itself can be (locally) identified with J!(R?).

In these coordinates (also locally), “almost all” maximal integral manifolds of
the form w can be represented as 1-jets of the graphs of functions in two variables:

99 _ 9%

w = g(zlaIQ)a Y1 = va Yz = 81’2.

Let us denote such a manifold by V. The Frobenius conditions dDy, C Dy, of
complete integrability are first-order partial differential equations for the functions
determining the graph of 1-jet ji(g). Hence, they are second order equations for the
function g. Actually, in the examples below a scalar second order equation arises
and this is the desired quotient equation. Its solutions, as it follows by construction,
correspond to two-parameter families of solutions of the initial equation.

EXAMPLE 6.1. Consider the Laplace equation £ = {p(2,0) +p(0,2) = 0}. Let the
group H be generated by translations along g1 and ¢o; respectively, its Lie algebra
‘H possesses the basis 0/0q1, 0/9qs.
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The form w determining the contact structure on £/H is uniquely, up to a
factor, defined by the conditions

aﬁqlq/.l/ WZO, aﬁqZJ/.l/w:O,
(6.2)
g1 H " 9 K )

where p*w = apwy + 1w + aows.
By last condition, equations (6.2) imply

(aop1 + a1pe,0) + a2p(1,1))|5 =0,
(aop2 + 1p(1,1) + @2p(0,2))|¢ = 0,
from where, up to a factor, one obtains
a0 = (Ply —PeoPO)| s 01 = (Ppo2) ~P2pa)le s

az = (pap2,0) — PP(1L1))] ¢ -

The second pair of conditions (6.2) means that py*w is independent of ¢1, go. There-
fore, the factorization mapping p can be identified with the projection to the plane
{(h =q2 = O} C JQ(RQ). Thus,

prw = f-[(p{1) — PoyP0,2) du+ (P1p(0,2) — P2p(1,1)) dp1

+ (p2p2,0) — P1P(11)) dp2)

where f is a function (coefficient of proportionality).
Set f = (p?1,1) — P(2,0)P(0,2)) "+~ Since the equality p(o2) = —p(2,0) holds on the
equation, we have

_ D2P1,1) T P1P2,0 D1P(1,1) — P2P2,0
o dg— PO TP o PP PP b
P2,0) T P(1,1) Pi2,0) T Pl1)

where € denotes the restriction of ¢ to the equation. Taking into account that
w = dv — y1 dx1 — yo dxo, We obtain

D2P(1,1) T P1P(2,0) Uy = D1P@1,1) — P2P(2,0
2 —_ .

vV=U, =P, 1=

— — ) — —
Pi2,0) TP, Pi2,0) T P11

From here, in turn, one can see that
T1Y1 — TaY2 T1Y2 + T2l

u="v, ﬁi = Tyg, ﬁ(270) = ) p(l,l) =

yi +v3 vi +v3
In these new coordinates, restrictions of the Cartan forms to the equation are of
the form

wo = dv — z1dgq1 — v2dga,

By = doy — T1Y1 — T2Y2 - T1Y2 + T2y1 )

yi + 5 Y+ s ’ (6.3)
_ T1Y2 + Tay1 T1Y1 — T2Y2
Wy = drg — ——5" —_— ==

1
yi +us yi +us
Consider now in £/H a submanifold of the form V;, which is the graph of the
1-jet of the function g(z1,z2):
9y

v = 9(5517552)7 Yi = oz
2
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The same equations describe the manifold ‘N/g = p~ 'V, C J*(R?). Introduce the
notation wy = wi|‘7g. Since wly, =0, we have

apwd + aqwy + apw§ =0,
ie., the forms {wf} are linearly independent'®. Therefore, one can assume, for
example, that in the domain ag = —yo # 0 the restriction of the Cartan distribution
to V, is determined by the forms wi, w{. Consequently, integrability conditions for
this distribution are
dwi ANw§ ANw] =0, dw{ Aw§ Aw] =0. (6.4)
On the other hand, using (6.3), one can obtain the following expressions for
the basis forms wj, w:

Wi = gz, dx1 + oy dzy — 11 dg1 — T2 dgo,
T1Y1 — T2Y2 T1Y2 + T2U1
vt T TR

Rather cumbersome computations show that when one substitutes these ex-
pressions to (6.4), the first condition in (6.4) fulfills identically while the second

one is equivalent to the equation y2(gs, 2, + guoz,) = 0. But in the domain we chose
one has ys # 0 and therefore the equality

g _
Wi —dl‘lf qsz.

9121 + Groxy = 0

coincides with the condition describing our functions. In other words, this is exactly
the quotient equation for the Laplace equation®!.

Thus, the factorization procedure leads us to the Laplace equation again (note
that the Laplace equation is linear and consequently its total symmetry algebra is
infinite dimensional). From the above exposed theoretical reasons and from coinci-
dence of the initial equation with the quotient one it follows that to any solution of
the Laplace equation there corresponds a two-parameter family of solutions of the
same equation. B

In fact, if g(x1,22) is a solution of the Laplace equation, then the manifold V
is an integral manifold of the Cartan distribution and the restrictions Df of the

total derivatives Dy, to ‘~/g are of the form

DI = i + 2 + i + i
@ o P1 9u P(2,0) o ]9(1,1)8])2 7

0  xyi—Tay2 O T1y2 + z2y1 O

0yl O yi+ys Oxy’

6.5
b (D00 o
g2 p1 9 P@,1) . P(0,2) O 7

992
_ 0 myptry Oz —Tays O
dg2  yi+ys Or1 yi+ys Oy’
where y; = dg/0x;. We shall look for integral manifolds of the form
a1 = p(x1,22), g2 = YP(z1,22)

107t is easily seen that ag = 1, a1 = —y1, as = —y2, since w = dv — y1 dz1 — Y2 dzo.
HNote that the result is independent of the choice of the domain yo # 0, which was convenient
for computations; for another domain the quotient equation will be the same.
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in ‘79. The functions ¢ are ¢ obtained from the conditions
Di (g1 —¢)=0, Di(g2—17)=0, i=1,2.

The last system can be rewritten explicitly using formulas (6.5). Resolving it with
respect to dp/0x;, 01 /dx;, we obtain the following formulas

¢ 9g 9g ¢ 9g g
oy (l’axmaxﬁ e <xam2”axl>
oY dg dg oY dg dg
87{1';1: (Z‘1ax2 +.T281.1>7"7 aixQ: (3728‘%2—3318‘%1)7’,

where r = (2% + 23)~!. Thus, when g is given, the functions ¢, 1) are obtained by
straightforward integration.

For example, if g = x5, then ¢ = arctan(xs/z1) + C1, ¥ = In(a? + 23)/2 + Cs.
Coming back to the standard coordinates on J?(R?), we shall have the following
relations valid on V,, (where g = z,):

U=Dp2, P20 = P02, Po = P2 Paa) =DP1,

In(p? + p2
Ci+q = arctanpi, Co+q = M7
D1 2
Expressing ps = u via ¢;, we shall obtain the desired two-parameter family of the
Laplace equation solutions:

01,02 cR.

u=e?tCgin(q; + C)).

EXAMPLE 6.2. Consider the Laplace equation £ = {p(2,0y + p(o,2) = 0} again.
Let the group H correspond to the Lie algebra H generated by the fields X, =
0/0p1 + ¢10/0u and X, = 0/0p2 + q20/0u.

Acting in the same way as we did in Example 6.1, we shall see that the quotient
equation again coincides with the Laplace equation. To any solution g of the quo-
tient equation there corresponds a two-parameter family of the initial one. These
families can be found by solving the following system of equations:

u = g(q1,q2) + q1p1 + q2p2,
P0,2) = —P(2,0)>
_ d19q; — 429q»

P(2,0) = ,
0 4 + 4

R _q29(h + 419q,
0 @+a

P =¢(q1,q2) + Cy,
p2 = ¥(q1,q2) + Co,

where C7 and Cs are arbitrary constants. In turn, the functions ¢ and % are
determined by the following relations:

9q, A1 + 9qo dg2 + q1 dp1 + g2 dp2 = q1 d(p1 — @) + g2 d(p2 — V),
(67 +a3) dp1 + (99,01 — 9g,82) a1 + (9gu 1 + 91 42) dgo = (aF + ¢3) d(p1 — ).

In particular, for ¢ = ¢; we obtain the following two-parameter family of the
Laplace equation solutions:

1 2 2
u=q (Cl - n(ql;—%)) + ¢ (Cg + arctan Zz) ,
1
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EXAMPLE 6.3. Consider the wave equation p(3 9y — p(o,2) = 0 and the group H
of translations along the independent variables. The corresponding Lie algebra H
is generated by the fields 9/9¢; and 9/0qgs.

In this case, the quotient equation also coincides with the initial wave equation.
Any solution g of the quotient equation corresponds to a two-parameter family of
solutions of the initial equation. This family can be found from the relations

u = g(p1,p2),
P2,0) = P(0,2)»
_ P19p, — P29p,

P2,0) = )
gigl - g%z
_ P29p, — P19p,
Pay = —%5 5
gpl gpz

@1 = C1+ ¢(p1,p2),
q2 = Ca2 + 9 (p1,p2),

where C7 and Cy are arbitrary real constants. In turn, the functions ¢ and v are
determined from the relations
P28p, — P19
dip = === dpy + 2
P2 —p1 by — 1
P29p, — P1Gp, d
— 55 ap2

P29p, — p;gp2 dpQ,

P29p, — P19p,
dyp = 22es — D2 g,y
p3—pi p3— i

In particular, for ¢ = ¢; we obtain the following two-parameter family of the
wave equation solutions:

u = e T cosh(gy + Cs).

EXAMPLE 6.4. Let us consider the heat equation p; = p(g,2). Choose the group
H of translations along the independent variables with the Lie algebra H generated
by the fields 8/9¢1 and 0/0qs.

In suitable coordinates x, y, v, the quotient equation is a quasilinear parabolic
equation of the form

(wvz)va — 2(zvg) (Y — 2vy)Vay + (Y — m’y)vay =0.
EXERCISE 6.1. Show that the quotient equation of the heat equation over the

group of scale symmetries u — 7u coincides with the Burgers equation.

EXAMPLE 6.5. Consider the Burgers equation ps + up1 + p(2,0) = 0. Let H be
the group whose Lie algebra is generated by the fields 9/9¢; and —g20/0q1 +0/0u,
i.e., by the translation along ¢; and by the Galilean symmetry.

In suitable coordinates x, y, v the quotient equation is of the form

v2 2wy
ww_i TS — —3x=0.
v 2v+v 2@+20 v

EXAMPLE 6.6 (evolution equations in one spatial variable). We expose here the
results of the paper [116], where evolution equations with one space variable were
studied. Most part of examples considered in this paper are particular cases of
the above described general construction. But specifics of the equation u; =
F(t,z,u, Uy, Ugy,...) allows one to obtain complete answers related to the fac-
torization procedure.

The functions constant on the orbits of the group H or of its action on higher
order jets are called scalar differential invariants [121, 138, 3]. In [116], it was
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proved that if dim H = m, then in the generic situation the number of independent
differential invariants on J™(R?) equals 3.

These three invariants are chosen as one dependent and two independent vari-
ables (i.e., as coordinates in J°(R?)) for the quotient equation. For total derivatives
along new coordinates “invariant derivations” are chosen, i.e., linear combinations
pD;¢+qD,,, such that [pD;+qD,, h] = 0 for an arbitrary generating function h € H.
Naturally, the choice both of invariants and of invariant derivations is not unique,
but reasonable rules are given to obtain quotient equations of the simplest form.
In particular, using this approach, the following results were obtained.

1. Let a Lie algebra Gy consisting of symmetries of the equation £ contain an
ideal G;. If p; denotes the factorization determined by the algebra G; and &; is the
corresponding quotient equation, then the algebra of all symmetries of the equation
&y contains a subalgebra H ~ Gy/G,. For the factorization p over the subalgebra
‘H one has pg = po .

2. The result of a second order evolution equation factorization is either an
evolution equation, or an equation, which can be transformed to the equation

Vig 4 20051 + V2050 + ®(vg, Vg, v, 2, 1) = 0.

by point transformations. In particular, it is always parabolic.

3. Equations u; = ug, + h(t,z)u always possess symmetries of the form
a(t, )0/0u, where a(t,x) is a solution (gauge by a solution). Factorization over
any finite-dimensional algebra consisting of such symmetries leads to a linear equa-
tion of the same type, but, in general, with a different potential h. In particular,
when the algebra is one-dimensional, the quotient equation is of the form

VU = Uz + (B + 2(In @) 30 0.

It turns out that factorization in this case coincides with the “dressing procedure”
used in the inverse scattering problem. The pass from h to h+ 2(In a)., is exactly
the Darboux transformation.

7. Exterior and interior symmetries

Up to now, we understood symmetries as Lie transformations in J*(7). Such
an approach correspond to studying equations as if from “outside”. Conceptually,
the other approach is more reasonable. It is based on study of the restriction C(&)
of the Cartan distribution to the equation & C J*(r) and of diffeomorphisms of &
preserving C(&). This point of view corresponds to interior equation geometry and
seems to be more adequate to study individual equations, though far less convenient
with regards to computations. Luckily, for a very broad class of equations these
two approaches happen to be equivalent. In this section, we describe sufficient
conditions for this equivalence. We say that equations, for which the equivalence
holds, are rigid. The exposition below is based on the results from [60, 130].

Let us introduce some notions needed below. Recall that the distribution C(&)
is defined at each point as follows: C(£)s = C* N Tp(E).

DEFINITION 7.1. A diffeomorphism of the manifold £ is called an interior sym-
metry, if it preserves the distribution C(E). A vector field on £ is called an infinites-
imal interior symmetry, if the corresponding one-parameter group preserves C(&).
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Denote by Sym,(£) the group of exterior symmetries defined in §4 and by
Sym, (€) the group of interior symmetries of the equation £. The restriction oper-
ation leads to the natural mapping

Sym, & —— Sym, €.
Equations for which this mapping is an epimorphism, are called common. An
equation is rigid, if the mapping is bijective. Of course, rigid equations are common,

but the converse is not true (for example, first order equations in one dependent
variable, see below).

DEFINITION 7.2. An equation & C J*(7) is called C-general, if:

1. The set 74 x—1(€) is everywhere dense in J*~1(7).

2. The fibers of the bundle ¢ = g x—1|g : € — Trx—1(£) are connected and
they and only they are integral manifolds of maximal dimension for the
distribution C(E).

In fact, any interior symmetry of a C-general equation & C J*(7) determines a

transformation in the space J*~1(7). Namely, the following fact is valid:

PROPOSITION 7.1. If € C J*(x) is a C-general equation and A is its interior

symmetry, then there exists a diffeomorphism A’ of the space J*~1(r) such that the

diagram
el | (7.1)

Jk_l(ﬂ') i Jk_l(ﬂ-)

18 commutative.

PROOF. Let 0;_1 € mg ,x—1(E). Then by definition, the set w,;ifl(ek_l) is an
integral manifold of maximal dimension for the distribution C(£). Since A is an
automorphism of the distribution C(£), the set A(W,;}f_l(ﬂk,l)) is also an integral
manifold of maximal dimension and consequently is of the form Ly 11%1(9;@—1) for
some point ¢}, _, € mg p—1(E). Let us set A'(6x_1) = 0),_,. Commutativity of the
diagram is obvious. O

Let us understand now, when the mapping A’ is a Lie transformation of the
space J k_l(w). To this end, we shall need another two notions.

DEFINITION 7.3. An equation & C J*(7) is called C-complete, if for any point
Or—1 € Tk k—1(£) the span of the set!?

U Ly, C T9k71‘]k71(7r)
Opems (k1)
coincides with the Cartan plane Cy, .

Thus, an equation is C-complete, if it completely determines Cartan planes at
the points of 7y x—1(E).

Denote by €0 ¢ J*H(x) the I-prolongation' of the equation &, i.e., the
equation consisting of all differential consequences of order <1 of the equation £.

12Recall that by Lg, we denote the R-plane in Jk=1(7) determined by the point 8, € J*(x),
see §2.
13Geometric definition see in §3 of Ch. 4.
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DEFINITION 7.4. An equation & C J¥() is called I-solvable (at a point 6y, € &),
if the mapping m 4k € — & is a surjection (resp., if £V N L (0,) # 2).

PrROPOSITION 7.2. If a C-general equation is 1-solvable and C-complete, then
the above constructed mapping A’ is a Lie transformation. Moreover, the 1-lifting
of the mapping A’ restricted to £ coincides with A.

PRrROOF. Since the equation £ is C-complete, to prove the first statement it
suffices to show that the conditions v € Lg,, 0 € wgl(ek,lx Op—1 € T r-1(E)
imply that A;(’U) S CA/(gk_l).

Let a point 011 € EM be such that Tt 1,k (Okt1) = Ok Then Ly, C Ty, (€)
and (7 x—1)«(Lo,,,) = Le,. Therefore, there exists a vector vy € Lg, , such
that (mg)«(v1) = v. Then A (v) = AL((me)«(v1)) = (7g)«(Ax(v1)). But A is an
automorphism of the distribution C(£) and consequently A.(vi) € Ca,)(E) C
Caon)-

On the other hand, (7 x—1)«(Cacs,)) = Lacs,), from where it follows that
A;(v) S LA(gk) C CA’(Ok_1)~

The diffeomorphism A coincides with the restriction of the lifting of the Lie
transformation A’ to £. This means that A, (Lg, ) = Lag,), where 6, € £. But the
above arguments show that A, (Lg,) C La,). Since A’ is a diffeomorphism and
dim Ly, = dim L 4(,) = n, the second statement is also proved. O

Equations satisfying the assumptions of Proposition 7.2 will be called normal.

Let us explain why normal equations are rigid. If an equation is 1-solvable, the
condition of C-completeness can be changed by the following one: the span of the
spaces (7 k—1)«(Co, (£)) C Cop,_,, where 0 € ng(ﬁk,l), coincides with Cy, ,. In
fact, in this case we have Lg, , C Cy,(€) for Op11 € EM and (Thke—1)+(Loyyy) =
Lo, = (M x—1)+(Cg, ). Therefore, (7 1—1)«(Co,(E)) = Ly, .

The last remark shows that normality is an “interior” property, i.e., it can be
formulated only in terms of the manifold £ and of the distribution C(€) on this
manifold. In fact, the integral manifolds of maximal dimension determine in this
case a bundle v, whose base B can be endowed with the distribution

B > b+ C, = span of the planes {1.(C,(&)) |y € v=1(b) }.

In the situation under consideration, the base B = J*~!(x) and the distribution
described is J*~1(7) and the Cartan distribution respectively. If now one considers
the manifold B! of all n-dimensional maximal integral planes of the distribution
constructed on B, then & ¢ B! and B' = J¥(r). This procedure shows, that
normality allows one to reconstruct the “environment” of the equation, i.e., to
reconstruct the embedding & C J*(r) using the distribution C(£) on &£ only. Thus
we proved the following theorem.

THEOREM 7.3. Normal equations are rigid.

Let us now write down explicitly the conditions of 1-solvability and C-generality
constituting the normality property.

Let the equation &€ be given as the zero set of the vector function y = F(0,u, p, ),
or £ ={F;(0,u,p,) =0]1<4<r} Then locally F can be considered as the
mapping F: J¥(x) — J°(n’), where 7’ is an 7-dimensional bundle over the same
base. Let a point 0.1 € J*'1(7) be represented as a pair (#,L), where L is
an R-plane at the point 0 = mp41,£(0k+1) € J¥(7). Then for almost all 5
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the plane F,(L) will be an R-plane at the point G(y). Consequently, setting
FY(0,41) = (F(6), F.(L)), we obtain a mapping J**(7) — J(«/). By defini-
tions, the following diagram is commutative

T () 2 gk () T M

le , FJ Jid (7.2)

T (') = JO(x) T

From commutativity of this diagram it follows that the intersection &) ﬂw,;_&l CD
is not empty, if the restriction of F'(!) to the fiber,

FO ol (00) — (71.0) T (F(0r)),

is surjective. But this restriction is exactly the leading symbol of the mapping
F. In coordinates, it is represented by the matrix 0G;/0p’, |o| = k. Hence, the
equation is 1-solvable, if the senior symbol of the determining vector function is
surjective.

If the equation is determined, i.e., the number of equations coincides with
the number of dependent variables, then the dimension of fibers of the projection
JFHL () — J¥(7) is greater than the dimension of fibers of the projection J!(n’) —
JO(7"). Therefore, in a generic situation the needed surjectivity always takes place.
If, for example, dim7 = dim 7’ = 1 and £ = {g = 0}, then the symbol is surjective
provided the equality dg/dp, # 0 holds at least for one multi-index o, |o| = k.
Thus, 1-solvability is a rather weak condition.

The C-generality condition relates to simple dimension reasons.

PROPOSITION 7.4. Let £ C J*(r), dimm = m, dim M = n, and fibers of the
projection mg be connected. Then £ is a C-general equation, if the inequality

. (n+k—2)!
<m————= -2
codimC < m(k "= 1!
holds.
PRrROOF. Indeed, the number
—_ 2
\=m (n+k—2)! 1
(k—1!(n—-1)!

equals the difference between dimensions of integral manifolds projecting to J*~1(r)
with dimensions » = 0 and 1 (see Proposition 2.5). Therefore, when restricting the
Cartan distribution to £, dimension of maximal integral manifolds with r = 0 will
be diminished at least by A. O

If £ is a determined equation, then the assumptions of the previous proposition
are satisfied in all cases except for: (a) k=1, (b)n=1,(c) m=1,k=n=2.

Let us consider examples of equations, where exterior and interior symmetries
do not coincide.

EXAMPLE 7.1. Let 6, € J*(n), where k > 0 for dim7 > 1 or k > 1 for
dimm = 1. Let further £ = W;jl’k(Gk). Then £ is not a rigid and even not a
common equation.

In fact, for any point ;1 € € the tangent plane Ty, (£) lies in the Cartan
distribution and consequently Cy, ,,(£) = Ty, ,(E). Therefore, the set of interior
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symmetries of this equation coincides with the group of its diffeomorphisms. But
any exterior symmetry of the equation £ is determined by some Lie transformation
of the space J¥(r) leaving the point 6} fixed.

EXAMPLE 7.2. First order equations in one dependent variable are common,
but not rigid.

Let k = dim 7w = 1. We confine ourselves with the case of determined equations,
i.e., when codim & = 1. Let us first recall some facts from Ch. 2.

The contact structure on J!(7) is determined by any 1-form wy = AUp(r),
where A is a function from C°°(J!(7)) vanishing nowhere. To escape topological
problems, we shall assume that there exists a function \ such that the form d wy |,
is nondegenerate. This is always true locally. In what follows, we fix A and set
w=wy, 0= wlg.

It is not difficult now to describe the structure of interior symmetries of the
equation &£. Obviously, X € Sym, £ if and only if X (@) = uw, where u € C*(E).
Since X (@) = X udw +d(X @), it can be easily seen that X € Sym, € if and only
if

po = X _di + df, (7.3)

where fdenotes X _w.
The form dw is nondegenerate and therefore the mapping

G: D) — AL(), G(Y)=-Y Ldo,

is an isomorphism of C'*°(&)-modules of vector fields and 1-forms on £. Applying
the mapping G~! to equation (7.3), we find that X € Sym, & if and only if

WYz =Y,7— X

9

7o
where Yy = G71(0), 0 € AL(E).
Note now that Yy 10 = —Yy i (Yp ~dw) = 0. Therefore,
(1Y3)(w) = (uY5) dw + d(pYs 2 w) = —pw,

i.e., uYy € Sym, € (as it is easily seen, the fields of the form pY; are directed along
the characteristics of the equation £). Consequently, X € Sym; € if and only if
Y, 7€ Sym; £. But

Ydf(&) = Yd}’gA dw + d(Yde W) =d(X + pYz) 2w) — dfz d(X _w) — dfz 0.
Hence, Y,z € Sym,; £ if and only if Ydfgfu = 7.
Let us rewrite the last condition in a more clear manner:

Ydfqa = —Ydfg Y; udw =Y ng}'gg do =Y (—df) = —Yg,(f).

Thus, we have proved the following result:

PROPOSITION 7.5. A field X € D(E) is an interior symmetry of the equation
E if and only if it is of the form
X =uYz; + Ydf’

where 1 is a function and Yz(f) = —f. We also have X (&) = pi.
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Recall that the 2-form dw determines a symplectic structure on £ and the field
Yin, h € C*®(&), is a Hamiltonian vector field with the Hamiltonian h. Therefore,
a Hamiltonian field on £ is an interior, if the Hamiltonian h satisfies the condition
Yz(h) = —h.

Let us now describe the relations between the algebras Sym; £ and Sym, €.
Recall that a contact field X on J!(7) is uniquely determined by its generating
function f = X _w and is a unique solution of the system consisting of the following
two equations:

X Jdw+df = X1 (f)w, f=X_w, (7.4)
where the field X; = 9/0z is uniquely determined by the following conditions:
Xiaw=1, X1 adw=0.
THEOREM 7.6. A contact field X is an exterior symmetry of a first order
equation & in one dependent variable if and only if Yz (f) = —f.
PRrROOF. From (7.4) one obtains that
X,y () + Xy o Xg s = X (df + X7 ) = Xy - X1 (f)w = gX1(f).

In a similar way, the equality X;(g9) + Xy o Xy sdw = fXi(g) holds. Since
qungdw—Fngqudw =0, we have

X5(9) + X4(f) = fXa(g) + 9Xa1(f) = X1 (f9g)-
Let locally & = {g = 0}, dgg # 0, 8 € €. Then, if X is tangent to &, from the last
equality it follows that

Xp(9)le = =Xg(f) + f X1(9)l¢ (7.5)
where X denotes the restriction of the field X to € (recall that the field Xg is
always tangent to the hypersurface {g = 0}). Restricting the equality —X, dw =
dg — X1(g)w to &, we obtain

X, 0do =B,  a=-X(g9)-
Therefore, using the above introduced notation, one has
Xg = OéYg,
and consequently (7.5) can be rewritten in the form

Xs(9)le = —a¥a(f) — af.
Thus, the equality Xy(g)l; = 0 (i.e., the condition that X is tangent to the

manifold &) will hold if and only if Y3(f) = —f, since o = —X; (9)le # 0. The
last fact is implied by Xi|, ¢ T(E), since X; € ker dwl|,, while the form dw| is
nondegenerate. O

COROLLARY 7.7. For first order equations in one dependent variable, the map-
ping Sym, & — Sym, £ is always epimorphic.

PrOOF. Consider the function h = f + A\g, A € C°°(J*(7)), A # 0, and let us
try to find the function A to satisfy the equality X;, = uYz +Y, - By the theorem

proved, the field X ¢ is an interior symmetry of the equation £ and consequently,
by Proposition 7.5, the equality

Xp=vYo+Y;  veC®(E)
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holds. Further, as it was shown in Ch. 2, one has X,y = Xy + X, — 0 X;.
From this equality and from (7.5) we obtain
)?AQZX)?gZOéXYQ, XZ )\|5.
Therefore, choosing A to satisfy
~ p-v
A= , a=—Xi(9)l¢,

(0%

we can assume that )N(h =uYy + Ydf' O]

Let X = pYs + Yd]f;. Then, restricting the equality
Xf(w) = X5 adw+df = X1 (f)w
to the equation £ and taking into account that X is tangent to £, we obtain
Xi@) = X5 do+df =65, 6= Xi(f)¢-

On the other hand, as Proposition 7.5 shows, if Y = uY5 +Yd]—;, then Y (@) = pw.
Therefore, 8 = pu. Thus, the following result is valid:

COROLLARY 7.8. Let Y = uYz + Ydf € Sym, E. Then )A(;f =Y if and only if
fle = f and X1(f)|g = —p.

The last two corollaries imply the following result:

COROLLARY 7.9. First order equations in one dependent variable are common
but not rigid.
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CHAPTER 4

Higher Symmetries

In Ch. 3 we considered nonlinear partial differential equations as submanifolds
of spaces J¥ () endowed with the Cartan distribution. Basing on this approach, we
constructed the symmetry theory. In fact, if one considers a differential equation
not “as is” but together with all its differential consequences!, the symmetry theory
can be naturally generalized. These differential consequences form the so-called
infinite prolongation of an equation, while the spaces of infinite jets are a natural
environment for these prolongations. The Cartan distribution exists on infinite
jets as well and, contrary to the finite case, is completely integrable. Studying
automorphisms of this distribution, one comes to the concept of a higher symmetry
of a differential equation. A widely known example of such symmetries is the series
of the higher Korteweg—de Vries equations and similar series for other integrable
nonlinear systems (see for example [22]).

Spaces of infinite jets and infinite prolongations of most equations are infinite-
dimensional manifolds. By this reason, we start our exposition with a descrip-
tion of basic differential geometric constructions (such as smooth functions, vector
fields, differential forms, etc.) on these manifolds (§1). In §2, the Cartan distri-
bution on the space of infinite jets is introduced and infinitesimal automorphisms
of this distribution are studied. A complete description of these automorphisms is
given in terms of evolutionary derivations (a generalization of Lie fields) and the
corresponding generating functions. The next section deals with the geometric def-
inition of infinite prolongations. Determining equations for higher symmetries are
also obtained here. Finally, in §4, some computational examples are considered.

1. Spaces of infinite jets and basic differential geometric structures on
them

The space of infinite jets of sections of a fiber bundle m: P — M is the inverse
limit of the tower of finite jets with respect to the projections w1 5: J¥+1(7) —
J¥(r). The aim of this section is to introduce the basic elements of calculus and
differential geometry on J°(m) (smooth functions, vector fields, differential forms,
etc.) mneeded to construct the theory of higher symmetries. Solving this prob-
lem meets some methodological difficulties caused by infinite dimension of J* ().
To overcome these difficulties, we pass to a “dual”’, algebraic language of smooth
function rings on these manifolds. The algebraic-geometrical dualism considerably
simplifies the definition of necessary concepts and makes all considerations suffi-
ciently transparent. A good way to check efficiency of the algebraic language is to
try to rewrite the material below using a purely geometrical approach.

INote that in §7 of Ch. 3, when discussing exterior and interior symmetries, we had already
met with the necessity to consider differential consequences of an equation.

123
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1.1. The manifolds J*° (7). Let M be a smooth manifold of dimension n
and 7: P — M be a smooth locally trivial vector bundle over M whose fiber is of
dimension m.

Let us consider the chain of projections (see Ch. 3)

M P g (r) e— e JF(r) R Ry —— o (1)

and for any point # € M let us choose a sequence of points 6; € J'(n), | =
0,1,...,k, ..., such that the equalities m41,(6i41) = 61, m(0o) = = take place.
Due to these equalities and by the Borel lemma [80], using the definition of the
spaces J!(m) one can choose a local section s of the bundle 7 such that 6 = [s],
for any [. Thus any point 6; is determined by the partial derivatives up to order
[ of the section s at the point x, while the whole sequence of points {6;} contains
information on all partial derivatives of the section s at z. Denote by J*°(m) the
set of all such sequences. Points of the space J°°(7) may be obviously understood
as classes of sections of the bundle 7 tangent to each other with infinite order or,
which is the same, as infinite Taylor series of these sections.

For any point 8 = {z,0c}ren € J®(7m), let us set T (foo) = 6 and
Too(fo) = x. Then for all k£ > [ > 0 one has the following commutative diagrams

—)Jk 4}(]]6

& e wk / 42

i.e., the equalities 7y, 0 ook = Moo aNd T} © Moo i = Too,l ATE Vahd. In addition, if s
is a section of the bundle 7, then the mapping joo(s): M — J° () is defined by the
equality joo(s)(z) = {, [s]*}ren. One has the following identities: ok © joo(s) =
Jr(s) and 7o 0 joo(s) = idas, where idjs is the identical diffeomorphism of the
manifold M.

DEFINITION 1.1. The section joo(s) of the bundle 7o : J°(w) — M is called
the infinite jet of the section s € T'(r).

Similar to the spaces J¥(7), k < oo, the set J*(r) is endowed with a natu-
ral structure of a smooth manifold, but, in contrast to the former, it is infinite-
dimensional. Local coordinates arising in J°°(m) over a neighborhood U C M are
T1,..., T, together with all functions pJ, where |o| is of an arbitrary (but finite)
value.

DEFINITION 1.2. The bundle 7o : J>(m) — M is called the bundle of infinite
jets, while the space J°° () is called the manifold of infinite jets of the bundle .

Our nearest aim is to construct on J°(7) the analogs of the basic differential-
geometric concepts one meets in calculus over finite-dimensional manifolds. When
doing this, we shall use the following, yet informal, but highly important principle:
any natural construction on J°°(m) is to “remember” the fact that the manifold
of infinite jets is the inverse limit of the tower of projections of finite-dimensional
manifolds (1.1). Let us begin with the notion of a smooth function on J (7).

1.2. Smooth functions on J*(7). Let M be a smooth manifold and C*° (M)
be the set of smooth functions on it. If M’ is another smooth manifold and G: M’ —
M is a smooth mapping, then the latter generates the mapping G*: C*°(M) —
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C>®(M') defined by G*(f)(z') = f(G(z")), f € C®(M), 2’ € M’, and satisfy-
ing the identities G*(fl + f2) = G*(fl) + G*<f2), G*(f1f2) = G*(fl)G*(fg), and
G*(af) = aG*(f) for any f1, fa, f € C>°(M) and « € R. In other words, G* is an
homomorphism of R-algebras. If G is a submersion, then it is easily seen that G*
is a monomorphism, i.e., ker G* = 0. Let us consider now the sequence of submer-
sions (1.1) and denote by F(7) the ring of smooth functions on the manifold J* (),
k > 0, and by F_o(m) the ring C°°(M). Then (1.1) determines the sequence of
R-algebra embeddings
Foaolm) = Folm) 20 o — Fifm) Z Fiea(m) — -+

where v = 7% and vigt16 = T -

Let us define now the algebra F = F(7) of smooth functions on J*° (7). From
the existence of the projections 7o j: J*°(m) — J¥(m) it follows that any algebra
Fir = Fi(m) is embedded to the algebra F by some homomorphism vj. From the
equalities m; oy = 7, k > 1 (see Ch. 3), and from the commutative diagram (1.2)
it follows that the diagram

14 v .
f—oo .7:0 fk MLk fk+1

is also commutative. Consequently, the algebra F must contain the union of all
algebras Fy, k = —00,0,1.... On the other hand, since J*(x) is completely
determined by its projections to the manifolds J*(r), it is natural to assume that
F is exhausted by this union. Thus, let us set F(m) = |J, Fr(m). From this
definition it follows that any function ¢ on J°°(7) is uniquely determined by its
restriction to some manifold J* () with a sufficiently big k. This number £ is called
the filtration degree of the function ¢ and is denoted by deg(¢). Obviously, the set
F is a commutative R-algebra, the operations in which are related to filtrations in
the following way:

deg(p1 + ¢2) < max(deg(p1), deg(y2)),
deg(p1p2) = max(deg(1), deg(p2)), (1.3)
deg(ayp) = deg(yp),

where @1, p2, p € F,a € R, a # 0.
The algebras Fy, are subalgebras of F determined by the conditions F, = { ¢ €
F | deg(p) < k}. The algebra F, together with the function deg: F — Z taking
integer values (and, if necessary, the values +oo) and possessing the properties
(1.3), is called filtered, or an algebra with filtration. Filtration of the algebra F is
the algebraic counterpart of the tower of projections (1.1). We can now revise the

above formulated informal principle:

All natural differential-geometric constructions on J*° () are to be
consistent with the structure of a filtered algebra in F ().

ExAMPLE 1.1. Let G: J*(7r) — J*(7) be a Lie transformation of the space of
k-jets. Then, as it was shown in the previous chapter, G is the k-th lifting of some
diffeomorphism Gy of the space JO(r), if dim(w) > 1, and is the (k — 1)-st lifting of
some contact transformation Gy of the manifold J!(r), if dim(7) = 1. The family
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{Gél)} of all liftings of the mapping G. (e equals 0 or 1 depending on dimension

of 7) is in compatible with the projections m; ;1 and determines an automorphism
G of the algebra F. Moreover, if ¢ € F and deg(yp) > ¢, then

deg G(p) = deg(p).

Therefore one can assume that any Lie transformation (together with all its liftings)
determines a diffeomorphism of the space J* (7).

DEFINITION 1.3. A mapping G: J®(7r) — J*(¢), where 7: E — V and
£: Q — M are vector bundles, is called smooth, if for any smooth function ¢ € F(§)
the element G*(p) = ¢ o G € F(7) is a smooth function on the space J°(m) and
there exist integers [ and [y such that

deg G*(p) = deg(p) +1
for all p € F(£), deg(yp) > lo.

Below we shall describe a broad class of smooth mappings which, unlike the
mappings described in Example 1.1, raise filtration degree. To do this, we shall
need the following interpretation of elements ¢ € F(m).

Let p € F = F(w) and deg(p) = k, i.e., ¢ € Fi. Consider an arbitrary section
s of the bundle 7. Then, as we already know, the section ji(s) of the bundle 7y
corresponds to s, while the composition poj(s) = ¢(s) is a smooth function on the
manifold M. In other words, the function ¢ puts into correspondence to smooth
sections of the bundle 7 elements of C°°(M) and, since the points lying on the
graph of the section ji(s) are the Taylor expansions of order k for this section,
the values of the function ¢(s) are determined by the partial derivatives of the
section s up to order k. Consequently, the function ¢ determines in a canonical
way a scalar nonlinear differential operator on the set of sections of the bundle 7
and the order of this operator coincides with the filtration degree of the element
. This correspondence becomes even more clear when one passes to coordinate
representation: if U is a neighborhood in M and zi,...,%p,...,pl, ... are the
corresponding local coordinates in J°°(7), then ¢ is a function in the variables
v, pli=1,...,n,7=1,....m, |o| <k, and if s = (s'(x),...,s™(x)), then
o(s) = @(x1,...,Tp,..., 019187 Oz ... dzin .. ). Sometimes it is convenient to
distinguish between functions ¢ € F and the corresponding differential operators.
In this case, the operator determined by the function ¢ will be denoted by A,
while the function corresponding to the operator A will be denoted by ¢Aa.

Let us construct now a similar correspondence for matrix differential operators.
Locally, over a neighborhood 4 C M, any matrix operator defined on sections of
the bundle 7|, is to take its values in vector functions, i.e., in sections of the
direct product 7’|, : U x R™ — U and these values should be compatible on
the intersection U NU’ of two such neighborhoods. Passing to the global point of
view, i.e., taking into consideration operators defined on the entire manifold M,
one needs to consider a bundle 7’ whose restriction to U coincides with the bundles
'y U X R™ — Y. In other words, global counterparts of matrix differential
operators are operators acting from sections of a locally trivial vector bundle 7 to
sections of another locally trivial vector bundle 7’ over the same manifold M.

Let A be a matrix differential operator of order k, s be a section of the bundle 7
and x € M. Then the value of the section A(s) at x is determined by the values of
partial derivatives of the section s, or by the k-th jet of s at x. In other words, the
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FI1GURE 4.1. Construction of the section ¢a

operator A makes it possible to put into correspondence to every point 6 € J* () a
point of the fiber of the bundle 7’ growing over 2 = 7 (6y). This can be understood
in two ways.

First, this means that the operator A determines a section pa of the bundle
mi(7’) over J®(m). This bundle is the pullback of the bundle 7’ with respect to
the projection . In fact, the total space of the pullpack 7 (7") consists of points
(0k,0p) € JF(m) x JO(n') such that 74 (0) = 7'(6)) and we can set pa () =
(0k, (A(s))(x)), where 6y = [s]*, s € T'(n), see Figure 4.1.

Second, from the above said it follows that a mapping ®a: J*(r) — JO(7')
corresponds to the operator A and this mapping is compatible with the projections
to the manifold M, i.e., 7’ 0o ®p = mp. If Oy = [s]¥ € J¥(x), s € T'(w), then we set
®(0)) = [A(s)]2 = (A(s))(x). Thus the following commutative diagram takes place

() —2— J(x)
x / (1.4)
M

i.e., @ is a morphism of the bundle 7, to the bundle n’. Note that for any operator
A:T(r) — I'(n’) of order k the identity

A:(I)*Aojk,

holds, and it can be taken for the definition. Here ®%: I'(m;) — I'(n’) is the
mapping induced by the morphism P .

ExXAMPLE 1.2. The operator ji constructed above is an operator of order k
acting from the bundle 7 to the bundle 7 : J*(7) — M. The corresponding section
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©;j, puts into correspondence to any point 6y, € J k() the same point considered as
an element of the fiber of the pullback 7} (%) growing over 0. In other words, ¢;, is
the diagonal. It is also easily seen that the mapping ®;, : J*(7) — J*(7) = JO(mx)
is the identity.

1.3. Prolongations of differential operators. Let A: I'(r) — I'(n’) and
A": (") — T'(7”) be two differential operators of orders k and k' respectively.
Then their composition A’ o A is a differential operator of order < k + k’. To
establish this fact (which is obvious locally), let us note the following.

First, for any morphism ® of the bundles 7: P — M and £: @Q — M its liftings

ok JE(m) = ), k>0,  B([s]h) = [®os]}
are defined and the following equalities are valid:
0 =0 dVom, =g 00",  godW=m, k>L

Second, for any k, k' > 0 one can construct the map

Op s S (1) = T (), @ (81T = [k ()],
where 0, = [s]¥. Then one has m, = ®p 4 o (m)r and, as it is easily seen,
Qi (Jrrr () = Ji(jr(s)). Thus, ®p s 0 jrprr = Jjir © jr. In other words,
Ok = @j,,0j5,, and it proves that the composition ji o ji is a differential op-

erator of order k + k'
Let us return back to the case of general operators A, A’ and consider the
diagram

o)
T (1) =

Dkt , DAr
(ﬂ'k)k’,o 77}9/70

JHE () TR 7r
7rk+k/

)\%/]0( /) Jo(ﬂ'”)
\ ) /

From commutativity of this diagram it follows that for any section s € I'(w) the
equality

K’ .
A(A(s)) = Bar (@R (D (i (5)))
holds, i.e.,
q)A’oA = (I)A/ e} (I)(Ak,) o ®k7k'7

which proves the desired result.

In particular, for any differential operator A its composition A; with the op-
erator j;: T'(7') — T'(m]), | > 0 is defined. Let &4 = ®x,: J*(7) — JY(7') be
the corresponding mapping of jet manifolds. Then, as it is easily seen, the diagram
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(1.4) can be extended to the following commutative diagram:

JE(r) — oo JFtl(g) LA gty L
>
M DA=DY N LING
N ,
T J0 (") . JH () Ti41, JH () .

The above introduced set of the mappings ®a = {CIDIA} ;>0 determines a homomor-
phism @} : F(n') — F(w) possessing the property -

deg @h(¢) = deg(p) +k, ¢ € F(x).
Thus, ®a is a smooth mapping of the manifold J*°(7) to the manifold J*°(x’).

DEFINITION 1.4. The operator A; is called the [-th prolongation of the nonlin-
ear differential operator A.

As we shall see below, this notion plays quite an important role in studying
differential equations.

Let &/ C M be a coordinate neighborhood in M, x1,...,2,, u',...,u™,...,
pZ,... be the corresponding coordinates in Tooly, and @y, ..., Ty, ol o™

¢}, ... be the coordinates in 7’|, If

v v 8‘0‘3.7 )
A =8 [z, 20, sM (@), .., s"(z), ..., ————— ... ), 1.5
(AE) = ¢ ( @) @) g (15)
where s € I'(7],,), is the coordinate representation of the operator A and
ololsi
k() (X1, xn) =21, ., Xpn,yee., ————, ... 1.6
()@ Tn) ( 1 e ) (16)

is that of the operator j, then, as it is easily checked, the first prolongation of the
operator A is described by equality (1.5) together with the relations

M o . ololgi
(AN =54 (mlxns)

ox} - Oz

890.7 a‘a‘sj
B +Z op’. 5301 8:0“ ozl

i=1,...,n, or, which is equivalent, by the relations
v =l (..,
qz :Di(pj/y 7::17"'7”’

where D; = 0/0x; +Zf€0|=0 Py pl.1,0/0p}, are the operators of total derivatives.
In a similar manner, the [-th prolongation of the operator A is described by
the system of relations

Qi :DTQDjl, jlzl’_..’m/, |T|:O7"'al7 (17)

where D, = DY o0 Dl if 7= (I,...,1,).
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ExXAMPLE 1.3. Let A be the operator determining the Burgers equation (see
Ch. 3) and represented in coordinate form by

U = P(0,1) — UP(1,0) — P(2,0)- (1-8)

Then its first prolongation is of the form

U = P(0,1) — UP(1,0) — P(2,0)>
q(1,00 = P(1,1) — pgl,o) — UP(2,0) — P(3,0)»
q(0,1) = P(0,2) — P(1,0)P(0,1) — UP(1,1) — P(2,1)>

while the [-th prolongation is represented as

q(i,5) = DiDg(P(o,l) — P(0,0)P(1,0) *p(g,o))

7 i J ]
= P(i,j+1) — P(i+2,5) — Z o 38 P(a,3)Pli+1—-a,j—p)>
8

a=0 =0
where i + 7 < [.
EXERCISE 1.1. Describe the [-th prolongation of the operator jj.

When one considers matrix differential operators, mappings of the objects of a
more general nature than the algebras F () arise. Let us recall that any differential
operator V: I'(m) — I'(§) of order k is identified with the section ¢y of the bundle
75 (€). Denote the set of such sections by Fj(w,§). Similar to the case of the
algebras F(7), the following chain of embeddings takes place:

f—oo(ﬂ-vg) = F(f) L ]:0(71',5) -

—— fk(ﬂ,g) s ‘FkJrl(ﬂ—?g) —
and consequently the set F(m, &) = Up— . Fr(m, €) filtered by the subsets Fy(m, €)
is defined. The elements of F(m,&) can be added to each other and multiplied by
the elements of F (), and these operations are compatible with the filtration, i.e.,
F(m, ) is a filtered module over the filtered algebra F (). If now one considers an
operator A: I'(r) — T'(7’) of order [ and its composition with another operator
V' T(n") — T'(§) of order k, then one will obtain the operator of order k + [ acting
from I'(7) to I'(§). Thus, we have the system of mappings (I)Z,E: Fr(r' &) —
Fr+1(m,€) or, which is the same, the mapping @ .: F(7',§) — F(m,¢), raising
filtration degree by [. The following equalities are valid:

DA (1 + p2) = PL (1) + PA ((p2),
Ph (1) = PA(P)PA £(1),
where 1, po € F(n',£), ¢ € F(m). In other words, for any fiber bundle £ the map-

ping @ , is a homomorphism of filtered modules acting over the homomorphism
@7 of filtered algebras.

EXERCISE 1.2. Construct the homomorphism QA ¢ starting from the smooth
mapping ®a: J®(w) — J (7).
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M

FIGURE 4.2. A tangent vector to the manifold J>° ()

1.4. Vector fields on J*° (7). Let us now analyze the concept of a vector field
on the manifold J*°(7). Let Xy be a tangent vector at a point 8 € J°°(w). Then,
by natural reasons, the projections 7 ; and 7, are to determine the sequence of
tangent vectors (7o k)« (Xg) at the points 0, = 7o 1 (6) together with the tangent
Vector e «(Xg) € Tp(M), x = meo(6). Now, using the already familiar reasons,
we shall define a tangent vector Xy of the manifold J*(7) at the point 6 as the
set {X,, Xp, } of the tangent vectors to the manifolds M and J*(r) at the points
= T () and O, = 7o 1 () respectively, such that (mp41,%)«(Xo,,,) = Xp, and
(7))« (Xp, ) = Xz (see Figure 4.2).

If Y C M is a coordinate neighborhood of the point x € M and =z, ..., z,,

..,p},... are canonical coordinates in m}(U), then any tangent to the manifold
J*(m) vector Xy at the point 6 is represented in the form of infinite sum

b
Xo=Y a3l 9)
i=1 lo|>0 j=1

in which the coefficients a; and b2 are real numbers. One also has

+Zzbjaj’ (o0 )+ (Xp) = Z“’axz

|o|=0 j=1

(Ww,k)*(XG) Z

’L

Let Xy be a tangent vector to J°°(7) at @ and Xp, be its projection to Ty, (J*(7)).
Then the vector Xy, can be understood as a derivation of the algebra of smooth
functions on J* () with values in the field of constants R. In other words, Xy, : Fr —



132 4. HIGHER SYMMETRIES

R is a mapping possessing the property

Xo, (p102) = 01(0k) Xo, (92) + 02(0k) Xo, (01),

where @1, w2 € Fi. The condition of compatibility of the vectors Xy, , X, with the
projections 7o and m; means that Xg, ., o viy1 = Xp, and Xg, ov = X, i,
that the diagram

VE+1,k
Fow Fr Fr41

X9k+1

R

is commutative. In other words, similar to the case of finite-dimensional manifolds,
a tangent vector Xy is interpreted as a derivation of the algebra F with the values
in the field of real numbers:

Xo(p192) = 01(0) Xo(p2) + 2(0) Xo (1), (1.10)

where @1, p2 € F.

If we now take a family X = {Xy} of tangent vectors on J*°(m) parametrized
by points of § € J*®(7), i.e., a vector field on J*°(7), then the formula (1.10) will
transform to the relation

X(p1p2) = p1 X (p2) + 02X (1) (1.11)

valid for all smooth functions @1, ¢ on J*°(m). To complete our arguments, it
remains to recall that F(m) is a filtered and to define a vector field on the manifold
J°(m) as a derivation of the algebra F(m) (i.e., an R-linear mapping X: F — F
satisfying the Leibniz rule (1.11)), such that

deg X (p) = deg(p) +k, @€ F,

where k is an integer independent of ¢ and denoted by deg(X). Denote by D(r)
the set of all vector fields on J* (7).

DEFINITION 1.5. A field X € D(w) is called vertical (or m-vertical), if the
equality X (7%, (¢)) = 0 holds for any function ¢ € C*°(M) C F.

The set of all vertical fields is denoted by D" ().

EXERCISE 1.3. Show that if X,Y € D(x) and ¢ € F, then X +Y, ¢X and
[X,Y] =XoY —Y oX are also vector fields on J*°(7) and the following identities
fulfill:

(X, Y]+ [Y, X] =0,
(X, Y] = X(@)Y + o[ X, Y],
(X, Y+Z]=[X,Y]+ X, Z],
[Xv D/a Z]] + [Ya [Za X]] + [Za [Xa Y]] =0,
where Z € D(n), i.e., the set of vector fields on J°(7) possesses the same algebraic

properties as vector fields on finite-dimensional manifolds. In particular, they form
a Lie algebra over R. Note that D”() is a subalgebra of this Lie algebra.
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ExaMPLE 1.4 (liftings of vector fields). Let X be a vector field on the manifold
M, ¢ be a smooth function on J*(7) with deg(y) = k, and A = A,: I'(m) —
C*°(M) be the differential operator associated to this function. Then, since X is
a first order differential operator acting from C'*°(M) to C*° (M), the composition
X oA: T'(m) —» C*°(M) is defined and the latter is a differential operator of order

~

k+1. Denote by X (¢) the function on J*° () corresponding to the operator X o A.

EXERCISE 1.4. Show that the correspondence X : ¢ )A((go) is a vector field

on J*(r) with deg(X) = 1.

Let us give a geometric version for the definition of the field X. Let 2 € M be
a point in M and 6, be a point of J¥(r) lying in the fiber of the bundle 7 over
x. Then one has 6, = [s]® for a section s € I'(7). If ¢ is a smooth function on
J*¥(m) in a neighborhood of the point 6y, then we set Xek () = Xsz(s*(p)). Clearly,
the right-hand side of the last expression is independent of the representative s of
the point 6. Consequently, X, is a tangent vector to J*(x) at the point 6. If
now {x,0} is the sequence of points representing the point § € J*°(x), then it is
easily seen that (7Tk+17k)*()?9k+1) = Xy, and (mp).(Xy,) = X, i.e., the sequence
of vectors {Xx,)?gk} determines a tangent vector to the manifold J°°(7) at the
point 6.

DEFINITION 1.6. The field X on J®(7) is called the lifting of the vector field
X € D(M) to the space of infinite jets.

The following properties of the lifting operation are directly deduced from the
definition:

X 1 gY = X + gV, (1.12a)
[XV,/?} = [X7 A]v (1.12b)
X(fo) = X(fe+ FX(), (1.12¢)

where f,g € C*°(M), p € F, X,Y € D(M). Equalities (1.12a)—(1.12b) mean that
the lifting operation is an homomorphism of the Lie algebra of vector fields over
M to that on D(7), while from equality (1.12¢) it follows that the projection of
the lifting to J°°(7) of any field X € D(M) to M coincides with the initial field.
In other words, the correspondence X — X is a flat (integrable) connection in the
bundle 7. This fact plays a fundamental role in geometry of manifolds J° ()
and we shall frequently refer to it in the sequel. By the reasons which will become
clear in §2, this connection is called the Cartan connection.

If 21,...,2p,ut, ... ,u™, ..., pl ... are coordinates in J° () over a neighbor-
hood U C M, then any field X € D(M) is representable as the infinite sum
0 0 .0
X=X —+ - +X,— 4+ +X]—+-- 1.13
18x1+ + "8xn+ + "ap{,+ ; (1.13)

where X;, XJ € F(7],), and the equalities deg(X?) = |o|+k, k = deg(X), fulfil for
all j and o such that |o| > kg > 0. Vertical fields are characterized by the fact that
all their coefficients at 0/9x; vanish. Note that infinite number of summands in the
right-hand side of (1.13) does not cause computational difficulties (such as check of
convergence, etc.), since, by definition of the algebra F (), any function ¢ € F(r)
may depend on finite number of variables only and consequently the number of
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summands in the expression for X () for a particular function ¢ is always finite as
well.

Let us now derive a coordinate representation for the liftings of vector fields
lying in D(M). As equality (1.12a) shows, it is sufficient to be done for the fields
of the form 8/0x;. Let ¢ = p(x1,...,2pn,...,pl,...) € Fand s = (s,...,5™) €
I(m). Then

0 0 dlolsi
<8xi oA¢> (s) = axigo(:zrl,...,xn,...,W,...)

oyt

Oy dlol+1s7 9y
- . . o 7]
ox; j’a 0x;0x° 9pl,
Hence
R 0 A0
o|=0j= g

Thus liftings of the basic vector fields 9/dx; coincide with the operators D; of the
total derivatives along ;. Equality (1.12b) shows that [D;,, D;,] = 0 for all 41,1z =
1,...,n. Note that the fields D; take functions on the k-th jets to those on (k +
1)-st jets and thus determine no vector field on manifolds of finite jets. It means that
treating “truncated” total derivatives as vector fields (see the preceding chapter)
is incorrect (though a deceptive appearance of their coordinate representation may
cause opposite conclusions). This is one of illustrations why it is useful to pass to
infinite jet manifolds.

REMARK 1.1. The lifting construction takes place in a more general setting.
Let V: T'(§) — I'(¢’) be a linear differential operator and ¢ € F(m,§). Consider
the operator A = A,: I'(mr) — I'(§) and the composition V o A: I'(m) — T'(¢).
Then, setting V(¢) = @voa, one obtains the map V = V,: F(m &) — F(m, &)
which is an R-linear operator.

EXERCISE 1.5. Give a point-wise definition of the operator V similar to the
one given above for liftings of vector fields. Deduce a coordinate representation of
the operator V.

1.5. Differential forms on J*°(7). Let us now discuss the concept of a dif-

ferential form on J(7). Let Ai(m,) %< Ai(J*(w)) be the module of i-forms on

J*¥(m). The projections  and mj41 , generate the infinite sequence of embeddings

A(M) 2 Ai(mp) 2% A¥(my) —— -+ —— Al(mg) 2225 Al(mpgn) — ...

Skipping the already familiar motivations, we shall define the module A*(r) of
i-forms on J*°(7) by setting A’(7) = UpeoA'(mx). In particular, A°(7) = F().
Let us also set A*(m) = big®5°, A(m). As above, the modules A’(7) and A*(7) are
filtered by their submodules A?(7) and A*(my) respectively?. By the above given
definition, any element of A*(7) is in fact a form on some manifold of finite jets.

2To be more exact, the embeddings V+1,k are module homomorphisms over the correspond-
ing algebra embeddings F — Fj41. To obtain a filtration of the moduleA*(7) by a system of
F-submodules, it needs to consider the submodules in A*(7) generated by the elements of A*(7),
i.e., consisting of differential forms on J k(ﬂ') whose coefficients may be arbitrary functions belong-
ing to F(m).
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Hence, the operation A of the wedge product and the differential d are defined for
these elements and possess their usual properties.

Let X € D(7) be a vector field and w € A?(7) be a differential form on J (7).
Let us define the inner product operation _ which puts into correspondence to these
two objects the form X Lw € A*"!(7). Let 0§ = {x,0,} € J>(n) be a point of
J®(m) and Xy = {X;, Xp, } be the vector of the field X at this point. Consider
a number k such that w € A%(m;). This number always exists by the definition of
the module A?(m). Let us set (X Lw)y = Xg, wy,. For any k' > k the equality
(7 1)+ (Xo,,) = X, is valid; hence, one has Xy , i (75,,w)e,, = Xp, 2 we, which
means that the operation _ is well defined. If in addition deg(X) = I, then the
vector Xy, is determined by the point 05, € JFH(7), de., X Sw € A (mpyy) C
A=1(7). In particular, inner product of a vector field with a 1-form determines the
isomorphism

D(7) ~ Homg-(ﬂ)(Al(ﬂ), F(m)), (1.15)

where Hom(}(ﬂ) denotes the set of homomorphism preserving filtration. This iso-
morphism puts into correspondence to any field X € D(7) the F(7)-homomorphism
fx o AN(m) — F(r) acting as fx(dp) = X(p), ¢ € F(n).

Now we can define the Lie derivative Lxw of a form w € A*(w) along a vector
field X € D(m). To do this, taking into account the infinitesimal Stokes formula,
let us set

Lyxw=X _dw+dX 2w). (1.16)

Obviously, if w € A¥(7;) and deg(X) = I, then Lxw € A¥(my;). We shall also
use the notation X (w) for the Lie derivative of a form w along X.

The above introduced operations on the set A*(7) (wedge product, the de Rham
differential, inner product, and Lie derivative) possess all properties they possess in
the finite-dimensional case. The same is valid for their coordinate representation.
If U is a coordinate neighborhood in the manifold M and (z1,...,7pn,...,p,...)
are the corresponding coordinates in 7 }(i), then any form w € A%(w) can be
represented as

> R gy A Adai AdpE A AdpE,, (L17)
a+B=1
where [o1],...,og| < k while @777, . are smooth functions on 7' (U).
Then the coordinate representation of the de Rham differential is of the form

..... 0'5 . .. . 1
E dcpzh iagtoeis N dri, N+ Ndx, Ndplt N A dpaﬁ,
a+pB=1
where
O15-- O15--
d(pahu-,a,e _ awlh 71a7]1: TVl 8 dx L+ 90117 a1a7.717 TV labJ15e008 dp
1yeesbasJlsndB 2 : or § : ond T
B! K Pr

EXERCISE 1.6. Write down coordinate formulas for the operation of inner prod-
uct and for the Lie derivative on J* (7).
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1.6. The horizontal de Rham complex. We shall now describe a special
class of forms on J°°(7) which will be denoted by Ajj(7). Elements of this class will
be called horizontal forms.

DEFINITION 1.7. A form w € A*(w) is called horizontal, if X sw = 0 for any
vertical field X € D(w).

Since any vertical field is locally of the form

.0

x=Y x>,

j
o 0P

from the representation (1.17) it follows that a form w is horizontal if and only if

it is representable in coordinates as

w = Z Piq,..., iadxil A A dl’ic¥7 Piryenryia € JT(’]T) (118)

Hence locally any horizontal form is a linear combination of forms on the mani-
fold M with coefficients in F: w = @lw; + -+ + ¢lw;, where p!,... o' € F(r),
Wi,y ..,w € A*(M). Let Al,..., Al be the nonlinear differential operators corre-
sponding to the functions ¢!, ..., ¢' and acting from sections of the bundle 7 to
C*°(M). Then one can put into correspondence to the form w the operator A,
acting as

Ay (s) = AM(s)wy + -+ + Al(s)wy, s eI'(n),

and taking sections of the bundle 7 to differential forms on the manifold M. Con-
versely, to any such an operator there corresponds a form (1.18). Consequently,
horizontal forms on J°(7) coincide with nonlinear differential operators on the
bundle 7 with the values in differential forms on the manifold M. The module of
horizontal i-forms on J(r) is denoted by A} ().

If t*: T*(M) — M denotes the cotangent bundle of the manifold M and A*(t*)
denotes the bundle @} ; A'(¢*), then the following identifications are a corollary
of the above said:

Ag(m) = F(m, /\i(t*)% Nj(m) = Fm, [\ ().

Note now that the operator d = dj; of exterior differentiation (the de Rham differ-
ential) on the manifold M is a linear differential operator of first order acting from
sections of the bundle A\*(¢*) to those of the bundle A" (t*),i = 0,...,n. Using the
definition of the lifting of differential operators (see Remark 1.1), we shall obtain the
operator d: F(m, AL (t*)) — F(m, AL (t*)). Since d o d = 0, one has &é(w) =0 for
any horizontal form w € Af(m) as well. In fact, c’ié(w) = ((Yog)(w) = (cﬁ:d) (w) =0.
Hence the sequence

d

0 F(m) A§(m) e (1.19)

—— A () — A () AR (r) — 0

is defined in which the composition of any two adjacent operators is trivial.

DEFINITION 1.8. The sequence (1.19) is called the horizontal de Rham complex
of the bundle 7.
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Let us write down the operator d in local coordinates. It is sufficient to be
done for horizontal 0-forms, i.e., for functions on J>° (7). Let us consider a function
o =p(@,...,Tn,...,pl,...) € F(xl|,), where U is a coordinate neighborhood in
M, and a section s € I'(m). Then

ololgi

(dp)(s) = d(p(s)) dap(a:l,...,zn,...,w,...)

"/ Dy olol+lsi 9y -
= Z (ax(y + ~ 48110437‘%0_ 8717(77 dxa = O;Da(go) dﬂ?a.

a=1 )
Hence,
() = Dalp) daa, (1.20)
a=1
where D,, a = 1,...,n, are the above introduced operators of total derivatives.

1.7. Distributions on J*°(7) and their automorphisms. The last prob-
lem we intend to discuss in this section is the definition of distributions on the man-
ifolds J°° (7). Similar to the finite-dimensional case (see §3 of Ch. 1), a distribution
P on J(x) is to be understood as a correspondence P: 6 — Py C Tp(J>(x)),
which takes any point 8 € J°°(7) to a subspace of the tangent space “smoothly
depending” on #. But by specifics of the manifold J*°(7) caused by its infinite
dimension, this definition needs to be clarified. Assume that for any £ > 0 a
distribution P*: 0), — P§, C Ty, (J*(r)) is given on the manifold J*(7) and

(Te1,1)+(Pg ) C Py

Ort+1 Tht1,k(Okt1)

(1.21)
for all k > 0 and all points Oy, € J*T1(m).

DEFINITION 1.9. A system of distributions P = {Pk} satisfying the condition
(1.21) will be called a predistribution on J°° (7). We shall say that two distributions
P and P are equivalent, if there exists a kg > 0 such that P* = P* for all k > k.
A class of equivalent predistributions will be called a distribution on J*° ().

We shall say that a vector Xy € Ty(J*° (7)) lies in a distribution, if (7o 1)« (Xg) €

Pﬁm L (0) for all k£, 6 and some representative P of this distribution.

EXERCISE 1.7. Show that if a vector lies in some representative of a distribu-
tion, then it lies in any representative of the same distribution.

Consider the subset P¥A! in the module A!(7;) consisted of all 1-forms annihi-
lated by vectors of the distribution P¥; let us also set P*A* = A*(m,) AP¥AL. The
elements of the last set are of the form w = " Q4 A wq, where Q, € A*(7;,) and
We € PFAL. The set P¥A* is closed with respect to adding and to multiplication by
an arbitrary form from A*(my) and is called the ideal of the distribution P*. From
the embeddings (1.21) it follows that the chain of embeddings

POA* C PN C - CPPAT C PRFTIA -
takes place and this chain determines the ideal PA* = J, 5, PEA* in A*(7). This
ideal is called the ideal of the distribution P. Vice versa, any ideal in A*(7) of the

above form determines a distribution on J°° (7). Using now the isomorphism (1.15),
we can give a dual definition for a distribution on J*(x). Namely, a distribution
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P D(rm) consists of vector fields X on J*°(m) such that X L w = 0 for any form
w € PAY(m).

EXERCISE 1.8. Prove that PA* and P D(w) do not depend on choice of a rep-
resentative in the distribution P.

Let us recall that a submanifold N of a finite-dimensional manifold M with
a distribution P’ is called integral, if for any point x € N one has an embedding
T, (N) C P.. It is called locally maximal, if it is not contained in any other integral
manifold of greater dimension. A distribution P’ is called completely integrable,
if for any point there exists a unique locally maximal integral manifolds passing
through this point. The classical Frobenius theorem [115] says that a distribution
P’ is completely integrable, if for any form w € P'AL(N) the equality dw = Q A '’
is valid for some w’ € P’A}(N) and a form  on the manifold M. In other words,
the operator d takes the ideal P'A* to itself, i.e., this ideal is differentially closed.
Using these considerations, we shall say that a distribution P on J° () is completely
integrable, if its ideal PA* is differentially closed.

EXERCISE 1.9. Show that a distribution P on J°°(7) is completely integrable
if and only if the set PD(x) is closed with respect to the commutator of vector
fields, i.e. is a Lie subalgebra in D(m).

_ ExamPLE 1.5. Let P’ be a distribution on M. Let us consider the submodule
P’ D(n) in D(7) consisting of linear combinations (with coefficients in F()) of the

A

fields X, X € P’ D(M). Then the set P’ D(7) determines a distribution P = P’ on
J%(m). If P’ is a completely integrable distribution, then P is completely integrable
as well. In fact,

(X, 9] = pX ()Y — Y ()X + pyp[X, V],

But [X,Y] = [X,/?} by (1.12) and consequently the right-hand side of the last
equality lies in PD(n), if X, Y € P'D(M) and ¢,¢ € F.

Let now P be a completely integrable distribution on J*° (7). As in §3 of Ch. 1,
a vector field X € D(m) will be called an (infinitesimal) automorphism of the
distribution P, if

LxPA*(m) C PA*(m).
In a dual way, automorphisms of the distribution P can be defined by the condition
[X,PD(n)] € PD(x). (1.22)
Denote by Dp () the set of automorphisms of the distribution P.

EXERCISE 1.10. Prove that Dp(7) is a Lie algebra while PD(xw) C Dp(n) is
its ideal.

The elements of the quotient Lie algebra
sym(P) = Dp(w)/P D(m)

are called (infinitesimal) symmetries of the completely integrable distribution P.
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TEH ()

Tht 1,k

0, JE ()
FIGURE 4.3. Construction of the element U;

2. The Cartan distribution on J*(7) and its infinitesimal
automorphisms

In this section, we shall define the Cartan distribution on J°°(7) and study its
maximal integral manifolds, infinitesimal automorphisms, and symmetries. This
study will lead us to the concept of an evolutionary derivation on J°(7), which
plays a key role in the theory of symmetries of nonlinear differential equations.

2.1. The Cartan distribution. Let, as above, 7: P — M be a smooth
vector bundle and J°°(7) be the manifold of its infinite jets. Consider a point
0 = {x,0;} in J>°(r) and the Cartan planes C§ at every point 0, € J*(r). Then,
if the point 6 is represented as the infinite jet [s]S° of a section s € I'() at the point
x € M, the plane Cg;ll projects to the R-plane Lg, , C Cgk C Ty, (J*(7)) under
the mapping 7441, where Ly, , is the tangent plane to the graph of the jet ji(s)
at the point 6. Thus we see that for all k the embeddings (m11.4)«(Ca™t) C Cgk

Ort1
take place, i.e., the system of distributions C* determines the distribution C = C(7)
on J*(m).

DEFINITION 2.1. The distribution C(r) is called the Cartan distribution on the
manifold of infinite jets.

From the above said it follows that a vector Xy tangent to the manifold J°°(7)
lies in the plane Cy if and only if its projection Xg, = (oo k)« (Xg) lies in the space
Ly, . Using this remark, we shall give a more efficient description of the Cartan
distribution on J*° (7). Namely, if Xy = {X,, X, } is an arbitrary tangent vector
and ¢ € F(m) is a smooth function on J>(), we shall consider the projections Xg,
of every vector Xy, along the plane Ly, ,, to the fiber of the bundle 7y, ;—1: J*(7) —
Jk=1(7) over the point ;1 (see Figure 4.3). Then X} = {0, ng} is also a tangent
vector at the point 6 and applying it to the function ¢ one will obtain a real number.
If now X € D(n) is a vector field, one can repeat the described construction at every
point § € J*°(w) and obtain a vertical field XV € DV(x), which can be applied to
the function ¢ € F. Thus for any function ¢ € F we obtain a 1-form on J(r)
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denoted by U;(p) and defined by the equality
X _Ui(p) =X"(¢), X eD(m), ¢eF(n). (2.1)

From (2.1) it is seen that the correspondence U; : F(n) — Al(7) is a derivation of
the algebra F with the values in the F-module A'(7), i.e., U1 (p192) = ©1U1(2) +
p2Uj (¢1) for any functions ¢1, po € F.

Coming back to the starting point of our arguments, we see that the following
statement is valid.

PROPOSITION 2.1. A field X € D(x) lies in the Cartan distribution C on J* ()
if and only if

XgUl(QO) =

for all functions ¢ € F(w). In other words, the ideal CA*(m) C A*(m) of the Cartan
distribution is generated by the forms Uy(yp).

The forms Uy (p) will be called the Cartan forms3.

In what follows, we shall need a more convenient, from the computational point
of view, description of the operator U; and, as a consequence, of Cartan forms. To
obtain such a description, note the following. From the above constructions it
follows that any vector field X € D(7) admits the canonical representation

X =Xx"+Xx" (2.2)
where, as it was already said, the field X is vertical while the field X" ©f ¥ _xvis
to all manifolds of the form j(s)(M), i.e., to the graphs of infinite jets of sections
s of the bundle 7. By this reason, equality (2.1) can be rewritten in the form
X LUi(p) = (X — XM (p) = X(p) — X"(p). Note that the first summand in the
right-hand side of the last equality is X _idyp. To rewrite the second summand in
the form we need, let us compare the expression for X" () with the definition of
the form (fgo By the point-wise definition of the lifting (see §1.4), the restriction
of the form d<p to the graph of the infinite jet of a section s € I‘( ) is represented
as dA,(s). Since the form dcp is horizontal, the equality X _ dcp = X" _ d(p is
valid. Finally, since the field X" is tangent to every submanifold jo.(s)(M) and
at least one such a manifold passes through any point § € J>°(m)?*, the equality
X h(c/l\gp) = X" () holds. Thus we arrive to the following important equality:

Uy =d—d. (2.3)

Consequently, the operator U; “measures” to what extent the de Rham differential
of a function ¢ € F differs from the horizontal one.

We shall now describe the set CD(7), i.e., vector fields X € D(r) annihilating
the Cartan forms on J°°(7) or, in other words, the ones which satisfy the equalities
X(p)=X_ dp for all smooth functions ¢ € F. Consider a field X € D(r) and
its restriction Xy = X[z ()1 C%(M) — Fg(r), which is a derivation of the
ring C°°(M) with the values in the algebra Fi(m) (such a k exists, since X is a
derivation compatible with filtration of F(x)). Informally, the derivation X, may

3Below we shall see that this definition generalizes the coordinate representation of Cartan
forms considered in preceding chapters.
41t is a consequence of the Borel lemma [80)].
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be understood as a vector field on M whose coefficients are functions from F.
More exactly, the field X,;, at least locally, can be represented in the form

Xy=p1Xqa+---+ X, (2.4)

where Xi,...,X; € D(M) are “real” vector fields on the manifold M and the
functions 1, ..., p; lie in Fi(w). Using the representation (2.4), let us define the
field Xy € D(7) by setting Xy = o1 X1 + -+ + @ X,. Since, by the point-wise
definition of the lifting operation, the vectors ()? 1)g are tangent to the graph of the
infinite jet of a section s € I'(m) at any point 6 = [s]3° € J°°(7), the same is true
for the vector (Xpr)g = 01(0)(X1)g + -+ 4+ @1(6)(X})g. Therefore, )A(}(/I = 0 and
consequently X, _ Ui(p) = )?}’V[(go) = 0 for any function ¢ € F.

Let us consider (also locally) the field X’ = X — Xj;. Since, by definition,
)A(M|COO(M) = Xy = X\fiw(ﬂ), the field X’ is vertical and consequently X’ _
Ui(p) = X'(¢) for any function ¢ € F. On the other hand, as we established just
now, Xy uUp(p) = 0 and if X € CD(m), then X L U;(p) = 0 as well. Hence,
X'(¢) = 0 for any function ¢ € F. Therefore, X’ = 0 and consequently X = X
Combining together the above said, we obtain the following result.

PROPOSITION 2.2. The set CD(7) of vector fields lying in the Cartan distribu-
tion is generated by the liftings to J°° () of the fields on the manifold M:

CD(W):{gol)?lJr"'JrQDl)?l|<Pi€.7:(7r), X; € D(M), 1:1,2,...}.

2.2. Integral manifolds. From Proposition 2.2 and Example 1.5 it follows
that the Cartan distribution on J*° () is completely integrable. Let study its max-
imal integral manifolds. To do this, let us first stress two facts: (a) the Cartan
plane Cy at a point 6 € J°°(7) does not contain nonzero vertical vectors—this fact
follows from the constructions used in the beginning of this section to define the
forms Uy(¢); (b) dimension of the space Cy coincides with that of the manifold
M, and this is a consequence of the proposition just proved. Let R be a max-
imal integral manifold of the Cartan distribution. Then from (a) it follows that
the projections o k|pe : R — RF & Took(R®) C JE(7), k = 0,1,..., and

Toolgee 1 R® — R o Too(R™) C M are local diffeomorphisms. On the other

hand, as it follows from (b), one has dimR* = dimR*> < n. Consider the pro-
jection 7|0 : R? — R. Since it is a local diffeomorphism, there exists a mapping
s’ R — RY such that the composition 7|y,0s’ is the identity on R. In other words,
s’ is a partially defined section of the bundle 7. Obviously, there exists a section
s € I'(m) such that s|, = s’. Assume now that the embedding R C M is strict, i.e.,
that dim R* < n. Then the conditions that the manifolds I'* = ji(s)(M) C J*(7),
k=0,1,...,00, contain the manifolds R¥ for the corresponding values of k are the
conditions for the normal (with respect to R) derivatives of the section s. By the
Whitney theorem on extension for smooth functions [80], it follows that one can
always construct a section satisfying these conditions. This result contradicts to
maximality of R*. Hence, the following statement is valid:

PROPOSITION 2.3. Any mazimal integral manifold of the Cartan distribution
on J(r) is locally the graph of the infinite jet of a section of the bundle .

Thus, at least one maximal integral manifold of the Cartan distribution passes
through any point 8 € J°°(7) and we have a complete description of these manifolds.
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0

FIGURE 4.4. “Blowing-up” of an R-plane

Of course, such a manifold is not uniquely defined. For example, if 7: R x R — R
is the trivial bundle, the graph of infinite jet of the function u = exp(—1/x?) passes
through the origin in J*°(m) together with the graph of the infinite jet of the zero
function. In general, if 7 is an arbitrary bundle and 6 = [s]2° € J°°(w), then the
graphs of the infinite jets of all sections of the bundle 7 pass through the point 6
differing from s by a flat at the point x € M section. It is useful to compare the
results obtained here with what we know about maximal integral manifolds in the
spaces of finite jets. As it was noted in the previous chapter, the Cartan distribution
on J*(m), k < 0o, contains vertical vectors. Namely, any vector tangent to the fiber
of the bundle 7 ;1 lies in the Cartan plane Cgk. This leads to the fact that the
set of integral manifolds passing through the point 6§, € J*(m) can be classified
by types and the type of a manifold describes the degree of its degeneracy under
the projection to J*~!(7) (or dimension of the space of vertical vectors tangent
the integral manifold under consideration at the given point). In particular, the
graphs of jets of sections of the bundle 7 are the manifolds of type 0 and are
characterized by the fact that they project to J¥~1(7) locally diffeomorphically.
The reasons why the cases of finite and infinite jets are different become clear, if
one stands on the analytical point of view. In fact, fixing a point 6 € J*(rx) for
k < oo, we obtain information on all partial derivatives of sections s € I'(m) at
the point = 7, (0x) € M up to order k. Drawing through the point 6 graphs of
different sections, we have freedom of choice which is measured infinitesimally by
vectors tangent to the fiber of the projection 7y ;—1 (see Figure 4.4). This leads
to the fact that an R-plane at the point 0, “blows-up” by the set my j_1-vertical
vectors. Unlike the situation described, the choice of a point § € J*°(x) fixes all
partial derivatives of a section s € I'(7) at the point = and, by obvious reasons, our
freedom is limited now by the class of flat functions. Note also that the picture we
observe on J°°(7) is related to existence of the Cartan connection on 7, and to
integrability of this connection.

We now start to study automorphisms and symmetries of the Cartan distribu-
tion on the manifolds J°°(m). Before starting to discuss the facts of general nature,
we shall fulfil some coordinate computations useful to get a kind of intuition on the
results to be obtained.
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2.3. A computational experiment. We shall need here (as well as every-
where below) a coordinate representation of the Cartan forms Ui (p). Let © € M
and U > = be a coordinate neighborhood. Consider, as usual, local coordinates
X1y yTny.-., D), ... in the neighborhood 7 !(U). Then, using formulas (1.20)
and (2.3) together with the fact that the operator Uy: F(r) — Al(w) is a deriva-
tion, it is easily seen that the Cartan module CA*(m)| -1 is generated by the
forms

n

wh = Ui(p}) = dpl, =Y o1, dia, (2.5)

a=1

where j = 1,...,m, |o| = 0,1,..., i.e., by the Cartan forms defined in Ch. 3. In
particular,

= Uy( uj = du’ — Zpl dxy. (2.6)

Consider the one-dimensional bundle 7: RxR — R over the real line. Let x = x1 be
the coordinate in the base and set pigy = u,...,px) = Pk, ... to be the coordinates
in J°°(7). By (2.5), the Cartan module CA*(w) is generated by the forms

Wi = dp — pra1 dx (2.7)

in this case, where k = 0,1,.... Let the field X = ad/0x + Y - ,br0/0p) € D(),
a, by, € F(m), be an automorphism of the Cartan distribution. This is equivalent to
the fact that X (wy) = >, ANiw; for all k or, which is the same, to

dby, — byr dz — prer1da =Y N (dpi — piy1 dz). (2.8)

Writing down the differential at the left-hand side of (2.8) in an explicit form and
collecting similar terms, we obtain the following system of equations

by, da Oby, da
<8m = b1 — pk+18> dx + Z (8p T Prrig ) dpi
= Xi(dpi — piy1dz),
which is equivalent to the system

0b
87; — bry1 — pk+1 Z NeDit1,

(2.9)
8bk da ; .

—_— = — =\ k> 0.
op; P op, SELES

Substituting the expressions obtained for Ai to the first equation in (2.9), we see
that

ob da ob Oa
bpy1 = 67; *pk+1% + ;pm-l <aplj pk+15pi) = D(bg) — pr+1D(a), (2.10)

where D = D; is the operator of the total derivative along x. As above, let us split

the field X into the horizontal and vertical components by setting X" = a878\:c =
aD and XY = X — X", Let X¥ = > i 010/Opy; then by = by + appyy for all
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k > 0. Substituting the expressions obtained to (2.10) and keeping in mind that
D(py,) = pr+1, we obtain the following expressions for the coefficients by

by =D, k=0,1,...,
or
v=DFbY), k=0,1,...

Thus any infinitesimal automorphism of the Cartan distribution on J* () is rep-
resentable in the form

= 0
k(pv
X =aD + kZ:;)D (b")apk’ (2.11)
where bf = bp — ap1, and consequently is uniquely determined by its restriction to
the subalgebra C*>°(M) C F(n) (the first summand in the representation (2.11))
and by some function by € F(w) (the second summand). It turns out that the
result obtained is of a general nature.

2.4. Evolutionary derivations. Let us again return back to an arbitrary
vector bundle 7: P — M and consider an infinitesimal automorphism X € D¢(7)
of the Cartan distribution on J>° (7).

PROPOSITION 2.4. Any wvector field X € De(rw) is uniquely determined by its
restriction to the subalgebra Fo(m) = C*°(J%()) C F(w).

PROOF. Since for any two fields X, X’ € D¢(w) their difference lies in D¢ ()
as well, it is sufficient to show that if X|z =0, then X|}_k =0 for all £ > 0. Let
us prove this fact by induction on k. The first step of induction is (k = 0) is the
assumptions of the proposition.

Let now k > 0 and X|r = 0. We must prove that under this condition the
derivation X| Foy, 18 also trivial. Take ¢ € Fi. Then

X(Ui(p) = X (dp — dp) = dX () — X (dp),
or, by the induction hypothesis,
X(Ui(p) = X (dp).

On the other hand, since X € D¢(7), there exist functions fu,g, € F, @ =1,...,1,
such that X(U1(p)) = >_,, faUi(9a), i-e.,

X(dp) == fali(ga)- (2.12)

The form at the right-hand side of equation (2.12) belongs to the Cartan module
and consequently its restriction to the graph of the jet of any section s € I'(w)
vanishes. R

Let us use now the fact that for any function ¢ € F(7) the form dy is horizontal,
i.e., can be represented as c?cp = >, widh;, where ¢; € F and h; € C*(M) C Fo.
Consequently,

X(dp) = (X(pi) dhi + @i dX (hi)) = > X(;) dhs;,
since by the induction hypothesis one has X (h;) = 0. Thus X (3@) is also a hori-
zontal form. From (2.12) and from the above said it follows that its restriction to
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FIGURE 4.5. Vertical field X

the graphs of jets of sections are trivial. Since horizontal forms are determined by
their restrictions on the graphs of jets (see §1), we obtain that

X(dp) =0 (2.13)

for any function ¢ € Fy.

Consider an arbitrary coordinate neighborhood in M and the corresponding
local coordinates (z1,...,%pn,...,p%,...) in J(x). Let us choose one of the coor-
dinate functions p?, where |o| < k, for ¢. Then by (2.13) one has

n n
X(dpl) = X(sz]ﬂrli dwi> = ZX(prHi) dx; = 0.
i=1 i=1
Hence, X(sz-ui) =0foralo, |o| <k, i=1,...,n,and j = 1,...,m. In other
words, the action of the field X on all coordinate functions on the manifold J**+1(7)
is trivial, i.e., X| For = 0. This proves the induction step and consequently the
statement as a whole. O

Let still X € D¢(7) be an automorphism of the Cartan distribution on J* ().
Consider the restriction Xjs of the field X to the subalgebra C*°(M) C F and
the corresponding lifting X, € D(m). Since, as we already know, Xy € CD(m) C
De(m), the field XV = X — X M is also an automorphism and, moreover, is vertical.
Then the restriction X§ = X"| 7, is a derivation of the algebra Fy with values in
the algebra Fj for some finite k. Since the field X" is vertical, the derivation X
can be identified with a family of vectors parametrized by points of the space J* ()
and directed along the fibers of the pullback 7} (7) (see Figure 4.5). On the other
hand, since 7 is a linear bundle, tangent vectors to its fibers can be identified with
the points of these fibers. Combining together the above constructions, we obtain
the mapping

De(n) —— F(mw, ), (2.14)

and, as Propositions 2.2 and 2.4 show, a field X maps to zero under this corre-
spondence if and only if X € CD(w). Let us study the image of the mapping
(2.14).

Let ¢ be a section of the bundle 7} (7). Consider a coordinate neighborhood
U C M and the neighborhood U* = 7, '(U) C J*(«). Similar to the results
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obtained in the computational experiment above, let us define in the neighborhood
UF the field®

.0
Qou = Da(e) 5 7 (2.15)
J.,o g

where ¢ is the j-th component of the restriction of the section ¢ to the neighbor-
hood U* while D, is the composition of the total derivatives corresponding to the
multi-index o. Let us show that the derivation (2.15) in the neighborhood under
consideration is an automorphism of the Cartan distribution. In fact, let ¢ € F.
Then

Bt (U1 () = Bpuu(dtp — dip) = d(Dp 4 (¥)) — D u(dW)). (2.16)
By relations (1.20) and (2. 15) we have
2p,Uldd) = 3 Do (W)=~ D) da.
,7,0

But as it is easily seen,

iDi(w) =6(i,0) aw +D; ( 44 ) (2.17)
ops oy, _4, O
where
. 1 if the i-th component of ¢ differs from 0,
0(i,0) = )
0 otherwise.
Therefore
pu(dip) = > Dol Di(v) da;
i,j,0
=3 D) <6<z’,a> (28
ij,0 Opy_1, vl
N 0 0 0
= 3 (Da(@8i.0)5 5"+ D1 (Dat) 22 ) = Do, (o) 20 ) .
i 0P, Opo o’

In the expression obtained, the first and the last summands mutually annihilate
and thus

De,U(ds) = 3D, (Do(soj)glﬁ) dii = AP, U(W)).

i, Po
Coming back to equality (2.16), we see that

Ot (Ur()) = d(Dpu(¥)) — d(Bpuu(¥)) = U1y 14 (). (2.18)

Equality (2.18) shows that the derivations of the form 9,; commute with
the operator U; and consequently are infinitesimal automorphisms of the Cartan
distribution. The restriction 9, to the subalgebra Fy(7|,) is identified with the
section . Thus we have a procedure (so far, local) to construct an automorphism
of the Cartan distribution determined by a section ¢. Let now U, U’ C M be two
coordinate neighborhoods in M. Then the restrictions of the fields 9,/ and 9, 14
to the algebra Fo(ml,,~, ) coincide, from where, by Proposition 2.4, it follows that

5In the notation below, we use the Cyrillic letter 9, which is pronounced like “e” in “ten”.
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the fields coincide over the intersection ¢ NU’ as well. Hence our constructions in
a well-defined way determine a vertical vector field 9, on the entire space J*°(7)
and this field is an infinitesimal automorphism of the Cartan distribution. In other
words, the mapping (2.14) is epimorphic and therefore the following theorem is
proved.

THEOREM 2.5. Any infinitesimal automorphism X of the Cartan distribution
on J®(m) is uniquely represented in the form

XZ@(,O—&—)?M,

where ¢ is a section from F(mw,m). The algebra symC(mw) = D¢ (w)/CD(7) of sym-
metries of the Cartan distribution is identified with the module F(m,m) of the sec-
tions of the pullback ©% (),

symC(m) ~ F(mw,x).

Let us consider the fields 9, in more details. In the preceding chapter we saw
that Lie fields, being automorphisms of the Cartan distribution on the manifolds
JF(m) of finite jets, generate flows on the set of sections of the bundle 7. The
same is valid for the fields of the form 9, though in general they do not possess
one-parameter groups of transformations (see below) on the infinite-dimensional
manifold J*° (7). In fact, let s € I'(7) be a section and ¢ € Fi(w, 7). Let us
restrict the field 9, to the graph of the k-th jet of the section s. Then, under
identification of the tangent spaces to the fibers of © with the fibers themselves,
the components of this restriction will be of the form (ji(s))*(¢*), @ = 1,...,m.
Therefore, the motion of the section s along the trajectories of the field 9, (provided
these trajectories exist) should be governed by the equations

J 4 ol gl
aai—cpj(x,...,aaﬂf,..), iHl=1,....m, |o| <k,

where t is the parameter along the trajectory. In other words, the derivation 9,
determines evolution of sections of the bundle 7, while the “flow” corresponding to
9, is determined by evolution equations of the form

o’ 4 dlolyt )
m:@](x,...,am!’_,...), ],l:1,...,m, |0'|Sk (219)

DEFINITION 2.2. The fields 9, are called evolutionary derivations; the corre-
sponding section ¢ € F(m, ) is called the generating section of the evolutionary
derivation.

Note that a special form of coefficients of evolutionary derivations (see equation
(2.15)) guarantees mutual compatibility for evolution of derivatives of the functions
ul:

9 0™y . ololy
8tamT_(D‘I_SDJ)<:L'7..'78.x0_,...>. (2.20)

Equation (2.20) is a coordinate expression of the fact that 9, is an automorphism
of the Cartan distribution.

It is interesting to note that if one treats evolutionary derivations as vector fields
on the “manifold” T'() of sections of the bundle 7, the operator Uy : F(w) — Al(m)
plays the role similar to that of the external differential d: C*°(M) — A'(M) in
classical differential geometry. In fact, if X is an evolutionary derivation, then one
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has (see the splitting (2.2)) X¥ = X and therefore, by the definition of the operator
U17

X LUL(p) = X(9). (2.21)
Equation (2.21) is an exact counterpart of the equation

valid for fields Y and functions f on some finite-dimensional manifold. Therefore,
the operator U; can be called the universal evolutionary differential.

2.5. Jacobi brackets. Above we showed that the mapping
9: F(r,m) —— sym(w) = D¢(w)/ CD(7),

putting into correspondence to any section ¢ € F(m, ) the evolutionary derivation
9y, is a bijection. On the other hand, since the set of evolutionary derivations is
identified with the Lie quotient algebra sym(7), the commutator of two evolutionary
derivations is an evolutionary derivation again. Therefore, for any two elements
@, € F(m,m) one can define their commutator {¢, ¥} € F(w,7) by setting

{o.0} =971 (99, 9v)), (2.22)

or

Q{prw} = [9(,0, 9¢] (2.23)

DEFINITION 2.3. The element {¢, 1} defined by equation (2.22) is called the
higher Jacobi bracket of the sections ¢ and .

Since evolutionary derivations are vertical and form a Lie algebra with respect
to the commutator of vector fields, the module F(m,7) is a Lie R-algebra with
respect to the Jacobi bracket. In fact, let us show for example that the bracket
{-,-} satisfies the Jacobi identity. By (2.23) we have

Ao fwnt} = 99, Vquy]l = (99,199, 9X]] = ([, DY), OX] + [99, [D, DX]]
= Ipwtxt T e et = et xt+{wfoxth

i.e.,

{oAAv. 3+ et + o e v =0

for any sections @, 1, x € F(m, ). Other properties of Lie algebras can be checked
in a similar way.

In local coordinates, the Jacobi bracket of two sections ¢ and ), as it follows
from (2.15) and (2.23), is of the form

ol B
op%

O’ ,
Da(w“)%i) ., j=1,...,m. (2.24)

oy =Y (Da«oa)

o,a
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2.6. Comparison with Lie fields. In the preceding chapter, we defined Lie
fields as derivations Y € D(J*(7)) preserving the Cartan distribution on J*(r).
Since any Lie field can be lifted to any space J**!(7) in a canonical way and this
lifting is also a Lie field, we obtain a field Y* € D(x). The condition that all the
liftings preserve the Cartan distribution on the corresponding spaces of finite jets
means that Y* € D¢(7), i.e., the infinite lifting of a Lie field is an automorphism of
the Cartan distribution on J*°(w). A characteristic feature of the derivation Y™* is
that it preserves filtration degree of elements from F(w): deg(Y™*) = 0. Conversely,
let an automorphism X € D¢(7) possess this property. Then there exists a kg such
that for all k > kg the restrictions X = X| 7, are derivations of the algebras Fj to
themselves and consequently these restrictions determine Lie fields on J* (7). For
these fields one has

X410 Thp1 ke = g1k © Xks (2.25)

i.e., they are compatible with the projections mg11x: J**1(7) — J¥(7). By the
theorem describing Lie fields and proved in the preceding chapter, for any field X}
there exists a uniquely determined Lie field X; € D(J°(w)) such that X}, is its
(k — )-lifting®. Using equations (2.25), we see that X1 is the lifting of the field
X}, to JF1 (1) and consequently X is of the form Y*, where Y is a Lie field. Hence,
the following statement is valid.

PROPOSITION 2.6. An automorphism X € D¢(w) is of the form X = Y™, where
Y is a Lie field, if and only if deg(X) = 0.

DEFINITION 2.4. Automorphisms of the Cartan distribution satisfying the as-
sumptions of Proposition 2.6 will be called Lie fields on the manifold J*° ().

Let X be such a field. Then, by Theorem 2.5, one has the canonical decompo-
sition
X =9, + Xu. (2.26)

Note that due to coordinate representation of evolutionary derivations (see equation
(2.15)), the field 9, raises filtration of elements in F () by deg(y). On the other
hand, deg(X ;) = 1 for any field X,; € CD(x). Therefore, from Proposition 2.6 it
follows that if X is a Lie field, then the section ¢ from the decomposition (2.26) lies
in the module Fy (7, ), i.e., deg(p) = 1. Recall now that any Lie field on J*(7) is
determined by its generating section and let us compare the expression for Lie fields
in terms of generating sections (see §3 of Ch. 3) with the definition of the derivation
9, (see (2.15)). Then it is easily seen that equation (2.26) can be written as

n

\ Ay’
Xp=9,-> a—jDi, (2.27)

i=1 9P,
where X7 is the lifting of the Lie field X, with the generating section ¢ € F(, )
to J(m) while ¢!,..., o™ are the components of this section. As we know, if

dim7 = 1, then ¢ is an arbitrary section, while for dim 7 > 1 it is to be of the form

n
@]:aO—FZp{iai, j=1,...,m, ao,...,a, € Fo(m).
i=1

SRecall that € = 0 for dim7 > 1 and € = 1 for dim 7 = 1; in the first case, X,g is an arbitrary
vector field on JO(r) while in the second one X} is a contact field on J* ().
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Hence, generating functions of Lie fields defined in Ch. 3 coincide with those con-
sidered here.

EXERCISE 2.1. Show that if X, and X, are two Lie fields, then

(X5, Xo] = [Xo, Xy]" = O 41 — Z Aewl
i=1 8pl
In other words, if ¢ and 1 are generating sections of Lie fields, then the Ja-
cobi bracket of these two sections defined earlier coincides with the Jacobi bracket
introduced in this section. Taking into account that by (2.27) one has X, = 0 if
and only if the corresponding evolutionary derivation is trivial, we can formulate
the following statement.

PROPOSITION 2.7. The mapping taking Lie fields to the corresponding evolu-
tionary derivations is a Lie algebra monomorphism. The set of generating sections
of Lie fields is a Lie subalgebra in the Lie algebra F(m, ) with respect to the Jacobi
bracket.

Thus, the theory of symmetries of the Cartan distribution on J°(r) is a natural
generalization of the theory of Lie fields on the manifolds of finite jets.

Let X be a Lie field on J*° (7). Then, considering one-parameter groups of
transformations corresponding to the fields X = X| Jh(m)> We shall see that a
one-parameter group of transformations also corresponds to the field X and it acts
on the manifold J>°(w). In fact, any automorphism of the Cartan distribution on
J°(m) possessing a one-parameter group of transformations can be represented as
a Lie field, possibly in some new bundle [17]. Let us explain the above said using
somewhat informal reasoning.

Let w: P — M be a fiber bundle, X € D¢ () be an integrable vector field, and
A; be the corresponding one-parameter group of transformations. Then

Ay =exp(tX) =id +tX + - + k,X’“ (2.28)

From (2.28) it follows that there exists an [ such that X*(Fy) C 7 for all k. In
fact, if it were not the case, the transformation A; could not transform the manifold
JO(7) to any finite manifold J*(7) and it would contradict to the definition of a
smooth map of the manifold J>°(r).

Consider in the ring F; the subring F(X) generated by the elements of the form
X(p), ¢ € Fo, i.e., we consider the set of sums of the form > X (1) ... X(pr),
;i € Fo. From the above said it follows that the subring F(X) is invariant with
respect to the action of the field X: X (F(X)) C F(X). Let us pass to the dual
viewpoint and consider the maximal R-spectrum of the ring F(X), i.e., the space
whose points are the kernels of homomorphisms F(X) — R. Denote this space by
Px. Then locally, in a neighborhood of a generic point, the commutative diagram
takes place:

—>PX

\/

where ¢x is the mapping dual to the embeddlng F(X) — F. By invariance
of F(X) with respect to X, the field X determines on Px a field Xy. The set
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of all possible prolongations of the mapping ¢x determines a smooth mapping
o J®(m) — J*®(7mx), for which the diagram

Jooﬂ'X
& A

is also commutative. Let X be the hftmg of the field Xy to J*(mx). Then by the
construction of lifting and due to the fact that X is an integrable automorphism of
the Cartan distribution on J°°(7), the mapping ¢% takes X to the restriction of
the field X to the submanifold £x = ©x (J>®(m)) C J>®(7x). Hence, the structure
of the fields X and )Ai;lgx is locally the same, and this is what we wanted to show.

2.7. Linearizations. Let us note that the correspondence between evolution-
ary derivations and generating section makes it possible, having a pair (p,1),
¢ € F(m,m), ¢ € F(m), to construct a new section 9,(¢)) € F(m). When ¢ is
fixed while ¢ is an arbitrary section, we obtain an evolutionary derivation in the
algebra F(m). Passing to the “adjoint” point of view, i.e., by fixing a section 1 and
making ¢ “free”, we shall obtain a new operator ¢, acting from the module F (7, )
to the algebra F(m) by the rule

Cy(p) = 9 (V). (2.29)

To understand the meaning of this operator, let us consider equations (2.15) and
using them rewrite the definition (2.29) in the form

tolp) = Z % b, (),

o,
or
oY s
by = Z 5 %Dgf), (2.30)
where the symbol Dy ) means that the operator D, is applied to the j-th component

of the corresponding section. Let us study equation (2.30) in more details.

Let s be a section of the bundle 7. Since every field D; is tangent to all maximal
integral manifolds of the Cartan distribution on J*°(7) and consequently admits
restrictions to the graphs of infinite jets, the operator £y, by (2.30), admits such a
restriction as well. To be more precise, one has the commutative diagram

F(m,m) -2 F(n)
jm(s)*J Jjoo(s)* (2.31)
Ly |
F(r) —=T'(n)

where £y, is the restriction under consideration. Combining the diagram (2.31)
with the equality (2.30), we see that for any section ¢ € I'(r) the equality

o | ol
bl ()= 5 pa
o 81){, s Ox

(2.32)

holds. Formula (2.32) shows that the operator fy|, is the linearization of the
operator Ay corresponding to the function 9 taken at the section s € I'(w). All
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such linearizations are obtained by restricting the operator £, to the corresponding
section.

DEFINITION 2.5. The operator £, is called the operator of the universal lin-
earization of the nonlinear differential operator A.

Let us list the main properties of universal linearizations:

1. The operator £y : F(m,m) — F(w), ¢ € F(w), is linear.

2. It admits restriction to the graphs of infinite jets.

3. The operator £ is dual to evolutionary derivations: £y () = 9, (¢).

Note also that if 1 is linear with respect to all variables p? (i.e., the operator
Ay is linear), then the equality

by = Ay (2.33)

holds.

The above constructed operator ¢y was defined for nonlinear differential op-
erators of the form Ay: I'(m) — C°°(M). Let us generalize the construction of
the universal linearization to arbitrary operators A: I'(r) — I'(n’), where both 7/
and 7 are locally trivial vector bundles over the manifold M, dim(n’) = m’. Let
¥ € F(m,7') be the representing section of the operator A. Consider an arbitrary
element ¢ € F(m,7) and a family of elements ¢; € F (7, 7) smoothly depending on
t € R, such that dy;/0t|,_, = . Let V, = V,,, : I'(m) — I'(7) be the corresponding
family of operators and ¢; = paov,. Let us set

o) = (o)

EXERCISE 2.2. Show that £ (¢) is well defined by (2.34), i.e., does not depend
on the choice of the family ¢; satisfying the condition d¢,/0t|,_, = ¢.

(2.34)

t=0

The operator £y : F(m,m) — F(m,n’) is called the operator of the universal
linearization of the nonlinear differential operator Ay and in local coordinates is

represented in the form ¢, = ||€$B||, where ||£Zﬁ|| is the m’ x m matrix whose
elements are
af 8¢a /
ly :Z BD‘T’ a=1,....m', pB=1,...,m. (2.35)
o 8p‘7

Obviously, in the case m’ = 1 this operator coincides with the operator introduced
above. Moreover, it possesses the above listed properties 1-3, with the only differ-
ence that the operator 97 " defined by the equality 95 "(1) = £y(¢) acts now not in
the algebra F (), but in the module F(w,7’). If p € F(w,n') and f € F(nw), then
the operators 97 " and 9, are related to each other by the equalities

7 (f1) = B (/) + 13T (¥). (2.36)
Thus we see that every section ¢ € F(mw,7) determines a family of derivations
9;“: F(m,7") — F(m,n') and, as it follows from (2.36), every operator 9;;, is a
derivation of the module F (7, 7) over the derivation 9, of the algebra F ().

REMARK 2.1. Relation between evolutionary derivations and linearizations be-
comes more clear, if we again use a parallel with classical differential geometry. In
fact, if M and M’ are smooth finite-dimensional manifolds and G: M — M’ is a
smooth mapping, then the linearization (i.e., the differential) G, of the mapping
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G at a point x € M is constructed as follows: one takes a curve x; in M passing
through the point x, xy = x, considers the tangent vector v = dx;/dt|,_, to this
curve at the point = and shows that the equality G.(v) = dG(x:)/dt determines a
tangent vector to M’ at the point G(x) depending on the choice of v only. If X
is a vector field on M, then, in general, this construction does not allow to obtain
the corresponding vector field G (X) on M’. If nevertheless one understands vec-
tor fields as sections of the tangent bundle, one can put into correspondence, in
a canonical way, to any field X € D(M) a section G.(X) of the bundle over M,
which is the pullback of the tangent bundle over M’ by the mapping G.

In our situation, the role of points of “manifolds” under consideration is played
by sections of the bundles m and 7’ respectively while a nonlinear differential op-
erator A = Ay (or, more exactly, the mapping ®a: J®(n) — J°(7'), see §1.3)
plays the role of G. Taking a curve in I'(7), we have to consider a family of sec-
tions s(t) € T'(w). As we know, “tangent vectors” to such curves are determined by
evolutionary derivations in F (), which play the role of vector fields on I'(n), i.e.,
by sections ¢ € F(w, 7). If V is the operator corresponding to the section ¢, then
the curve s(t) is determined by the evolution equation

0s
— =V
at (5)3
while the “tangent vector” to the image of this curve can be found from the equality

& A() = e (5(0)" (s (9)).

Thus, similar to the finite-dimensional, the linearization is defined on vector fields,
i.e., on evolutionary derivations. Arising ambiguity can be eliminated, if one con-
siders the pullback of the bundle (7. )*(7’) (i.e., of a tangent bundle analog) to
J°°(m) by the mapping G = ®: J(7) — J(n’) (defined by all prolongations of
the operator A); see Figure 4.6. One can easily see that

(Pa)" ()" (1) = (ml 0 @a)" (n') = 75 (7).

The operators £y, and evolutionary derivations of the form 97 " make it possible
to rewrite in a convenient form some relations obtained in this section. First of all,
let us note that if id: I'(w) — I'() is the identical operator, then its linearization
big: F(m,m) — F(m,m) is the identity as well. Hence, for any section ¢ € F(rw, )
the equality

95 (pia) = lia(p) = . (2.37)
fulfills. Comparing (2.37) with the definition of the Jacobi bracket, we see that
[97,95] (pia) = 97 (97 (wia)) — 94 (9% (i) = BZ (%) — O] (),
ie.,
{p. 0} = 97(¥) — 97 (). (2.38)
Another expression for the Jacobi bracket immediately follows from (2.38) and is
of the form

{‘Pﬂ/)} = 9«:(1/}) - étp(d))v

or

{o, 3 =97 — L. (2.39)
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(7))

FIGURE 4.6. Action of the linearization on evolutionary vector fields

Comparing equation (2.27) with the coordinate representation of the universal lin-
earization, one can also see that if 7 is a trivial bundle, then the Lie field X7 on
J*°(m) can be represented in the form

X5 =9y — o +Le(1) = (.} + L,(1), (2.40)

where 1 is the section of the bundle 7% (7): J*(7) x R — J°(7) identically equal
to 1 at any point of the manifold J> ().

Evolutionary derivations and universal linearizations play an important role in
the theory of higher symmetries for nonlinear differential equation. We now begin
to study this theory.

3. Infinitely prolonged equations and the theory of higher symmetries

In the preceding section, studying infinitesimal automorphisms of the Car-
tan distribution on J*°(m), we arrived to the concept of evolutionary derivations.
These derivations can be informally understood as vector fields on the “manifold”
of sections I'(w). Our next step consists of extending this approach to arbitrary
differential equations & C J¥(r). Trying to understand what a vector field on the
“manifold” Sol(€) of solutions to £ is, we shall construct the theory of higher sym-
metries for nonlinear differential equations. This theory in a natural way generalizes
the theory of classical symmetries constructed before.

Since solutions of the equation £ are sections s € I'(m) satisfying the condition
% = ji(s)(M) C &, it seems natural to assume that at least some of the fields we
seek for on Sol(€) are to be obtained by restricting the fields from the enveloping
space I'(m), i.e., by restricting evolutionary derivations. Nevertheless, if we take
an arbitrary evolutionary derivation 9, on J*°(m) and try restrict it to £ (i.e., to
apply it to functions from C°(£)), then, in the case deg(yp) # 0, our efforts will
be unsuccessful: the function 9,(v), 1 € C*(€), will cease to be an element of

the algebra C°°(&). Using corrections to 9, by the fields of the form X M, leads to
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the situation when all “fields” on Sol(£) obtained in this way are exhausted by the
already known classical symmetries of the equation £. The reasons of this are clear:
it suffices to remember that evolutionary derivations aroused, when we passed from
manifolds J*(7) of finite jets to the tower

Ce— Jk(w) — Jk+1(7r) —_—

and considered the Cartan distribution on J°° (7). An analog of this construction
for the equation & is the chain of its prolongations €V, 1 = 0,1..., leading to the
infinitely prolonged equation £ C J*°(m). Note that the concept of prolongation
plays an important role in many aspects of differential equations, such as the theory
of formal integrability, singularities of solutions (discontinuities, shock waves), etc.

3.1. Prolongations. Let & C J¥(7) be an equation of order k locally given
by the conditions

E={0peJ¥m) | F1(0y) = =F.(0k) =0, Fy,-- ,F. € Fi(m) } .

If s € T'(n) is a solution of the equation &, i.e., if

" glols? 0 1 =1 <k (31
a(flf,...,axg7...>— 5 a=1,...,7, J=4L...,m, |J|— ) ()

then s must satisfy all differential consequences of the system (3.1)". In particular,

aFa Z 8Fa 6‘U|+1S‘j
ox; ap?j 0x;0x°
foralli=1,...,n, or

(Jr+1(8))*D;(F,) =0, i=1,....,n, a=1...,r (3.3)

=0, a=1,...,r, j=1,....m, |o|<k, (3.2)

where D; are the operators of total derivatives. Combining the systems (3.1) and
(3.2), we obtain a differential consequence of (3.1) of order < 1 and thus an equation
EMW ¢ JF*+1(x) of order k + 1 which is called the first prolongation of &.

To define the concept of the first prolongation in a coordinate-free manner,
let us find out what are the conditions for the point 041 € J*+1(7) to belong
to the set 1), First, it is obvious that the point 05 = Th+1,k(0k+1) needs to lie
on the equation €. Further, let us represent the point 65,1 € W in the form
01 = [s]k!, s € T'(r), and substitute the Taylor expansion of length k + 1 of the
section s to equation (3.1). Expanding the result to the Taylor series and comparing
the expression obtained with equations (3.2), we see that the point 651 lies on £ M
if and only if the corresponding section s € I'() satisfies the equation £ at the point
0, up to infinitesimals of second order. In other words, the point 011 = [s]*+! lies
on £W if and only if the manifold ji(s)(M) is tangent to £ at the point 8}, = [s]~.
This is the desired invariant definition of the first prolongation. Generalizing it in
a natural way, we arrive to the following definition:

DEFINITION 3.1. The set £V C J*+!(7), consisting of the points 04, = [s]5+,
such that the graph jr(s)(M) of the k-th jet of the section s € I'(n) is tangent to
the equation £ at the point 6y = [s]* with order > [, is called the I-th prolongation
of the equation & C J*(r).

"I.e., they satisfy all equations obtained by differentiation of the system at hand.
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Obviously, the conditions describing the [-th prolongation of the equation £ are
differential consequences of the conditions (3.1) up to order I, i.e., they are of the
form

D,(F,) =0, 7| <1, a=1,...,r (3.4)

where 7 is a multi-index and D, is the corresponding composition of total deriva-
tives.

Let now & be a bundle of dimension r over M and A: T'(r) — TI'(§) be an
operator of order k defining the equation, i.e., possessing the property 05 € £ if and
only if pa(0x) = 0. Comparing expressions (1.7) obtained in §1 for prolongations
of nonlinear differential operators with equations (3.4), we get the following result:

PROPOSITION 3.1. If the equation & C J*(r) is given by a differential operator
A:T(7) — T(€), then its I-th prolongation EV C J*+!(x) is given by the operator
Al = jl oA: F(ﬂ') — F(fg)

EXERCISE 3.1. Let the equation £ be such that its [-th prolongation is a smooth
submanifold in J**! (7). Show that in this case the equality (€M) = £+ holds
for all t > 0. In particular, this means that in this situation the (I 4+ 1)-st prolon-

gation can be defined by induction: £(¢+1) ef (EWHYD),
EXERCISE 3.2. Construct examples when £ is not a smooth submanifold in
JEHL (7).

3.2. Infinitely prolonged equations. Thus, for any k£ > 0 we constructed
the set £D < J*+! (1), the I-th prolongation of the equation £. Since tangency of
order 41 leads to tangency with all less orders, the natural mappings (1) — £0
compatible with the projections of the corresponding jet spaces take place,

JetHi+l (7T) S gl+1)

ﬂk+l+1,k+zl J (35)
Jk:+l(ﬂ_) ») g(l)

also denoted by 7j4i41,k+:- It should be noted that unlike the projections of jet
spaces, the mappings 74141,k £+ — £ may not be surjective.

EXERCISE 3.3. Construct examples of differential equations for which the map-
ping mr41,%: EM — £ is not surjective.

The chain of mappings

() Th+1,k e 0] Th+1+1,k+1 gy (3.6)

allows one to define the inverse limit £%° = projlim; . £® of prolongations of the
equation & which is called the infinite prolongation of this equation. The set £°°
lies in the manifold J°°(7) of infinite jets and its points can be interpreted in a
quite obvious manner.

As we know, a point on £ is the Taylor expansion of length k + 1 of a section
of the bundle 7 satisfying £ up to infinitesimals of order [ + 1. On the other hand,
the points of the manifold J°°(7) are total Taylor series of sections of the bundle
7. Therefore, a point § = [s]2° € J*(7) belongs to the set £ if and only if the
Taylor expansion of the section s at the point x € M satisfies the equation £. In
other words, the points of £°° are formal solutions of the equation £. In particular,
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from here it follows that a necessary condition for solvability of the equation £ at
a point x € M is that set £° N7 !(z) is not empty.

Let us define the algebra of smooth functions on £®) as the set of restrictions
of smooth functions from the manifold J**+!(r):

File)={¢: €M >R3¢ € Fun(m): Plew =9 }-

In the case when £ is a smooth submanifold in J*+!(x), the equality F;(£) =
C>*(EW) holds. The commutativity of the diagram (3.5) makes it possible, us-
ing the chain of mappings (3.6), to construct the chain of commutative algebra
homomorphisms

f()(g) :COO(E) Th41,k .7_-1(5) fl(g) Thtl+1,k+1 ﬂ+1(5) N

whose direct limit F(€) = injlim,;_, . F;(€) is called the algebra of smooth func-
tions on the infinite prolongation £°°. For any [ > 0, the natural homomorphisms
of algebras 7% ;. ;: Fi(€) — F(&) are defined; since im(7%, ;) C imal 00,
the algebra is filtered by the images of these homomorphisms. The image of the
homomorphism 7%, ; ,; in F(€) can be identified with the ring of smooth functions
on the set & = Too 1 1(EX) € EW C J*F(1). Therefore, if all the mappings
£ — €W are surjective, one can consider the algebra F(&) to be filtered by the
subalgebras F;(£). As it is easily seen, the equation for which the above said is
valid possess the following important property: any solution of such an equation
constructed up to infinitesimals of order [ can be continued up to a formal solution.

If #’: P' — M is another bundle over M, one can introduce the F;(€)-modules

Fu(€,7") ={¢ eT(ef () | Fp € T(mi (7)) : Glewy =0},

where g,: £ — J**! (1) is the canonical embedding, and to construct the filtered
F(&)-module F(E, ') = injlim;_, . Fi(E, 7).
From the definition of the algebras F;(&) it follows that for all I > 0 one has

the epimorphisms &7 : Frq(m) — Fi(€). Setting formally g &t & = T k()

for [ < 0 and defining the algebras F;(€) in an appropriate way, we arrive to the
commutative diagram

Fooo(&) — o — Fpa(m) — Film) — -+ — Fr(m) — -

sin s*,lJ ESJ E;J (3.7

Frool) — o —— Foi(n) — Foln) — - —— Fy(n) —— -+

where F_(€) e C® (o (E%)). Let us denote by [;(£) the kernel of the epimor-

phism €. Then I;(€) is the ideal of the algebra Fi,;(€) possessing the property
that the function ¢ lies in this ideal if and only if ¢(6) = 0 for all points § € £1).
From commutativity of the diagram (3.7) it follows that for all | € Z the embeddings
I;(E) C I1+1(€) take place. Therefore, the system of ideals {I;(£)} determines the
ideal I(€) = U,y [i(€) of the filtered algebra F (&) called the ideal of the equation
£.

Let X € D(r) be a vector field on J°° () possessing the property that the ideal
I(€) is closed with respect to the derivation X: X (I(£)) C I(£). Then X generates
the derivation X|, of the quotient algebra F(m)/I(£), i.e., a vector field on £%°. We
say in this case that the field X is tangent to the manifold £ or admits restriction
to this manifold.
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Note that without loss of generality we may assume that the homomorphism

e* . is an isomorphism, i.e., £(~) Lt Too(E®) = M. In fact, if the projection

Too|gee © €7 — M is not surjective, we can restrict the bundle 7 to the submanifold
Too(E°) C M (or, if necessary, to its nonsingular part) and later on consider all
constructions on this restriction. Moreover, by similar reasons one may assume
that £F) = 7 0(£%) = JO(r). Thus, in what follows we consider £ to be
surjectively projected to the manifold JO(7).

Let F, =0, « = 1,...,7, be the relations defining the equation £. Then the
ideal Io(€) is generated by the elements F, € Fi(n), i.e., any element ¢ € Iy(&)
is of the form ¢ = 1 Fy + -+ + @ Fy, o € Fr(E). Adding to these generators
the elements of the form D;F,, ¢ = 1,...,n, we obtain, as it easily follows from
(3.2), the ideal I;(&), etc. Finally, the ideal I(£) is generated by all elements of
the form D (F,), |7| > 0, a = 1,...,7, and [;(§) = I(€) N Fiyi(w). In particu-
lar, the ideal Iy(€) is trivial (and its triviality is equivalent to surjectivity of the
mapping oo 0lge) if and only if there are no equations of the form f(z,u) = 0
in consequences of equations D, (F,) = 0. This means that the equation £ does
not contain (even in implicit form) functional relations. If such relations exist, we
can locally choose a subsystem of maximal rank among them and express other
variables z;,u’ via the chosen ones. This procedure is a coordinate formulation of
the above described procedure of reduction an arbitrary equation £ to an equation
for which e o(E%) = JO(m).

The above given description of the ideals I;(€) shows that the ideal I(£) of the
equation &£ possesses the following two important properties:

(a) Tt is an ideal of the filtered algebra, i.e.,
IE)NFrp(€) = 1(E), 1&)=L

lez
(b) For any vector field X € D(M), the ideal I(£) is closed with respect to the
lifting X € D(r): XI(€) C I(€).3
Conversely, let in the algebra F(r) a filtered differentially closed ideal I be
given, which is differentially generated” by a finite number of elements Fy, ..., F, €

Fi(r), where F, are functions in variables x1,...,2p,...,pl, ..., |o| < k. Let us
define the set £r; C J**!(r) as the zero manifold of the ideal I; = I N Fpy(7):

Era={0eJ"(n)|p0) =0Ypel}.

Then, as it is easily seen, &7, = 5}1), where | > 0 and & = &9, while I = I(&)).
Thus there exists a one-to-one correspondence between submanifolds of the form
£ in J*°(7) and finitely generated differentially closed filtered ideals of the algebra
F(m). Note a parallel between this correspondence and duality between algebraic
manifolds and ideals of commutative algebras known in algebraic geometry (see,
e.g., [108]).

3.3. Higher symmetries. Let £ C J*(7) be an equation, 7., o(£%°) = JO(7),
and I(£) C F(m) be its ideal. Then the quotient algebra F(m)/I(E) = F(E) is
a filtered algebra and is identified with the algebra of smooth functions on the
manifold £%°. The theory of “differential objects” (vector fields, forms, etc.) is

8When this property holds, the ideal I(€) is called differentially closed.
9We say that an ideal I is differentially generated by elements Fy, ..., Fy., if it is algebraically
generated by the elements D, Fj, |[7]| >0, j=1,...,7.
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constructed over £°° exactly in the same way as it was done in §1 for the case
J>°(m). For example, a vector field on £ is a derivation of the algebra F(£)
compatible with filtration, the module A*(€) = A*(£>°) of differential i-forms is the
direct limit of the modules A*(£(1), etc.

Let us define the Cartan distribution C(E) on £ by setting!?

CQ(S)ZTQ(EOO)QCQ, e &>,

where Cy is the corresponding element of the Cartan distribution on the manifold
J°(m). By the definition of the infinite prolongation, the distribution C(£) is
nontrivial. From the description of integral manifolds of the Cartan distribution on
J°(m) given in §2 and from the definition of the distribution C(€) it follows that the
maximal integral manifolds of the latter are manifolds of the form I'S® = j(s)(M),
s € I'(n), lying in £°°, and they only. Note that if I'® C £°°, then the manifold
Took(T°) = I'¥ lies in &, i.e., s is a solution of the equation £. Conversely, for
any solution s of the equation £ the corresponding manifold I'S® lies in £*° and
is naturally a maximal integral manifold of the distribution C(£). Thus maximal
integral manifolds of the Cartan distribution on £ are solutions of the equation
£.

REMARK 3.1. It may seem more natural to define the Cartan plane Cy(E) at
the point 8 € £°° as the span of tangent planes to solutions of the equation £
passing through this point. But this approach is seriously deficient: first, to use it,
one needs to know solutions of the equation £, and secondly, the theory obtained
becomes much more poor than exposed here. Our approach, if one may say so,
consists of constructing the Cartan distribution on £°° using “tangent planes to
formal solutions of the equation”.

Let us define the module of Cartan forms on £ as the set CAY(£%°) € AL (E>°)
of one-forms such that at every point 8 € £ they are annihilated by vectors of the
distribution C(E).

EXERCISE 3.4. Show that the equality CA' (%) = CA1(7T)|5oo holds, i.e., any

form w € CA(E%) may be represented as a restriction to £ of a Cartan form
from J°°().

From §2 and from the above said it follows that the ideal CA'(£°°) A A*(E°) is
differentially closed with respect to the de Rham differential d: A*(£>°) — A*(E£°),
i.e.,

d (CAY(E) A A*(E%)) C CAYE®) A A*(E%), (3.8)

Further, following the already known motivations of the preceding section, let us
introduce the sets

CD(E®)={X €D(E>®)| X _w=0, Vw e CA(E®)}
and
Dc(E%) = {X € D(E™) | [X,CD(E*®)] C CD(E™)}.

10We use the same notation for the Cartan distribution on £°° as was used for that on &. Tt
will not cause ambiguity, because everywhere below we deal with infinite prolongations only.
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From the definition it follows that the set D¢(€°°) is a Lie subalgebra of the Lie
algebra of vector fields on £°° while CD(€*) is an ideal in D¢(€%°). Literally
repeating the reasoning from §2, we shall introduce the Lie R-algebra

sym& = D¢ (E%°)/CD(E™)

of symmetries of the Cartan distribution on £%° and informally identify elements
of this algebra with vector fields on the set of maximal integral manifolds of this
distribution, i.e., on the “manifold” Sol(€) of solutions of the equation £.

DEFINITION 3.2. Elements of the Lie algebra sym & are called higher (infini-
tesimal) symmetries of the equation &.

Our nearest goal is to describe the algebra sym €. To do this, let us first note
the following.

Let X € D(M) be a vector field on the manifold M. Then, since the ideal
I(€) of the equation £ is differentially closed, i.e., the embedding X(I(&)) C I(E)
holds, the derivation X : F(r) — F(r) determmes a derivation X ’ - of the filtered
algebra f( ) = F(m)/I(£), i.e., a vector field on £%°. In other words, any field of
the form X X € D(M) admits restriction to £>°. The above said is obviously
valid for all operators generated by such fields, i.e., for operators of the form A =
> Piy.inXiy 0o X : F(m) — F(7), ¢iy,...i, € F(m). In particular, as it is
seen from the geometrlc definition of the fields X , this is valid for the fields from
CD(w). Thus, the following homomorphism of Lie algebras takes place:

CD(m) —— CD(E™). (3.9)
Below we shall need the following lemma.

LEMMA 3.2. Assume that the equation & C J*(r) is such that £ is surjectively
projected to some manifold J' (), lo < k. Then for any 1 < ly and any derivation
X: Fi_p(E) — F(E) there exists a derwation X': Fi(w) — F(m) such that the
diagram

’

Filw) == F(r)

o
Fi-k(&) — F(€)

s commutative.

Proor. The lemma assumptions mean that for [ < [y the mapping €j,_; is an
isomorphism, i.e., Fi(m) = Fi_,(£). Let us (locally) represent X in the form X =
Sor 0i0)0x;+ ZT:l Z|a\<l ) 0/0pJ . In this representation, o;, ¢J are functions
on some finite prolongation £ of the equation £ and they can be continued to
smooth functions on the enveloping manifold J**+" (7). O

Let us recall that we reduced study of arbitrary equations & C J*(7) to equa-
tions such that £° is surjectively projected to J°(w). In this situation, from
the lemma proved it follows that the mapping (3.9) is epimorphic, i.e., any field
X € CD(E%) is a restriction to £ of some field X’ € CD(n). Using Proposi-
tion 2.2, we see that X is represented in the form X =", @i)?i in this case, where
p; € F(E), while X; € D(M).
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Let now X € D¢(£%°). Restricting X to meo(€®°) = M, we shall obtain
the derivation Xjp;: C°(M) — F(E), which can be continued to a derivation
X}y C®(M) — F(nm), since the mapping (3.9) is epimorphic. Considering its
lifting )?j\/[ F(m) — F(n), )A(]’V[ € CD(m) and restricting the latter to £, we shall
obtain the derivation CX, which lies in CD(E°).

EXERCISE 3.5. Show that CX is uniquely determined by the field X € D¢ (£°°),
i.e., is independent of extension of the derivation X, up to Xj,.

Let us denote by Dg(€%°) C De(E€%°) the set of vertical automorphisms of the
Cartan distribution on £, i.e., of elements X € D¢(€°) such that X|cw sy = 0.
From the construction of the field CX it follows that the correspondence v: X —
XV =X — CX determines the mapping

v: De(E%°) —— Dg(E). (3.10)

LEMMA 3.3. The mapping (3.10) is a projector, i.e., X¥ = X for all X €
Dg(E%).

PRrOOF. In fact, if X is a vertical field, then the derivation X,; = X|CM(M) is
trivial. Hence, from the definition of the field CX it follows that it is also trivial. [

From the lemma proved it follows that the splitting
Dc(E%°) = Dg(E%°) @ ker(v)

takes place. It is also obvious that ker(v) = CD(£%°). Therefore, the following
statement is valid.

PrROPOSITION 3.4. If the projection of the manifold £ to M is surjective,
then the Lie algebra D¢(E°°) splits to the semidirect product of the Lie subalgebra
D¢ (E%°) of vertical fields and of the ideal CD(E°):

Dc(E) = DE(E®) & CD(E™). (3.11)
COROLLARY 3.5. The splitting (3.11) induces an isomorphism of Lie algebras
sym& ~ Dg(E°°).

3.4. Exterior and interior higher symmetries. Let us return back to the
algebra symC(w) = De¢(m)/CD(7w) of symmetries of the Cartan distribution on
J*°(m) and let us note the following. Since elements of a coset x € symC(w) differ
by derivations from CD(7), then either all of them are tangent to the manifold £,
or, on the contrary, neither of them is tangent to this manifold. In the first case,
the element y generates a symmetry of the equation £ and is called an exterior
(higher) symmetry of this equation. Therefore, like in the case of classical symme-
tries (§7 of Ch. 3) the problem of comparison of exterior and interior approaches
to definition of higher symmetries arises.

Denote the set of exterior symmetries by sym, . Obviously, there is a Lie
algebra homomorphism

sym, & — symé, (3.12)

determined by the restriction operation. From the results of §2 we know that
in every coset x € symC(r) there is a canonical representative, i.e., the vertical
field which is an evolutionary derivation. Therefore, to check whether an element
X € symC(m) is an exterior symmetry of the equation &, it suffices to verify whether
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the corresponding representative is tangent to £°°. Using these remarks, we shall
now show that the mapping (3.12) is epimorphic. To do this, we shall need the
following lemma.

LEMMA 3.6. Higher symmetries commute with all fields of theAform }A/, Y €
D(M). More exactly, for any element X € Dg(E°°) the equality [X,Y] = 0 is valid.

PROOF. Since the field Y (in fact, its restriction to £2°) lies in the set CD(£%),
which is an ideal of the Lie algebra D¢ (£%), the commutator [X, Y] also lies in
CD(£%). Let now f € C°°(M) be a function on the manifold M. Then Y (f) =
Y (f) also lies in C>°(M). Consequently, by verticality of the field X, the equalities
X(f) = 0 and X(Y(f)) = 0 hold. This means that [X,Y](f) = X(Y(f)) —
}A/(X(f ) =0, ie., the field [X, }7] is vertical. Using the decomposition (3.11), we
can state now that [X,Y] = 0. O

Consider a symmetry X € Dg(E%) of the equation £ and let us restrict it
to the manifold 7o 0(£*) = J°(w). By Lemma 3.6, thus obtained derivation
Xo: Fo(m) — F(E) can be continued to a derivation X(: Fo(w) — F(m). Further,
from the results obtained in the preceding section it follows that there exists a
uniquely defined vertical automorphism X’ € Dg(w) of the Cartan distribution
on J*(m) such that X'z = Xj. Moreover, one has X'[z . = X|z ), ie,
X'(¢) = X(¢p) for any function ¢ € Fo(r).

Let Yi,...,Y; be arbitrary vector fields on M and Y. =Yi0-0 }A’l be the
composition of their liftings to J°°(7). Then, by Lemma 3.6, one has the equality

l
[X,f/*]=ZlA/1o-~-O[X,17i]o---offz=07
i=1

from where it follows that

X(Yi(9) = Yu(X(9)) = Vi (X'(9)) = X' (Yu(9)). (3.13)

Thus we showed that X’(¢) = X (¢) for any function ¢ of the form ¢ = ﬁ(gp),
¢ € Fo(m). Let us locally choose for ¢ the coordinate functions p{, =« and for
Y. the composition of total derivatives D,. Since D,(u’) = pZ, from (3.13) it
follows that X'(p}) = X(p}|...) for all o and j = 1,...,m. Since any smooth
function ¢ on J°°(7) is locally a function in the variables x1, ..., z,, p’, we obtain
the equality X'(v)) = X (9|¢x) for all ¥ € F(7). In other words, we proved the
following theorem.

THEOREM 3.7. If the equation & C J*(m) is such that the mapping (3.12) is
epimorphic, then any interior higher symmetry of the equation £ can be represented

as a restriction to £ of some exterior symmetry. More exactly, for any field
X € Dg(E%) there exists a field X' € De(m) such that X'|eeo = X.

Recall that in the classical theory a similar statement is not valid in general
(see §7 of Ch. 3).

3.5. Defining equations for higher symmetries. Now, using Theorem 3.7,
we shall give an analytical description of the algebra sym& needed in practical
computational applications. Let & C J¥(m) be an arbitrary equation of order k
whose infinite prolongation surjectively projects to J°(r). By the above obtained
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results, any higher symmetry of the equation £ may be obtained by restricting to £
some evolutionary derivation 9, € D¢(m), ¢ € F(m,m). In turn, all evolutionary
derivations admitting restriction to £ are determined by the condition

9,(1(€)) € I(E), (3.14)

where I(€) C F(r) is the ideal of the equation £. Let the equation £ be given by
the relations F,, =0, F,, € Fi(7), « = 1,...,r, and assume that at any point 6 € £
the differentials dy F, are linear independent. This means that the set {F},..., F,}
is a system of differential generators for the ideal I(E):

1€) = {0 € 1) |6 = ¥ b Dat ), b0 € 5(7) .

Hence, condition (3.14) are equivalent to the fact that for any smooth functions
¥1,..., U, € F(m) there exist functions ¢, ...,v¥. € F(r), such that

9, (Z wangg(Fa)> => ¥, ,Do(Fu). (3.15)

But 9, is a derivation commuting with the operators of total derivatives and con-
sequently

9, (3 tnaDa(Ba) ) = X2 Boltma) DalBa) + 3 s DB, Fu)

Hence, the conditions (3.15) are sufficient to be checked for the generators of the
ideal I(&) only, i.e., equation (3.14) is equivalent to the system

QW(Fl) = Z¢é70Da(Fa),

QW(FQ) = Zwi,a‘DU(Fa)v
a,o (3.16)

QW(FT) = qu]gz,aDU(Fa)v

where ¢ € F(m,m) is the unknown section and
Vie €F(m),  af=1...1 o] <k+deg(p).

Applying the definition of the universal linearization operator given in §2, let
us rewrite the system (3.16) in the form

ry(p) =Y 8 ,Dy(Fa), B=1,...,m. (3.17)

Among solutions of the system (3.17) there are trivial ones corresponding to the
kernel of the epimorphism (3.12) and characterized by the condition that the re-
striction of the derivation 9, to £ for these solutions leads to the trivial vector
field on £°°.

EXERCISE 3.6. Show that the set formed by the components ¢/ of trivial solu-
tions of the system (3.17) coincides with the ideal I(£) of the equation £.
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To eliminate trivial solutions, let us recall that by the representation (2.23)
the operator of the universal linearization is expressed in total derivatives and
consequently admits restriction to manifolds of the form £°. Set {p|cw def %, and
let us restrict equation (3.17) to £°°. Then, since the right-hand side consists of

the elements of the ideal I(£), we arrive to the system of equations

@ =0,  ¢=¢lsw,
whose solutions are in one-to-one correspondence with higher symmetries of the
equation £. Moreover, under this correspondence the commutator of two symme-
tries is taken to the element
_ 7 def ¢, _ /7 n
{%¢}€ = E’l/)(@) - ég;(w) = {(Pawﬂgoo ’ w = w|£°0 .

Combining together the results obtained, we see that the following theorem takes
place:

THEOREM 3.8. If £ C J¥(m) is an equation such that T o(E%) = JO(n),
and Fy,..., F, are the generators of the ideal I(E), then the Lie algebra sym¢& is
isomorphic to the Lie algebra of solutions of the system of equations

(‘;ﬂ(ap)zo, a=1,...,r, peF(E,mn), (3.18)
where the Lie algebra structure is given by the bracket {-, }¢.

It is easily seen that if A: I'(m) — I'(n’) is the operator determining the equa-
tion £ and chosen in such a way that the corresponding section F' = pa € F(m,7’)
is transversal to the base of the bundle 7*(#’) (more exactly, such that the images
of the zero section and of F are transversal at the points of their intersection), then
the system (3.18) can be rewritten in the form

l7(p) =0, @eF(Em), FeF(rn). (3.19)
Equations (3.18) and (3.19) are called the defining equations for higher symmetries.

4. Examples of computation

In this section, we illustrate the techniques of higher symmetries computations
for some equations of mathematical physics. Other examples one can find, e.g.,
in the collection [137]. A theoretical base for the computations below is given by
Theorem 3.8. Both parts of the theorem are essential for the techniques. Repre-
sentation of symmetries as solutions of the linear system (3.18) makes it possible
to obtain “upper and lower estimates” for the Lie algebra sym £ while closure with
respect to the higher Jacobi bracket {-, -}¢ allows one to make these estimates more
precise and, in some cases, to obtain a complete description for the symmetry al-
gebra. We also rely on the fact that exterior and interior symmetries coincide and
use internal coordinates for the manifold £°°.

EXERCISE 4.1. To obtain “upper estimate” for the algebra sym¢& it is also
useful to apply the commutator relation

9, — 0, (5] = Do £, (4.1)

where ¢ is a symmetry, 990 and Zp are restrictions of the corresponding operators
to £°°, while D is an operator of the form D = )" a,D,. Prove this equality.
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Let us start with specifying general constructions for scalar evolution equations
of second order.

4.1. Preparatory remarks. Consider an equation of the form
ur = (z, b, U, Uy, Ugy ). (4.2)

Its infinite prolongation £°° is a submanifold in the space J* () of infinite jets of
the trivial one-dimensional bundle over the plane M = R2 of independent variables
x = x1 and t = x5 while a coordinate in the fiber of the bundle 7 is the dependent
variable u. The standard coordinates p(q,g), @, > 0 arise in J°°(7) uniquely

determined by the equalities
0°tPs
p(o‘vﬁ)‘jx(s) = 3x°‘8tﬁ’ (43)

where s = s(x,t) is an arbitrary section of the bundle 7, i.e., a smooth function on
R2. From (4.3), by the definition of the total derivative, it follows that P(a,g) =

D¢ DY (u), where

D, = 2 = i + L + + — +
1= or _ ox P(1,0) 3]7(0,0) P(a+1,8) 3p(a,3)

0 0
=i = o TGy T sy
Therefore, by (4.2), the equalities
Plap+1) = DIDS(®), >0,

hold on £*° and we can take the functions z,t, and p(a,o)‘gw def po for internal
coordinates on £°°. In these coordinates, the restrictions of the total derivatives to
E>° are of the form

def 0
D, = Dl‘goo = 8 +Zpoz+1

a (4.4)
ef
D, Dyl =24 Y b2

a>0 ap"‘

while the system (3.18) determining higher symmetries of the equation £ reduces
to the equation

Dyp = B+ 1D+ B2 D2op, (4.5)
where ¢ = o(z,t,po,...,pr) is the restriction of the generating function of the
def

symmetry we seek for to £, while ®; 0®/0p;. The maximal k for which
wr = 0p/0p # 0 will be called the order of the symmetry ¢ and will be denoted
by deg ¢.
Below we shall need:
(a) To determine for which @ (inside some chosen class) equation (4.5) possesses
solutions of arbitrary high order.
(b) To describe such solutions, if possible.
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To obtain answers to these questions, it is more convenient technically to pass
from equation (4.5) to a new system of equations for functions ; ef Op/0p;, where
¢ is a solution of the system (4.5). To do this, let us introduce the operators

0
Rﬁ = 8p5
0 otherwise,

oD ifa, >0,

acting in the ring of functions on £°°.

LEMMA 4.1. For any function ¢ = ¢(x,t,po,...,px) and for all a, B the equal-
ity
b Q@
R%(p) = De—BFi(y, 4.6
holds, where, by definition, (‘;) =0, if at least one of the numbers a, b is negative.

ProOOF. Induction on «. For o = 0 the statement is obvious. Let o > 0 and
assume that for ov — 1 the identity (4.6) is valid. Note that from (4.4) and from
(2.17) it follow that

R§ = R}_{ + D, o Rj™
Therefore
R§(¢) = R3Z1(#) + Do R3 ()

k

Z(aa;i)Da A+ (o)) + D, Z(azltl)pa B ()
! (R Y (A | R

REMARK 4.1. From equation (4.6) one can obtain “asymptotic expansion” of
D&y with respect to the variables p; of higher order, useful in particular computa-
tions. Namely, since deg DS~ 7+ (¢) < o — 3+ i + k, the order of the right-hand
side in (4.6) is not greater than oo — 3 + 2k. Therefore, for even « the estimate

2r+k k
D2r _ D27‘—6+i i
To= > psy. (27, ot Z) =iy

B=r+k+1 =0

- MZ R e )

is valid while for odd ones one has

2r+k+1 o 4+ 1
D2r+1 D2r—ﬂ+i+1 i o) kL—1
5;km§ 2w —B+it1) " pit Olr+ )

where O(4) is a function on £ independent of pg for 5 > i.
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Let us continue the study of the equation ¢r(¢) = 0 and apply the operators
0/90pg, B > 2 to this equation. From (4.5) one has

Dy + Z Ry = o + ®1Ryp + P2 RG0.
a>0

Using the results of the lemma proved and taking into consideration the above
agreement on binomial coefficients, the last relation can be rewritten as

Cr(pp) + é Kl _Z ﬂ) Di=8(®y) + (l B ; N 1) Di5+Y(@,)

1 -
# (1 o) PEP@0)| 6+ (3 1D (Ba)as = 202D, (p5).
Thus, we have the following statement.

PROPOSITION 4.2. If a function ¢ = p(z,t,po,-..,Pk), k > 3, is a solution of
the equation (r(¢) = Di(p) — Pop — ®1 D, () — ®2D2(p) = 0, i.e., is a higher
symmetry of order k for the equation uy = P(x,t, u, Uy, Uszy), then the functions
wg = 0p/0pg, B=2,...,k, satisfy the following system of equations:

kDy(®2)pr = 2P D, (1),

(e + 20+ (§) D@+ (5) 220
+ (k= 1) Do (P2)pp—1 = 22Dy (Pr—1)

+ <Z B i >chﬁ+2(‘p2)] @i + (8 —1)Do(P2)pp-1 o

e [( 1) prr@o s () pse

+ ( ! )Di_l(%)] @i + 2D, (P2)p2 = 202D, (p2).

1—1

System (4.7) is of a diagonal form and is easier to study than the initial equation
Lr(p) = 0. Let us illustrate the procedure using one class of evolution equations.

4.2. The Burgers and heat equations. Let us describe equations of the
form

Ut = Ugg + f(u7 Um), (48)

possessing symmetries of arbitrary high order. We are also going to compute the
corresponding symmetry algebras.
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In the case of equation (4.8) the system (4.7) acquires the form

2D, on1) = trlon) + | fo+ () Dal0)]

[ L) ()] o

2D.(p2) = tr(es) + ; (L) (1)) v

Looking at the system (4.9), one can see what can be obstructions for equation (4.8)
to possess higher symmetries. Assume that we managed to solve the first i equations
of the system (4.9); then the condition for solvability of the next equation is that
its right-hand side (which is expressed in terms of the already obtained solutions)
belongs to the image of the operator D,. This condition is determined by the
function f. Let us show how this technique works. To simplify computations, we
shall make the change of variables ¢, = 24 ~*1,.
From the first equation of the system (4.9) it follows that

Vi = ax(?). (4.10)

Substituting ¥ to the second equation, we obtain

k .
Da(nen) = o) + [ fo-+ () Do) o = s + 6D ()
where @i = day/dt. Thus, we obtain the expression
Yp—1 = agx + kfrag + ap—1(t). (4.11)

Substituting expressions (4.10) and (4.11) to the third equation of the system (4.9)
and making necessary transformations, we obtain

Dz(wk—Q) = drr + (k - 1)ak [fl +xD, (fl)]
+ kak [2D.(fo) + (k = 2) fiD(f1) + (k 2)D3(f1) + Di(f1)]

(
+ D, §Gk$ + (k = Daga fr + kay, (2f0 + (k=27 + (k- 2)D$(f1))
+ag—17 + (k — 1)ak1f1] + kag Dy (f1)-
Thus, if deg(p) = k, then the third equation is solvable if and only if

Dy(f1) € im D, (4.12)

(note that this means that f; is a conservation law for equation (4.8), see Ch. 5).
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Let us describe the functions f for which the condition (4.12) fulfills. We have!!

Di(f1) = (p2 + f)for + (ps + Do (f)) f11
= (p2 + f)(for — Dz(f11)) + Do((p2 + f) f11)-
In other words, D;(f1) € im D,, if and only if

(p2+f)(f01 *Dm(fll)) Glsz (413)

From (4.4) it is obvious that any element lying in the image of the operator D, is
linear with respect to the variable p,, of highest order; on the other hand, expression
(4.13) is of the form f111p3 + O(1). Therefore, the conditions (4.12) hold if and
only if the third derivative fi1; vanishes. Hence,

f=Ap}+ Bp +C, (4.14)

where A, B, C' are functions in pg, x, and ¢. Substituting the expression obtained
to (4.13) and making similar computations, one can see that the condition (4.12)
holds if and only if the functions A, B and C in (4.14) satisfy the equations

ABO = Boo, CBO = const. (415)
Note now that any equation
Up = Upy + A(u)u2 + B(u)u, + C(u)
by change of variables u +— W¥(u), where the function ¥, ¥, # 0, satisfies the
differential equation
Wy + A(P)V2 =0,
can be transformed to the form
U = Uy + B(w)ug + C(u).
Therefore, without loss of generality, we may put A = 0 in (4.15) and take B =
Bru+ Bo, Po, f1 = const, and $1C = const. We have now two options: §; # 0 and
(1 = 0. In the first case the initial equation transforms to the form
Uy = Ugy + (/Blu + 60)“3? +7 v = const, [ 7é 0,

while in the second one it transforms to

Ut = Ugz + Bolle + C(u) (416)
The first of these equations by change of variables
t2 t—
.’L‘}——MT—L, t——t, ut utt=bo
2 B
transforms to
Up = Ugy + Uy, (4.17)

i.e., is equivalent to the Burgers equation.

If we now come back to system (4.9), we shall see that'? for (4.17) the fourth
equation is solvable, while in the case (4.16) linearity of the function C'(u) is nec-
essary. In other words, equation (4.16) has to be of the form

Up = Ugg + Botlz + Y10 + V0.

1Below by f;; the partial derivative 8f/0p;0p; is denoted. A similar meaning has the
notation fZ]k
12We omit the corresponding computations which are simple and not instructive already.
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The last equation, by change of variables

2
U — U exp [(’yl — io) t— 504 + uo,

where ug is an arbitrary solution of the corresponding homogeneous equation, re-
duces to the form

Ut = Ugy-
Thus, we proved the following result:

PROPOSITION 4.3. Any equation

Up = Ugy + f(u;um)v

possessing symmetries of arbitrary high order is equivalent either to the Burgers
equation

Ut = Ugg + Uly,
or to the heat equation
Ut = Ugy-

Our next aim is to show that these equations really possess infinite algebras
of higher symmetries and to describe these algebras. In doing this we follow pa-
per [141]. First of all, we shall need some information on algebraic structure of
symmetries we are looking for.

From equations (4.10) and (4.11) it follows that any symmetry of order k, if it
exists, is of the form

1 k
orla) = apr + <2aa: + §f1a + a’) pr—1+ Ok —2), (4.18)

where a,a’ are functions in ¢. It is easily seen that any symmetry is uniquely (up
to symmetries of lower order) determined by the function a (here f; = po for the
Burgers equation and f; = 0 for the heat equation). Let ¢;[b] be also a function
of the form (4.18). Let us compute the Jacobi bracket of functions yy[a] and ¢;[b].
For any functions ¢, € F(&), deg(y) = k, deg(1)) = I, one has (see (2.24))

l k
{o.0}e = > Di(o)vs — > _ Di($)g;.
i=0 j=0

Among summands at the right-hand side of this equality, the summands D% (o)
and —D¥(¢))¢y are of the maximal (being equal to k + 1) order. But by remark to
the above proved lemma, one has

Dy (@) = (prprrt + Ok + 1= 1))y, Dy()or = (apiss + Ok +1— 1))y
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Therefore, deg{p,¥}s = k + 1 — 1. In particular, for functions ¢y [a] and ¢;[b], up

to elements of order k + [ — 3, one has

{orlal, @i[b]}e = {apk, bpi}e + {apk, (;bw + %flb + b')pz_l}
£

1 k
+ {(261:3—1— 2f1a—|—a’>pk1,bpl} +O(k+1-23)
£

1. l
= D! (app)b — D¥(bp))a + DL (apy) (be + 5flb + b’>

2

1. l 1 l
— Dk {<2bx + §f1b + b’)pl_l} a+ D! Kc’m + ifla + a’)pk_l] b

1
— DF Y (bpy) <2dx + gfla + a’> +O0(k+1-3)

1 .
= 5 (lab — kba)pi i + Ok +1 = 3).

Hence, since the algebra of higher symmetries is closed with respect to the Jacobi
bracket and by the fact that the functions pg[a] and ¢;[b] are symmetries, we obtain

that the function ¢g;—2[c|, where

CcC =

(lab — kba),

DN =

is also a symmetry of the equation &.

(4.19)

Let us recall that in the preceding chapter we computed classical symmetries

of the Burgers equation an they were of the form

90(1):1?1,
©1 =tp1 +1,

©3 = pa + pop1,

) 1 1
P = tpa + (tpo + 555)191 + 3P0,

03 = t?py + (£*po + tx)p1 + tpo + .

Similar computations show that for the heat equation the classical symmetries are

Voo = Poo(m, ),

@8 = Po,
0 __
Qﬁl = P1,
1 1
p; =1tp1 + 555}707
©3 = pa,
L 1
w3 =tp2 + 5P
2 2 1 2 1
w5 =t"py +txpy + 1° +§t Do,

where ¢_, is an arbitrary solution of the heat equation.
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Let ¢i[a], k > 2, be a symmetry; then {pk[a], ¥} }s is a symmetry as well and
by the above computations it is to be of the form

1,
{prlal pi}e = Sapr—1 + Ok - 2).

Applying the operator {-, ¥} }¢ to the function @y [a] k — 2 times, we shall obtain a
classical symmetry of the form

But classical symmetries of the equations under consideration have the polynomial
coefficient in t of order < 2 at ps. Therefore, a is also a polynomial in t and its
order is not greater than k.

Let us show that any such a polynomial determines some symmetry. To do this,
note that the equation at hand possesses a symmetry of the form ¢3[t]. Namely,
by direct computations we can find that the Burgers equation has the symmetry

. 1 3 , (1 3 1,
w3 =1tps + 5(15 + 3tpo)p2 + 575]91 + 57 + tho pop1 + 1P

while
L 1
Y3 =tps + 5%P2

is a symmetry of the heat equation. By (4.19), the symmetry 3 acts on the
functions ¢ [a] as follows:

(onlal ob}e = %(3@: — ka)prsr + O(k).

In particular, applying the operator {-,pi}¢ to the function ¢§ = p; k times, we
obtain a symmetry of the form

(—2)"klprr1 + O(k),
which proves existence of symmetries

or[1] % 0 = pp Ok —1), k=1,2,...

Finally, consider the symmetry @3, which acts on functions ¢y[a] as follows:
{pnlal, p3}e = t(ta — ka)px + O(k — 1).

Consequently, applying the operator {-,p3}¢ to the symmetry gog 1 times, 7 < k,
we obtain the symmetry, which up to a constant factor equals

iy def 4 i
pilt] = o = t'pe + Ok — 1).

The above said is equally valid both for the Burgers equation and for the heat
equation. Let us make some remarks specific for the latter. First note that any
symmetry of the heat equation is linear with respect to all variables pg, p1, - . ., Pk,
i.e., is of the form

k
o =Alx,t)+ Y Ai(x,t)pi,
i=0
where 0A/0t = 9?A/02%. This fact easily follows either from straightforward
analysis of the equation ¢r(¢) = 0, or from study of the system (4.7). Since A(z,1)
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is also a symmetry, the functions go}; can be considered to be linear homogeneous
functions of the variables py, ..., pg. Hence

{po. pi}e = (Dpo — (Z e )‘Pk 0,

a>0
and the bracket

{0k P—cote = Dy (P—00) = Lyi (P—00) = —Lii (P—c0)
asok o 0}, %P oo
Z D Z ap Ox®

depends on z and t only and thus is a solution of the heat equation. Note also that

{Po, p—scte = oo,  {P ¥’ octe =0.

As a result of all preceding considerations, we have the following theorem:

THEOREM 4.4. 1. Any equation of the form u; = ugze + f(u,uy) possessing
symmetries of arbitrary high order is equivalent either to the Burgers equation us =
Ugy + UUg, OT to the heat equation Uy = Ugy-

2. For any k > 0, these equations possess k + 1 symmetries of order k of the
form

o =tpr +O0(k — 1), i=1,..., k.
3. Symmetries ¢}, form a Lie R-algebra AL () and

4 j 1. N
{ehelte = 5 (i = kD)o y + Schvioa,

where Scgy1—2 are symmetries of order < k+1—2. The algebra A, (E) has three
generators 9, 3, and ¢}, where ¢ = py, while

@3 = t*pa + (£po + tz) + p1 + tpo + ,

. 1 3 , (1 3 1,
Y3 =tps + 5(50 + 3tpo)p2 + 575101 + 57 + tho pop1 + 2P0

for the Burgers equation and

2 2 1 2 1
Y5 = t°pa +tapr + i +§t Do,

L 1
Y3 =tps + 5Pz

for the heat equation.

4. In the case of the Burgers equation, the algebra sym & of higher symmetries
coincides with the algebra A, (E). For the heat equation, the algebra symé& is a
semi-direct product of A4 (E) with the ideal Ay(E) consisting of functions of the
form apo + @—_oo(2,t), where a = const and ¢_o is an arbitrary solution of the
heat equation. The functions i are linear with respect to all variables p,, o =
0,1,...,k,

Z&pka oo

{(pkv apo + 90700}8 8]) O
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and

{a'po+ ¢ o, a"po+ 9" e =a"¢l o —a'd! .

REMARK 4.2. All above constructed symmetries go}; are determined up to sym-
metries of lower order. The corresponding ambiguity arises in commutation rela-
tions between ¢ as well (see Theorem 4.4 (3)). For the Burgers equation, this
ambiguity can essentially diminished using the following trick.

Let us assign to the variables z, ¢, and u weights in the following way

grex =1, gri =2, gru = —1.

The Burgers equation becomes homogeneous with respect to this system of weights.

Let us also set grpy, = —k — 1 and for any monomial M = z*t?pl°p]* - - - p)* define
its weight as the sum of weights of all factors
k
grM=a+28— Z%(H— 1).
i=0

In the ring F(€) of smooth functions on the infinitely prolonged Burgers equation,
consider the subring P(€) consisting of functions polynomial with respect to all
variables. Then, as it is easily seen, P(£) is closed with respect to the operators
¢, and {-,-}¢ and restrictions of these operators to P(£) are homogeneous with
respect to the weighting. Moreover, if p,¢ € P(E) are homogeneous polynomials,
then

grls(p) =gro—2, gr{ip,v}e =gro+egry + 1.

Consequently, if ¢ € P(£) is a solution of the equation ¢%.(p) = 0, then any
homogeneous component of the polynomial ¢ is also a solution of this equation.

Further, the symmetries Y, ¢3, and ¢} are polynomials and are generators of
the Lie algebra sym &; therefore, sym & C P(€). Thus from the above said it follows
that the functions ¢! can be considered to be homogeneous and gr ¢} = 2i —k — 1.
From here it is seen that the homogeneity condition uniquely determines classical
symmetry of the Burgers equation as well as the symmetries of the form @2 and
k-

Let 9, ¢? be two homogeneous symmetries. Then, since the order of the
symmetry {¢9,?}e, if it is not equal to 0, is less than k + [ — 2, its weight is not
greater than k£ + [ — 3 and not less than 1 — k£ — [. But on the other hand,

gr{pt, o) te =grel) +grop) = —1—k—1.

The contradiction obtained shows that {cpg, cp?}g = 0, i.e., the symmetries of the
form cpg, k=1,2,..., commute with each other.

Let us consider the action of the operators {49, -}¢ and {¢9, -}¢ in more details.
One has

0 0
0 _ _ _
{8017 }S - 9@? - etp? - ;)pa+1 apa - Dm = —%
and
0 0
{69, }e =09 —Log = [Da(pg +p0p1)ap} —p1 —poDy — D} = (5 — T

a>0



4. EXAMPLES OF COMPUTATION 175

Since the action {9, -} ¢ is considered on symmetries of the Burgers equation, i.e.,
on solutions of the equation ¢%(p) = 0, we eventually obtain
0
0, -9
{@2, }5 (9t
Hence, the symmetries of the form ¢} do not depend on z and ¢. Further, for
homogenous components one has obvious equalities
1
0 1 0 0 1 1
{e1, ke = T5%k-1 {¢2, oute = =y
Therefore, the symmetries ¢}, are linear in  and ¢. In the same way, by elementary
induction it is proved that j, is a polynomial of i-th degree in ¢ and =.

REMARK 4.3. Let us return back to the heat equation and show a simple way
to construct its higher symmetries. In this case, the operator g is of the form
D; — D? and consequently commutes with the operator D,. Therefore, if ¢ is a
symmetry, then

lp(Dyp) = Dy(Lr(p)) =0,
i.e., Dy is also a symmetry of the heat equation. This fact is a particular case of
a more general result.
Let £ = {F = 0} be a linear equation and A = Ap be the corresponding linear
differential operator. Then (see formula (2.33)) {p = A. Let O another lincar
operator for which

Aod=0 oA,
where 9’ is also a linear differential operator. Let us set R = d. Then
€F0R:305:m:m:§%€p

and thus the operator R acts on the algebra sym&. Such operators are called
recursion operators and are widely used for constructing higher symmetries [59].
In particular, applications of recursion operators will be shown in the next example.
Nevertheless, for nonlinear equations the situation is more complicated and we shall
discuss it in Ch. 6.

4.3. The plasticity equations. Consider the system of equations &£

oy = 2k(0, cos 20 + 0, sin 26),

) (4.20)

oy = 2k(0, sin 20 — 6, cos 26),

describing the plane strained state of the medium with von Mises conditions, where

o is hydrostatic pressure, 6 is the angle between the z-axis and the first main

direction of stress tensor, k # 0 is the plasticity constant. Describing symmetries
of this equation!'® we follow paper the [104].

By the change of variables

o =K+, [a=ucos ln—&) ~vsin(n—£),
) (4.21)
0=30-9 | y=usint(n-€) +veos 1~ ).

13In what follows, we do not stress technical details, but pay main attention to the structure
of proofs and to most interesting specific features. To reconstruct omitted details is a useful
exercise in symmetry computations.
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where u, v are new dependent and &, n are new independent variables, the system
(4.20) is transformed to the system

1
Ue + 51} =0,
(4.22)
1
’Un + 5’& = 0,

which will also denoted by £. Its universal linearization operator is of the form
(D¢ 1/2
br = (1 /2 D,7> '
Choose on £ internal coordinates &, 1, ug, vg in such a way that ug corresponds

to the partial derivative 0%u/0n* and vy corresponds to 9¥v/d¢*. Then restrictions
of total derivatives to £°° will be written in these coordinates in the form

Déz(%— Zuk L Z’Uk+1

k>0
o 1
Dn:a— 5 ——i—ZukJrl -l— Z?)k 1

and if & = (ZZ) is a symmetry of order k, then the corresponding defining equations
will be

[ 1 Oy o Oy B
€ 5V 0 Bug +v 18U0+a§1< +va+1a >+ - =0,
(4.23)
o o L o 1 o [
(‘377+u Oug 81}0+;<u0‘+1 4 L ou )JFQ@O'

Solving system (4.23) for k < 1, we shall obtain classical symmetries of equation
(4.22); any such a symmetry is a linear combination of the following ones:

U U,
U 0 U 0 ) 77U1+*0+§*0
SO = <’U0>’ fl = _@ y 91— 2 ; Sl = g UO uo )
2 U1 M — 5 N
2 2

and of the symmetry of the form H = (J; ), where u = f, v = g is an arbitrary

solution of equation (4.22).
For “large” k, the solutions of (4.23), if any, have the following “asymptotics”

1 1 1
Auy — §ka_1 +aup—1 + 5(3/ —b)vg—2 + | — ZfAl up—2 + O(k — 3)

1 1 1
Buy = 5 Aup—1 +bvg—1 + 5 (A" = a)up—z + | B = 708 Jog—2 + O(k — 3)

where A, a, « are functions in 7, B, b, § are functions in £, while the “prime”
denotes the derivatives with respect to £ or 1. Let us denote this solution by
Di(A, B).
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Following Remark 4.3, let us construct first order recursion operators for equa-
tion (4.22). As it is easily seen, such operators exist and are of the form

R a11D¢ + b11 Dy + c1x b12 Dy, + c12
a21 D¢ + ca1 a2 D¢ + b Dy +c22 )’

where ai1, €11, bag, oo are arbitrary functions in £ and 7,

(4.24)

a1 = 2c11 + o,  big =2c + a2, a1, = const,

1 1
a99 = 5(0&1 — 042)6 ‘i‘ﬁl7 b11 = E(OQ - 041)7) + ﬁ27 Blaﬁ2 = COHSt,

1 1
cl2 = 5((111 —a), c21= §(b22 —b11).

In particular, among operators (4.24) one has the operator

_(De O
R1<0 Ds)’

application of which to the functions of the form ®4(A, B) gives the following
expression:

1
qu)k:<Aa B) = (I)k+1(07B) + (bk(OaB/) + Zq)krfl(Avo) + O(k - 2)

On the other hand, if one acts on the function ®;(A, B) by the symmetry £, one
obtains

{1(A, B), [{}e = %@km, B) = ®(4,0) — 10450, B') + O(k — 3)
Therefore,
Ru{@4(A, B), f{}e = (@1 (A, ~B)) + Ok~ 2). (4.25)
Now, by induction on k (the base of induction is the above given representation
of classical symmetries (4.22) while the induction step consists in using equation

(4.25)) it is easily shown that any symmetry of order k > 0, if it exists, is a linear
combination of the following symmetries:

Sp =00, ("), fi=(',0), g =Px(0,¢), 0<i<k
To prove existence of these symmetries, let us note that among the recursion oper-
ators of the form (4.24) one has the operator
1 1
—D¢ +nDy + 5 SE=m
1 1
(¢ — D — €D, — =

Application of this operator to the symmetry Sy k times gives, up to a constant
factor, the symmetry Sy. Further, application of the operator {-, f{}¢ to the sym-
metry Sy k — ¢ times leads to the symmetry fi. Finally, applying k — ¢ times the
operator {-, ¢g?}s to the symmetry S, we shall prove existence of gi.

The above said can be combined in the following result.

Ro =

THEOREM 4.5. The algebra of higher symmetries of the system (4.22) is a semi-
direct product of the commutative ideal symg E consisting of symmetries H = (g ),
where f, g is an arbitrary solution of (4.22), with the algebra sym E. The latter,
as a vector space is spanned by the elements Sy, fi, 91, 0 <1 <k, k=0,1,...,
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and as a Lie algebra is generated by the elements f2, g%, So, Si,...,Sk,... Any
symmetry Sy, is of the form Sy, = R5(Sy).

4.4. Transformation of symmetries under change of variables. Let us
rewrite the results obtained in terms of the initial equation (4.20). To this end, it
is necessary to find out how generating sections and recursion operators transform
under change of variables. To do it, let us note the following.

Let S = (z1,...,2n,ul,...,u™,pl,...,p™) be alocal canonical coordinate sys-
tem in J!(7), where pg def p{i. Consider in the same neighborhood another canon-
ical coordinate system S = (Z1, ..., Ty, ut, ..., 0™, pi,...,p") compatible with the
contact structure in J1(7)!*. The Cartan distribution on J!(7) is determined by
the system of the Cartan forms

w! = dut —Zpédxa, ...,wm:dum—Zp;"dxa,
(o7 «

which will be represented as a column = (w!,...,w™)!. On the other hand, in
the coordinate system S the set of forms (2 determines, by the above said, the same
distribution and consequently the equality

Q = AQ, (4.26)

holds, where A = [[AF|| is a nondegenerate transformation matrix: @* =3 AGwh.

Let X be a Lie field on J'(7). Then its generating section in the coordinate
system S, also represented as a column ¢ = (p!,...,p™)!, is determined by the
equality p = X 5Q = (X Lwh, ..., X Jw™)! (see Ch. 3). By the same reason, the
generating section of the field X in the new coordinate system is represented in the
form & = X Q. Hence, using (4.26), we obtain

P=X_0=X_A0= Ay, (4.27)

and it gives us the desired transformation rule for generating sections.

Let now R be an operator acting in the space of generating sections and rep-
resented in the coordinate system S. Then from (4.27) it follows that its represen-
tation in the system S is of the form

R=ARA. (4.28)

Since we are interested in recursion operators of the form R = ||3_, af; Do + bijl|,
we also need to find out how the operators of total derivatives transform under
change of coordinates.

Let D; = D,, and l~)i = D5, v = 1,...,n. Since the fields D;, as well as
the fields Ei, form a basis of the Cartan distribution in J°(r), the equalities
152- =Y o 15Dy must hold, and since D;(z4) = 0ija, Where d;, are the Kronecker
symbols, we have 2 = D;(z,) and consequently

D; = Zf)i(g;a)pa, i=1,...,n. (4.29)

a=1

14This means that the change of coordinates T = Z(z,u), % = u(x,u),p = p(z,u,p) is a Lie
transformation (see Ch. 3).
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Let us come back to equation (4.20). For the transformation (4.21), the trans-
formation matrix is of the form

A= —0zcost) —oysinf, o,sinf — o, cosd
—0;cos — 0, sinf, 0,sinf — 6, cosd

while the total derivative operators are represented as

D=7 [(Gt +60D: - G5 + 0],
D, =56, 2D, ~ (0. - 55D,

where I = 0,0, —0,0,. Therefore, to the symmetries H, Sy, f, and g9 of the trans-
formed equation there correspond the following symmetries of the initial equation:

H=D (—ogcosf —oysinb)f, (o,sinf — o, cosf)g
- (—0zcost —0,sinf)f, (0,sind —0,cosb)g

where f = f(c/2k -0, 0/2k+0), g = g(c/2k — 0, 0/2k + 6), and

~ —x0,; — Yo
SO = ! )
—x0, — y0,

1 1
fo B k+ i(yax —zoy) o k— i(yax —z0y)
t= 1 1 1 ) ) S IR | ) )
—§+§(yz_$y) §—§(ym—$y)

and to the recursion operator R, there corresponds the operator

~ T, T2
Ro = ’
To1, T22,

where
ry = fA + @(02 +02 4+ cA(d) — dA(c)) — ﬁ,
ri2 = 2k°0A + Tk(cz — d® — A(D)) + 4k(cA(d) — dA(c)),
r21 = A +7 (cA(d) —dA(c) + ¢ —d*) +
ra = EAJF @( A(d) — dA(c) — 0% — 02) — @
and

¢c=—0gycosf —0ysinf, d=40,sind—0,cos0, A=o0,Dy,—0yD,.

Applylng the operator Rk to the symmetry So, we shall obtain the symmetrles
Sy, and applying (k — i) times the operators {-, f0}¢ and {-, " }g to Sy, we shall
obtain (up to constant factors) the corresponding symmetries fk and gi. Thus
we can efficiently compute any symmetry of equation (4.20) (though the explicit
expressions will certainly be quite cumbersome).
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4.5. Ordinary differential equations. To finish this section, we shall study
higher symmetries of ordinary differential equations. Besides the facts concerning
higher symmetries, we also mention some results on classical symmetries of these
equations.

Let M = R and n: R™ x R — R be a trivial bundle. Consider a deter-
mined system of ordinary differential equations & C J¥(7), i.e., a system such
that codim& = dim7 = m. Since the base of the bundle 7 is one-dimensional,
this means that dimension of the manifold £ coincides with dimension of the space
J*=1(7) which equals m(k—1)-+1. Let us call a point § € £ generic, if the projection
Tk, k—1|¢ at this point is of the maximal rank m(k—1)+1. We shall confine ourselves
with equations such that all their points are generic (otherwise all considerations
below will be valid in a neighborhood of such a point). This means that £ is pro-
jected to J*~1(x) diffeomorphically or, which is the same, that the equation under
consideration is resolvable with respect to all derivatives d*u!/dz¥, ... d*u™/dx*
of highest order, where x = x; is the sole independent variable. Hence, £ can be
represented in the form

£ =s(J"Y(m)), (4.30)

where s = so: J¥7(m) — J¥(7) is a section of the bundle 7y ;1. Representation
(4.30) allows one to obtain a convenient description of the manifold £ and of the
Cartan distribution on this manifold.

Namely, consider an arbitrary point § € £ and some R-plane L (in our case such
a plane is one-dimensional) lying in the space Typ(£). Let L’ be another R-plane
and v € L, v € L' be vectors such that 7y ;_1(v) = 7 g—1(v"). Then v — 2" is a
T k—1-vertical vector lying in Tp(€). But by (4.30), the intersection of Tp(€) with
the tangent space to the fiber of the bundle 7y ,_1 at 6 is trivial. Hence, v = v’
and L = L/, i.e., the Cartan distribution on £ at every point contains one R-plane
at most. Let us show that such a plane always exists. In fact, let us represent the
point 6 € £ as a pair (0, Lg), where 8 = 7y ;_1(0) and Ly is the R-plane at the
point 6" determined by the point §. Then obviously the R-plane L§ = s,(Lg) lies
in Typ(E). Thus the Cartan distribution on € coincides with the field of directions
L0 ={LY |6 e&}. Notethat the section s is an isomorphism between the manifold
JF=1(7) endowed with the field of directions £ = { Ly | § € £ } and the pair (£, £°).

Further, a pair (6, L9), § € £, determines a point 6; € JF+1(7), and the set
of such points coincides with the manifold £M). Tt is obvious that &) represents
as s1(J*71(r)), where s1 is a section of the bundle 7411, while the Cartan
distribution on €M) coincides with the field of directions

,C(l) = {Lél | Lél = (81)*(L9),91 = 81(9),9 € 8}
Proceeding with this construction, we shall come to the following statement:

PROPOSITION 4.6. Let & C Jk(x), dim(M) = 1, codim(£) = dim(n), be an
ordinary differential equation resolvable with respect to derivatives of highest degree.
Then for any l = 0,1,...,00 the manifold EY is representable in the form £V =
si(JE=Y(m)), where s; € T(mpt1k—1) and 8| = 141,541 © Si41, while the Cartan
distribution on £V coincides with the field of directions

L0 =Ly | LY = (s1)«(Lo), 0 = 5,(0),0 € £ }.
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Thus, all EW (£ included) as manifolds with distributions are mutually isomor-

phic and are isomorphic to the manifold J*~1(7) endowed with the field of directions
L.

Suppose that the equation £ satisfies the assumptions of Proposition 4.6 and
consider a higher symmetry X € sym & of this equation. By Proposition 4.6, for
any [ the field X projects to the vector field X; on £() and the field preserves the
corresponding Cartan distribution. In particular, Xy € D(E) is a classical interior
symmetry of the equation £. Taking the set Sym; £ of such symmetries, we thus
obtain the Lie algebra homomorphism

sL: sym€& —— Sym;, &. (4.31)

Let us study this homomorphism in more details and note the following. Since in the
situation under consideration £ is a finite-dimensional manifold, the symmetry
X determines a one-parameter group of transformations {A;} on this manifold.
Applying the transformation A; to a solution f € T'(w) of the equation &, we
again obtain a solution f; = AJ(f) of this equation. By the theorem on smooth
dependence of solutions of ordinary differential equations on initial values, the set
Sol(€) of solutions of the equation € is a smooth (possibly, with singularities)
manifold, while A; is a one-parameter group of its diffeomorphisms. Denoting
by X* the corresponding vector field, we obtain the mapping X — X* which
determines the Lie algebra homomorphism

sD: sym& —— D(Sol(£)). (4.32)
Exactly in the same way one can construct the homomorphism
LD: Sym,(£) —— D(Sol(&)). (4.33)

Conversely, let Y € D(Sol(€)) and {B;} be the corresponding one-parameter group
of transformations. Consider a point § € £°° and a solution fy passing through this
point (such a solution exists and is unique). Let us put into correspondence to the
point 6 the point Bj(0) = [Bi(f9)]5°, © = moo(f). Then {B;} is a one-parameter
group of transformations of the manifold £> and these transformations preserve
the Cartan distribution. The corresponding vector field is vertical and determines
a symmetry of the equation £. Thus we constructed the homomorphism

Ds: D(Sol(€)) —— symé, (4.34)

inverse to the homomorphism (4.32) in an obvious way. It is easily seen that the
homomorphisms constructed are mutually compatible in the following sense.

PROPOSITION 4.7. Let £ be an equation satisfying the assumptions of Proposi-
tion 4.6. Then the above constructed mappings sD, Ds, sLi, and LD are Lie algebra
isomorphisms with sD o Ds = id and LD osL = sD. In other words, in the situation
under consideration the Lie algebras of higher symmetries, of internal symmetries
and of vector fields on the manifold of solutions are isomorphic.

PROOF. The equalities sD o Ds = id and LD o sL = sD follow by construction.
Hence sL is a monomorphism while LD is an epimorphism. Consequently, to con-
clude the proof it suffices, for example, to show that the kernel of LD is trivial.
From the definition of the homomorphism LD it follows that its kernel consists of
symmetries such that all solutions are invariant with respect to them. On the other
hand, from the above given description of the Cartan distribution on £ it can be
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FIGURE 4.7. The field of directions Ly on J*~1(7)

seen that these symmetries must lie in the Cartan distribution. But the Cartan
distribution on £°° does not contain vertical fields. O

Thus, in the situation considered, the analogy between symmetries and vector
field on the manifold Sol(€) acquires exact sense.

Note that Proposition 4.6 gives an obvious way to show that the algebras of
exterior and interior symmetries do not coincide in the case of ordinary differential
equations (see §7 of Ch. 3). In fact, interior symmetries are identified with vector
fields on J*~1(7) preserving the field of directions £ = {Ly}, which contains in
the Cartan distribution on J*~1(7) (see Figure 4.7). On the other hand, exterior
symmetries must preserve both this field of directions and the Cartan distribution
on J¥=1(r) itself. Therefore, if the order of the equation is greater than 1, exterior
symmetries form a proper subalgebra in the Lie algebra of interior ones.

Let us now pass to coordinate computations and consider an equation of the
form

i@ =[() +§Ai<x> (D) ]rw =g as

where A; are m X m matrices and f, g are m-vectors. By a symmetry below we
mean a higher infinitesimal symmetry.
Equation (4.35) is equivalent to the equation

d n n—1 d 2
Lf(z) = de> + ; Aq(z) - (dx> }f(:c) =0. (4.36)
This equivalence is given by the transformation

f@) = fz) - f(2),
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where f*(x) is a solution of (4.35). Equation (4.36) determines a submanifold & in
J™"(R,R™) of the form

n—1
e={ver®r) p,+ X 40 -0}
i=0
Prolongations of £ denoted by £ ¢ J*+N(R,R™) are given by the equations

n—1

pn+k+D’“(ZAi(x> -pi) =0, 0<k<N<oo,
1=0

where
0 = & 0
D, =— koo
61‘ + ;k;p%l»l 8]95

is the total derivative along . The space of solutions of (4.36) is isomorphic to R9,
d = m - n, since n initial values for m-vectors f(o)7 R f(”fl) uniquely determine
a solution. Let us fix a basis { R; | 1 <4 < m-n} in the space ker L of solutions
of (4.36). Then for any solution f of equation (4.36) we shall have

d
i=1

where ¢; = ¢;(f) € R are constants. Dependence of ¢ on f is explicitly given by
the Wronskians:

Wi(f)
= 4.
c W (4.38)
Here W = V[/(.R,l7 ,Ri, ,Rd),
R/l Rf R;i
R; R
W = det ! ‘ d (4.39)
Rgn—l) R’En—l) R(n—l)
and Wz(f) :W(R17 ,f(l'), 7Rd)a
o 7) s
R
Wi(f) = det ! fi) d (4.40)
R{"Y £ (@) Ry

The correspondences f +— W;(f) or f +— ¢;(f) are linear differential operators
of order n—1. We shall understand them as functions on the jet space J"~!(R, R™).
Let us define

o Po o
— R, .. .
Wi = det ! P1 ¢, (4.41)
Rgnil) Prn—1 Rglnil)

Then W; =W .
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The defining equation for symmetries in this case is of the form
n—1
[D" + Aila) - Di] Gler = 0, (4.42)
i=0

where D is the restriction of the operator D, to £°.
Any point symmetry is to be of the form

ﬁ(xvpo)—’_g(xvpo) P (443)
and has to satisfy (4.42). Here z, £ are scalars, p,, p; and 3 are m-vectors.

A coordinate version of Proposition 3.4 is the following statement:

PROPOSITION 4.8. The complete symmetry algebra sym &£ is isomorphic to the
Lie algebra of vector fields on the space Sol(E) of solutions of (4.36). This isomor-
phism is given by the formula

d d
0 Wi Wy
i=1 en s ea) dc; — i=1 l<W’ 7W> T

The following fact specifying the structure of the Lie algebra sym & also takes
place.

THEOREM 4.9. Let d = dim Sol(E). Then the sets of functions

W, W,
Py, Ry, WRk, 77 Po: l,k=1,...,d
and
%Rk, ik=1,...,d,

generate in sym E subalgebras isomorphic to gl(d+1,R) and to gl(d,R) respectively.
The following result describes the subalgebra of point symmetries in sym £1°.

THEOREM 4.10. Any point symmetry of equation (4.36) is of the form

G = (=5 )4 00 oy )+ B0, (141)

where € is a scalar function, b is an arbitrary solution of (4.36) and M is a constant
m X m matriz commuting with all matrices A;(x) (coefficients of (4.36)).

COROLLARY 4.11. Dimension N of the algebra of point symmetries of the equa-
tion (4.35) satisfies the inequality

m-n+1<N<(m+n) -m+3.

15Detailed computation can be found in [99].



CHAPTER 5

Conservation Laws

This chapter is concerned with the theory of conservation laws of differential
equations. We begin with the analysis of the concept itself. It turns out that the
most natural and efficient way to study the space of conservation laws is to identify
it with a term of the so-called C-spectral sequence [125, 127, 132]. This spectral
sequence arises from the filtration in the de Rham complex on £°° by powers of the
ideal of Cartan forms. The theory of the C-spectral sequence, set forth in §2, makes
it possible to represent any conservation law by a generating function. The space
of generating functions is essentially the kernel of a differential operator and so is
accessible for computing. In §3, we illustrate the generating function method for
computing conservation laws by several examples. In §4, we discuss the connection
between symmetries and conservation laws (the Noether theorem) and Hamiltonian
formalism on infinite jet spaces.

For the convenience of the reader with primary interests in results and examples
we repeat in §§3 and 4 the relevant material from §2 without proofs, so that he could
jump ahead to §3 immediately after §1.

1. Introduction: What are conservation laws?

Let us take the equation of continuity of fluid dynamics as a prototypical con-
servation law. If p(x,t) is the density of the fluid at the point © = (x1,x2,x3) at
the time ¢ and v(z,t) = (v!(x,t),v?(x,t),v3(x,t)) is the vector of fluid velocity,
then this equation reads

dp | Apv') | A(pv?) | O(pv?)
ot 5‘x1 5‘x2 + 5‘x3

Using the Gauss theorem, we can rewrite the equation of continuity in the
integral form

—0. (1.1)

d
- ; p(z,t)dr = /av(pv -m) do, (1.2)

where V' C R3 is a space domain, OV is its boundary, n is a unit external vector
normal to OV, and do is a surface area element. The surface integral equals the
flow of the fluid from the region V, thus equation (1.2) states that the time rate
of fluid mass decrease within the volume V is equal to the net outflow of the fluid
through the boundary V. In particular, when the normal velocity component v-n
vanishes, the mass is conserved:

/ p(z,t) de = const.
1%

All usually considered conservation laws can be described in the same man-
ner. Let S be the density of some conserved quantity, e.g., the energy density, a

185
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component of the linear or angular momentum density, etc. In the example just
mentioned, S = p. Then there exists a flux S = (S,...,S,_1) of S, where (n—1) is
the number of spatial variables. In our example, S = pv. The equation describing
conservation of S and generalizing (1.1) has the form

28 L as,
E + ; 8x2 N 0, (13)

or, in the integral form,

—i/Sdac: S - ndo.
dt Jy ov

A conserved current is an n-dimensional vector function (51, ..., S,_1,.9) satisfying
(1.3).

Consider now equation (1.3) in terms of the theory of differential equations.
Suppose that we study a physical system described by an equation & = {F =0} C
J¥(r). Then S and S; can be thought of as functions on £, and equation (1.3)
takes the form

3" D) =0, (1)

where S,, = S, D, is the restriction of the total derivative D; to £, n is the number
of independent variables. This observation makes it possible to define a conserved
current for the equation £ as a vector function (S,...,S,), S; € F(£), satisfying
equation (1.4) on €.

In the case when one of independent variables is chosen to be the time t =
x,, and the other variables (z1,...,z,—1) are considered as spatial variables, the
component S, is said to be a conserved density (or charge density), while the vector
function (S1,...,Sn—1), as it was mentioned already, is called the fluz of S.

There is one very simple method of constructing conserved currents. Take some
set of functions £;; € F(m) and put

Si =Y Dj(Lsi) =Y D;(Lij).

j<i i<j

It is clear that such conserved currents, called trivial (or identically conserved), are
in no way related to the equation under consideration'. To get rid of them, let us
say that two conserved currents are equivalent, if they differ by a trivial current,
and define conservation laws for an equation £ as equivalence classes of conserved
currents of this equation. (The term “integral of motion” is also used in the same
sense. )

EXERCISE 1.1. Let £ be a system of ordinary differential equations. Check
that the notion of a conservation law is identical to the notion of a first integral.

1This does not necessarily imply that trivial currents are not interesting from the physical
point of view. E.g., for gauge theories the conserved currents associated by the Noether theorem
with gauge symmetries are trivial and, thus, do not relate to the field equations. Nevertheless,
they carry some information on the gauge group and, therefore, are physically relevant (see, e.g.,
[90, 56, 11, 10]).
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REMARK 1.1. Unlike ordinary equations, nonlinear partial differential equa-
tions do not have (even in a small neighborhood) a complete set of conservation
laws?. The question whether there is a remedy, remains an interesting and in-
triguing problem. Here we just mention a conjecture proposed in [134, 136]: each
regular equation has a complete set of nonlocal conservation laws, at least in a
sufficiently small neighborhood (see §1.8 of Ch. 6 for the definition of nonlocal

conservation laws).

The definition of conservation laws (as it was formulated) is unusable for finding
conservation laws for a given differential equation. To this end, we need the means
to describe entire classes of conserved currents. One solves this problem by reformu-
lating the definition of conservation laws in terms of horizontal de Rham cohomology
(i.e., the cohomology of the horizontal de Rham complex, see §1.6 of Ch. 4), which
permits the use of homological algebra. In §2, we discuss this cohomological theory.
(The reader with the prime interest in practical aspects of finding conservation laws
may skip this section.)

2. The C-spectral sequence

The C-spectral sequence, introduced in [125, 127], is of the fundamental im-
portance in the theory of conservation laws. For a more detailed discussion of this
and related subjects see, e.g., [132, 138, 139, 126, 8, 117, 118, 119, 32, 120,
82, 16, 4, 5, 148, 21, 24, 81, 64, 91].

2.1. The definition of the C-spectral sequence. Let £ C J°°(m) be
an infinitely prolonged equation and A*(€) = Y,o, AY(E) be the exterior algebra
of differential forms on £>. Consider the ideal CA*(€£) = >,5,CAY(E) of the
algebra A*(&) consisting of the Cartan forms (i.e., forms vanishing on the Cartan
distribution: w € CAY(€) if and only if w(Xy,...,X;) = 0 for all Xq,...,X; €
CD(E); see §2.1 of Ch. 4). Denote by C*A*(€) the k-th power of the ideal CA*(E),
i.e., the submodule of A*(€) generated by forms w; A - -+ A wg, where w; € CA*(E).
It is obvious that the ideal CA*(&) is stable with respect to the operator d, and,
hence, all ideals C¥A*(€) have the same property:

d(CFA*(£)) C CFA*(E).
Thus, we get the filtration
A (E)DCA*(E) DCA*(E) D ---DCFA*(E) D -+, (2.1)

in the de Rham complex on £%. The spectral sequence® (EP4(E), dP9) determined
by this filtration is called the C-spectral sequence for the equation £.
The filtration involved is finite in each degree, i.e.,

AR(E) D CINF(E) D C?AR(E) D -+ D CFAR(E) D CFTIAR(E) = 0.

Therefore the C-spectral sequence converges to the de Rham cohomology H*(£°°)
of the infinite prolonged equation £°.
As usual, p + ¢ denotes the degree and p is the filtration degree.

2A set of conservation laws is called complete, if the values of the corresponding conserved
quantities at a solution of the equation in question completely determine this solution.
3For the theory of spectral sequences consult, e.g., [79, 84, 31, 35].
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2.2. The term FE,. Consider the term Fo(£) = 3° By (E) of the C-spectral
sequence.
By definition we have

ED(E) = CPAPHI(E) JCPHIAPTI(E).

The differential dy?: EPY(E) — EFIT(€) is induced by the exterior differential d.
As usual when dealing with spectral sequences, we depict the spaces EP? as integer
points on the plane with coordinates (p,q). Then the differential dj is represented
by arrows pointing upwards (see Figure 5.1).

Thus, Ey(€) is the direct sum of complexes

0 —— Bf°(E) — BYNE) —— oo —— EPY(E) — ETT(E) — -,

which corresponds to columns. The zero column of the term Ejy is the horizontal
de Rham complex (see §1.6 of Ch. 4):

EgU(€) = A1(E)/CAI(E) = AY(E),  dy'=d.

The cohomology H9(€) of the horizontal de Rham complex is intimately related
to the conservation laws of the equation £. Indeed, let us assign to each conserved
current S = (51, ...,S5y) the horizontal (n — 1)-form

n
ws = Z(—l)iilsi dxl VARERIVAN dxi_1 A dl‘,’+1 VACERIVAN dl‘n.
i=1
Then condition (1.4) means that st = 0, with the current S being trivial if and
only if the form wg is exact: wg = dw’.

DEFINITION 2.1. A conservation law for the equation & is an (n — 1)-cohomol-
ogy class of the horizontal de Rham complex on £°°.

Thus, H"~1(€) is the group of conservation laws for the equation £. Some-
times elements of the groups H?(&) for ¢ < n — 1 are also said to be conservation
laws, although for the majority of equations of mathematical physics they are of
pure topological nature*. The group H"(&) should be interpreted as the set of

4One encounters physically relevant “conservation laws” belonging to H9(£), ¢ < n — 1, in
gauge theories (see, e.g., [11, 10, 42]).
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Lagrangians (see §§2.5 and 4.1) in variational problems constrained by the equa-
tion &°.

To complete the description of the term Fy(E), note that from the obvious
decomposition A'(€) = CAY(E) & AY(E) it follows that EFI(E) = CPAP(E) @ AL(E),
with the differential df;? being the composition

CPAP(E) @ AY(E) LN CPHIAPTL(E) @ AL(E) @ CPAP(E) @ ALTH(E)
2o erAr(E) @ ALTH(E),

where « is the projection onto the second summand. In particular, all nontrivial
terms E{"?(E) are situated in the domain 0 < ¢ < n.

EXERCISE 2.1. Using the direct decomposition d = d+ U, and the properties
of the operator U; (see §2.1 of Ch. 4), show that the following inclusion takes place:

d(CPAP(E) © AY(E)) C (CPHIAPTL(E) @ AL(E)) @ (CPAP(E) ® ALTH(E)).

2.3. The term E;: preparatory results. Now we prove some facts needed
to describe the term FE; of the C-spectral sequence.

Let us begin with the following definition. An F(€)-module P is called hori-
zontal, if it is isomorphic to the module of sections F(&, &) for a finite-dimensional
vector bundle {: Ng — M. For instance, as it was shown in §1.6 of Ch. 4, A}(€) is
a horizontal module.

EXERCISE 2.2. Show that P = I'(§) ®cee(ar) F(E).

Note also that a horizontal module P is filtered by its submodules P, =
Fi(€,8) =T(§) ®cear) Fr(E).

Consider now two vector bundles {: N¢ — M and n: N, — M and introduce
the notation P = F(&,¢) and Q = F(€,n). A differential operator A: P — @Q is
called C-differential (or horizontal), if it is of the form A = f; ﬁl —|—f2ﬁ2+- . -+f,ﬁ,.,
where OJ; are the liftings (see Remark 1.1 of Ch. 4) of some differential operators
0;: ') = T'(n), fi € F(E),i=1,...,r. In particular, operators of the form ¢,
(universal linearizations) are C-differential. We shall denote the F(&)-module of
all C-differential operators acting from P to @ by CDiff(P, Q). For its submodules
consisting of operators of order < k, we shall use the notation CDiffy (P, Q).

EXERCISE 2.3. Check that in local coordinates scalar C-differential operators
of order < k are written as follows

k
A= Z ay,Dy,
|o|=0
where D, = D{* o ---0 D% o = (01,...,0,), ay € F(£).
EXERCISE 2.4. Show that CDiff(P, @) is a horizontal module.

Let P, Ps,..., P, Q be horizontal modules. Set
CDiff(Py, Ps, ..., P; Q) = CDiff(Py, CDiff(P, ...,CDiff (P, Q) ...))

5There is a number of nonequivalent formulations of the Lagrangian formalism with con-
strains. We consider here the case when the sections subject to variation satisfy the “constraint
equation” &£. This implies, in particular, that the Euler—Lagrange equations are determined by
the restriction of the Lagrangian to £°°.
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and consider the complex

w

0 — CDiff(Py, Py, ..., P;; F(€)) —— CDIiff(Py, Py, ..., P; AL (E)) — -
— CDiff(Py, Ps,..., P A (E)) — 0, (2.2)
where w(V) = d oV, V € CDiff(Py, Py, ..., P; AY(E)).

THEOREM 2.1. The cohomology of complex (2.2) is equal to zero at the terms
CDiff(Py, Pa, ..., P;; AL(E)) for ¢ < n while at the term CDiff(Py, Pa, ..., P;; AR (E))
its cohomology is CDiff(Py, Pa, ..., P_1; P), where Py = Homg(g) (P, Af(E)).

PRrROOF. Let CDiffy (P, Ps,...,P;Q) C CDiff(Py, Ps,. .., P; Q) be the module

consisting of operators V such that the operator V(p1,ps,...,pi—1): P, — @ is of
order < k for all py € P, po € Pa, ..., pi—1 € P_1 (here and subsequently,

V(p1,pa,...,pi—1) stands for V(p1)(p2) ... (pi—1)). Thus,
CDiffy(P,...,P; Q) = CDiff(Py, ..., P_1;CDiff (P, Q))

and the embeddings CDiff (P, Q) C CDiffy11(P;, Q) induce the homomorphisms
of complexes (e denotes “Py,..., ")

- —— CDiffy_p (85 AL(E)) —— CDiff)_pyip1 (05 AFHE)) — -+

I ] (2.3)

- —— CDiff_pyi_1(@;AH(E)) —— CDiffy_pyi(@; AST(E)) — -+
Hence, there exists the quotient complex
0 —— CDiff(®;Sp_n(P)) —— CDiff(e;Sk_ps1(P) @ ALE)) 2 -
— %, CDiff(e;Si(P) @ ALE)) —— 0, (2.4)
where e stands for “Py,..., P,_1” and
S,(P) = CDitf, (P, F(£))/ CDitf,_, (P, F(E)).

The proof will be accomplished if we prove that complex (2.4) is exact for k > 0.
Indeed, the cohomologies of complexes (2.3) for k& > 0 coincide in this case and,
hence, the cohomology of (2.2) equals to the cohomology of the complex

0 —— CDiffo(P1,..., P; Aj(E)) — 0.

The differentials § of complex (2.4) are F(&)-linear. Therefore, it suffices to
check its exactness at every point § € €. Since the functor CDiff (P, -) is exact, we
can take [ = 1. Thus, we are to prove that the complexes

0 — Sk-n(P)g — Sk—nt1(P)o Or AG(E)g — -+ — Sk(P)o @r AG(E)s — 0
are acyclic for k > 0.

Let {e¢} be a basis of (P)*. Pick the elements e ® D,|,, |o| = i, as a basis of
the space S;(P)g and the elements dx;, A--- A dxiq|9, 1<ii <~ <ig<n,asa
basis of AJ(€)s. Then the differential ¢ takes the form

n
5(65 ® Dy ® dl‘il /\~--/\d$iq|9) = Z@g ® DU-‘rh X dxi/\da:il /\"'/\dﬂi‘iq‘a.
i=1
Consequently, complex (2.4) is the Koszul complex of the polynomial algebra (see,
e.g., [15]) and, consequently, is exact for k > 0. O
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EXERCISE 2.5. Prove that the embedding
ij: CDiff(Py,...,P_y; ) — CDiff(Py, ..., P; A} (E))
induced by the embedding P, = Hom gy (P, Ag(E)) — CDiff(P, Af(E)) splits the
natural projection
s CDIE(P, .., P AR(E)) —— CDIfE(P,, .., P AY(E)) fimw
= CDiff(Py,...,P_y; B).

Thus the module CDiff(P, ..., P_1; }31) = im4; is a direct summand in the module
CDiff(Py, ..., P; AL (E)).

Take a C-differential operator A: P — . It induces the cochain map of
complexes (2.2)

0 —— CDIff(P, F(€)) — CDIiff(P,A}(£)) — --- — CDiff(P,A§(£)) — 0

N o v

0 —— CDIiff(Q, F(£)) — CDiff(Q, A} (E)) —= --- —— CDIff(Q, A} (E)) — 0

where A’(V) = Vo A for any V € CDiff(Q, A¢(£)). Theorem 2.1 implies that the
map A’ gives rise to the cohomology map A*: Q — P. The operator A* is called
adjoint to the operator A.

EXERCISE 2.6. Show that:
1. f A=)"_a,D, is a scalar C-differential operator, then

A* = Z(—l)lnga— Cdsy.

led

2. If A=Al is a matrix C-differential operator, then A* = [|A7]].

In particular, this exercise implies that A* is a C-differential operator of the
same order as A.

EXERCISE 2.7. Prove that for all A € CDiff(P,Q), p € P, and q € @ there
exists a form w, (A) € Ag~! (&) such that

A(AP) — (A*@)(p) = dwp (D). (2.5)

EXERCISE 2.8. Check that for any two C-differential operators A;: P — ) and
Ay: @ — Rone has (A0 A1)* = A o A3

EXERCISE 2.9. Consider X € CDiff{(F(£),A;(£)). Show that X + X* €
AG(E), ie., X + X* is an operator of zero order.

EXERCISE 2.10. Show that the natural projection
w: CDitf(Py, ..., Py Ag(E)) — CDiff(Pl,...,B;Ag(&’))/imw
= CDiff(Py,...,P_1; P).
is given by the formula

(V)15 pi-1) = (V1. pi-1))"(1).
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Let CDiff(;)(P; Q) denote CDiff(P,..., P;Q) and CDiff*"; (P;Q) denote the

! times
submodule of CDiff ;)(P; Q) consisting of skew-symmetric operators, i.e., of opera-

tors V € CDiff ;) (P; Q) such that
v(ph'"apiapi—i-lv"'apl) = 7v(p17"'api+l7pi,“-apl)
forall p1,...,pmpe P,i=1,....1— 1.
Consider complex (2.2) for P, = P, =---= P, = P:

w

0 —— CDiff(y(P; F(E)) —— CDiff(j)(P; A§(E)) — -
— CDiff ) (P; A (E)) —— 0. (2.6)
The permutation group S; acts in this complex as follows:
T(V)(P1,--00) = V(Pr1)s -+ Pr@))s TES.
It is obvious that this action commutes with the differential w. Hence from Theo-

rem 2.1 it follows that the skew-symmetric part of complex (2.6), i.e., the subcom-
plex

w

0 —— CDIff** ;) (P; F(E))) —— CDiff*! ;) (P; A§(E)) — -
— CDIff ) (P; A(E)) —— 0, (2.7)

is exact in all degrees different from n while its n-th cohomology group is isomorphic
to a submodule of CDiff;_)(P; P), which shall be denoted by K;(P).
An explicit description of the module K;(P) can be obtained in the following
manner. First, observe that the embedding (see Exercise 2.5)
it CDiff(Py,...,P_y; P}) — CDiff(Py, ..., P; AL (E))

commutes with the action of the subgroup S;_; C .S; which preserves the [-th index.
For this reason

K(P) C CDiff**;_, (P; P).
Consider the transposition 7 € S; interchanging the j-th and the ZA—th indices, j <,
and let us describe its action on an operator A € CDiff;_1)(P, P). Let us fix the
elements p1,...,pj—1,Pj+1,--.,pi—1 € P and consider the operator

D(p) = A(ph sy Pi—1,PyPj+1y - - aplfl)-

From (2.5) it follows that

O(p)(p") — 0" (p)(p) € imd
for all p,p’ € P. Thus the operator 7(A) has the form 7(A)(p1,...,m—1) = O*(p;).
This proves the following

THEOREM 2.2. Complex (2.7) is acyclic in the terms CDiff*! ;) (P; A§(E)) for

q < n. The cohomology group in the term CDiffalt(l)(P;Ag(S)) s 1somorphic to

the module K;(P) C CDiffalt(l_l)(P; 13) consisting of all operators V satisfying the
condition

(v(plv v aplf2))* = _v(plv oo 7pl72)
forallpy,...,pj—2 € P.
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2.4. Generalizations. We shall need to generalize Theorems 2.1 and 2.2. To
do this, we use the following result:

EXERCISE 2.11. To each C-differential operator A: P, — P, assign the family
of operators A(py,p3) € CDiff(F(E), F(E))

Ap1,p3)(f) =p3(A(fp1)),  pr€P1, py € Hompe) (P2, F(£)).

Prove that the family A(py, p5) uniquely determines the operator A and that for any
family A[py,p5] € CDIff(F(E), F(£)), p1 € P1, ps € Homp(e) (P, F(€)) satisfying

Alpr, 35 fvs'] = X fik[pups], AL fiphops] = 325 Alpi,p3] o fi
there exists an operator A € CDiff(Py, Py) such that A [py,ps] = A(p1, ).
Let @ be a left module over the ring CDiff(F(E), F(£)). Since
F(E) = CDitty(F(E),F(E)) C CDItt(F(E), F(E)),

the module @ is an F(&)-module as well. Suppose that it is a horizontal F(&)-
module. By Exercise 2.11, for any operator A € CDiff(P;, P») there exists a unique
operator Ag € CDiff(P; ® Q, P> ® @) such that

Ag(p1 ®¢,p5 @ q") = ¢ (A(p1,3)q)-

Note that operators A and Ag are of the same order.
It is easy to see that (A1 0 Ag)g = (A1)g o (A2)g, thus any complex of C-dif-
ferential operators

. %Pkipkﬂ —_—
can be multiplied by Q:
: 4’Pk®QM’Pk+1®Q4)
In particular, multiplying complex (2.2) by Q, we get
0 — CDiff(Py,..., P; F(£))®Q — CDiff(Py,...,P; A (&)@ Q — -
—— CDiff(Py,...,P; Aj (€)@ Q — 0. (2.8)
Literally repeating the proof of Theorem 2.1, we obtain the following
THEOREM 2.3. The cohomology of complex (2.8) in the term
CDiff(Py, Py, ..., P; AL (E)) @ Q

0 fori <n,

has the form H' = _ ~ ‘
CDiff(Py, Po,...,P)®Q fori=n.
Theorem 2.2 can be generalized in the same way.

EXERCISE 2.12. Show that the set CPAP(E) can be supplied with a unique left
CDiff(F(€), F(E))-module structure such that

frw=fw, feF(E),
X w=Lx(w), X eCD(€).
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2.5. The term E; for J*°(rw). Consider now the term E; of the C-spectral
sequence for the “empty equation”, i.e., for the case £ = J*(w). We shall
follow the notation of §2.1, but abbreviate “J%(7)” to “7”, e.g., C*A9() stands for
CkA(JO (7)), etc.

By definition, the first term F; of a spectral sequence is the cohomology of
its zero term FEy. So the zero column of F; consists of the horizontal cohomology
groups of the space J(r): EY%(x) = H9(r). To describe the terms EP?(r)
for p > 0, we need to compute the cohomology of complexes (see §2.3)

0 — CPAP(1) - CPAP (1) @ AL (r) —% -+~ CPAP(m) @ AL(m) — 0. (2.9)
Let »(m) = F(m, ) be the F(m)-module of evolutionary derivations. To each

form w € CPAP(rr), we assign the operator V., € CDiff*!* ) (s¢(m); F(r)) by

ViolX1y- o Xp) = Oy = (- (Oy, mw) . 0), (2.10)
where x; € (7).

LEMMA 2.4. Operation (2.10) establishes an isomorphism of the F(&)-modules
CPAP(r) and CDiff™* ) (3¢(m); F(m)).

PROOF. Let us construct the map inverse to the given map w — V,,. Take V €
CDiff* ) (3¢(m); F(€)). Any vertical tangent vector £ at the point 6 € J°(7) may
be realized in the form 9, |, for some x (this can be seen, e.g., from the coordinate
expression for 9, (see equality (2.15) of Ch. 4)). Define the form wy € CPAP(w) by
putting

wylg (€155 8p) = Vxa, -, xp) (0),

where & = 9y,|,. It is clear that the map V +— wy is the desired inverse map.
Other details of the proof are left to the reader as an exercise. O

Thus, we can rewrite complex (2.9) in the form

w

0— CDiffalt(p)<%(7T);]:(7T>) LN CDiffalt(p)(%(w);Aé(w)) — ..
— CDIff ) (se(m); A (1)) —— 0. (2.11)
EXERCISE 2.13. Prove that the differential w corresponds to the differential d
in complex (2.9).

Computing the cohomology of complex (2.11) by Theorem 2.2, we get the
following result:

THEOREM 2.5. Let m be a smooth vector bundle over a manifold M, dim M =
n. Then:

EY (1) = H(n) for all ¢ > 0;
EPi(m)=0 forp>0, q#mn;
EYP™(m) = Kp(5(m)) for p > 0.

Since the C-spectral sequence converges to the de Rham cohomology of the
manifold J*°(7) in the case under consideration, Theorem 2.5 has the following
obvious corollary:

COROLLARY 2.6. Under the assumptions of Theorem 2.5, we have
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1. EPI(n) =0, foralll<r<ocoifp>0,g#n, orp=0,q>n.

2. BYY(m) = E%4(n) = HI(J®(n)) = HI(J(n)) for q < n.
3. BYy"(m) = B (n) = HPT™(J®(m)) = HPT™(JO(7)) forp > 0.

EXERCISE 2.14. Prove the equality H(J> (7)) = H1(J%(n)).
Let us now consider the differentials d}"".

EXERCISE 2.15. a. Show that the operator

0,n
dy

EY"(m) = H"(w) —— Ey" (n) = 5(n)

is given by the formula d"" ([w]) = ¢% (1), where w € AZ(r) and [w] is the horizontal
cohomology class of w. (Note that the expression ¢, makes sense, because w is a
horizontal n-form, i.e., a nonlinear differential operator acting from I'(7) to A™(M).)
b. Write down the coordinate expression for the operator d(lJ’n and check that
this operator is the standard Euler operator (i.e., the operator that takes each
Lagrangian to the corresponding Euler-Lagrange equation (see §4.1 below)).

Now let us describe the differentials di"", p > 0.
Consider an operator V € K, (s(7)). Define O € CDiff,,1)(s¢(7), A§ (7)) by
putting

p+1
DXty Xp41) = (D)0 (VX1 X+ Xpr1))
=1
+ Z <_1)i+jv({xiaxj}axla"'75<\i7"'a5<\j7"'7xp+1)' (212)
1<i<j<p+1

EXERCISE 2.16. Prove that d""(V) = pp41(0).

REMARK 2.1. It is needless to say that this fact follows from the standard
formula for the exterior differential. However, it is necessary to prove that one
may use this formula even though V, as an element of CDiff ) (s(m); Af (7)), is not
skew-symmetric.
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From (2.12) we get

p
D(X17 . 7Xp+1) = Z(_l)l-‘rla)(i (V(Xh cee 7557;7 cee 7XP))(XP+1)
=1
p .
DTV R X O (X)) + (1P (VX5 X))
=1
+ Z (71)i+jv({Xian}7X1a'"7551'7"'7)?]',“'7)(1)-!-1)
1<i<j<p
p .
+ Z(_l)z+p+1v<{xi7xp+1}a X1y--- 755757 ceey X;D)
i=1
p .
= Z( 1)Z+1 9Xi (V(le s aS(\i, s 7Xp))(Xp+1)
i=1
+ ( 1)Z+]v({X1aX]} le"'7>/<\i7"'75<\j7"'7xp+1)
1<i<j<p
p .
+ Z(_l)ﬁ_lv()ﬁa oo a)A(i, <o Xpo gxl' (Xp+1)) + (_1)pgv(x1,»--,xp)(Xp+1)'
=1
Therefore

(V) (X1, Xp) = Mp+1(D)(X17~-~7Xp)

Z Z+1 (X17"'a5(\ia"'7xp>)

+Z H_jv {szX]} X17'~'a5(\i,'~'75(\j3"'7xz7)
1<j
p
3 D) (Vs R X)) + (1Pl s (1) (213)

i=1
Using the obvious equality
Cooy (D) = L(0) +65(¥),  p€x(m), ¢ €3(m),
(cf. Exercise 2.17), let us rewrite the last term of (2.13) in the following way:

p

D w0000 D) = 5 2D 60, g1 (D)

1 - e * <
= 72(_1)1( V(x1 Xi Xp)(X’L) +€X1(V(X177X277Xp)))

..........
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Finally, we obtain

P

(@ (V) x0) = D (D0 (Vs K- X))
=1
+Z H—]V {X%XJ} le"wseiv"');(\ja-'-aXp)
1<J
1 P
];Z l+1 )éiz(v(xlaay’uaxp)) _é*V(X17,,,7§<\,i,_“7Xp)(X’L'))'

In particular, for p = 1 we have d;"(¥)(¢) = 9,(¥) — O (0) = Ly(p) — £(9),
¥ € 3(m), ¢ € x(m), that is,

dy" (W) = by — 0. (2.14)

Note that the horizontal de Rham complex on J*°(7) can be combined with
the complex (EY""(7),dy™) to give the complex

‘2\ 1 J E n E 1,n d}’n 2.n d?n
0 — F(E) = Aj(m) =5 -+ = Ap(m) 5 B D5 B () S

(2.15)

where E is the composition of the natural projection Aj(w) — H"(w) and the
differential d°": H"(x) — E;"™(x)®.

In view of Corollary 2.6, the i-th cohomology group of this complex coincides
with H*(JY()). The operator E is the Euler operator (see Exercise 2.15b). It
takes each Lagrangian density w € Aj () to the left-hand side of the corresponding
Euler-Lagrange equation E(w) = 0. Thus the action functional

s / Joo(8)" (w), s e (),
M

is stationary on a section s if and only if j(s)*(E(w)) = 0.

Complex (2.15) is often called the (global) variational complex of the bundle 7.
If the cohomology of the space J°(7) is trivial then this complex is exact. This
immediately implies a number of consequences. The three most important ones
are:

1. kerE =imd (variationally trivial Lagrangians are total divergences).

2. dw = 0 if and only if w is of the form w = dn, w € AY () (null total
divergences are total curls).

3. Ly = ¢y, if and only if ¢ is of the form ¢ = E(w), 1 € 3(m) (this solves the
inverse problem of the calculus of variations).

EXERCISE 2.17. Let P be a horizontal module, A € CDiff(P, Aj(n)), and p €
P. Show that

E(A(p)) = £5(A™(1)) + La-1y ()

Use this fact to prove the formula

E(9¢(w)) = 9p(E(w)) + £ (E(w))
for all p € »(m) and w € Af ().

6Below we use the same notation E for the operator d(l)’": H"(7) — E%n(ﬂ) as well.
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2.6. The term FE; in the general case. Let us compute the term E;(€) of
the C-spectral sequence of a differential equation &£.

Let I(€) C F(€) be the ideal of the equation £. Recall that if the equation
& C J¥(r) has the form € = {F = 0}, where F € P, = Fj(m,&), £&: Ne — M is a
vector bundle over M, and the projection &€ — M is surjective, then

I(€) = CDiff(P, F(r))(F),

where P = F(m,€) (i.e., the components of the vector function F' are differential
generators of the ideal I(£)). We call such equations regular. As it was mentioned
in Ch. 4, the regularity condition is not restrictive, and equations encountered in
mathematical physics, as a rule, satisfy it.

For regular equations, the module CA(£) can be described as follows. Let
s = 3(m)/(I(E) - »(m)) be the restriction of the module s(m) to £<. Consider
the submodule L of CDiff(s, F(€)) consisting of operators of the form O o ¢4,
where O € CDiff(P, F(£)), {% = lF|ge. Here P = F(E,£) is the restriction of the
module F(m, &) to £<°. (In the sequel, we shall not distinguish between notation
for a module and its restriction to £%°.) Next two results are generalizations of
Lemma 2.4.

LEMMA 2.7. To each form w € CAY(E), we assign the C-differential operator
V. € CDiff(3¢, F(E)) by setting
Vo) =w(®y),  xe (2.16)
If the equation &£ is reqular, then correspondence (2.16) establishes an isomorphism
of the F(E)-modules CA* () and CDiff (3¢, F(€)) /L.

PROOF. It is obvious that CA! = CDiff (s, F(€)), where CA! is the restriction
of CA*(7) to £%°. The kernel L’ of the natural projection CA! — CA(€) is generated
by the forms d'f, where f € I(£) and d’: F(n) — CA' is the composition of
the differential d: F(r) — Al(7) and the projection Al(w) — CAl. In terms of
C-differential operators this means that L’ is generated by the operators of the
form Kg, where f € I(£). Since & is regular, f € I(€) can be represented in

the form f = V(F), V € CDiff(P,F(r)). Thus E? = V o (% and, consequently,
L'=1L. O

EXERCISE 2.18. Show that

CPAP(E) = CDiff™! ) (56, F(€)) / Ly,
where L, = alt(CDiff** ,_y)(sc; F(£)) ® L) and
alt: CDiff(,)(5; F(£)) — CDIff™ ) (3¢, F(E))

is the alternation operation.

Thus, for a regular equation & there exists the exact sequence of F(&)-modules

CDiff(P, F(£)) — CDiff (s, F(£)) — CAY(E) — 0.

Generally speaking, the left-hand arrow is not injective: in other words, an operator
of the form Do ¢4, O € CDiff(P, F(£)), may be trivial for a nontrivial operator .
A regular equation is called £-normal, if the sequence

0 —— CDiff(P, F(£)) —— CDiff(s, F(§)) —— CA'(§) — 0 (2.17)

is exact.
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The next proposition gives a way to find out whether a given equation is £-nor-
mal.

PROPOSITION 2.8. Let € be a regular equation in n independent variables. As-
sume that in each coordinate neighborhood on £°° one can choose internal coordi-
nates 0 such that the functions D;(0), i = 1,...,n — 1, can be expressed in terms
of these coordinates. Then the equation &£ is {-normal.

PROOF. Locally, the equation at hand can be written in the form
pégmom = f, i€ Ac{l,...,m}, r=1,...,1, k.>0,

where f,. are functions of the coordinates x1, ..., z, and p. , where o = (01,...,0,),
o, < k., if i € A. We take these coordinates as internal coordinates on £°°.
Consequently the operator ¢4 has the form ¢% = A — ¢, where f = (f1,..., f1),
A = ||A;;| is the I x m matrix such that A,; = DFr r =1,...,l, and the other

elements of A are trivial. It follows in the standard way now that if 0o (% = 0,
0O € CDiff(P, F(£)), then O = 0. O

Thus, if the equation under consideration is not overdetermined, i.e., the num-
ber of equations is not greater than the number of unknowns (I < m), it is almost
always f-normal. Nevertheless, let us give an example of a determined but not
{-normal equation.

EXAMPLE 2.1. Consider the system
Py — p3 +u’pi —u’py =0,
p3 —pi +u’py —u'pi =0, (2.18)
Pt —p3 +u'pf —u’p; =0,
which is the condition for integrability of a three-dimensional distribution in R*
with coordinates (x1, %2, x3,x4) given by the form w = dxy — Z?:I ut dz;.

EXERCISE 2.19. Find an operator [J such that [ offD = 0, where F is the left-
hand part of (2.18). B B B B B B
(The answer: O = (Dy +u'Dy — p}, Do +u?Dy — p3, D3 +u3Dy — p3)).

REMARK 2.2. The Maxwell, Yang—Mills, and Einstein equations provide exam-
ples of equations which are not £-normal. Roughly speaking, this can be explained
as follows. All these equations are invariant under the action of a pseudogroup, i.e.,
there exists a nontrivial C-differential operator R: Q — s, where @ is a horizontal
module, such that E‘% oR = 0. Hence R* o (E%)* = 0 and, since the equations at
hand are Euler-Lagrange equations (that is, (¢(%)" = (%), we get R* o¢% = 0. Thus
the operator R* disobeys the condition of ¢-normality.

In spite of these examples, it is important to stress that the majority of equa-
tions of mathematical physics are ¢-normal.

From now on we consider only ¢-normal equations’.

For such an equation &, sequence (2.17) is exact, and hence there exists the
exact sequence of complexes

0 —— CDIff(P,AY(E)) —— CDiff (s, AL(E)) — AL(E) ® CAL(E) —— 0.

"Closer examination of the C-spectral sequence makes it possible to compute of conservation
laws for equations which are not ¢-normal (see [132, 120]).
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Let us multiply each of these complexes by CP~!AP~1(€) (see Exercise 2.12):
0 —— CDiff(P,AJ(E)) @ CP~IAP~1(E) —— CDiff (s, AJ(E)) @ CPIAPL(E)
— A (E)@CAN(E) @ CPTIAPTHE) —— 0. (2.19)

Using the long exact sequence corresponding to (2.19) and Theorem 2.3, we get the
following

PROPOSITION 2.9. Let € be an {-normal equation. Then the cohomology of the
complex

0 —— CAL(E) ® CPIAP~L(E) —— CAL(E) ® CP~IAP~H(E) @ AL(E) —— -
— S CAME) @ CPTIAPTI(E) @ AT(E) —— 0 (2.20)

is trivial in all degrees different from mn — 1 and n. The cohomology groups in
degrees n — 1 and n are isomorphic to the kernel and cokernel of the operator

* def * 35 _ _ ~ _ _
(5) oy = (ER) ep-snor(ey - PO CTTINTTHE) — 2@ CPTAPTH(E)
respectively.

EXERCISE 2.20. Let V,, € CDiffa!t (p) (75 P) be the operator that corresponds to
a P-valued form w € CPAP(€) ® P (see Lemma 2.7). Show that if A € CDiff(P, P,),
then the operator

Acrpr(ey: CPAP(E) @ P —— CPAP(E) @ Py
takes V,, to Ao V,,.
The complex
0 —— CPAP(E) —— A(E) @ CPAP(E) —— -+ —— AB(E) ® CPAP(E) —— 0

is obviously a direct summand in the complex (2.20). Hence its cohomology is trivial
in all degrees different from n — 1 and n. The cohomology groups in degrees n — 1
and n are isomorphic to the skew-symmetric parts of the kernel and cokernel of the
operator (Ztlg’)zpq) respectively.

EXERCISE 2.21. If w € ker (5%)2;)71) C P @ CP~IAP=L(E), then, as it follows

from the previous exercise, the corresponding operator V, € CDiffalt(p_l)(%; ﬁ)
satisfies the equality

p—1

(é(le;')* (Vw(Xla e "Xp—l)) = ZA’i(le s 75<\iv s 7Xp—1)(€§7(Xi))v

i=1
where A; € CDIiff*!*(,_) (3; CDiff(P, 3)). Prove that w lies in the skew-symmetric
part of ker (ffp)?p_l) if and only if
Vo= (-1)’7"A} mod L, ,®P, 1<i<p-—1,

where AY is the adjoint operator to A; with respect to the last argument (i.e., to
that belonging to P) and L,_; is the module defined in Exercise 2.18.
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EXERCISE 2.22. Show that w € coker (E%)rp_l) C 22 ®CP7IAPTL(E) lies in the

skew-symmetric part of coker (E‘%)* if and only if

(p—1)
Vo=-Vy modL, ®7x, 1<i<p-—1,

where V,, € CDiff?!t (p—1)(#; %) is the operator corresponding to w and V** denotes
the operator adjoint to V with respect to the i-th argument.

EXERCISE 2.23. a. Show that the operator
A" EYTTNE) = HHE) —— By THE) =ker (15) C P
has the form
dy" T (h) = 07(1),

where h = [w] € H" (&), w € AJ"(E), and O € CDiff(P,A}(£)) is an operator
satisfying dw = O(F).
b. Check that the term Ef’"_l(é’) can be described as the quotient set

{V € CDiff (3, P) | (£5) 0V = V* 0 (5.} /0,

where § = { 0o (% | O € CDiff(P, P), O* =0O}.
c. Show that the operator d;”" " Bl (E) = ker (¢5)" — EP"'(€) has the
form

A" (W) = (65, + A*) mod 6,

where A € CDiff(P, 3) is an operator satisfying ¢%.(1) = A(F).
d. Describe the operators d?™ and d&™ ™" for all p > 0.

Bringing together the above results, we get the following description of the
term F4 (&) of the C-spectral sequence:

THE TwO-LINE THEOREM. Let £ be an £-normal equation. Then:

1. EPYE)=0,ifp>1andq#n—1,n.
2. EV"HE) (resp., EV™(E)) coincides with the skew-symmetric part (see Ei-
ercises 2.21 and 2.22) of the kernel (resp., cokernel) of the operator

(7)) s POCPTAPTHE) —— P AP(E).
The following result is an obvious consequence of this theorem:

COROLLARY 2.10. Under the assumptions of the two-line theorem we have:
CEPIE)=0ifp>1,q#n—1,n,1<7r < oo

T W N =
&
=
/—:S
N
I
3
85
N
I
Sy
=)
)
3
(S}
IA
S
\
N
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2.7. Conservation laws and generating functions. Now we apply the
results of the previous subsection to the problem of computing conservation laws
of an /-normal equation &.

First of all, note that for a formally integrable equation £ the projections
EF+D) 5 () are affine bundles, therefore £#t1D and £%) are of the same ho-
motopy type. Hence, H*(£*°) = H*(E).

Further, from the two-line theorem it follows that there exists the following
exact sequence:

0,n—1
0 — H"1(E) — A" Y(E) 22— ker (££)".

Recall that the group H"~!(£) was interpreted as the group of conservation laws
of the equation & (see Definition 2.1). Conservation laws w € H" (&) C H" (&)
are called topological (or rigid), since they are determined only by the topology of
the equation £. In particular, the corresponding conserved quantities do not change
under deformations of solutions of the equation £. Thus topological conservation
laws® are not very interesting for us and we consider the quotient group cl(€) =
H"=1(&)/H""1(£) called the group of proper conservation laws of the equation .
The two-line theorem implies immediately the following

THEOREM 2.11. If £ is an €-normal equation, then
cl(€) C ker (Z%)* .
If, moreover, H"(£) C H™(E) (in particular, if H"(E) = 0), then
(&) = kerdy™ .

The element ¢ € ker (E%)* corresponding to a conservation law [w] € cl(£) is
called its generating function.

Theorem 2.11 gives an effective method for computing the group of (proper)
conservation laws cl(£). In §3 we demonstrate this method in action.

EXERCISE 2.24. Show that the generating function of any conservation law can
be extended to the entire space J°°(7) such that the following equality holds:

Up(¥) + 1, (F) = 0. (2.21)
Prove that:
a. Equality (2.21) holds identically, if ¢» = O(F) and O = —[J*.
b. The solutions to (2.21) of the form ¢ = O(F) for a self-adjoint operator [J,
O = 0%, correspond to topological conservation laws of £.
c. Two different topological conservation laws correspond to the same solution

of the above described form if and only if they differ by an element belonging to
the image of the natural mapping H"~!(J*> (7)) = H" Y(r) — H""(€).

To conclude this subsection, note yet another important result. Let ¢ € ker e‘;
be a symmetry and [w] € H""'(€) be a conservation law of £. Then [9,(w)] is
obviously a conservation law of £ as well.

EXERCISE 2.25. Prove that if ¢ € ker (E‘Ig;)* is the generating function of a
conservation law [w] of an ¢-normal equation &, then the generating function of
the conservation law [9,(w)] has the form 9,(¢) + A*(¢)), where the operator
A € CDiff(P, P) is defined by 9,(F) = A(F).

8They are discussed, e.g., in the book [103].
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2.8. Euler-Lagrange equations. Consider a Lagrangian £ = [w] € H"(7)
and the corresponding Euler-Lagrange equation & = {E(L) = 0}. Let ¢ € s(7) be
a Noether symmetry of L, i.e., 9,(L) =0 on J>(m).

EXERCISE 2.26. Check that a Noether symmetry of £ is a symmetry of the
corresponding equation & as well, i.e., sym £ C sym¢&.

EXERCISE 2.27. Show that if Eg’"(ﬁ) = 0, then finding of Noether symme-
tries of the Lagrangian £ = [w] amounts to solution of the equation E(4,(y)) =
lecey(p) + €5(E(L)) = 0. (Thus, to compute Noether symmetries of an Euler—
Lagrange equation one has no need to know the Lagrangian.)

Let 9,(w) = dv, where v € AJ~Y(r). By (2.5), we have

-~ ~

9y (W) — dv = L(p) — dv = L5,(1)(p) + dwp 1 () — dv
= E(L)(9) + d(wp1 (lw) — V) =

n= (V - w%l(&d))lgoo € Agil(‘g)'
Thus, c/l\n P 0, i.e., [7] € H" () is a conservation law for £. The map

sym £ —— H"71(E), o — [n],
is said to be the Noether map.

EXERCISE 2.28. Check that the Noether map is well defined up to the image
of the natural homomorphism H"~1(J> (7)) = H" ! (7) — H"71(€).

REMARK 2.3. The definition of the Noether map implies that it is defined for
all Euler-Lagrange equations and not just for /-normal ones.

EXERCISE 2.29. Prove that if the Euler-Lagrange equation £ corresponding to
a Lagrangian £ is {-normal, then the Noether map restricted to the set of Noether
symmetries of £ is inverse to the differential )" ':

A" () = o (2.22)

REMARK 2.4. The Noether map can be understood as a procedure for finding
a conserved current to a given generating function.

EXERCISE 2.30. Given an ¢{-normal Euler-Lagrange equation £°°, describe the
map inverse to the embedding d>"': cl(€) — ker ! (6‘%)* =kert% = sym L. (In
view of the previous exercise, the required inverse map is an extension of the Noether
map.)

2.9. Hamiltonian formalism on J*(7). Let A € CDiff(5(7), 5(7)) be a
C-differential operator. Define the Poisson bracket on H"(w) corresponding to the
operator A by the formula

{wi,w2ta = (A(E(w1)), E(w2)),

where (,) denotes the natural paring »(m) x 2(w) — H" (7).
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EXERCISE 2.31. a. Consider an operator A € CDiff(32(n), P), where P is a
module over F(7). Prove that Ao E = 0 implies A = 0.

b. Consider an operator A € CDiff)(3¢(m), Aj(7)). Prove that if for all
wi,...,w; € H*(m) the element A(E(w;),...,E(w;)) belongs to the image of the
operator cz then im A C imc?, ie., w(A) =0 (see Exercises 2.5 and 2.10). In par-
ticular, if for any w € H"(7) one has 9,(w) = (¢, E(w)) =0, ¢ € (r), then ¢ = 0.
Note that the equality 9,(w) = (¢, E(w)) follows from

(0, E(w)) = (¢, €, (1)) = (lu(9), 1) = (Iy(w), 1).
c. Using the above said, check that if the Poisson bracket {wi,ws}4 is trivial
for any w; and wsq, then A = 0.

An operator A is called Hamiltonian, if the corresponding Poisson bracket
defines a Lie algebra structure (over R) on H" (), i.e., if

{wi,wota = —{wa,wi}a, (2.23)
Hwr,waba,wsta + {{w2,wsta,wita + {{ws,wita,wata = 0. (2.24)
The bracket {, } 4 is said to be a Hamiltonian structure.

EXERCISE 2.32. Prove that the Poisson bracket corresponding to an operator A
is skew-symmetric, i.e., condition (2.23) holds, if and only if the operator A is skew-
adjoint, i.e., A* = —A.

Now we derive criteria for a skew-adjoint operator A € CDiff(32(n), »(w)) to
be Hamiltonian. For this, we use the following observation. Let P = F(m,&) and
P’ = F(m,¢') be horizontal modules and A: P — P’ be a C-differential operator.
Set D, = D{" o---0D3J". One has ju(s)* (Do f) = 01 /02, (joo (s)* f) for any
section s € T'(7) (see Ch. 4). Therefore A can be considered as a nonlinear operator
acting from the sections of 7 to the set of linear operators I'(§) — T'(¢’). Thus,
the universal linearization of this operator, which we denote by ¢a, belongs to
CDiff (s, CDiff (P, P')) = CDiff (s, P; P').

For a C-differential operator A: 3¢(w) — s(mw) and an element ¢ € 3(w), we
can define the C-differential operator £4 4 : s(m) — »(7) by

Cay(p) = (Lalp)) ().

EXERCISE 2.33. Prove that

Z,wl (¢2) = @1*,1;;2 (wl)'

THEOREM 2.12. Let A € CDiff(3¢(m), »2(m)) be a skew-adjoint operator; then
the following conditions are equivalent:

1. A is a Hamiltonian operator.
2. (La(A(¥1))(¥2), ¥3) + (Ca(A(2)) (3), 1) + (€a(A(h3)) (Y1), th2) = O for all
P1,92, 3 € ().

3. Law, (AW2)) = La, (AWn)) = Ay, (Y1) for all g1, s € (7).
4. The expression £a 5, (A(2)) + %A(@Z’wl (12)) is symmetric with respect to

1,9 € 2(71’)
5. [Daw), Al = Lay 0o A+ Aol for all ¢ € imE C 32(m)°.
9Let P = F(m,&) and P’ = F(m,&') be horizontal modules and F: P — P’ be a map. Then
for any ¢ € F(mw, ) one can define the commutator [, F def 95 oF —Fo 95, since each
field 9, defines the family of derivations 9;: F(m,&) — F(m, &) (see Ch. 4).
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Moreover, it is sufficient to verify conditions 2—4 for elements 1b; € im E only.

PROOF. Let wi,ws, w3 € H™(w) and ; = E(w;). The Jacobi identity (2.24)
has the form

{{wi,wa}a, w3} a + (cyclic) = =9 a(y,) (A1), ¥2) + (cyclic)
(D) (A) (1), ¥2) — (A(ly, (A(¥3))), 1h2) — (A1), Ly, (A(¢3))) + (cyclic)
= —(Ca(A(¥3))(¥1), ¥2) + (A(W2), Ly, (Ats))) — (Ath1), Ly, (A(¥3))) + (cyclic)
= —(la(A(¢3)) (1), 1p2) + (cyclic) =0,  (2.25)

where “(cyclic)” denotes terms obtained by the cyclic permutation of indices. It
follows from Exercise 2.31 that equality (2.25) holds for all ¢; € >(m). Criterion 2
is proved.

Rewrite now the Jacobi identity in the form

(Caun (A(Y2)), ¥3) + (A1), g ($2)) — (A4, (¥1)), 93) = 0

Using Exercise 2.33, we obtain

(Cap, (A(¥2)), ¥s) — (Caa (A1), ¥3) — (A (Ch g, (V1)) ¥3) =0

In view of Exercise 2.31, this implies criterion 3.

Equivalence of criteria 3 and 4 follows from Exercise 2.33.

Finally, criterion 5 is equivalent to criterion 3 by virtue of the following obvious
equalities:

[Da(ps)> Al(¥1) = Law, (A(¥2)),
lagpoA=LyyyoA—Aoly oA

This concludes the proof. O

Let A: 3(m) — 3(7) be a Hamiltonian operator. For any w € H™(r), evolution-
ary derivation X, = 94(gw)) is called the Hamiltonian vector field corresponding
to the Hamiltonian w. Obviously,

Xy (w2) = (AE(w1), E(w2)) = {w1, w2} a.
This yields

X{whwz}A (w) = {{wlvw2}A)w}A = {wlv {w27w}A}A - {w27 {whw}A}A
= (Xw1 © Xw2 - sz © le)(w) = [levaz](w)

for all w € H™(m). Thus,

KXo, = [Xu, X, (2.26)

wa}a

Similar to the finite-dimensional case, (2.26) implies a result similar to the
Noether theorem.
For each H € H™ (), evolution equation

us = A(E(H)), (2.27)
corresponding to the Hamiltonian H is called Hamiltonian evolution equation.

THEOREM 2.13. Hamiltonian operators take generating functions of conserva-
tion laws of equation (2.27) to symmetries of this equation.
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PROOF. Let A be a Hamiltonian operator and
Do(t) + @ (t) Adt € AJ(m) @ AL () Adt

be a conserved current of equation (2.27). This means that D;(wo(t)) = 0, where
wo(t) € H™(r) is the horizontal cohomology class corresponding to the form wp(t),
and D, is the restriction of the total derivative in ¢ to the infinite prolongation of
the equation at hand. Further,

_ Ow Ow
Dy(wo) = aito + DaEm)) (wo) = 87150 +{H,wo}.
This yields
0

ano + [X3, Xu) = 0.

Hence the field X, = 94(E(w,)) i @ symmetry of (2.27). It remains to observe
that E(wp) is the generating function of the conservation law under consideration
(cf. Exercise 3.2). O

EXERCISE 2.34. a. A skew-symmetric operator
B e E}™(w) C CDiff (s¢(w), 3(7))

is called symplectic if d7™(B) = 0. Prove that the following conditions are equiva-
lent:

1. B is a symplectic operator.
2. {€B(L1)(p2), ) + (€B(©2)(3), p1) + (L (p3)(#1), p2) = 0 for all elements
P1, 2,3 € ().
3. o, (p2) = UBp, (1) = L5 ,, (p2) for all p1, @2, € 5(m).
4. The expression {5 ,, (¢) — %E”j&% (¢2) is symmetric with respect to 1, 2, €
(7).
5. Up(¢) = lp,,—{p . Where, as above, the operator {5, € CDiff(s(r), 3(m)),
@ € (), is defined by £p o, (p2) = €p(p2)(p1)-
b. Evolution equation u; = ¢, ¢ € s(m), is called Hamiltonian (with respect
to a symplectic operator B), if B(y) = E(H) for a Hamiltonian H € Aj} (7). Study
the relationship between symmetries and conservation laws of such an equation.

3. Computation of conservation laws

In this section, we discuss applications of the C-spectral sequence. To begin
with, we show how one computes the space of conservation laws by the method
of generating functions based on Theorem 2.11. Generating functions establishes
an efficient means for describing conservation laws, i.e., conserved currents mod-
ulo trivial ones, and allow one to find all conservation laws of equation at hand.
Thereupon we present concrete results, to illustrate the technique of computations
for conservation laws.

3.1. Basic results. In this subsection, we present the basic results from the
theory of conservation laws in coordinate form, suitable to the computations. This
material can be read independently of §2.
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Let S = (S1,...,5,) be a conserved current for the equation & = {F = 0}
with n independent and m dependent variables. Equality (1.4), which is satisfied
on £, is equivalent to

0 (F)), (3.1)

n l
=1

> Di(S:) =
i=1 j
where [ is the number of equations, 00; = > _ al D, are scalar differential operators,
F=(F,... F).
Recall that operators of the form ) a,D, are called C-differential or horizon-
tal. f A =)"_a,D, is a scalar C-differential operator, then A* = EU(—l)""DU o
a, is the operator (formally) adjoint to A. If A = ||A;;|| is a matrix C-differential
operator, then A* = [|A%]].
The following fundamental result holds (see Theorem 2.11):

THEOREM 3.1. Suppose that operators Oy, ...,0; satisfy (
striction ¢ = (O7(1),...,07(1))|ge of the vector function (OJ
the infinite prolonged equation £°° satisfies the equation

(£5)" (w) = 0.

Note that, generally speaking, the vector function 1) is not uniquely defined by
the conserved current S.

3.1). Then the re-
1(1), .., 07 (1)) to

EXERCISE 3.1. Check that such an ambiguity takes place for equation (2.18).

If any conserved current S defines a unique vector function ¢ for the equation
at hand, then 1 is the same for all conserved currents equivalent to S and thus
characterizes the corresponding conservation law. Such a vector function is called
the generating function of this conservation law.

EXERCISE 3.2. Prove that for evolution equations
ur = fx, u, Ug, Uggy .- )

the generating function corresponding to a conserved current (Sp, S1, ..., Sy ), where
Sp is the t-component, has the form ¢ = 620(1). In other words, v is the left-hand
side of the Euler-Lagrange equations for the Lagrangian Sy which is understood as
a function of x, u, Uy, Uge, . . . .

One can prove that for regular and determined (I = m) equations generat-
ing functions are uniquely defined by conservation laws. Such equations are called
¢-normal (see §2.6). The majority of equations of mathematical physics are ¢-nor-
mal.

Now the following natural question arises. Given an f-normal equation, is a
conservation law uniquely defined by its generating function? To give the answer,
note that every de Rham cohomology class ¢ € H"1(£) can be understood as
a conservation law for the equation £. Such topological conservation laws are, of
course, not very interesting (see, however, [103]), since they do not change under
continuous deformations of solutions of £. The results of §2.7 imply the following

THEOREM 3.2. Let £ be an {-normal equation. Two conservation laws of the
equation £ have the same generating function if and only if they differ by a topo-
logical conservation law.
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The quotient group of all conservation laws by topological ones is called the
group of proper conservation laws.

Thus, the problem of finding all the conservation laws for a given ¢-normal
equation reduces to the problem of finding the corresponding generating functions,
i.e., the solutions of the following equation:

(¢5)" () =0 (3.2)

Not every solution of (3.2) corresponds to a conservation law. The redundant
solutions can be removed by using the following fact.

Let ¢ be a solution of (3.2). This means that ¢}.(¢) = A(F'), where A is an
m x [ matrix C-differential operator. The solution % corresponds to a conservation
law if and only if there exists an [ x [ matrix C-differential operator V such that

Ei + (Algw)™ = Voo oﬁf,,
vV =V.
This was proved in §2.6 (see Exercise 2.23¢ and Corollary 2.10).
To conclude, let us describe the action of symmetries of the equation & = {F =

0} on its conservation laws in terms of generating functions. Let ¢ € sym & be a

symmetry of £ and ¢ € ker (6‘%)* be the generating function of a conservation law
of £. Then 9,(F) = A(F), where A is a C-differential operator. From Exercise 2.25
it follows that 9, acts on the space of generating functions by the formula 1) —

Op () + A ().

EXERCISE 3.3. Work out an analog of the commutator relation (4.1) of Ch. 4
for conservation laws.

3.2. Examples. Now we give several examples to illustrate the above-de-
scribed algorithm of computing conservation laws!C.

ExAMPLE 3.1. Let us first consider the Burgers equation:
F =z, +uuy, —us =0.

The operator ¢4, £ = {F = 0}, has the form ¢%. = D2 +uD, + p; — D; (we use the
notation of §4.1 of Ch. 4), therefore,

((5)" =D? — Dyou+pi + Dy = D? —uD, + D,.
Let us look for a generating function ¢ in the form ¢ (x,t,u,...,px), where k > 0
and 0v/0py, # 0. Then, using the formulas for D, and D, from §4.1 of Ch. 4, we
find that

0
D2(4) :pk+28—;i +O(k +1),

Dy(4) :m% Lok +1).

Thus,

* 0
(65)" () = 2pk+za—;i +O(k +1),

10The technique of computation of conservation laws is much the same as that of symmetries.
Since the latter is fully considered in Ch. 4, we shall restrict ourselves to brief descriptions of the
computations. For details on Examples 3.2, 3.7, 3.9-3.11 see [137]
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and the equality (E%)* (v) = 0 implies that 0v¢/dp = 0. The contradiction ob-
tained proves that ¢ = ¢(z,t) and, hence,

Since 1 does not depend on u, then 1, = 0. Consequently, ¢, = 0, i.e., 1) = const.
It is readily seen that the conserved current (—u,u, + u?/2) corresponds to the
generating function ¥ = 1. Thus, we have proved that the group of conservation
laws of the Burgers equation is one-dimensional and is generated by the conserved
current (—u, u, + u?/2).

ExAMPLE 3.2. Consider the n-dimensional quasi-linear isotropic heat equation:

82

27
O0x;

up = A(u®) + f(u), A:zn: a #0.
i=1

In this case, equation (3.2) immediately implies that ¢ depends on the variables ,
x only and satisfies the equation

(gt + aua_1A> P+ f'(u)y =0. (3.3)

It is easily shown that equation (3.3) has a nontrivial solution only if
flw) =au® +bu+c.

Now, if & # 1, then ¢ = v(x)e~%, with v = v(x) satisfying the equation Av4-av = 0.
If @ = 1, then f(u) = bu + ¢ and the function ¢ = ¥(x,t) satisfies the equation
e + AP+ by =0.

It can easily be checked that the vector function

<¢U,¢mua - O“/}uailuan - 0/1/)d$17¢mua - awuailuacz» cee

%:nua - awua_luaﬁn) :
is a conserved current corresponding to the generating function 1.
ExampPLE 3.3. If £ = {A = 0} is an arbitrary linear system of equations

defined by an operator A, then each solution of the adjoint system £* = {A* = 0}
is the generating function of a conservation law of £ (cf. Example 3.2 for o = 1).

EXERCISE 3.4. Do the linear conservation laws from Example 3.3 form a com-
plete set of conservation laws (see §1) for an ¢-normal linear equation?

ExAMPLE 3.4 ([110]). The equation
o?

— A4
et (3.4)

up = Aup=Au, A=)
j=1

which describes the filtration of fluid in crack-porous media, has a complete set
of conservation laws. Let us demonstrate this with the example of the following
boundary value problem:

u(a:,O) = QO(ZE)7 (S V,
u(z,t) = h(x,t), xzedV, t>0,
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where V' C R™ is a bounded domain with piecewise smooth boundary 0V, ¢(z) =
h(z,0) if x € OV. Let us look for generating functions v(z, t) of linear conservation
laws of equation (3.4), i.e., solutions of the equation

vy — Avg +Av =0 (3.5)
satisfying the homogeneous boundary conditions
v(z,t)]y, =0, t>0. (3.6)
Using the standard Fourier method of separation of variables, we obtain the follow-
ing complete and orthogonal in L?(V') system of functions satisfying (3.5) and (3.6):
_ S‘k
14+
where Ay and Xj(z) are eigenvalues and eigenfunctions of the Sturm-Liouville
problem

'Uk(l'vt) = e/\kth(x)’ Ak

k=1,2,3,...,

{AX+/\X:0,
X|6V:0

respectively. The conservation law corresponding the generating function v(z,t) in
the integral form reads:

d v U U
% V(vav)udx:/aV ((ut+u)gn <ZT;+(§TL> v) do, (3.7
where n is a unit external vector normal to 0V and do is a surface area element.
Given v(z, t), one can compute the right-hand side of (3.7), so that the value of the
integral [,,(v — Av)udz at the initial moment ¢ = 0 uniquely determines its value
at each instant of time. This makes it possible to find the Fourier coefficients ¢ (t)
of u(z,t) with respect to the orthogonal system {v}, since

) S .
C t = — 'U’LLdZL':—i v 7A’U udx
WO =T T TR e ST A

Thus, completeness of the system of functions in the space L?(V) implies complete-
ness of the set of conservation laws with generating functions v (z,t).

ExaMPLE 3.5. It is well known that the Korteweg-de Vries equation
Uy = 6Uly — Ugay
possesses an infinite series of conservation laws (see e.g., [81, 1, 89, 91, 21, 24]),
which starts with the conservation laws of mass, momentum, and energy:
up + (—3u? + Upy), = 0,
(u?); + (—4u® + 2utyy — u?), = 0,
(ud +u2/2); + (—9u*/2 + 3uPupy — 6un’ + Uptiyey — 12, /2)s = 0.

This infinite series of conservation laws has been constructed in various ways by
many authors. The solution of this problem gave birth to the famous inverse scat-
tering method (which today is dealt with in an extensive literature, see, e.g., the
books [1, 89, 22, 21, 24, 28] and the references given there). The computation
technique described above allows us not only to obtain easily the infinite series of

conservation laws, but also to prove that the Korteweg—de Vries equation has no
other conservation laws.
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EXERCISE 3.5. Prove that an evolution equation u; = f(z, Uy, Ugy, . . . ) of even
order cannot have an infinite number of conservation laws that depend on deriva-
tives of arbitrarily high order.

ExXAMPLE 3.6. The nonlinear Schrédinger equation

e =AM+ PPy, A=)

29
= 8l‘j
has two physically obvious conservation laws:
(6P +iV@vy —wvg) =0,  v=(-2 .. ).
t — U, - 61‘1 P 61"” 3

(V6P = S0l + V(A + [P0V — (AT + 925 T4) = 0.

If the number of spatial variables equals 1, then, like the Korteweg—de Vries equa-
tion, this equation possesses a well-known infinite series of conservation laws. For
n > 1, there are no other conservation laws of the nonlinear Schrodinger equation.

REMARK 3.1. The explosion of interest to the Korteweg—de Vries equation and
the nonlinear Schrédinger equation in the late 60s—early 70s has led to the discovery
of a great deal of “integrable” equations. Such an equation possesses a complete
set of conservation laws and is solvable by the inverse scattering method. The
Boussinesq, Kadomtsev—Petviashvili, Harry Dym, sine-Gordon, etc., equations are
the examples.

ExXAMPLE 3.7. Consider the Zakharov equations describing the nonlinear in-
teraction of high-frequency and low-frequency waves:

iwt + wwx - n¢ = 07
ng +ug =0, (3.8)
w4+ ng + ([9]?)z = 0.

Though this system has soliton-like solutions, it is not integrable by the inverse scat-
tering method. The computation of conservation laws by direct solving of (3.2) is
hardly possible in this case. In fact, one needs the Hamiltonian technique (see §4.2)
to prove that (3.8) is not integrable.
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Equation (3.8) has eight conservation laws:

(1/2i(he — Ptpe) — nu, 1/2(19%) o — 2002 * = nl|* —n?/2 —u?/2)
(conservation law of quasi-momentum).
([o* + lgl* + n?/2 4 w?/2,

V/i($naths = Paatba) + n/i(dtbs — ath)a + nu — uly)|?)
(conservation law of quasi-energy).
(|82, i(p21h — 1)) (conservation law of quasi-particle number).
({112 + tn — 2, t/i(oe — i) — e[l — 2n + tu).
(t2|]? + (22 + ) — 2tau, t2 /i(P)y — Piby) — 2tx|y|* — 2tan + (22 + t2)u).
(tu — an, tn — zu + t|Y|?).
(n, u).
(u,n+ [9]?).
EXAMPLE 3.8 ([104]). The plasticity equations (see §4.3 of Ch. 4)

-l-l 0
U —v =
13 % )
vn+§u:0,

possess an infinite series of conservation laws obtained from the conservation law
with the generating function

U

—v

by using the action of the symmetries fi,, gb,, 0 < i < 2k, and the operators
(R%k)*, k=0,1,2,... (see Theorem 4.5 of Ch. 4). This series, together with the
conservation laws corresponding to generating functions (By(&,n), B2(§,n)) which
are the solutions of the system

0B, 1
2L By, =0
ag 2 2 )
0By 1
2 _ "B =0
877 9 1 ’

generate the whole space of conservation laws of the plasticity equations.

EXERCISE 3.6. Check that (uth1,vi)) is a conserved current corresponding to
the generating function (1, 5).

ExampPLE 3.9. The Khokhlov—Zabolotskaya equation encountered in the non-
linear acoustics of bounded beams (see §5.3 of Ch. 3) has the form
P 1007 0 O
0q10g2 2 dqi gz Iq3

It has a large group of conservation laws, with the corresponding generating func-
tions being of the form:

Y =q A2, 93, 94) + B(q2, 43, qa),
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where A and B are arbitrary solutions of the system
Aqsqa + -Aq4q4 =0,
Bysqs + Baigs = Ags-

The conserved current

(((h.A - B)(uuq1 - UQ2) - Au2/27 Aua (qlA + B)u% - (qlAq:; + qu)u7
(A + Blug, — (q1.Ag, + By, )u).
corresponds to the generating function .
The two-dimensional analog of the Khokhlov—Zabolotskaya equation is of the
form:
0%u 182 (u?) @
0q10qz 2 Oqi dq3
The generating functions of conservation laws for this equation are

¥ = qra(qe)qs + a'(q2)d5/6 + q1b(g2) + V' (g2)a3/2 + c(g2)g3 + d(q2), (3.9)

where a, b, ¢, and d are arbitrary functions of ¢s.
For the axially symmetric Khokhlov-Zabolotskaya equation

0%u 10%(w?)  0%u 1 Ou
9q10q2 2 0qf  0q5  q30g3
the generating functions of conservation laws have the form:

=0.

1
Y = qra(q2)q3Ingz + Za’(qz)q:;f’(ln q3—1)

1
+ q1b(g2)qs + ib/(%)qg’ +c(g2)g3 In g3 + d(g2)g3,  (3.10)
where a, b, ¢, and d are again arbitrary functions of gs.

EXERCISE 3.7. Find conserved currents corresponding to generating functions
(3.9) and (3.10).

ExaMPLE 3.10. The Navier-Stokes equations of viscous incompressible fluid
motion in a three-dimensional domain
0
a—?—ku Vu=—-Vp+vAu,
V-u=0,

where u = (u',u?,u?®) is the vector of fluid velocity and p is the pressure, has a
7-dimensional space of conservation laws. The basis generating functions are of the

form:

372,_(171,0 U 'TQ_U Z1),

1//2
2

Py = o,w — T2, u’rs — uPTy

= (
(
(
Yy = (a1(t),0,0,u'ay () — a) (t)z1),
= (
(0,
(

)
T3 xlauxii_uzl)a
)

<
oA

0,a(t),0,u%ay(t) — d
1/16 0,0 CL3( ) u ag(t) aé t)l‘g)
Y7 = (0,0,0, f(1)),
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where a1, as, a3, and f are arbitrary functions of ¢.

EXERCISE 3.8. Find conserved currents for these generating functions and ex-
plain their physical meaning.

ExaMPLE 3.11. The Kadomtsev—Pogutse equations (see §5.3.3 of Ch. 3), de-
scribing nonlinear processes in high-temperature plasma, are written as follows:

aw Oy
gt [VL<P,VL1,[1} 627 5
atAﬂP +[Vig,ViAL 9], = tﬁﬂﬁ + Vi, VIA LY,

where V| = (0/0x,0/0y), A, = 8%/02%40%/0y?, [u,v], = uzvy —uyvs, (9, 2, 1)
are the standard coordinates in the space-time, ¢ and v are the potentials of the
velocity and the cross-component of the magnetic field respectively.

Here are the generating functions of conservation laws for this equation de-
pending on the derivatives of order no greater than three!'!

01 = ((ax + by + ¢)G(z,t),0),
02 = (a(z? +y?), —4a),

03 = (B(2? + y*),48),

0= (V@ =), v (ALY — ALyp)),
05 = (0(p +v), 0(ALp + ALY)),

where G = G(z,t), a =a(z—t), 6 =0(z+t),y=7(z—1t),d =5z +1), a, b, c
are arbitrary constant.

EXERCISE 3.9. Find conserved currents for the functions 64,...,05. What is
the physical meaning of the conservation law corresponding to 647

EXERCISE 3.10. Show that the transformation ¢ — —z, ¢ — —t, which is
a discrete symmetry of the Kadomtsev—Pogutse equations, takes the conservation
laws with generating functions # and 64 to the conservation laws with generating
functions 03 and 05 respectively.

4. Symmetries and conservation laws

4.1. The Noether theorem. It is well known that for equations derived from
a variational principle the conservation laws are produced by the symmetries of the
action. This is the Noether theorem [90]. Since prior to the works [125, 127, 132]
on the C-spectral sequence this theorem had remained the only general method
of finding conservation laws, until the present time it is widely believed that the
existence of conserved quantities are always caused by symmetry properties of the
equation at hand. However, the examples of §3 demonstrate that, in general, this is
not true. For instance, the Burgers equation has only one conservation law, whereas
its symmetry algebra is infinite-dimensional (see Theorem 4.4 of Ch. 4).

On the other hand, symmetries and conservation laws cannot be treated as
totally independent concepts, since the generating functions of symmetries and
of conservation laws satisfy the mutually adjoint equations (3.19) of Ch. 4 and
(3.2). This fact clarifies the nature of the Noether theorem. Recall (see §2.5) that
an equation F = 0 is derived (locally) from a variational principle if and only if

11The Kadomtsev—Pogutse equations do not supposedly have other conservation law.
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{p = 3. Therefore, in this case equations (3.19) of Ch. 4 and (3.2) coincide and,
consequently, to every conservation law there corresponds a symmetry. It follows
from equality (2.22) that this correspondence is inverse to the Noether map that
takes each Noether symmetry of the action to a conservation law of the equation
at hand.

Recall that a Lagrangian (or an action, or a wariational functional) L =
fL(x,u,pf,) dx, where dr = dxy N --- A\ dx,, is a functional on the set of sections
of a bundle 7 and is of the form

lo| ot
S*—>/L<I’,S(I),...,as,...> dxy A -+ ANday, s € I(m).
M 8.’1}0-

The function L € F(rw) (or the form Ldz € Af(m)) is called the density of the
Lagrangian. The Lagrangian (or variational) derivative of the Lagrangian £ =
| Ldz is the function

oL oL
= -1llp, [ == .
i = L0 (35) <1
EXERCISE 4.1. Check that the Lagrangian derivative 6L/du’ is uniquely de-

termined by the functional £ = [ Ldz and does not depend on the choice of the
density L.

The operator E(£) = (§L/du',...,6L/6u™) is called the Euler operator, while
the equation E(L) = 0 is called the Euler-Lagrange equation corresponding to the
Lagrangian £. In §2.5 we have proved that an Euler-Lagrange equation is trivial
if and only if the corresponding density L is a total divergence, i.e., if for some
functions Py, Ps, ..., P, € F(r) one has

L=Di(P1)+ Dy(Py)+ -+ Dp(Pp).

Furthermore, it was shown in §2.5 that an equation F' = 0 is an Euler-Lagrange
equation if and only if

tp = 0.

An evolutionary derivation 9, is called a Noether symmetry of a Lagrangian L,
if 9,(L) =0, i.e., if there exist functions P, Ps, ..., P, € F(r) such that

9,(L) = D1(P1) + Da(Po) + - - + Dy (P).

If FF =0 is an Euler-Lagrange equation corresponding to a Lagrangian L, i.e.,
F =E(L), then 9, is a Noether symmetry of £ if and only if

9(F) + L5(F) = 0 (4.1)

(see Exercise 2.30). In particular, ¢ is a symmetry of the equation F' = 0 (the
converse statement is not true!).
The results of §2.8 imply the following fundamental theorem:

THE NOETHER THEOREM. Suppose that & = {E(L) = 0} is an £-normal Euler-
Lagrange equation corresponding to a Lagrangian L. Then an evolutionary deriva-
tion 9, is a Noether symmetry of L if and only if ¢ is a generating function of a
conservation law for E12.

12 As noted above, equations encountered in gauge theories, like the Maxwell, Yang-Mills,
and Einstein equations, make up an important class of Euler-Lagrange equations which are not
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ExAMPLE 4.1. Consider the sine-Gordon equation
Ugy = SINU.
It is an Euler-Lagrange equation (check the condition ¢ = ¢3!), the corresponding
Lagrangian density being equal to
L= %umuy — COS U.
EXERCISE 4.2. Using (4.1), show that

P1 = Ug,

1 3
Y2 = Ugzx + SUg,

3

are Noether symmetries of the Lagrangian under consideration.
REMARK 4.1. The symmetries @9 and (3 are produced from ¢, by means of the
recursion operator R = D2 +u2 —u, D' uzs: 2 = R(p1), o3 = R(p2) = R*(1).
By the Noether theorem, the function 1, 2, and @3 are the generating func-

tions of conservation laws for the sine-Gordon equation.

EXAMPLE 4.2. Consider the problem on the motion of r particles of masses

myi, ..., m, in a potential field. Let 2/ = (a7}, x%, xé) be the coordinates of j-th par-

ticle. It is well-known that the Newton equations of motion
ou  oU 6U> .
) .7 = 17 R 7,'/‘7

mixl, = —erad, U = —_— Y ——
s Brass ( ox] Ozl 0x)

where U(t, xf ) is the potential energy, are Euler—Lagrange equations with the La-
grangian density

-
1 . g g
L= Smi((@)? + () + (#)*) - U,
j=1
In this example, we consider the classical Noether symmetries with generating func-
tions
P =0kt a)) - a(t,2))it k=1 1=1,2,3

Pl l(vxz) a(,mz)xl’ yeees T 3 Ly de

Moreover, we restrict ourselves to symmetries satisfying the condition
XO(Ldt) =0,

where X = a(t,27)9/0t + Dokl by (t,x1)0/9zf and XM is the lifting of X to the
space of 1-jets (see Ch. 3).
By the Noether theorem, this symmetry gives rise to the first integral

Z mjbfxz — aly = const,
%]
where E =77, m/2((#1)2 4 (#3)2 + (i4)?) 4+ U is the total energy (check this).

f-normal. For such an equation the kernel of the Noether map, i.e., the set of Noether symmetries
that produce trivial conservation laws, coincides with the set of gauge symmetries.
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If the potential energy U does not explicitly depend on the time, i.e., 9U /0t = 0,
then, as is easy to see, gog = xf is a Noether symmetry. The resulting first integral
is the energy E' = const. Here we have a commonly encountered situation: the
conservation of energy manifests of symmetry under time translations.

If the function U is invariant under spatial shifts in a fixed direction I =
(l1,l2,l3) € R3, then ¢! = [; is a Noether symmetry. The corresponding first
integral is the momentum

Z mjlia'cg = const.

]
We see that conservation of momentum follows from invariance under spatial trans-
lations.

Yet another example of this kind: invariance of U under rotations implies
conservation of angular momentum. Take, e.g., thev z-axis. The corresponding
Noether symmetry has the form ] = —x7, <p2 x], ¢} = 0. It implies conservation
of the z-component of angular momentum:

Z mj (@) — ial) = const.
J
REMARK 4.2. From our discussion of the Noether theorem it is readily seen
that the connection between symmetries and conservation laws, given by the inverse
Noether theorem, can be gencralized to equations £ = {F = 0} satisfying the
condition

()" = M5

for a function A € F(€). The simplest example of this kind is the equation u, = u,.
It is skew-adjoint: (¢%)" = —/%.

4.2. Hamiltonian equations. In this subsection we discuss Hamiltonian dif-
ferential equations. Further details are available, for example, in [126, 8, 21, 24,
64, 91, 81].

An m x m matrix C-differential operator A = ||A¥|| is called Hamiltonian if
the corresponding Poisson bracket

0L\ 0L
{L1,L2}a = /Z <6uﬂl> 51; dx,

where £, and L5 are Lagrangians, defines a Lie algebra structure on the space
of Lagrangians. The skew-symmetry of the Poisson bracket is equivalent to the
skew-adjointness of the operator A, i.e., to the equality A* = —A. To check the
Jacobi identity one uses the following equivalent criteria (see §2):

L <5A(A(¢1))(1/J2()7;/J3> + (Ca(A(12)) (¥3), ¥1) + (La(A(th3)) (¥1), ¥2) = 0 for all
U1, Y2, 13 € ().

2. Lan (A(Y2)) = La, (A1) = A€, (1)) for all ¥,y € ().

3. The expression £4 4, (A(¢2)) + 3 A(C% 4, (¥2)) is symmetric with respect to

V1,2 € 32(T).
4. [Da(p) ]*5A(w)°A+A°€A(¢) for all ¢ € imE.
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Here ; = (¥},...,9") are vector functions, £4 4 is n x n matrix C-differential
operator defined by the formula

DA
(Caw)y =) o D, (y*)D;.
k,o T

Moreover, it is sufficient to verify conditions 1-3 for elements ; € im E only.

EXERCISE 4.3. a. Write down the Hamiltonian criteria in coordinate form.
b. Show that 7 ,, (¥2) = . 4, (Y1) (see Exercise 2.33).

ExAMPLE 4.3. Consider the case of one dependent and one independent vari-
able n = m = 1. The simplest Hamiltonian operator of order one is the operator
D,.

EXERCISE 4.4. Describe all Hamiltonian operators of order one in this case.

EXAMPLE 4.4. It is clear that any skew-adjoint operator with coefficients de-
pendent on x only is a Hamiltonian operator.

EXERCISE 4.5. Prove that in the case n = 1 the operator of the form A =
2LD, + D,(L), where L is a symmetric matrix with elements dependent on x
and u* only, is Hamiltonian.

EXERCISE 4.6. Prove that in the case n = m = 1 there are two-parametric
family of Hamiltonian operators of order three

: 1
Faﬂ = Df« + (a + /BU)DT + §ﬂux (42)

An evolution differential equation is said to be Hamiltonian (with respect to a
Hamiltonian operator A), if it has the form

, 5H
u; = AY —
t oud
for some action functional H, called the Hamiltonian. One can prove (see Theo-
rem 2.13) that the operator A takes the generating functions of conservation laws

of a Hamiltonian equation to its symmetries.

EXAMPLE 4.5. The Zakharov equations (3.8)
i + Yy — TW =0,

Ng + Uy = O,
ug +ng + ([¢9)?), =0

are Hamiltonian with respect to the operator

0 1/2 0 0
=12 0 o 0

A=l o 0o o -D,
0 0 -D, O

with the energy functional
n?  u?
= [ (ol ntol + 5+ )

being the Hamiltonian.
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EXERCISE 4.7. Using Example 3.7, find all Hamiltonian symmetries of the Za-

kharov equations'?.

EXAMPLE 4.6. The Korteweg-de Vries equation
Uy = Uty — Uzay

can be written in the Hamiltonian form in two different ways. The first Hamiltonian
structure is quite obvious:

) 1 0
:D9332_ T :Dw = 3 ~u? = A —
ut (Bu® — ugy) <5u (u + 5 Uz léqu’
where A; = D, is the Hamiltonian operator, H; = [(u® 4+ 1/2u2) dz is the Hamil-
tonian.
The second Hamiltonian structure is written as follows:

6 u? é
— 3 _ _ I B — i
us = (D — 4uD,, — 2uy) ((5u ( 5 )) = A, 5uH0'

Here Ay = D3 — 4uD, — 2u,, Ho = [(—u?/2)dz. The Hamiltonian operator A,
belongs to the family (4.2) with Ay =T 4.

We know (see §5.2 of Ch. 3) that the basis of the space of classical symmetries
for the Korteweg—de Vries equation has the form:

©1 = Uy (translation along x),
P2 = Ut (translation along t),
o3 = 6tu, + 1 (Galilean boost),

(

Y4 = xuy + 3tug + 2u scale symmetry).

The first three symmetries are Hamiltonian with respect to the operator Ay = D,
i.e., they are of the form

1)
()01' = AlEQi, Z = 1,2,3, (43)

2
le/%dl‘7

2
Qs :/(u3+7;a;> dx,

Q3 = /(xu + 3tu?) dz.

where

Thus, Q; are conserved quantities (v; = §Q;/du are the corresponding generating
functions). The fourth symmetry ¢4 is not of the form (4.3) and does not corre-
spond to a conservation law. Note that the Hamiltonian operator Ay = D, has
a one-dimensional kernel, so that there exists one more conservation law with the
generating function ¢ = 1 (which is the conservation law of mass Qg = [udz).

Let us turn to the second Hamiltonian operator As = Di —4uD, — 2u,. In
this case, the symmetries 1, @2, and 4 are Hamiltonian:

J

SO’L:A27P1 7:21,2747
ou

131n fact, the Zakharov equations have no other symmetries.
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where

_fu, D
731—/ 2d$— 2,

xu 3tu? Q3

The symmetry 3 is not Hamiltonian.

None of the classical symmetries corresponds to the conservation law of en-
ergy Qs. Therefore this conservation law is produced by a higher symmetry, the
corresponding generating function being of the form

1)
Y5 = AQ@QQ = —Uzgzee + 10Uz + 20Uptpy — 30u2ux

It turns out that the symmetry o5 satisfies the Hamiltonian condition (4.3) for the
operator A, and the corresponding functional

2 54
Q5=/<—u2”—5uui—g> dx

is one more conservation law for the Korteweg—de Vries equation. The procedure
whereby the conserved quantity Qs is obtained from the conserved quantity Qs can
be applied to Q5 to give a new conservation law, and so on. In other words, we
have the following

PROPOSITION 4.1. There exists an infinite series of conserved quantities of the
Korteweg—de Vries equation Ho, H1, Ha, ..., such that

1. Ho = [ —u?/2dx.
2. A16/6u(H1) = AQ(S/(SU(HI',ﬁ.
3. The functionals H; are mutually in involution with respect to both the Pois-
son brackets:
{Hi, Hita, = {Hp, Hita, =0 for all k,1 > 0.
4. The symmetries p; = A10/0u(H;) = A20/0u(H;—1), i > 0, corresponding to
the Hamiltonians H; mutually commute:
{¢r, 01} =0 for all k,1 > 0.
PROOF. The proof is left to the reader as an exercise. O

Note that the operator R = Ay 0 A7! = D2 — 4u — 2u, D; ' takes the symme-
try o to the symmetry @py1.

EXERCISE 4.8. Prove that R is a recursion operator (see Remark 4.3 of Ch. 4)
for the Korteweg—de Vries equation (the Lenard recursion operator).

EXERCISE 4.9. The Harry Dym equation has the form

(...

Show that this equation possesses two Hamiltonian structures:

1) 1)
Uy = Al%Hl = AzﬁHo,
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here A; = 2uD, + Uy, H f(““ u;
W T 1 = 22U Uy, 1 = —

‘ ¢ 2vVud  8Vud
J 2¢/udz. Study the symmetries and conservation laws of this equation and prove
the analog of Proposition 4.1 for it.

) d:Z?7 Ag = Dg = F070, Ho =
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CHAPTER 6

Nonlocal symmetries

1. Coverings

In preceding chapters we dealt with local objects (symmetries, conservation
laws, etc.), i.e., with the objects depending on unknown functions u?,...,u™ in
a differential way. For example, generating functions of symmetries, being the
elements of the module F (7, 7), are differential operators in the bundle 7. A natural
way of generalization is to consider “integro-differential” dependencies, similar to
extension of the base field in the theory of algebraic equation. This formal, at
first glance, step leads to rather general geometric constructions, which are called
coverings over infinitely prolonged differential equations [142, 61, 62]. Translating
to the language of coverings the main elements of the above constructed theory, we
arrive to the theory of nonlocal symmetries and nonlocal conservation laws for
differential equations. It so happens that many well-known constructions (various
differential substitutions, Backlund transformations, recursion operators, etc.) are
elements of the covering theory [62].

1.1. First examples. Consider several examples clarifying how nonlocal ob-
jects arise.

EXAMPLE 1.1. Consider the Burgers equation & = {u; = uuy + uzy}. The
algebra sym & of local symmetries for this equation is identified with the kernel of
the operator /r = D? + pyD, + p1 — Dy (see Ch. 4), where

_ 0 0 _ 0 _ 0
D=5+ . Dy=_+> Dt =
2= 5ot d Prs1g t=5 d % (Pop1 +pz)8pk

Let us try to find a simplest “integro-differential” symmetry of the Burgers equation,
whose generating function depends on the “integral” variable p_1 = [podz =
D;1(po). From formal point of view, this means that we must extend the manifold
E°° up to a manifold £ by adding a new coordinate to internal coordinates on £°°.
The total derivative of this new coordinate functions along = should be equal to py.
The total derivative along ¢ is natural to be defined as follows:

_ o o - 1
Di(p-1) = Di(D; (po)) = D3 *(Di(po)) = Dy ' (p2 + pop1) = p1 + 5193 +ec,

where ¢ = ¢(t) is the “constant of integration”, which may be set to be equal to
zero. In other words, simultaneously with extending the manifold £ we have to
extend the total derivatives operators D, and D; by setting

D, =D, +

~ 1
D,=D Zp? )
Do 8])71’ t t + <p1 4+ 2p0> ap71

Obviously, the integrability condition [Ex, Et] = 0 must be preserved.

223
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The operator /5 is naturally extended up to the operator
lp = D3+ poDy + p1 — Dy

in this case. It is natural to call a solution of the equation Zp(ap) = 0, a nonlocal
symmetry of the Burgers equation depending on p_1.

If the function ¢ depends on the variables x, t, p_1, and py only, then the
equation ‘, r(¢) = 0 is easily to solve explicitly and to obtain the solution

0
Pa = (apo - 2a>€;p17
ox

where a = a(x,t) is an arbitrary solution of the heat equation a; = a,.

To show possible applications of the above computations, let us find the solu-
tions of the Burgers equation invariant with respect to some symmetry of the form
©q. By general theory (see Ch. 4), such solutions are determined by the following
system of equations:

Ut = Ugy + Ulyg,

(au— 222)6_5f“dw =0.

From this system we obtain, in particular, that v = 2a;/a, i.e., we obtain the
Cole—Hopf transformation reducing the Burgers equation to the heat equation.

“Integro-differential” symmetries naturally arise in studies of equation admit-
ting recursion operator.

ExXAMPLE 1.2. Consider the Korteweg-de Vries equation’
E ={ut = Uggs + uuy}.

The operator
1

D1
3101 z

~ 2
R:D§+§po+

commutes with the universal linearization operator
(g = D} + poDy + p1 — Dy

Consequently, if £z(p) = 0, then £r(R(¢)) = R({r(¢)) = 0. This means that if
p € sym& and R(p) € F(E>), then R(yp) is also a local symmetry of the equation
E. Such operators are called recursion operators (cf. Ch. 4; see also, e.g., [91]).
The Korteweg—de Vries equation possesses an infinite series of local symmetries
¢r = RF(p1), where p; is the translation along z. It also possesses another two
symmetries, Galilean and scale ones, and the recursion operator takes the former
to the latter. These two symmetries can be considered as the starting point for the
second series. But one can easily see that applying the recursion operator to the

1We use here a representation of the KdV equation different from that considered in Ch. 3
and 5. Evidently, both forms are equivalent and reduce to each other by the scale transformation.
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scale symmetry, we shall obtain the expression containing the term D !(pg).

[ ] o ?
R
©2=ps+pops+p1p2+pop1 @ O tpatzpi+ipatiapgt+spiD,tpo ?
R R
p1=p3+pop1 @ ® toitgzpi+3po
R R
Yo=p1 @ ® tpi+1

Nevertheless, introducing the additional variable p_; and extending the operators
D,, Dy, and ¢ to the operators

~ o  ~ - 1 o~ o~ ~ ~
D, =D, +po=—, Dy =D; + (p2+p3), {p = D2+ poDy +p1 — Dy
ap71 2 81071

respectively, we shall see that the function tpy + xp; + %pg + %pg + %plp,l is
a solution of the equation ¢r(¢) = 0 and consequently may be called a nonlocal
symmetry of the Korteweg—de Vries equation.

EXERCISE 1.1. Show that the operator R = D, + % Po+ % p1 D1 is a recursion
operator for the Burgers equation.

ExaMPLE 1.3. Consider the potential Korteweg—de Vries equation
1
&= {ut = Uggy + uQ}.

The procedure of introducing a new variable p_; = D~!(po) to this equation
is more complicated. Namely, let us try to compute D;(p_1):

Dilp-1) = DDz () = D3 (Dr(po)) = D5 -+ o2 ) = + 5027 62)

Here we meet the necessity to introduce another variable w whose total derivative
along = equals p?. Then

Dy(w) = Dy(D; ' (p})) = D 1 (Dy(p?)) = 2D, (p1(pa + p1p2))

1 1
= 2<p1p3 - §p§+ Bpi’)-

Thus the operators D, and D; are to be extended to the operators

~ = o)
D, =D, — 42—,
+p08p_1+plaw
-~ 1 9 1 1 0
D;=D - 2 o2 =8 ,
t t+(p2+2w>ap_l+ (p1p3 2p2+3p1>8w
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EXERCISE 1.2. Try to introduce the variable p_; for the equation & = {u; =
Ugze + U}

The last two examples show that attempts to apply the above constructions
in a general situation may meet technical difficulties. In fact, we have no reasons,
except for a formal parallel with the local picture, to treat “nonlocal” solutions of
the equation /r(p) = 0 as nonlocal symmetries (see, e.g., [50, 30]). Obviously,
we need a conceptual analysis of the notion of a nonlocal symmetry itself. By this
reasons, it seems to be natural to analyze a definition of nonlocal symmetries by
studying geometrical structures on manifolds &: a similar way has led us to the
definition of local symmetries of equations £°°.

1.2. Definition of coverings. Let £ be a differential equation in the bundle
m: E"T™ — M™, £°° be its infinite prolongation. Recall that at any point § € £*°
the n-dimensional plane Cy C Ty(E*°) is defined (the Cartan plane). The Cartan
distribution ¢ = {Cg}lpcs~ on £ is completely integrable, i.e., it satisfies the
assumptions of the classical Frobenius theorem. In local coordlnateb the Cartan
distribution on £% is given by the system of n vector fields D, ..., D,,, where D;
is the restriction to £°° of the total derivative operator along the i- th independent
variable. The extension procedure of the manifold £°° considered in the previous
examples may be formalized by introducing the concept of a covering.

DEFINITION 1.1. We shall say that a covering 7: E — £ of the equation & is
given, if the following objects are fixed:

1. A smooth manifold &, , infinite-dimensional in general?.

2. An n-dimensional integrable distribution Coné.

3. A regular mapping 7 of the manifold & onto £ such that for any point
6 € & the tangent mapping T ¢ is an isomorphism of the plane Co to the
Cartan plane C. () of the equation £ at the point 7(6).

The dimension of the bundle 7 is called the dimension of the corresponding
covering. Below by F (5 ) the ring of smooth functions on & is denoted.

From the definition of coverings it follows that the > mapping 7 takes any n-di-
mensional integral manifold 2 C € of the distribution C = {C@}G <z to an n-dimen-

sional integral manifold U = 7(U) C £ of the Cartan distribution on £%, i.c., to
a solution of the equation £. Conversely, if ¢ C £ is a solution of the equation
&, then the restriction of the distribution C to the inverse image U = 7=*(U) C &,
as it is easily seen, is an integrable n-dimensional distribution. If, in particular,
dim771(0) = N < o0, 6 € U, then the manifold U is locally fibered by N-parame-
ter family of integral manifolds of the distribution C| ‘ ~

Thus, to any solution of the equation & there corresponds a family of integral
manifolds lying in £. The elements of this family are convenient to be understood
as solutions of the equation £ parametrized by some nonlocal quantities. In Exam-
ples 1.1 and 1.2 the integration constant can be taken for such a parameter.

2All infinite-dimensional manifolds considered below are inverse limits of chains of finite-
dimensional ones. Differential geometry for such manifolds is constructed in the same way as it
was done for the manifolds of the form £°° (see Ch. 4); this allows to overcome usual topological
difficulties.
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1.3. Coverings in the category of differential equations. To explain
the term “covering” for the above introduced objects, we use a parallel between the
category of differential equation (called the DE category below) and the category
of smooth manifolds.

In what follows, we take a very simple approach to the DE category suitable for
our purposes, though it should be noted that there exists a more thorough approach
to definition of this category (see, for example, [60]).

The objects of the DE category are (infinite-dimensional) manifolds O endowed
with completely integrable finite-dimensional distributions 7. Obviously, infinitely
prolonged equations £*° together with the Cartan distribution C are objects of this
category. The morphisms in the DE category are smooth mappings ¢: O — O’
such that ¢, (Py) C P, at all points § € O, where P and P’ are the distributions
on O and O’ respectively. Dimension of the object (O, P) is the dimension of the
distribution P.

Using as an analogy the notion of a covering in the category of smooth mani-
folds, we can give the following definition:

DEFINITION 1.2. A surjective map ¢: O — O’ is called a covering in the DE
category, if it preserves dimensions, i.e., if Dim O = Dim O’ and for any point § € O
one has ¢.(Py) = Py, p)-

1.4. Examples of coverings. Let us consider some examples of coverings
arising in various situations.

EXAMPLE 1.4 (the covering associated to a differential operator). Let us con-
sider a differential operator A: I'(w) — I'(n) of order k acting from sections of the
bundle 7: £ — M to sections of 7’: £’ — M. The operator A and its prolongations
A, = js0A determine the family of smooth mappings ¢, = ®a_: J¥*3(1) — J*(7)
(see §81.2 and 1.3 of Ch. 4), which can be included in the following commutative
diagram:

S JREEL () GLESAELELN JHHs () — oo —— J¥(7)

| | |
Ps+1 Ps ¥o
L) L ) s ) =B TS M

It is easily seen that if the operator A is regular (i.e., if all the mappings s
are surjections), then the system of mappings ¢ = {ps} determines the covering
p: J®(m) — J®(n'). We shall say that this is the covering associated to the
operator A.

If an equation & C J¥(7’) is given, then, using the above construction, one can
construct the covering ¢: ¢~ 1(£%°) — £%°. Such coverings correspond to differen-
tial changes of variables

i i 1 m j
vt =@ (T, un, . u™ L ud),

where v and u/ are dependent variables in the bundles 7’ and 7 respectively. We
shall consider this type of coverings in the next two examples.

ExAMPLE 1.5 (Laplace transformation). Consider an equation of the form

Ugy + Aty + Buy + Cu = 0. (1.1)
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Recall (see [92]) that the functions h = 0A/0x + AB — C and | = 0B/dy +
AB — C are called Laplace invariants of the equation (1.1).

Assume that h,l # 0 and consider one-dimensional coverings over the equation
£°° determined by the operators

1 1
w, + w
Th:u = % (z Laplace transformation),
wg + w? .
TIu=—— (y Laplace transformation).

l

It is easily checked that the spaces of these coverings are isomorphic to an equation
(&€")°°, where &’ is of the form (1.1) for some new functions A, B, and C. Let us
denote thus obtained equations by &, and & respectively. If the Laplace invariant [
of the equation &, does not vanish, one can consider the equation (£3); (or, similarly,
the equation (&)p,), and this equation, as it happens, is equivalent to the equation
E. In such a way, we obtain a two-dimensional covering of the equation £> over
itself. If, at some step of this procedure, we obtain an equation, for which either h
or [ vanishes, we shall be able to construct the formula for general solution of the
equation under consideration (further details can be found in [92]).

EXAMPLE 1.6 (the covering associated to a local symmetry). Let an equation
& C J*(7) be given and suppose that ¢ is the generating function of some symmetry
of this equation. Then, as it was shown in Example 1.4, the covering ¢: ¢ =1 (£%) —
£ arises. If the equation £ is determined by an operator A, i.e., & = {pa = 0},
then the function ¢ satisfies the equation /a(¢) = 0, where {5 is the universal
linearization operator for A restricted to £°°. Thus the space of the covering under
consideration is determined by the system of equations

{ Ialp) =0,

ol =, j=1,...,dimm.

If £ is a linear equation, we may assume that /o = A. This means that the
covering space is the equation £°° itself.

ExAMPLE 1.7 (factorization of differential equations). Let us consider a differ-
ential equation & C J* () and let F be a finite-dimensional subgroup in the group of
its classical symmetries. It is clear that the factorization mapping (see §6 of Ch. 3)
wp: £ — £%°/F is a covering.

For example, the heat equation u; = u,, admits the one-parameter group of
scale symmetries u — eu, ¢ € R. The corresponding quotient equation is the
Burgers equation. Thus the covering of the Burgers equation by the heat equation
arises.

1.5. Coordinates. Consider a coordinate interpretation of the covering con-
cept.

The manifold € and the mapping 7: E—E by regularity of 7, can be locally
realized as the direct product £ x W, where W C R¥ is an open set, 0 < N < o0,
and as the natural projection £ x W — £°° respectively. Then the distribution
Con € = £ x W can be described by the system of vector fields (see Figure 6.1)

N

~ _ o )

DZZDZ+ E X”%, 'L:17...,n, (12)
J

Jj=1
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FIGURE 6.1

where X; = Zjvzl Xi;0/0w;, X;; € F(&) are t-vertical fields on € and wy,ws, . ..

are standard coordinates inNRN . In these terms, the Frobenius condition is equiv-

alent to the equations [D;, D;] =0, 4,5 =1,...,n, or, which is the same, to
Dy(X;x) = Dj(Xur) (1.3)

foralli,j=1,...,n,0 <k <N (since [D;, D;] = 0).

Relations (1.3) constitute a system of differential equations in functions X;;
describing all possible N-dimensional coverings over the equation £.

The coordinates w; will be called nonlocal.

1.6. Basic concepts of the covering theory. In this subsection, we intro-
duce some concepts of the covering theory needed below.

DEFINITION 1.3. Two coverings 7;: gz — £, i =1,2, are called equivalent, if
there exists a diffeomorphism a: & — &3 such that the diagram

514’52

N

is commutative and a*(Cyl) c? o(y) for all points y € &

EXERCISE 1.3. Show that if a diffeomorphism « constitutes an equivalence of
coverings 71 and 7o over the equation £°° and the coverings are given by the fields

=) A 1 0 ~2) _ 7 2 0
D; *DHFZXM PON DY =Di+) X, EWCE
l k

respectively, ¢ = 1,...,n, then a, D(l) D(Z) i

a, DM = D, + Z(a*)*(ﬁg”(ak))i i=1,....n, (1.4)
k aU}
(%)

where w,” are nonlocal variables in the covering 7;, i = 1,2, and

a(zi, pl, ‘ wgl) wél), o)

1 1 j 1 1
(wl,paaal(whpoawg )vwg )7"')7a2(xia w§ ) U)é )’)’)
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Relations (1.4) can be also rewritten in the form

=1 v (2
DM (o) = (X D). (1.5)
Let now £ be a differential equation with the Cartan distribution determined
by the fields Dy,...,D,. Consider one particular covering over £*. Let us set

=6 xRN and let 7 = pPry: £ = £ xRN — £ be the projection to the first
factor. Assume that the distribution on € is determined by the fields Dy, ..., D,.

DEFINITION 1.4. A covering 7: £ — £ is called trivial, if it is equivalent to
the covering pry for some 0 < N < oo.

EXERCISE 1.4. Show that if a covering 7: E— E%is trivial, then the covering
space £ is fibered by integral submanifolds isomorphic to £*.

EXAMPLE 1.8. Let £ = {u; = ug, + uu,} be the Burgers equation. Consider
the one-dimensional covering 7: E— £, where E=E%x R!, 7 is the projection

to the first factor, v is a nonlocal variable, while the distribution on £ is given by
the fields

Da::Dx +p1%7 Dt:Dt+(p2 +p0pl)%

Let us show that this covering is equivalent to the one-dimensional trivial covering
of the Burgers equation. Define the mapping a: £*° x R! — £® x R! = g, by
setting a(z, t, pr, w) = (x,t, pr, w+po). Then « is a fiber-wise diffeomorphism and

_ _ _ 0 0 ~
a*Dw :Dx+D$(w+p0)a _D +plav Dwa

_ L 9 9 -
a, Dy = Dy + Dy (w +p0)% =D, + (p2 +pop1)% = D;.

Thus the mapping a establishes equivalence of the coverings pr; and 7.

Let us now describe another construction playing an important role in the
theory of coverings. Let 7;: 5 — €%, 1 = 1,2, be two coverings over the equation
£°°. Consider the direct product 81 X 52 and take the subset 51 @ 52 consisting of
the points (y1,y2), y1 € &, Yo € &,, such that 7 (y1) = 72(y2). Then the projection
DT & D Ey — E is defined, for which (11 @ 712)(y1,92) = 11(y1) = 72(y2).
Obviously, we have the commutative diagram

51 EBgz

TIV Yl)

81 T1®T2 82

N

800
where the mappings 71 (72) and 7o(71) are induced by the projections to the left
and right factors respectively. In other words, 71 & 7o: gl P gg — £ is the
Whitney product of the bundles Ty & — €%, i = 1,2. Let us now define a
distribution C® on the manifold & & & by setting C () = (T1(72))5 (C;i))

(ro(m1))x 1(C?E,z)), (y1,y2) € & & E. Obviously, this is an integrable distribution
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and (11 @ 72)*(681 o)) = C(ri@m)(y1.y2)> 1-€-, the projection 71 & 75 and the distri-

bution C® determine a covering structure over £ on the manifold S~1 @ 5~2. This
covering is called the Whitney product of the coverings 7 and 72. Note also that the
projections 71 (72) and 75 (7) are coverings over the objects & and & respectively.

A coordinate interpretation of the covering 7 @ 75 is as follows. Let RNa he
the fiber of the bundle 74; wgl),wél), ... be the coordinates in the fiber of the

projection 71; w%z) wéQ), ... be the coordinates in the fiber of the projection 75.

Let the coverings 7, and 75 be locally determined by the fields ﬁ(l) Di + Xi(l)
and D(Q) D; —|—X(2) i =1,...,n, respectively, X(a) Do X, (’)8/5‘10 ,ya=1,2.
Then the space RN 1@ RN i the fiber of the bundle 1 D To Wlth the coordinates
wgl) él), ey w?), w§2), ..., while the distribution on 5~1 @ gg is determined by the

fields

1) (2) F
D+ZX (1)+ZX” i=1,...,n
1
The Whitney product of an arbitrary number of coverings is defined in an
obvious way.
The Whitney product construction is convenient to analyze equivalence of cov-

erings. Namely, the following proposition is valid:

PROPOSITION 1.1. Let 7 and T2 be two coverings of finite dimension N =
dim 7 = dim 1o over the equation £°. These coverings are equivalent if and only
if there exists a manifold X C & @gg, codim X = N, invariant® of the distribution
C® such that the restrictions T1(72)| and To(11)|, are surjective.

PROOF. The proof consists in a straightforward check of definitions. Indeed,
let the coverings 7 be 73 equivalent and « be a diffeomorphism realizing this equiv-
alence. Let usset X = { (y,(y)) | y € & } C E1®E,. Obviously, codim X = N and
7'1(7'2)|X and 7o(71)|, are surjections. Since the mapping «, takes the distribution
C1 to Cg, the submanifold X is invariant with respect to the distribution ce.

Conversely, let X C 51 ® 82 be a submanifold satisfying the assumptions of
the proposition. Then the correspondence y — 72(71) ((11(72)) "1 (y) N X), y € &,
determines an isomorphism of the bundles 7, and 75. By invariance of X, this is
an equivalence of coverings. O

Let us introduce another notion.

DEFINITION 1.5. A covering 7: E — £ over the equation £ is called re-
ducible, if it is equivalent to a covering of the form 7 @ pry, where 71 is some
covering over the equation £ and N > 0. Otherwise, the covering is called irre-
ducible.

A local analog of this definition is obvious.

If 7: € — £ is a reducible covering, then for any point 6 € & there exists an
invariant manifold X of the distribution C passing through this point and such that
the restriction 7], : X — £ of the projection 7 is surjective and this restriction,
together with the restriction of the distribution Cto X , determine in X a covering
structure over £°.

3A manifold X C € is called invariant with respect for the distribution C on g’, if at any
point € X one has the embedding T X D Cy.
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Using Proposition 1.1, one can easily prove the following result:

PROPOSITION 1.2. Let 71 and T2 be irreducible coverings of finite dimension
N = dim7; = dimmy over the equation £%°. Then, if the Whitney product gl ®
A of these coverings is reducible and codimension of invariant manifolds of the
distribution C® equals N, then almost at all points 0 € & the covering T1 s equivalent
to the covering Ts.

Proor. Consider invariant manifolds of the distribution C®. Almost all of
them project surjectively to £ and &; under the mappings 71(72) and 72(71) re-
spectively. In fact, otherwise their images under projections 71 (72) and 72(71) would
be invariant manifolds of the distributions C~1 and 52 respectively and it contradicts
to irreducibility of the coverings 71 and 79. Choosing one of these manifolds, we
arrive to Proposition 1.1, and this concludes the proof. O

COROLLARY 1.3. If 7y and 1o are one-dimensional coverings over the equation
E and their Whitney product is reducible, then almost at all points 0 € £ the covering
Ty 1s equivalent to the covering To.

In local coordinates, the problem of reducibility is equivalent to studying a
certain system of linear differential equations. Namely, the following statement is
valid:

PROPOSITION 1.4. LetU C E* be a domain such that the mam'foldljl =71U)
is representable in the form of the direct product U x RN, N = 1,2,...,00, the
mapping Tz U — U is the projection to the first factor, and the fields 51, ceey En
determine the distribution C on U. Then the covering T is locally irreducible if and
only if the system

where ¢ € F(E), possesses constant solutions only.

PROOF. Assume that there exists a solution ¢ # const of system (1.6). Then,
since the only solutions of the system

Di(p) =0,...,D,(¢) =0

are constants, the function ¢ depends at least on one nonlocal variable. Without
loss of generality, we may assume that d¢/0w; # 0 in some neighborhood U’ x W,
U C U, W C RN, Let us define the diffeomorphism a: U’ x W — aUl’ x W)
by the formula a(z;, pl, wy, ..., wy) = (24, pl, @, we, ..., wy). Since o.D; = D; +
> i1 X;;0/0w;, the covering 7 is locally equivalent to the covering pr; & 7 for
some covering ;. In other words, 7 is a reducible covering.

Assume now that the covering 7 is locally reducible, i.e., is locally equivalent to
a covering of the form 7 @pry,. Let a mapping a be the corresponding equivalence.
Then, if f is a smooth function on the space of the covering pry., the function
o ((pry (1)) (f) = f* € F(E) is a solution of system (1.6). Obviously, there
exists a function f on the space of the covering pry, such that the function f* €

F(€) is not constant. O
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1.7. Coverings and connections. Let 7: £ — £ be an arbitrary covering
and let v € Cy. Then for any point 6cé projecting to 6 by the mapping ¢, a
vector v € Cy satisfying 7.0 = v is uniquely determined.

Let & C J*(m). Recall that there exists the Cartan connection in the bundle
Too: J°(m) — M. This connection takes a vector field X € D(M) to the vector field
X € D(J%(7)) (see §1.4 of Ch. 4). All vector fields X constructed in such a way are
tangent to £*° and span the Cartan distribution on this manifold. Consequently,
one can put into correspondence to any field X € D(M) a uniquely defined field
X € D(), such that 7.(X) = X. Besides, it is obvious that if the fields X,Y €
D(€) are the liftings of the fields X,Y € D(M) respectively, then [X,Y] = [)/(\7_}//]
Thus the covering 7: £ — €% determines a flat connection in the bundle 7 =
TeoT: & = M compatible with the Cartan connection. One can easily see that
the converse statement is also valid. More precisely, the following theorem takes
place:

THEOREM 1.5. Let £ C J*(x) be an equation and 7: € — £ be a fiber bundle.
Then the following statements are equivalent:
1. A covering structure exists in T.
2. A connection V7: D(M) — D(E), V™(X) = X, exists in the bundle 7T =
Moo O T E—M possessing the following properties:
(a) [X,Y] = [)/(,\3//] for any vector fields X, Y € D(M), i.e., the connec-
tion V7 is flat;
(b) 7.(X) = X, i.e., V7 is compatible with the Cartan connection.

Note that for any point 6 € £ the plane 55 is spanned by vectors of the form

X5, X € D(M).
In local coordinates, the above considered connection is determined in the cov-
ering 7: £ — £%° by the correspondence D; — D;, i = 1,...,n, which makes

it possible to lift C-differential operators A: F(£%°) — F(£%) to £. Namely, if
A =3 _a,Ds: F(E>®) — F(E*) is a C-differential operator, then it can be ex-

tended up to an operator A: F(€) — F(E) by setting
A=Ya,D,.

In particular, if £€*° = J*°(n) and #n': B/ — M is another vector bundle,
then for any element F' € F(m, ') the lifting £ of the corresponding universal
linearization operator exists. Similar to Ch. 4, let us set 9,(F) = £r(yp), where ¢

is a section of the pullback 7* (7). In coordinates, the field 9, is of the form
~ I~ .0
9y = Z Da(‘PJ)W;
o Po
where ¢; € F(€) and Y.’ denotes summation over internal coordinates.
1.8. The horizontal de Rham complex and nonlocal conservation
laws. Let a covering 7: & — £°° over the equation £ be given. Then the hor-

izontal de Rham complex on £ can also be lifted to &£, since the corresponding
differentials are C-differential operators. Locally this is described in the following
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way. Horizontal k-forms on & are represented as

w = Z @iy . iy dzi, N+ Ndxg,, ai,..ip € .7:(5) (1.7)

i <<l

The differential d acts in the following way:

dw = Z (Z 5j(ai1mik) dgcj> ANdziy, N ANdxg,. (1.8)

i< <ip “j=1

The cohomology of the horizontal de Rham complex on & will be denoted by
HF*(E). The group H" (&), similar to the local situation, will be called the group
of monlocal conservation laws of the equation €.

Note that the horizontal de Rham complex on £ can be introduced directly,
as it was done with the horizontal de Rham complex on £ (i.e., skipping the
procedure of lifting of C-differential operators to the covering). To do this, let us
introduce two notions.

A vector field X on € is called vertical, if X ((7 o meo)*f) = 0 for any function
f e C>®(M™). A differential form w € A*(€) is called horizontal, if w(X) = 0
for any vertical vector field X on . Horizontal forms of degree k constitute a

submodule in A*(£), which will be denoted by AX(E).

EXERCISE 1.5. Show that in local coordinates a form w € A’g(g) is written
down as (1.7).

A differential form w € A*(E) is called a Cartan form, if w(X) = 0 for any
vector field X lying in the distribution C. Cartan forms of degree k constitute a

submodule in A¥(&), which will be denoted by CA*(£). One has the decomposition

ARE) = D> AFE)ACAP(E). (1.9)
a+06=k

The de Rham differential d: A¥(£) — AF1(E) acts on the form w € AZ(E) A
CAP (&) as follows:

dw = wg + we,

where wy € Ag“(g) ACAP(E), we € A§ €) A CAgH(g). Using the decomposition
(1.9), one can introduce the mapping

d: AG(E) NCAP(E) —— ASTH(E) ACAP(E),

by setting dw = wp.
It is easily checked that &% = 0 and that in local coordinates the operator cﬂ Ax ()
- ~ (0]
act by the formula (1.8), i.e., the complex {A{(€),d} is the horizontal de Rham
complex on €.

1.9. Covering equations. Consider a covering 7: & — €. Let us find out
when the covering manifold € is of the form (£’)> for some equation & C J'(7').
To answer this question, we shall restrict ourselves with the following situation.
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Assume that two bundles, 7: E — M and &: W — M, over the manifold M
are given. Then the following commutative diagram takes place

W wt W w
7&’:0(5)—TJ ﬂf(ﬁ)l W*(E)j §J
J®(7r) — o — JY 1) — E —— M

where 7} (¢): W — Jk(7), i =1,2,..., 00, denote the pullbacks. Let us denote by
7 the projection 7% (§) and assume that a covering structure exists in the bundle
T7: W — J*(m). Then, as it was proved in Theorem 1.5, it is equivalent to
existence of a flat connection V7 in the bundle 7., o 7. The coefficients of this
connection are functions on J*°(7), i.e., differential operators acting from I'(r) to
C>®(M). Let f € I'(w) be a section of the bundle w. Then a flat connection is
induced in the bundle jo(f)*(7) & £ in a natural way. Denote this connection
by V7(f). In other words, the covering structure in 7 determines a differential
operator, which takes a section of the bundle 7 to a flat connection in the bundle
&. Let us denote by deg 7 the order of this operator and call this number the order
of the covering T.

Consider now a point § € W* 6 = ([f]%,wo), where x € M, f € I'(r), and
wo € £ 1(x) € W. Since the bundle £&: W — M possesses the flat connection
V7(f), we can locally consider its integral section g passing through the point wy.
The pair (f,g) determines the local section 7 @ & of the Whitney product of the
bundles m and &. Let us set

pu(0) = [(f,9)l; € J*(m @ €).

The family p = {pr} of the mappings p: W* — JF(r @ &) possesses the
following properties:

1. The mapping pi is an immersion for any k.
2. For any k, there exists the following commutative diagram:

Wk+1 Pk+1 Jk+1(ﬂ_ o) g)

l J(‘“’@g)lﬁrl,k

Wk T @)

3. If ko = max(1,deg7) and &, = pi, (Wko) C JFo (7 @ €), then for all k > kg
the equality pi(W*) = (&,)*~k0) holds.

4. The mapping po,« takes the distribution C on W™ to the Cartan distribu-
tion of the equation (&£,)°.

In other words, the space of the covering 7: W — J°(7), as a manifold with
distribution, is isomorphic to the infinitely prolonged equation (€;)*°. In the case,
when the base of the covering is an equation £ C J°°(7), we can show by similar
reasoning that the space of the covering Eis isomorphic to the infinitely prolonged
equation (ENE;)™ = >N (E,)*. We shall say that the equation &, covers the
equation £. The equation &, will also be called a covering equation for £.

If in local coordinates, the distribution C on & is determined by the fields
D; = D; + Z;N:1 Xii(2a, D8, w,)0/0w;, i =1,...,n, then the covering equation &,
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is locally described by the relations
8wj

658@‘

The fact that the connection V™ in the bundle 7: & — £ is flat means that
the compatibility conditions for system (1.10) are differential consequences of the
equation £. To any solution of this equation, there corresponds an N-parameter
family of solutions of the covering equation and the parameters for this family are
analogs of integration constants for system (1.10).

= Xij(2q, ul, w,), i=1,....,n, j=1,...,N. (1.10)

ExaMPLE 1.9. Consider the one-dimensional covering of the Korteweg—de Vries
equation & = {u; = uuy + Ugye b determined by the fields

~ _ 1 0
D:c:Dz —w? a0
+ (po+6w )311/

~ 1 1 1 )
D, =D - —pR A —wipy ) =—.
t t+<p2+3wp1+3po+ 18w po)@w

Eliminating u from the system

Wy = U+ 611)27
2 2
W = U —wu —u” + ——wu,
R T 18
we shall see that the covering equation for the Korteweg—de Vries equation is the

modified Korteweg—de Vries equation

Wt = Wegpr — EUJQIUI.
The relation between the variables u and w given by the equation w, = u+ %wQ,

is exactly the Miura—Gardner transformation [86, 88].

EXERCISE 1.6. Show that if the one-dimensional covering over the Korteweg—
de Vries equation is given by the fields

~ _ 0
D, =D, + poafv
w
~ _ 1 0
D,=D e
t t + <p2 + 2Po> EI
then the covering equation is the potential Korteweg-de Vries equation wy = wyq,+
1,2
SW

2 We-
1.10. Horizontal de Rham cohomology and coverings. In this subsec-
tion, we shall establish relation between the group H'(£) of (n — 1)-dimensional
horizontal de Rham cohomology and special coverings over the equation £%°.
Let first 7: £ — £°° be a one-dimensional covering over the equation £, £ =
E%° x R, 7 be the projection to the first factor and the distribution on & be given
by the fields

9 00
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Let us put into correspondence the horizontal form

i=1

to this covering. The conditions (1.3) acquire the form D;(X;) = D;(X;) in this
case, Or c?(w) = 0, i.e., the form w is closed in the horizontal de Rham complex.
Conversely, to any closed horizontal 1-form w = Y7 | X; dx; there corresponds a
covering over £ locally described by the fields (1.11).

The following two statements are easily proved:

PROPOSITION 1.6. Let 7: € — £ be a one-dimensional covering given by equa-
tions (1.11) and w be the corresponding 1-form. The covering T is trivial if and only
if the form w is exact, i.e., it generates the trivial element in the cohomology group
HY(E>).

ProrosiTION 1.7. Let 7;: <€~'Z — E%°,1=1,2, be two one-dimensional coverings
over £ given by (1.11) and let the forms w1 and wy correspond to these coverings.

The coverings 71 and To are equivalent if and only if the corresponding cohomology
classes [w1] and [ws] coincide.

EXERCISE 1.7. Prove Propositions 1.6 and 1.7.

Thus, we have a one-to-one correspondence between the elements of the group
H'(£>) and classes of equivalence of one-dimensional coverings (1.11) over £%.
Let now 7: € — £ be an N-dimensional covering over the equation £°°, where
E =6 xRN , T is the projection to the first factor, and the distribution on £ is
determined by the fields
N

= Z Ua XijEJ:((c:oo), 1=1,...,n.

It is easily seen that the horizontal 1-forms

wJ:ZXijdxi, ]:1,,N

are closed. Therefore, they generate some elements [wq],...,[wn] of the group
H'(E>). Let V(7) be the subspace of the linear space Hl(c‘,"x’) spanned by the
classes [w1], ..., [wn]. The following statement is valid:

PrOPOSITION 1.8. Let 7;: g‘, — €%, 1=1,2, be a locally irreducible N-dimen-
sional, N < oo, covering over the equation £>. Let & = &> X RN, 7; be the
projections to the first factor while the distribution &; be described by the fields

D+ZX” wol XY ereE®), j=1,...n i=12

Then the coverings 1 and 1o are equivalent if and only if V(1) = V(72).

PROOF. Let the coverings 71 and 75 be equivalent and let a fiber-wise diffeo-
morphism «: & — &3 establish their equivalence. Then a (D](l)) = D§2), ie.,
a*(XJ(.?) = 5§1)(ak) where

Oé((El', ] w](gl)):(xiapg-val(xiapg-vw](gl))on(xia ] w](cl))v)
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(see equation (1.5)). Since X ) e F(E°), we have the identities [INDJ(-D, 8/8w§1)] =0
and 5§1)(8ak/8ws )=0 for any j, k, s. Since the covering 7, is irreducible, from
Proposition 1.4 it follows that 8ak/8w§1) = ¢ps = const, i.e., ap = Ziv 1 ckswg )
or(x,pl). From here we obtain that

N
* 2 (1 1 —
o (X)) =DM (ar) =3 er XY + Dy
s=1

and

n N
w,(f) = ZXJ(i)dzj = chswgl) + d(pg).

j=1 s=1

Thus w( ) e V(m) for all k =1,..., N. Similar calculations for the diffeomorphism

! show that w,(c ) e V(m) for all k =1,..., N. Consequently, V() = V(7).
Let now V(7)) = V(72) = V. Since the covering 7 is irreducible, we can
(1 ) (1)

consider the forms w; ’,...,wy’, determining the covering 71, to constitute a basis
of the space V. Then the representation
(2) Z ¢ R
ks ls Cks € R,
is valid, or

w? = ch w® +dler),  on € F(E™).

s=1

It is easily seen that the submanifold in the space 51 @ 5~2 determined by the
equations

N
)—chswgl)—apk:O, k=1,...,N,

is an invariant submanifold of the distribution C® and is of codimension N. From
Proposition 1.2 it follows that the coverings 7 and 7 are equivalent. O

EXERCISE 1.8. Prove that a finite-dimensional covering 7 of the form under
consideration is irreducible if and only if dim V' (7) = dim .

REMARK 1.1. From the above said it follows that in the case dim M = 2 (i.e.,
when the equation £ is in two independent variables), there exists a one-to-one
correspondence between one-dimensional coverings of the above considered form
and conservation laws of the equation £.

1.11. Bécklund transformations. The above considered examples show that
the theory of coverings is a convenient and adequate language to describe various
nonlocal effects arising in studies of differential equations. In particular, it was
shown that the constructions such as the Cole-Hopf substitution and the Miura—
Gardner transformation are of a common nature and can be interpreted in terms
of coverings in a natural way. In §2 we shall see that the Wahlquist—-Estabrook
prolongation structures are particular cases of coverings, while in this subsection
we give a definition of Backlund transformations using the language of coverings.
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Let us recall [65, 93] that a Backlund transformation between equations £ and
&’ is a system of differential relations in unknown functions u and v’ possessing
the following property: if a function u is a solution of the equation £ and w and v’
satisfy the relations at hand, then the function v’ is a solution of &£’.

Using the language of coverings, this definition reads as follows [62].

DEFINITION 1.6. A Bdcklund transformation between equations £ and £’ is the

diagram
3
goo (g/ ) o0

in which the mappings 7 and 7/ are coverings.

If £°° = (&')°°, then the Béicklund transformation of the equation £ is some-
times called a Bdcklund autotransformation.

EXAMPLE 1.10. Consider the following system & of equations
W, = asinw, w, = —sinw, a€R, a#0,
a

in the two-dimensional bundle 7: R? x R2 — R2. Then the zero order opera-
tor (i.e., a morphism of vector bundles) A*: v = w + w determines the covering
7T J®(m) — J®(€), where £: R x R? — R? (see §1.4). The restriction of this
covering to £ determines a covering of the equation £ = {vgy = sin(v)} by the
equation £>. In a similar way, the operator A™: v = w — w determines another
covering 77 : £% — £, Thus we obtain the Biicklund autotransformation of the
sine-Gordon equation

goo
£ &
coinciding with the one discovered by Bécklund [87].

Let us describe a natural way to construct Bécklund transformations. Consider
the diagram

& —— &
& £y°
where the vertical arrows are coverings and the mapping ¢ is an isomorphism. Then
obviously T2 0 p: & — £5° is a covering and thus we see that the equations £7° and
E3° are related by the Backlund transformation.
The next examples show that some known Béacklund transformation can be
obtained in the this way.
ExampLE 1.11. Consider the modified Korteweg-de Vries equation
Up = Ugyy + 6UUy (1.12)
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The vector fields 535 =D, + X, 5t = D, + T, where

0 . ~
X = Pog - + (po + arsin(w +w))%,

3} ~
T = (p2 +pg)% + (p2 + 2ap; cos(w + w) + 2p3

+ 2ap? sin(w + @) + 2apy + o sin(w + @))?,
w

determine the two-dimensional covering 7: E® =R2xE® — £, Using the change

of coordinates w — W, W — w, we obtain a new covering. Consequently, if u(t, )

is a solution of equation (1.12) and the functions w(¢,x) and w(t,z) satisfy the

equations

U= wg, Wy — Wy = asin(w + w),

then the function u = w, is also a solution of equation (1.12). This is a well-known
Bécklund transformations for the modified Korteweg—de Vries equation [70].

ExaMPLE 1.12. Consider the Korteweg—de Vries equation
Ut = Ugppe + 12Uty

There exists a two-dimensional covering over this equation determined by the field
X of the form

0 0

X =pyg— —po— (w—0)?) —=

po 5+ (@ —=po— (w—w)°) 5=
(we leave to the reader as an exercise computation of the field T'). As in the
preceding example, by the change of variables w +— w, W — w [70] we obtain the

Bécklund transformation

U = Wy, ’@erwz:a*(wf@)z, U= Wy.

2. Examples of computations: coverings

In this section, we shall find coverings of a special type for some well-known
equations of mathematical physics in two independent variables.

The process of constructing coverings for particular differential equations is a
computational procedure similar to that used to compute symmetries. Namely,
the covering space & of any covering is locally diffeomorphic to the direct product
£ x RY while the mapping 7: E = &% xRNV — £ is the projection to the
first factor. Therefore, a covering is locally determined by a distribution C. , which,
in the case of two independent variables, is given by two fields 151 =D +X;
and 52 = D2 + XQ, where Xz' = Zjvzl Xija/[)wj, Xij S .7:(5), 1 = 1,2 Here

w1, W, ..., wy are coordinates in the fiber RV (nonlocal variables) and 0 < N < oo.
The integrability condition [Dq, D2] = 0 for this distribution is of the form
[D1, Xo] + [ X1, Da] + [ X1, X2] = 0. (2.1)

This relation is a system of differential equations for the functions X;; € F(&)
describing all N-dimensional coverings over the equation £°°. Solving this system,
we shall find all coverings over the equation under consideration. KEstablishing
equivalence of coverings, we use Corollary 1.3.
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2.1. Coverings over the Burgers equation. Let us consider the Burgers
equation (see also [62])

E = {us = uuy + uzz }-

Let us choose the functions z,t,p1,...,pg,... for internal coordinates on £>°
(see §4.1 of Ch. 4).

The total derivatives D, = Dy and D; = Dy are of the form

9 5} - 0 Ak 9

Let the distribution on & be given by the fields

Dr:Dz+X7 Et:Dt+Ta

where

0 o -
X:ZX]- T:ZTkE, X;, Ty € F(E).
J

6wj ’
Then the integrability condition (2.1) acquires the form

oT . " ”
" SO 5, TXTI=0, (22

>0 I
where the operators 9/9py act on the fields X and T' component-wise (the coeffi-
cients of the fields X and T depend on z,¢,p1,..., Pk, ..., Ww1,...,wy). We restrict
ourselves with the case when all functions X;, T}, are independent of the variables
x, t, and p;, i > 1. In this case, equation (2.2) is written down in the form

oT oT

0X ) 0xX
— tpy— — +po)— — —(p? + +p3)=— +[X,T]=0. (2.3
P gpe TP, (pop1 + p2) Ope (pi + pop2 + p3) o (X, T] (2.3)

The left-hand side of (2.3) is polynomial in ps and p3. Therefore, the coefficients
at ps and p3 vanish, from where it follows that the function X is independent of p;
while 9T /0p; = 0X/0po, i.e.,

0X
T=p — 2.4
P1 3}70 + Ra ( )

where the coefficients of the field R are independent of p;. Substituting now rela-
tions (2.4) to equation (2.3), we obtain

R (22 [ 2]

Yopd T \ape ope [T 9o

Since the fields X and R are independent of py, the last equation is equivalent to
the system

>+[X,R]:0.

, _
#X _ . OR_ X [ 0X

—F5 =0, 7:p7+ sy |, X,R =0. 2.5
Iy apo ~ opo | 9o X R (25)

From the first equation of this system it follows that
X = pyA + B, (2.6)

where the coefficients of the fields A and B now depend on the variables wy, only.
In other words, A and B are the fields in the fiber RV of the covering. Using (2.6),
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we see that the second equation of system (2.5) acquires the form OR/9py = poA+
[A, B], or

1
R= §p3A + po[A, B] + C, (2.7)

where C' is a field on RY. Finally, substituting expressions (2.6) and (2.7) to the
last equation of system (2.5), we obtain the equation

1
9B ([A 1A, B + 5 1B.41) + o(14,C] + [B. 14, BI) + B.C] =
which is equivalent to the relations
1
[A,[A, B]] = §[Av B, [B,[B, A]] = [A,C], [B,C] =0. (2.8)
Thus, we proved the following result

THEOREM 2.1. Any covering of the Burgers equation, where the coefficients
of the fields X and T are independent of the variables t, x, and py, k > 1, are
determined by the fields of the form

Dz :Dm +p0A+Ba
~ _ 1
Dy =Dy + (]91 + 2]3(2))14 +polA, B] + C,

where A, B, and C are arbitrary fields in the fiber of the covering satisfying rela-
tions (2.8).

REMARK 2.1. Let us stress here a remarkable fact. Consider the free Lie alge-
bra G with generators a, b, and ¢, satisfying the relations

alab] = latl,  Bbal=ld  bd=0

Then the Lie algebra generated by the fields A, B, and C is the image of the
algebra G when it is represented in the Lie algebra of vector fields on the manifold
RY. Thus, Theorem 2.1 shows that coverings over the Burgers equation satisfying
the above formulated conditions are uniquely determined by representations of the
algebra G in vector fields. By this reason, we shall call the Lie algebra G universal.

REMARK 2.2. Universal algebras first aroused in the context of the so-called
prolongation structures of Wahlquist—Estabrook [145, 51]. Examples of universal
algebras for various evolution equations, as well as some particular representations
of these algebras, can be found in [23]. Note that Wahlquist—Estabrook prolonga-
tion structures are particular cases of coverings.

Let us now describe one-dimensional coverings of the type under consideration
over the Burgers equation. Let w be a nonlocal variable. Then A = «d/dw,
B = 80/0w, C = v0/0w, where a, (3, v € C*(R) and(2.8) reduces to a system of
ordinary differential equations in «, 3, and 7.

Consider the case A = 0 first. Then system (2.8) reduces to the relation
[B,C] =0, or /v— 7" =0, where the “prime” denotes the derivative with respect
to w. If the field B does not vanish, the coordinate w in R can be chosen in such
a way that B = 9/0w, from where it follows that v = const. Note that choosing
another coordinate in the fiber, we pass to a new covering equivalent to the initial
one. If B = 0, then C # 0 and this case is considered in a similar way. Thus,



2. EXAMPLES OF COMPUTATIONS: COVERINGS 243

the coordinate w can be always locally be chosen in such a way that 3,y = const.
Therefore, the system of fields

~ _ 0 ~ _ 0
Dy=D,+ B2,  Dy=D 4+~
+ﬁ8w t t+78w

possesses a nontrivial kernel consisting of functions ¢ (w — B —~t). In other words,
the manifold € is fibered by invariant manifolds X = {w— Bz —~yt = A}, A € R,
isomorphic to the manifold £, i.e., the covering under consideration is trivial.
Let us pass now to the case A # 0 and study the structure of the coverings in
a neighborhood of a generic point of the field A. Let choose a coordinate w in this
neighborhood such that A = §/0w. Then system (2.8) acquires the form

1
B'=58,  (B)P=p8"=+, By=v8
and possesses solutions of two types:

[ = const, ~v = const

and
v
2
All coverings of this type are pair-wise nonequivalent and by the coordinate change
w — w — Bx — vt reduce to the form

B=pue"?+v, 4= (ue®’? +v), p=const #0, v = const. (2.9)

~ _ 0 ~ _ 1 0
D,=D —, D, =D —pt)=—.
T x+p08w t t+<P1+2P0>aw
Consider coverings of the second type and denote by 7, the covering, deter-
mined by equation (2.9). Then the coverings 7, ,, and 7, ., are equivalent if and
only if sign p1 = sign uo and vy = vs.
Thus, we proved the following statement:

PROPOSITION 2.2. Any nontrivial one-dimensional covering over the Burgers
equation € = {us = uuy + Uy}, where the coefficients of the fields X and T are
independent of the variables t, x, and px, k > 1, are locally equivalent to one of the
following:

7'0:Dm:D:,3—|—poi

ow’
ﬁt:Dt—F <p1+;pg)6i]7
70 Dy = Do+ (po +e*/? +v>%,
Dy=Dy + <p1 + %pg + %ew/zpo - gew/z - V;)(fij,
T, : D, =D, + (po — /2 +1/)%,
Dy =D, + <p1 + %pg - %ew/zpo + gew/z - V;)(,fw,

where v = const. All these coverings are pair-wise nonequivalent.
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In each of the above listed cases, the manifold & is contact equivalent to a
manifold of the form (£')*°, where &’ is a second order evolution equation. The
corresponding change of variables is:

u = w, for the covering 7;

u = w, — e®/? — v for the coverings 7} ;
u = w, + e*/? — v for the coverings 7, .

EXERCISE 2.1. Write down the covering equations in each of the above listed
cases.

REMARK 2.3. Similar, but more cumbersome calculations, allow one to de-
scribe higher dimensional coverings over the Burgers equation. For example, there
exist six 3-parameter families, one 4-parameter, and one l-parameter family of
nontrivial pair-wise nonequivalent two-dimensional coverings.

2.2. Coverings over the Korteweg—de Vries equation. Consider the Korte-
weg—de Vries equation

E = {uy = wuy + Ugya }

now.
Let us take the functions x, t, p1,...,pg,... for internal coordinates on £°°.
The total derivatives on £°° are of the form

0 0 _ 0 _ 0
= 9 +;pk+187pky D; = a1 +§DI(POP1 +p3)%.

Let the distribution on & be described by the fields
D, =D, + X, D, =D, +T,

where
X:Zj: jaw, T = ZTkaw X;, Ty, € F(E).

We shall solve equation (2.1) assuming that all the functions X, T}, are independent
of the variables x, t, and p;, i > 2.
Then computation similar to those exposed in §2.1 lead to the following result:

THEOREM 2.3. Any covering of the Korteweg—de Vries equation such that the
coefficients of the fields X and T are independent of the variables t, x, and px k > 2,
are determined by the fields of the form

D, =D, +p2A+poB +C,
L 1
Dy =D + (2p0p2 pi+ poA) (p2 + 21?3)3

1
+p1 [Ba O] + ip(%[Ba [Ca B]] +p0[C7 [07 B]] + D’
where A, B, C, D are vector fields on the fiber of the covering satisfying the relations
[4,B] = [A,C] = [, D] =0,

[B,[B,[B,C]] =0, [B,D]+[C,[C,[C,B]]] =0, (2.10)

[A, D] + %[C, B] +

N w

[B,[C,[C, B]]] = 0.
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REMARK 2.4. The free Lie algebra with four generators and relations (2.10)
is the universal algebra of the Korteweg—de Vries equation. It first aroused in
studies of prolongation structures [145]. It is known that this algebra is infinite-
dimensional [107].

Let us describe one-dimensional coverings over the Korteweg—de Vries equation.
It is easily seen that if a covering is nontrivial, then at least one of the fields A or
B must not vanish. Assume that A # 0. Then a nonlocal variable w can be chosen
in such a way that A = 0/0w. In this case, from (2.10) it easily follows that
0

=795 D = 677

" ow ow
where 3, v, § are constants. Thus, any covering over the KdV equation with A # 0
is equivalent to the covering determined by the fields

0
BZﬁ%?

0
X = (p§ + Bpo + ’7)%,
0

2 1
T = (2pops — 2 + =42 Sp2) e )2
( Dop2 — p1 + 3P0 + ﬂ(?z + 570 + 0

(2.11)

From the results of §1.6 it easily follows that the coverings of the form (2.11)
are nontrivial. To check whether they are equivalent to each other, consider the
Whitney product of two coverings (2.11),

_ 0 0
D, = D, + (p§ + Bipo +71)aTUl + (0 + Bepo + 72)87102,

1 d
3 a2
Py + B (p2 + 2p0> + 61> S

2

51: =D, + (2170192 —p% + 3

2 1 0
9 .2, 4.3 15 5
+<Pop2 P1+3po+ﬂ2(172+2p0 + 02 Py’

and the linear system

Ew(f):(), f)t(f):O7

where f is a function on the space of the Whitney product. It is easily seen that
this system is equivalent to the following one:

of . af . of of . of . of _

9 o O g 95 9T s
oz " owr T 20w, -0 o T 0w, T 20w, 212)
af of . of _of '

b Owy + /% Owy 0, Owy + wy 0,

where f = f(x,t,w1,ws). Solutions of (2.12) are different from constants if and
only if 8; = (2. Using (2.12), it is easy to show that the equivalence classes
of coverings with A # 0 are parametrized by 8 and their representatives can be
written as

0

2 1 9
T=(2 —pZ 4 =pp —p ) ) =.
( pop2 — P + 3P0 + ﬁ(pz + 2190)) B

(2.13)
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Assume now that A = 0. Then B # 0 and in a suitable coordinate system the field
B can be written in the form 9/0w. Then relations (2.10) are transformed to

o3C oC oC oD oC
5% 3 =%ew ) w- oo

e m-lolod]] wa=o

This system possesses solutions of the two types

(1, 0
C—(Gw +ﬂw+7>8w7 D

I
VRS
=
[ )
|
[JCR N )
2
N——
Q
s‘Q’

and
0
C L 0’

where 3, 7, § are constants. Respectively, we have

B 1, )
X—<p0+6w —|—6w+7>aw,

3 3 18 3
+ (8 2 1wz—kﬂw—k 9
37)\6 7)) ow’

0 1 0
X<po+7>aw, T<p2+2p3+5>aw.

In the first case, by the change of variables w — w — %6, we can transform the
covering to

1 )
X = —w? —
(i + g +a) oo

T n 1 . 1, n 1 45 1 2 /1, n 0
= —w = —w’ — -« ——alzwta))—

P2t o T\ 8" T3P0 T 3% 6 ow’
where « is an arbitrary constant. The coverings belonging to this family are mu-
tually nonequivalent.

In the second case, all coverings are equivalent to each other. As a representa-
tive of this class, one can take, for example, the covering

1 1 1 1 1
T=<p2 +p1(w+ﬁ> + 50+ (w2+3ﬁw+ﬁ2—7>po

and

(2.14)

0 1 5\ 9
X —Po%, T= (P2+2Po)aw~ (2.15)

It is easily seen that all the coverings (2.13)—(2.15) are pair-wise nonequivalent.
Thus, we obtained a complete description of coverings over KdV of the type under
consideration. Let us summarize the results.

PROPOSITION 2.4. Any nontrivial covering of the Korteweg—de Vries equation
E = {uy = wugp+ugq ), such that the coefficient of the fields X andt are independent
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of t, x, and px, k > 2, are locally equivalent to one of the following:

~ _ 0
7-0: Dx = Dw +pos—»
ow

~ _ 1 0

Dy = Dy + (pz + 2]?%)8107

~ _ 1
Té: Dy =D, + [ po+ -w?+a i,

6 ow

~ 1 1 1 1
D, =D - —pe 4 | —=w? — =
t = Dt + (p2+ JwpL+ gpo + <18w 3a>po

- )
5: Dy, =D, + (p3+ —
Tﬁ Po ﬁpO 8’[07

_ 2 1 0
Dy = Dy + (2;00172 —pl+ 3P3+ﬂ(p2+ 2103))810» BeR.

All these coverings are pair-wise nonequivalent.

In each of the listed cases, the manifold £ is contact diffeomorphic to a manifold
of the form (£7)°°, where &’ is a third order evolution equation. The corresponding
change of variables is of the form

u = w, for the covering 7;

u=w, — gw? — 3o for the coverings 7};

u= —a =+ +/F2+ w, for the coverings 7'5.

As we already saw (see §1.9), the covering equation for the covering 79 is the
potential Korteweg—de Vries equation w; = Wy, + %wg, while for the covering 72,
a = 0, the covering equation is the modified Korteweg—de Vries equation w; =

2

1

2.3. Coverings over the equation u; = (B(u)uy),. Let us describe, with-
out proof, another result of covering computations [54].

PROPOSITION 2.5. Any nontrivial one- or two-dimensional covering of the equa-
tion € = {ur = (B(u)ug)s}, where the coefficients of the fields X and T are in-
dependent of the variables t, x, and px, k > 1, is locally equivalent to one of the
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following:
7—1: ﬁw = Dw +p0ia
ow
~ _ 0
Dy = Dy + B(po)pl%,
~ _ 0 0
2Dy =Dy +po— —
T + po awl + wy 811)2’
Dy = Dy + B(po) i+J§( )i
t = t Po),P1 8’101 Po 61,027
~ _ 1o} 0
2
: Dy =D, a.. a
2 * 8w1 p0w18w2

~ _ ~ 0
D, = Dy + (B(po) — wlB(po)Ih)aTUQ,

There are no irreducible coverings of dimension greater than two.

To conclude this section, let us consider two examples, where the equation
under consideration is not an evolution one.

2.4. Covering over the f-Gordon equation. Consider the equation £; =
{tgy = f}, where f = f(u) is an arbitrary function depending on w. Let us choose
the functions =, y, u, p1, q1,...,Pk, Q,-.., Where x = 21, y = 22, u = p(0,0),
Pk = D(k.0)> 9k = P(o,k) for internal coordinates on £7°. Consider the coverings
T & =EF xRN = &%, Dy =Dy + X, Dy =Dy, +Y, D, = D1, D, = Ds, such
that the coefficients of the fields X and Y are independent of the variables z, y and
Di, i, © > 1. In this case conditions (2.1) are transformed to

ox _ov
op  Op1

ay ay 0X 0X
() L ixy]=o.
G+ (G~ )~ H IO =0

Analyzing this system for the case of one-dimensional coverings, we obtain the
following result:

PROPOSITION 2.6. Any nontrivial one-dimensional covering of the equation
E = {uzy = f}, 0f/Ou # 0, where the coefficients of the fields X and Y are
independent of the variables x, y, and p;, ¢;, © > 1, are locally (in a neighborhood
of any point, where 9*X/0p? # 0 and Y ?/0q3 # 0), is equivalent to the following
one:
f  D,=D Jr(ozp2+2F)i D,=D +(qQ+2aF)i
ot x z 1 o’ y Y 1 o’
where o € R, F(u) = fou f(w)du. These coverings are pair-wise nonequivalent for
different values of the parameter «.

Consider the equations £y and &£, and let us equate the right-hand sides of the
equations determining the covering Tg. As a result, we shall obtain the system

au? + 2F (u) = Bv? + 2G(v),

ufl +2aF (u) = UZ + 26G(v). (2.16)
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A simple check shows that if v = v(x,y) is a solution of the equation &, such that
system (2.16) is compatible, then any solution u = u(z,y) of equation (2.16), such
that au, + u, # 0, is also a solution of £; for a given v. Thus, system (2.16)
determines a “partial Backlund transformation” between equations £; and &,.

REMARK 2.5. Prolongation structures for the equation £ were studied in [106]
The result obtained can be reformulated as follows: the equation &£ possesses
nontrivial one-dimensional coverings, such that the coefficients of the fields X and
Y are linear in p; and g; respectively, if and only if the function f satisfies the
equation d?f/du® = af, a = const. In particular, if f = sinu, then the manifold £
is contact diffeomorphic to (Esiny )™ and the corresponding covering is the classical
Bécklund transformation of the sine-Gordon equation. If f = e*, then £ + is contact
diffeomorphic to the manifold () and the corresponding covering determines the
Bécklund transformation between the Liouville equation and the wave equation.

2.5. Coverings of the equation wu,, + u,, = ¢(u). Consider the equation
Ep = {ugz + uyy = ©(u)}, where ¢ is a smooth function depending on u. Let
us choose for coordinates on £°° the functions z, vy, u, p1,41,- .-, Pk, Gk, - - - , Where
Pk = P(k,0)» 9k = DP(k—1,1) (see also [62]). Then the total derivatives D, and D, on
E°° are of the form

D, = 2 +p1 ot Zpk+1 + Z U+15 -

_ 0 0 0 _ 0
D, = — — DF (o — po)—.
v =5 TN, +;qk+1apk +§ A O
Let us set 51 =D, + X, ﬁy = Dy + Y and assume that the coefficients of the
fields X and Y depend on the variables wy,...,ws, u, p1, g1 only. In this case,
conditions (2.1) transform to

oy oX _, oY 09X

opr  9q ' Oqr  Op
oY 0X 0X
pl%_qla_@aich—F[X’Y]_O'

(2.17)

Let us introduce new complex variables z = py +iq;, H = X +1Y. Then from the
first two equations (2.17) it follows that H is an analytic function in z:

:ZHka, Hk:Hk(w,u):XkJriYk, (218)
while the third equation in this system acquires the form
_0H OH <8H 8H> _

T ae —[H,H] =0, (2.19)

Substituting (2.18) to (2.19), we obtain

= k:él:lk —kélik k—1 k:—l
. ( M M ( k — k > = kv
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from where it follows that

_ _ 0H, =
w(Hy — Hy) = [Hy, Hy), Tuo — 2¢pHy = [Hy, H],
OH OH _ _
4554~5i:ﬂHhHﬂ,(k+D¢HH1:UﬁJ%L (2.20)
0H,

W:[Hkygl}a [HlmHj]:Oa k7j>17 kZ]

Let us note now that by a coordinate change in the fiber of the covering, the

field 9/0u + X7 may be transformed to d/0u. Then equation (2.20) will take the
form

. - 0 o =
2“)0}/1 = [H07 HO]) 2@H2 - |:au + ZY17H0:|a

Y 7
5o =0 (k+ Dy = [Hy, Hol,

[Hp, H;]=0, kj>1, k>j

(2.21)

There are two options for the field Y7: (a) Y7 =0 and (b) Y7 # 0. For the first
case we have

_ OH,

2i[Hy, Hol = 0, 2pH, = aTLO’

OH ~

Ok — 0, (bt VpHiss = [, Ho), 2.2

[Hy, H]=0, kj>1 k>j

In the case (b), after a suitable coordinate change in the fiber, the field Y7 is
transformed to the field /0w, where w = w1, and system (2.21) acquires the form

.0 - OH,
2“0(9711) = [HOaHO]a 2(10H2 = ZT;a
0H, _
Tg - O’ (k + 1)80Hk+1 = [HkaHOL (223)

[Hy,H;) =0,  k,j>1, k>j

where £ = w 4 fu. Solving systems (2.22) and (2.23) in the case dim7 = 1, for an
arbitrary function ¢ we obtain the solution

a u
H = (229 + o + ﬂzZQ)%v ¢ = / pdu,

0

where pg, p2 € C.
For ¢ = 0 (and, of course, for equations transforming to this value of ¢) we
have

.\ 0
H= <exp('y§)2ukzk+zz>aw, 7R
k1
and

0
H= F—.
Z“kz w
k#1
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If ¢ = u, then
.\ 0
H=\p+mé+iz|—.
ow
For
1/1 .
P = 2(v+7) sinh(2yu),  y€R, v#0,1,
we have
H = |{ cos( f)—i—lsin( &)+ iz 9
= 7€) + - sin(y S
and for

1/1
@:2<7—7> sin(2vyw), yER, 7#0,1,
the solution is
H = (cosh(6) + = sin(3¢) + iz ) -
= [ cos — sin 1z .
7€) + - sin(y 50

In the first case (an arbitrary ¢) the classes of nontrivial coverings are repre-
sented by the following fields:
0
H= (2 exp(i0)® + exp(—i9)22> D0’ 6 € [0,2m).
w

We leave to the reader to analyze other cases.

3. Nonlocal symmetries

3.1. Definition of nonlocal symmetries. Let 7: E — £ be a covering
over the equation £*°. A nonlocal symmetry of the equation £ will be called a local
symmetry of the object . In other words, a nonlocal symmetry of the equation
£ is a transformation (finite or infinitesimal) of the object £, which preserves the
distribution C on &€. Note that the definition of nonlocal symmetries assumes ex-
istence of some covering over the equation £°°. To underline this fact, nonlocal
symmetries in the covering 7: E — £ will be called symmetries of type T, or non-
local T-symmetries. In what follows, we shall consider infinitesimal symmetries
only and shall call them just “nonlocal symmetries”. ~

Since general differential-geometric structure of covering manifolds £ is quite
similar to that of infinitely prolonged equations, definition of nonlocal infinitesimal
symmetries corresponds exactly to definition of higher symmetries for differential
equations.

DEFINITION 3.1. The algebra of nonlocal symmetries of type 7 (or of nonlocal
T-symmetries) of the equation £ is the quotient Lie algebra

sym, £ = Dc(g)/CD(g),
where
0@ ~{ Yl wie 7E) |,

while D¢ (€) consists of vector fields X on & such that [X,CD(£)] € CD(E).
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EXERCISE 3.1. Prove that when coverings 7 and 7o are equivalent, then the
Lie algebras of nonlocal symmetries sym,, & and sym,, £ are isomorphic.

3.2. How to seek for nonlocal symmetries? The procedure of finding
nonlocal symmetries for a particular differential equation splits in a natural way
into two steps: first, it is necessary to construct a covering 7 over the equation
under consideration and then to find 7-symmetries.

The problem of covering construction was discussed in details in §2. Let us note
here that in search for nonlocal symmetries, one has to choose the corresponding
covering in a special way: in general, it may happen that the algebra sym_& di-
minishes in comparison with sym €. For example, this is the case, when we take the
covering over the Korteweg—de Vries equation by the modified Korteweg—de Vries
equation (see Example 3.1 below). Besides, some nonlocal symmetries are not
interesting in applications (for example, symmetries of trivial coverings).

Consider now the problem of computation of nonlocal symmetry algebra in a
given covering 7: £ — £, If the covering object & is of the form & = (€)%, then
the problem reduces to computation of local symmetries for the equation ()
When & is not represented in this form explicitly, the computational procedure
may be based on one of the theorems proved below. Examples of computations of
nonlocal symmetries will be exposed in the next section.

THEOREM 3.1. The algebra sym.. € is isomorphic to the Lie algebra of vector
fields X on & satisfying the following conditions:
1. X is a vertical field, i.e., X(7*(f)) = 0 for any function f € C>*(M) C
,7:(520).
2. [X,D;]=0,i=1,....,n.

ProoOF. Note that the first condition means that in local coordinates the co-
efficients of the field X at 0/0z;, i = 1,...,n, vanish. Therefore, the intersection
of the set of vertical fields on &€ with the algebra CD(E) is trivial. On the other
hand, in every coset [X] € sym_& there exists one and only one vertical repre-
sentative X V. Indeed, let X’ be an arbitrary representative of the class [X]. Then
Xv=X'-3" a;D;, where a; is the coefficients of the of the field X" at 9/0x;. O

THEOREM 3.2. Let the covering T: E=E% xRN - g> be locally determined
by the fields D; = Di—l—Z;\[:l X;;0/0w;, i =1,...,n, X;; € F(E), where wy, wa, ...
are nonlocal variables. Then any T-symmetry of the equation € = {F = 0} is of the
form

wA— +Zaﬂa

where ¢ = (p1,...,0m), A= (a1,...,an), @i, a; € f(g), and the functions v;, a;
satisfy the equations
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PRrROOF. Let S € sym_&. Using Theorem 3.1, let us write down the vertical
field S in local coordinates in the form

N
NV 9 9 k &
S—;baap§+j;ajawj, ba,aje}'(é'),

where the “prime” denotes summation on all internal coordinates p* of the equation
&. Equating the coefficients at 9/9p% in the commutator [, 151] to zero, we shall
obtain the equations ZNDZ(b’;) = bk, ,if p£ , is an internal coordinate on £, or
Dy(bk) = S(pk.,,) otherwise.

Solving these equations in the same way as it was done for local symmetries,
we shall obtain the relations

Vi =Do(bg),  Lr(bo) =0,  bo=(bp-.b3).
In particular, S = 5%,4, where ¢ = by. Then equations (3.2) are obtained by
equating to zero the coefficients at 9/0w; in the commutator [S, D;]. O

Note that for finite N the covering equation is locally of the form (£’)°°, where
&' ={F =0} and

a .
F = (F,(;:?Xij), i=1,....n, j=1,....N,

and the system of equations on its local symmetry with the generating function
1 = (¢, A) coincides exactly with system (3.1)—(3.2).

EXERCISE 3.2. Prove the following identity:

(9,4, 9y,8] = Oy.c
where x = 9, 4(¥) — 9y, 5(9), C = 9y,4(B) — Dy 5(A).

REMARK 3.1. If the covering is zero-dimensional (naturally, in this case X;; =
0), i.e., 7 is a local isomorphism, then equations (3.2) fulfill in a trivial way while
system (3.1)—(3.2) reduces to the equation £z (p) = 0. Thus, the local symmetry
theory embeds to the nonlocal one in a natural way. More precise, the algebra of
local symmetries of the equation £ coincides with the algebra of nonlocal ones in
the covering id: £° — £°°.

If a covering 7: €& — £ of the equation £ is given and a function ¢ € .7-"(5')
satisfies equation (3.1), then, in general, there may be no symmetry of the form
5% A: system of equations (3.2) may have no solution for a given ¢. In particular,
not every local symmetry 93(,, p € F(E), can be extended to a symmetry 5% A In
the covering 7: E— &>,

ExaMPLE 3.1. Consider the one-dimensional coveting 7: E=E% xRl - g®
over the Korteweg—de Vries equation & = {u; = uypy + uu,} given by the fields

- 1,\ 0
DL:DI —w? 7
+(po—|—6w)aw

-~ 1 1 1 0
D, =D = P2+ —w’py | =—.
t t + (p2+3wp1+3p0+ 18111 po) ow
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As we saw already (see Example 1.9), € = (£/)°°, where £’ is the modified Korteweg—
de Vries equation

W = Wage — éwzwm.

Consider the local symmetry of the KdV equation with the generating function
¢ = tp1 + 1 (the Galilean symmetry) and try to extend it to a symmetry 5%(1 =
ép +ad/dw, a € F(E), in the covering .

To do this, we have to solve the following system of equations for the function
a€F(E):

~ ~ 1 1
Dw(a) = Qtp,a (po + 6w2> =¢+ gaw,

~ 1 1 1
Di(a) = 9.0 <P2 + gwpl + gP(Q) + 18“)2]90)
_ 1 = 2 1 1 1
= D? —wD, ~ w2 1 1 .
20)+ guDa(e) + (G + g0 ) o +a (3o + gum)

It is easily seen that this system has no solution. Thus, there is no symmetry 5%%
where ¢ is the Galilean symmetry, in the covering under consideration and the
nonlocal symmetry algebra diminishes in comparison with the local one. Neverthe-
less, one can consider different coverings and may hope that in some of them the
symmetry algebra will be extended. We consider this problem in §5.

4. Examples of computation: nonlocal symmetries of the Burgers
equation

Consider the problem of finding nonlocal symmetries for the Burgers equation
in the coverings described by Theorem 2.1 (see [61]). Using Theorem 3.1, we shall
identify elements of the algebra sym_& with the fields S on £ such that S = P+ @,
where

P= Zpapl P = Zcbjaw]

>0 3>0

P, ®; € F(E), and [S,D,] = [, Dy] = 0.
Using equalities (2.8), these relations can be transformed to

0
§(2+1 ))8pl+PoA+[<I>D] 0,
~ 0
(S, D] = ;(g anr ¢ (pop1 +102)) - Dt(Pi)> o,

+ (Pl +pOPO)A+P0[A7B] + [(I)vﬁt} =0.

The coefficients of the fields [<I>,l~)w] and [P, ﬁt] at 0/0p; vanish for all i > 0, i.e.,
these fields are vertical with respect to the projection 7. Therefore, the first of the
above obtained equations is equivalent to

POA+[®751]:03 Pi—i-l:ﬁm(Pi)a 1=0,1,...,
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which implies that P; = ﬁ;(z/})7 where 1 denotes the function Py. In other words,
P=09,=%.0 D (4)3/0p;. In a similar way, the second equation is equivalent
to the equalities

(Ez(d}) +qu/})A + T/J[A,B] + [CI), Et] =0, (41)
9y (Dipops +p2)) = Di(DL(W)), P20, (42)

Since [5111751:] = 0, equation (4.2), for i« > 0, is obtained by applying the

operator D! to equation (4.2), where i = 0, i.e.,

9y (pop1 + p2) = Dy (¥),

or, which is the same,

D3(¥) + poDa () +pro = Do(¥).

Thus, we proved the following result:

PROPOSITION 4.1. Any nonlocal symmetry of the Burgers equation in the cov-
ering (2.8) is of the form 9y + @, where ® =3, ®;0/0w;, 1, ©; € F(E), while
the function v and the field ® satisfy the following equations:

1/)‘4 = [Bwv (b]v
(Do () + pow) A+ Y[A, B] + [®,Di] = 0, (4.3)
(r(¥) = D2(W) + poDa(¥) + P13y — Di(4) = 0,

where F is the function determining the Burgers equation.
Subsequent analysis of system (4.3) is to be based on particular realizations
of the Burgers equation universal algebra. Let us start with studying nonlocal

symmetries in the coverings described in Proposition 2.4. Consider the covering 7°.
Let ® = ©0d/0w. Then for the covering 7° system (4.3) acquires the form

Y = Dy (p),
Dy (1) + pot = Di(), (4.4)
ZFW’) =0.

Note that using Theorem 3.2, we would obtain the same system of equations.

It is easily seen that the third equation of system (4.4) is a consequence of the
first two ones. Therefore, the system can be transformed to the following one:

Y= Dw(‘p)7

D3 () + poDa () = Di().
_ Let us now pay attention to the fact that the second equation is of the form
lr(p) = 0, where ¢y is the universal linearization operator for the equation
& = {vy = vy + 3v2}. This agrees with the fact that the equation £ is con-

tact diffeomorphic to the manifold (£’)°°. The diffeomorphism is established by
the following coordinate change:

r=a', w=p) t=t, pp=pi, k=01,...,

where 2/, t/, pj. are the standard coordinates on (£’)*°. From here it follows that
sym_o & = sym&’. Computing the algebra sym &’ using the scheme described in
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Ch. 4 and applying the above discussed diffeomorphism, we shall obtain that the
algebra sym &’ is additively generated by elements of the form

P—co = 77(1‘715)671”/2’ Neax = Mt 50(11 = 17
Pk = t'pr + 5 ((k +1)'po + izt pr—1 + O(k — 2),

k=0,1,...,i=01,...,k+1,

where the function O(r) depends on the variables z, ¢, po, ..., p, only.

Stress the fact that the form of system (4.3) essentially depends on choice of
a coordinate in R, i.e., on the form of a field A representation. If A = a(w)d/0w,
while B and C are still equal to zero, then relations (4.3) reduce to the form

¥ == (tDa(¢) ~ poa’),
2 / N "2 " L\ o D)
B2(¢) + (1= 20mD(9) + (@) - aa” = Ja Yo = Dule)

Let us rewrite the last equality in the form L(p) = 0, where

- - 1
L=D?+(1-2d)poD, — Dy + ((0/)2 —aa” — 20/).

The operator L acquires a simpler form, if one sets a = %w Then L = 15?: — ﬁt.

In this case, £ = (€")°°, where £” is the heat equation wy, = w;. Thus, with
a suitable choice of a coordinate in the fiber, the covering 79 reduces to the form
(£"7)%° — £°° and, moreover, the Burgers equation represents as a quotient equation
of the heat equation £” over the one-parameter group of its symmetries w — ew,
where ¢ is a parameter. Note that such a transformation group is admitted by all
linear equations. In the chosen coordinate system on & (i.e., when A = $wd/0w)
the generators of the algebra sym_o & = sym & are of the form

Yoo = (@, t)e 2 e =1, 90y = w,

- 1 L

Y =w (t’pk + 3 ((k‘ + D)t*'pg + ixt 1) Pr—1+ O(k — 2)) ,
k=0,1,..., i=01,... k+1.

Consider the coverings 7. System (4.3) for these coverings is easily trans-
formed to

O(p) =0,
~ , (4.5)
where 3 = +e®/? + v and
0= D?+poDy — Dy — B (po + B). (4.6)

System (4.5) reduces to the sole equation [(¢) = 0 and is solved in the same
way as the equation /g(¢) = 0 determining higher symmetries of the Burgers
equation (see Ch. 4). The result shows that the algebras sym. =+ & are isomorphic
to the algebra sym £. The solutions ¢ of (4.5) depending on the variables z, ¢, w,
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po, and p; are linear combinations of the following ones:

Qa(l) =Po + ﬁa
o1 =t(po +B) — (B) 7,

1 1
©3 =p1 + =pg + B'po — §V57

2 1 1 1 1 (4.7)
Py =t (pl + 21)3) + (tﬁ’ - 2fc>po + 5B —vt) + Sr(B) T+ 1,

1 1
5 =t (pl + P(%) + (16" + wt)po + 55(29515 —vt?) + (vt —2)(6) 7" + 2t

2

The corresponding functions v are

w? =P1,
1
Wi =tpr + 5(190 +v)(8) " +2,
g =p2 + pop1,

Vs =t(pa + pop1) + %(xm +po) — i”(;ﬁo +8)(B)7 1,

¢35 =t*(p2 + pop1) + t(zpr + po) — %V(PO +/)(6)7

+ <;x(190 +8+26) - 1> B~
Let S;- be a symmetry corresponding to the function 90; Then from (4.7) it follows
that the symmetries SY and S9 are local, the symmetry S? is essentially nonlocal
for v # 0, and the symmetries S} and S5 are essentially nonlocal.

The isomorphism between the algebras sym_+ £ and sym & implies the hypoth-
esis that the space gni of the covering 7. is contact diffeomorphic to the infinite
prolongation £°° of the Burgers equation £. To check it, let us try to represent
the manifold gTS: in the form (£)°°, where £’ is a differential equation. Assuming
x and t to be independent variables in £ and w to be the dependent one, let us
introduce in 57_3: the coordinates x, t, yo = w,...,y; = Eg(w), ... Then, as it is

easily seen, D, (w) =y2 + %yf — By, i.e., the desired equation &£’ is of the form

Wz + %wfc — PBw, = wy. (4.8)
As it was expected, the universal linearization operator for equation (4.8) coincides
with the operator (4.6).
Further, the change of variables v = —3 F €*/? — v transforms equation (4.8)
to the Burgers equation v; = v, + vv,. Thus, choosing the coordinates on (Z/:_Vi in
the form

T, bty =v, ...,y =D.(v), ...,

we shall find out that gTVi ~ £ and, by this reason, the mapping 7% can be
considered as a mapping of the Burgers equation to itself. The explicit formula
for this mapping is obtained from the relation v, = Dy (v) = =3 (u + 3) = %(v +
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v)(u — v), from which we have

2v,
v+v
Thus, we arrived to the following remarkable result. If v is a solution of the Burgers
equation, then the function u determined by formula (4.9) is also a solution of the
Burgers equation for all values of the parameter v.
To conclude this section, we shall consider one infinite-dimensional covering of
the Burgers equation. Let us set

u =

+v (4.9)

_ 0
_3w1’
d d
B = ew1/2 — — ... 4.1
€ P 2+w28w3+w33w4+ ) ( 0)
0

Obviously, the fields A, B, and C satisfy the relations (2.8) and thus determine an
infinite-dimensional covering over the Burgers equation. Let S = 9,, + > ®i0/0w;
be a nonlocal symmetry. Then, since [A, B] = %em/la/awg, system (4.3) in the
case under consideration is of the form

p1v + poDy () + D2(y) = Dy(¥),

¥ = Dy (@), pot + Dy(y) = Dy(®1),

$y = 2e~w1/2D,(Dy), b+ Lpo®y = 2e71/2D, (,),
By = Dy (®s), By = 2e~w1/2D,(P3),

By = D, (Dy), By = Dy(Dy),

D1 = D, (Py), Do = Dy(Dy),

It can be easily checked that this system is equivalent to the following one:

= Dy(®y), p1v + poDy () + D2(¢) = Dy(¥),

o, = 2671”1/251((1)2), pOBz(q)l) + Bi((bl) = Et(®1)7

(1)2 = Bac((bi‘)): 532"((1)2) = Bt(q)Q)v

Oy = D, (Dy), D2(®3) = Dy(®3), (4.11)
Q) = Dy (Pry1), D2(®y) = Dy(®y,),

Before solving this system of differential equations, let us introduce a filtration
to the algebra F(&). Let k > 0 and ¢ € F(£). Then we set deg p = k, if dp/0p; = 0
for all i > k; degp = —k, if 0p/0w; = 0 for all j < k; degp =0, if Op/Ip; = 0 for

all 4 > 0. Note further that if an element 1 satisfies all equations of the left column
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in system (4.11) and if ¢ satisfies the k-th equation in the right column, then
satisfies all equations in (4.11) for i < k.

For subsequent arguments, it is convenient to consider two cases: (a) deg o > 4
and (b) deg @3 < 4. In the first case, since the operator D, increases filtration by
1, from the equations of the first column it follows that there exists a number k
such that starting from this number the functions ®; will depend on the variables
t, x, wq,ws,... only. Let (1), &1, Pq,...,Pk) be a solution of (k + 1) equations of
system (4.11) and k be such that

Dy = Dy (t, x, wy, ws, . .., W), 0Pk =0, k>2. (4.12)
8w4

For functions of the form (4.12) equations (4.11) on ®; are reduced to the form

aq»k - aq»k P, 0%y
22“” L 9z0w; sz TS WO TR

Using induction on 7, one can show that any solution of this equation linear
depends on the variables w;, i.e.,

D = praws + Prsws + -+ + PrrWr + o,
where the function ¢ is a solution of the heat equation 9%pro/02% = dpro/Ot

while the functions ¢y, @ =4, ..., r are to satisfy the following system of differential
equations:
k4
=0
ox ’
32
P4 n 2&/%5 _ 5%4,
Ox? Ox ot
........................ (4.13)
82 T T T—
Prr—1 +23<Pk _ O L
ox? ox ot
0 Pkr 8@167"
Ox? ot

It is easy to show that all solution of system (4.13) are polynomial in x and ¢,
and @g4 is an arbitrary polynomial of degree r —4 depending on ¢ only. To compute
nonlocal symmetries in our covering, we need to find solutions of system (4.13)
defined up to solutions with g4 = 0. This space is of dimension r — 3 and its basis
is determined by the functions g4 = 1,¢,...,t" 4.

Let & = prawy + Qrsws + - -+ + Qrrwy + @ro be a solution of the k-th pair
n (4.11). To find the corresponding nonlocal symmetry of the Burgers equation it
needs to construct @14, ¢ = 1,2,..., satisfying the (k + )-the pair in (4.11) and
such that @5 = Dy (Ppi1), Ppr1 = Da(Prya), ... Let us set

By = ZZ et ? — f{”mw (4.14)

=4 a>0
Since, as it was said above, all functions ¢y; are polynomial in z, the function
11 is well defined by equations (4.11). Calculating D2(<I>k+1) and Dt((I)kH) and
using relations (4.13), it is easy to see that @y, satisfies the (k+1)-st pair in (4.11).
The functions ®j9,..., Prys,... are constructed in the same way and it is proved
that they satisfy the corresponding equations of (4.11).
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The above arguments, with insignificant corrections, are carried on to the
case (b), when @5 = $o(t, 2, ws, ..., w;).

Let us denote by ®%, where k > —2, i > 0, the symmetry for which the function
@14 is of the form @y iy = tlwy+U(t, 2, w5, ..., w,) and by @i, where k < —2, i >
0, the symmetry, for which the function ®5 is ®o = t'wo_1,+V(t, 2, Wo_ ki1, .., W;).
Then the following theorem is valid:

THEOREM 4.2. The Lie algebra of nonlocal symmetries of the Burgers equation
in the covering T determined by the fields (4.10) is additively generated by the func-
tions @, where k =0, £1, £2,...,i =0, 1, 2,..., and by the symmetries, for which
Oy = By(x,t) is an arbitrary solution of the heat equation 0?®y/0x? = 0Py /0t.

Note that local symmetries of the form ¢i = t'pj, + O(k — 1) correspond to the
generators ®; for k > 0, ¢ < k; no local symmetry corresponds to other generators.
For example, the generating function ¢ = (2ws — wg,po)e’wl/2 corresponds to ®° ,;
¥ =1 —wappe /2 corresponds to PO s p = tp — 2wapoe~"1/2 4+ 5 corresponds to
®1. If @, is a solution of the heat equation, then ¢ = (20¢p/0t — dp/Oxpg)e1/2.

5. The problem of symmetry reconstruction

Let 7: € — £ be an arbitrary covering over an equation £ and ¢ € _7-'(5, )
be a solution of the equation £z (p) = 0, & = {F = 0}. As it was shown in Ch. 4,
if ¢ € F(E>,m), then 9, is a local symmetry of the equation £%°. Let us try to
find a symmetry 7 of the form 5% A= 5@ + vazl a;0/0w; for the chosen function
Y e ker (. This problem will be called the reconstruction problem nonlocal for
symmetries. As we saw already (see Example 3.1), for an arbitrary covering, this
problem has no solution. Nevertheless, below, for an arbitrary differential equation,
we shall construct a special covering, where this problem is always solvable. As it
happens, additional series of symmetries possessing a recursion operator arise in
this covering.

5.1. Universal Abelian covering. Among all coverings (1.2) over the equa-
tion £°°, where X;; € F(£>), there is a distinguished one: the Whitney product
of all coverings determined by basis elements of the space H(£°°) (see [52, 53]).
Denote this covering by 77 : EM s £%° Let us now take the Whitney product of
all one-dimensional coverings over EM determined by basis elements of the space
ﬁl(g(l)). We shall obtain the covering 57 : E@ - £W over £W and hence the
covering 7, = 7{ 0Ty 1 : £ _, £ gyer £<. Proceeding with this construction, we
shall obtain the tower of coverings* over £

_ ThtLk g(k) Th,k—1 g(k_l) Th—1k—2 T2, g(l) T £ (51)

Let us denote the inverse limit of this chain of mappings by 7*: E* — £, We shall
call 7* the universal Abelian covering over the equation £°°.

4Infinite-dimensional manifolds arising in this procedure may not be inverse limits of finite-di-
mensional ones. For example, this is the case when the equation g““), for some k > 0, possesses a
family of conservation laws depending on functional parameter. Such objects and the correspond-
ing theory, similar to that of Ch. 4, are not considered in this book.
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REMARK 5.1. The condition H' (g ) = 0 is convenient to reformulate in the

following way. Let the covering 7" be locally determined by the fields Dh ey Dn.
Then, if Ay,..., A, € F(E* ) and

Di(Aj) = D;(4y), (5.2)

one can state that there exists a function A € F(g*) such that A; = lw)z(A) for
any 1.
5.2. Symmetries in the universal Abelian covering. From now on, till

the end of this section, the tilde sign over an operator notation will denote the
lifting of this operator to the covering 7*.

THEOREM 5.1. Let 7%: £ — % be the universal Abelian covering over the
equation € = {F = 0}. Then for any vector function ¢ = (¢1,...,9m), Yi €
.7-'(5*)7 satisfying the equation Zp(cp) = 0, there exists a set of functions A = (aiq),
Qio € ]—'(g*), such that 9, 4 is a nonlocal symmetry of type T* for the equation &.

PROOF. Let us assume that locally the distribution on E*is given by the vector
fields D; = D; + > i X550/0wja, X5 € F(E), where i enumerates independent
variables, j enumerates levels of the tower, and « at the j-th level enumerates basis
elements in the space H'(£()). The functions X;; satisfy the conditions

Di(X5}) = D;(X5). (5:3)
Note that by construction, X is a function on EU-D (we set £O = £%) for all i,
a, i.e., is independent of wy,, for k > j. We are to prove solvability of the equations

Di(aja) = 9 4(X5) (5.4)
for any ¢ € ker (p.

By Remark 5.1, it suffices to prove existence of functions (ajo) = A such that
the functions A; = ng A(X(), 1 <4 <n, for any fixed j and « satisfy (5.2). We
shall prove this fact by i mductlon on j.

Let j = 1. Since [D; 990 Al = ija(ﬁi(aja) - 9¢A( ))0/0w;q, where X

are functions on £°°, for any set of functions A = (a;4) on & one has

Di(8g,4(X(1)) = Bp.a(DilX{1)) = Dp, a(Dr(X7)) = Dr(Fp,a (X))

(the second equality holds by (5.3)), and it implies solvability of equations (5.4) for
j=1

Suppose now that solvability of equations (5.4) was proved for j < s and let

a?a, j < s, be arbitrary solutions. Then for any set A = (aja), where ajo = al

jao
if j < s, while other a;, are arbitrary functions, we have [Di, 9%,4 }g(s—m = 0.
Since X2 € F(£5~1), similar to the case j = 1, we obtain equality (5.2) for 4; =
9p,4(X5), 1 < i <n. The theorem is proved. O

5.3. Nonlocal symmetries for equations admitting a recursion oper-
ator. Consider now the situation when the equation & = {F = 0} possesses a
recursion operator R. Recursion operators considered in literature are not, in gen-
eral, differential operators. Therefore, the expression R(p), where ¢ is a symmetry
of the given equation, may be undefined. There are various interpretations for this
type of expressions (see, for example, [91, 112, 58]). Here we suggest, instead of
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the operator R, to consider an operator R which in some cases is defined on the
set ker /. Let us describe a class of equations, where recursion operators possess
this property (other examples see in §5.6).

PROPOSITION 5.2. Let an evolution equation
E ={us = Dy(h(z,t,u,u,...,ug))}

possess recursion operator R = Zéifl iDL, fi € F(E%°). Then for any symmetry

é%A in the covering T* there exists a symmetry Sy ar, where ¢’ = R(yp).

ProOOF. Existence of the function ¢’ easily follows from Remark 5.1. In fact,
since 9@ A s a symmetry, the function ¢ satisfies the equatlon l F( ) = 0, which, in
the situation under consideration, is of the form D;(¢) = D, (f4(¢)) and coincides
with equations (5.2). Therefore, there exists a function ¢ such that ¢ = D, (¢'), or
o = 5; (). Existence of the symmetry 5% A 1s guaranteed by Theorem 5.1. [

5.4. Example: nonlocal symmetries of the Korteweg—de Vries equa-
tion. Consider the KdV equation & = {us = tyzy +uux} By Proposition 5.2, this
equation possebseb the series of nonlocal symmetries 91/,” A, Where ¢, = R" (tp1+1),
R=D?+ 3p0 + 3plDz 1 In fact, ¢, € .7-'(5(1)) for any n. This fact is implied by
the following statement:

PROPOSITION 5.3. Let an equation £ and its recursion operator R satisfy the
assumptions of Proposition 5.2. Assume also that there exists a local symmetry @ of
the equation £ evolving by R to the infinite series of local symmetries S = { R™(ip) |

n=20,1,...} and the operator R be such that f_1 € S. Let RM be the lifting of
the operator R to the covering T : EW &% and wq be nonlocal variables in the
covering T1. Then, if ® = p;w; + ¥ € ker ép, where the number of summands is
finite, p; € S, and U € F(E), then the function R (®) lies in F(EW) and has
a similar form.

PrOOF. The subscript “loc” below denotes functions on £°°. We shall not
need to describe these functions in details.

One has RY(®) = S wiR(:) + f-1D5 (¥ = 3 Do (wi) Dy (¢4)) + Wioc, since
by Green’s formula (see [132, 131]),

D;l(wigpz) =w; D, (‘Pz) Dil(Dx(wz‘)D;l(%))-
Let us set Xjoc = ¥ — ZD (wl)D Y(;) and show that D;(Xjoc) = Dy(Tioc) for
some function Tjoc. Since this means that X, dx + Tioc dt is locally a conserved
current density, the statement will be proved. We have
Z wz 301 + D (Xloc) + Aloc-
From here and from the equality Dy (®) = D, (Zg(fb)) it follows that

Du(D;(®)) = D7 (Dy(®)) = 64(®) = 3 willy (1) + Bioe.



5. THE PROBLEM OF SYMMETRY RECONSTRUCTION 263

On the other hand, since p; is a symmetry, we have
-5 (D Dt (Z wz SDZ + D (Xloc) + Aloc) =
= ZwiDt(D; ¢:)) + De(D; " (Xioc)) + Cloe =
= > wily(i) + Di(D; ! (Xioc)) + Cloc-
Comparing the last two equations, we obtain
Dt(D (Xloc)) = Bloc - Cloc = T‘loc-
This completes the proof. O

Let us write down several symmetries of the nonlocal series for the Korteweg—
de Vries equation. To this end, let us introduce the nonlocal variables defined by the
equalities Dywy = D0, Dyw; = on, Dyws = 7( —3p?),..., and set ¢, = RFp,,
k > 0. Then

Yo = tpo + 1,
1 2
Y1 =t + gx@o + §p07
o = tpg + T
2 = 1P2 :i)$§01 3p2 gpo ; 9900@00,8 X
=1 - 2D, =
s =ty + Swpr + (¢1) + zbop2 + 27]90 + 9<P1wo + 5 Pow.

5.5. Master symmetries. Consider in the covering 7" over the Korteweg-
de Vries equation the symmetry 911,2 4 and take another 7*-symmetry 9¢ B, Where
@ is a local symmetry independent of x and t. Taking the commutator of these
two symmetries, we shall obtain a new 7*-symmetry 9X c = [9¢2 As 93(, B], where
X = Dyna(®) — Dp.5(1a) € ker (. By simple calculations, one can sce that the
function x is a local symmetry of the Korteweg—de Vries equation independent
of the variables  and ¢. In fact, since ¢ is a local symmetry and vy depends
only on one nonlocal variable wq satisfying the relation 51100 = po, one has xy =
éwz(cp) — 5¢(¢2) — %pllw);lgo, i.e., the function x may depend on local variables
and on wg only.

Further, since local symmetries of the Korteweg—de Vries equation independent
of z and ¢t mutually commute, we have in particular {y, 1} = {p, @2} = 0, from
where it follows that

X= 3 YIDL gl + Bule) - 9,1 - gDz, (55

where ¥ = 3 dpo+ 3 po—l— §<p0w0. From this expression it follows that x is independent
of x and t. A more detailed analysis shows that x is independent of wg. Thus, x is
a local symmetry independent of the variables z and t.

Let s = 2k + 1 be the order of the symmetry ¢, i.e., dp/Idps = const # 0 and
O0¢/0p; = 0 for all j > s. Then it is easily seen that the function x is of the form

Op .
X = gsps+2£ + lower order terms = cyyy1 + lower order symmetries,
S

where ¢ = $s0¢/0p; = const.
This means that the operator of commutation with the 7*-symmetry 9y, a
acts at the first component of the generating function of the 7*-symmetry 9, g,
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up to symmetries of lower order, in the same way as the recursion operator R does.
Thus, this operator of commutation serves the role of the recursion operator for the
Korteweg—de Vries equation.

Note that a similar situation takes place for the equations considered in the
next subsection.

5.6. Examples. In this subsection, we consider examples of equations with re-
cursion operators, which formally do not satisfy the assumptions of Proposition 5.2.
Nevertheless, additional series of nonlocal symmetries arise in the covering 7 for
these equations.

Consider an equation in two independent variables x = x1, t = x5 possessing a
recursion operator of the form

M

R=>fiD,+aD;'ob,  fia,be F(E™).

i=0
To prove existence of the function Ry € F(£*) for any ¢ € ker (p, it suffices to
show that the function by lies in the total derivative image, i.e., by = ﬁaﬂb for
some function ¢ € F(€*). This fact will be established, if we prove existence of
a function T' € F(E*) such that Dy(bp) = D,(T). It is not difficult to check this
condition in each particular case.

EXAMPLE 5.1. Consider the modified Korteweg—de Vries equation
E = {uy = Uppe + vPu,}. (5.6)

The recursion operator for this equation is of the form [91]:

2., 2
R=D§+§pg+§p1Dx1 ° po-

Let us show that the operator R may be applied to any function ¢ € ker ‘ P
In fact,

- - 1 - - 1
Dy(po) = D, ((pz + 3198) ¢ +po(D2() + i) — p1Da(p) — 3p3s0> :
Dy(p) = D3(¢) + paD. () + 2popr .

Therefore, equation (5.6) possesses a series of nonlocal symmetries 9y, 4, where

~ 1 1
Y = R" (t(pa +pap1) + —apy + po)-

3 3
ExXAMPLE 5.2. Consider the sine-Gordon equation
& = {uy =sinu}. (5.7)

If ¢ satisfies the equation 5m5t(<p) = pcosp(o,0), then, since Et(p(zyo)cp) =
D, (p(l,o)f)t(cp)), the recursion operator R = l~)d2,j +p%170) —p(l,o)f);l op(2,0) (see [91])
is defined on ker¢p. Therefore, equation (5.7) possesses the series of nonlocal
symmetries 9y, 4, ¥n = E”(xp(m) —tp(o,1))-

ExampPLE 5.3. Consider the nonlinear Schrodinger equation in the form

Ut = LUgpy + 2UULD,
Vp = —1Upy — 2UVVy.
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This system possesses the following recursion operator [14]

D, + Z(p%D o po

—pyD;top? +
R— Po pl popo)

s 27)—1 2 2n—1 2
7 D (] + D o) =
(pO T P1 Pilyg pO) p%D

Here pi = p}'€07 r1 =2z, Tog =t.

To check that the operator R generates an infinite series of 7*-symmetries, it
suffices to show that D;'(p2p — plv), Dy (pR¢ + pit) € F(E*) for any vector
function (p,1) € ker £x. But this fact is implied by the following equalities:

D; ' (pie — piv) = Du(i(pi Do — ple + piDath — piv) + 20503010 — ple)),
Dy (phe + piy) = Duli(piDasp — i + piDath — phtb) — 20003 (o) — D30)).-
Thus, the operator R is determined on sym,. £ and the symmetry
1 1 1
= (tp3 + api,tp3 + Supt + 5p0)

generates a series of symmetries for the system under consideration.

5.7. General problem of nonlocal symmetry reconstruction. Consider
the general situation now. Namely, let 7: £ — £ be an arbitrary covering of the
equation £ and ¢ € F(E,m) be an arbitrary solution of the equatlon Ep( ) =0,
where £ = {F = 0}. To find a 7-symmetry of the form 9%,4 =9, +Z —1a;0/0w;,
it needs to find functions a4,...,an, a; € .7:(5), satisfying the equations

Di(a;) = 9 a(Xij). (5.8)
As we already saw, this system may have no solution for a given ¢. Note that
formal conditions of compatibility for system (5.8) are of the form

D;(Yjr) = D;(Yip), (5.9)
where Y;; denotes the right-hand side of (5.8). Note further that the integrability
condition for the distribution C on &, i.e., [D;, D;] =0, i,j = 1,...,n, in local
coordinates are of the form

Di(Xj, = Dj(X1) (5.10)

(see. (1.3)), where D; = D; + Zjvzl X;;0/0w;, ¢ = 1,...,n. Conditions (5.9)
and (5.10) are of a similar structure. Using this fact, let us construct a new cov-
ering 71: gl £ s E® by introducing new nonlocal variables ai,...,ay and
defining new total derivatives ﬁ§1)7 1 =1,...,n, on & by the formula 551) =
D; + >_;Yi;0/0a;. Introducing the covering

T1 - (.E/:l — g — EOO,
we can now solve system (5.8), but it does not give us a solution of the initial

problem, since the field 9¢ A= 9 + Ez 1 @;0/0w; is not necessary a symmetry
in the covering 7;. This field is to be extended up to a field of the form

5@,@,A,B + Zaz + Z j 8
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on the manifold 51, where the functions b; must satisfy a system of equations
similar to (5.8). Again, this system may have no solution and we shall have to
repeat the construction procedure for a new covering. As a result, we shall obtain
a chain of coverings similar to that aroused when we constructed the universal
Abelian covering. In more formal details, this procedure is described in the next
two subsections.

8. Kiso’s construction. Let 7: € — £ be an arbitrary covering over
the equation & = {F = 0} described by the fields (1.2) and let ¢ € ker lp, o =
(P15, Pm), @i € .7-"(5) In the paper [55], for evolution equations in one space
variable the covering 7, : gw — £°° was constructed, where the function ¢ generates
a symmetry. Below we describe a generalization of this construction to arbitrary
equations.

Let us set g@ = & xR and let wé, 7j=1,...,N,1=0,1,2,..., be coordinates
in R* (new nonlocal variables). The mapping 7: g@ — £°° is the composition of
the projection to the first factor with 7.

Let us define vector fields DY on &, by the formula

- _ ~ ! o
pF=Di+ Y (95;@) +sw) (Xi) g i=Lm, (5.11)
4,1>0 Wi
where® Q(w S D‘P(gok)a/ap =2 W l“@/aw w) = wj.

PROPOSITION 5.4. Let £ be an equation and 62, =& x R®. Then

1. [Ef,ﬁlf] =0, k =1,...,n, i.e., the set of fields (5.11) determines a
covering structure in E,.

2. If o € kerlp, ¢ = (¢1,...,0m), @i € F(E), then [9(@) + Sw, D] = 0,
1=1,...,n, te., 9(“0 + Sw is a symmetry of type T, for the equation £°.

PROOF. Let us first show that {z(p) = 0 implies [5&”) +S,Df] =0, i =
1,...,n. One has

N N +1 0
[9&0) + Sw,Df] = Z 5 (Pa+1 8 a5 T Z (X”)W
o,k !

Po 7,0>0

I~ 0 ~ I+1 0
- Z Df (D, (@k))apa Z (D) + Su) (Xij)w
o,k 7,0>0 J

. - P
= Z (D (D 41,) — Da+1i(@k))w =0.

Consider now the commutator [Ef , 15;:} Since [D;, Di] = 0 and the coefficients
of the vector fields Dj are independent of wé, we have
l ~, = ! 0
[Df, Df] =Y {Df(B8) + Su) (Xij) — DE(BE) + 8,) (Xij)}F.
w'
7,1>0 J

5As above, “prime” denotes summation over internal coordinates.
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By the first statement of our proposition, one has

D¢, D) = 3 (B + 8., (DF (Xiy) = DE (X)) my = 0,

J,1>0 awﬂ
since DY (Xy;)— DY (X,;) = Di(Xx;)— Di(Xi;) = 0. The proposition is proved. [

5.9. Construction of the covering 5. Below we follow the paper [53].

Let us set & = & x R‘X’, where coordinates in R* (nonlocal varlables) are the
variables® 11 ,j=1....N, [=1,2,. pg , k > 0. The mapping 75 : 5 — €% is
the comp031t10n of the projection to the first factor with 7.

Let us define the system of fields 5{, o ,5; on &, as follows:

0

o l ,
DI = D? + Z} (Sp+50) (Xig) o7y i=Toom, (5.12)
1>0,5 J
where
DS = a+Zsp )—— 0 p =p (5.13)
L Oy o+l PHON o '
1>0,0 g
5=t g oy O 0 — ), (5.14)
D — po- 6 1)’ v — U 6 l vj—w]. .
1>0,0 1>0,j J

PROPOSITION 5.5. 1. [DI,D]] =0,i,k=1,...,n, i.e., the set of fields (5.12)
determines a covering structure in gT.

2. The vector field S; = S, + S, is a nonlocal symmetry of type 7s for the
equation .

PrOOF. From formulas (5.12)—(5.14) it easily follows that [ST,EZ] =0,i=
1,...,n, ie, S; is a nonlocal symmetry. Let us now compute the commutator
(D7, Dj]:

57,07 = 32 {7 (5m41,)) = B} (,0m1)} 5 5

+° {f)] (SL(Xjx)) — DI (St (Xik))} 832
- XS {01 o) - B o)} 5

+ > SH{DF (X0) = D} (Xiw) } 57 =0,
since [D;, Dy] = [D;, Di] = 0. The proposition is proved. O
The following theorem is a corollary of Propositions 5.4 and 5.5.

THEOREM 5.6. For any covering 7: € — EOO over the equation € = {F = 0}
and for any set ® of vector functions @ ,...,<p Lol = (.00, ol e F(&; )
satisfying the equation {%.(p) = 0, where [IZ is the lifting of the operator g to ET,

6To simplify notation, we omit the superscript corresponding to the independent variable
number at p,. The superscript in parenthesis enumerates new nonlocal variables.
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there exists a covering T : gq; — % and To-symmetries Sp1, ..., Sy, such that
= 9, gx7j= 1,....K.

SW ’goc

5.10. The universal property of the symmetry S;. In conclusion, we
shall discuss relations between the constructions of §§5.8 and 5.9. Namely, the
following statement holds:

PROPOSITION 5.7. Let 7: € — £ be a covering over the equation € = {F =
0}. Then for any vector function ¢ € kerlp, ¢ = (¢1,...,0m), i € F(E), there
exists an embedding i,: £, — E such that the diagram

&, i4“’>57

N4

&

s commutative. Moreover, Il, = iw(é’:@) is an integral submanifold of the distribu-
tion on &, determined by the fields (5.11) and

Sely, = () (B +8u),  Dily. = (ip)Df.
PRrROOF. Let us deﬁne the embedding i, by the formula i, (p,) = (pgi),vé-),
where p,(f) = (5@ + S ) (ps), v = wl Then the manifold II, is determined by

the equations p((f) = (éw + SU) (ps). Let us show that the field S; = S, + S, is
tangent to II,. In fact,
_ { (i+1)
H‘P

{5, (s~ (3,+5) <pa>)} 5. (3
- {<(§¢+SU)Z+1 (2 +5.) ) Do }
- {(éw S)(a +5,) }

5 (3o + Sv) o)

e
)~ 9 ' 9 _ ;
= {(Z Do) == D (91)/> (%4—&,) (p,,)} -
o’ o’ ¥ o HLP
- {Z (50/«0) ~(3,+8.) (pg,)) % (3,+5.) <pg)} . 0

since (5¢ + SU) (po) = éw (ps) = Dy(¢). Let us prove now that for any function
f€ .7:(590) the equality

Seln, () 71) = )7 (B8 + 8u) ().
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holds. In fact,

Sohn, (6270) = (X

0,1

From these relations it follows that ST\Hw = (ip)x (55;‘9) + S’w).

Let us show that the fields 5{ are tangent to Il,, ¢ € ker ZF, i.e., that I, is
an invariant submanifold. Indeed,
= Szl)(ﬁcﬂrli)

{57 (10~ (B +2) w0}
n, @) (DEB, + 5 () = 8P

@) (B +5.)' DY (o)) = St (Bos)

I, - 5:(5g@ + Sv)l(pcr)

@

= S‘lr(ﬁaJrli)

I,

m, (i2)71 ((éw + S,U)l(p0+1i)) =0.

= (iw)*ﬁf. In fact, for an arbitrary function
7

Let us prove finally that lNDZT
f e F(E,) we have

Bl (@00 = (Di+ Y sty ) (627 00)
® 1>0,5 J
= (Dt ¥ Bet 8 K| g ) (6270 = ) BE)
1>0,5 A
The proposition is proved. O

6. Symmetries of integro-differential equations

The above constructed theory of nonlocal symmetries is based on the concept
of a covering, i.e., on introduction of nonlocal variables to the space of infinitely
prolonged equation. Recall that such nonlocalities are of indefinite integral nature.
Now we shall consider the situation, when the initial object is nonlocal and the cor-
responding nonlocalities are definite integrals. Such objects are integro-differential
equations and below we construct a symmetry theory for such equations.

6.1. Transformation of integro-differential equations to boundary dif-
ferential form. Let us represent a system of integro-differential equation in the
form

Gj(l'vuapdvj)zov j:]-v"'vmla (61)
where * = (x1,...,x,) are independent variables, u = (u!,...,u™) are depen-
dent omes, p, = (pk,...,p™) are the derivatives of latter over the former, I =

(I1,...,1,,) are integrals. Values of integrals may depend both on choice of a
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point x and on choice of a section u. The most popular integro-differential equa-
tions (see [41]) contain integrals of three types:

b
/ f(z,s,u(s+ x)) ds, (6.2)
/0ﬂc flt,z, s, ut, s),ult,x — s8),ps(t, 8), po(t, x — 8)) ds, (6.3)

b
/ ft,x, s,u(t, s))ds, (6.4)

where t, x are the independent variables, u is the dependent one, p,, is its derivatives,
and s is the variable of integration. These, as well as many others, types of integrals
are unified in the following way.

Let M be the manifold of independent variables x = (x1,...,%,), N be the
manifold of independent and integration variables (x,$) = (1, ..., Tn, S1,- -, Sny ),
p: N — M be the corresponding fiber bundle (possibly, with singularities), N, be
the fiber of the bundle p over the point z € M. Note that the integrand depends

on z, s, and u(x) and there exist smooth mappings h;: N — M, i = 1,...,ma,
allowing one to rewrite (6.2)—(6.4) in the form
/f(x,s,hl*(u),hl*(pg),...,hl*(u),hl*(pa))ds. (6.5)
N{L‘

EXAMPLE 6.1. For the integral (6.2) we have: M =R, N = {(z,5) € R? | a <
s <b}, N, is the interval [a,b] for any x, I =1, h: (z,8) — = + s.

EXAMPLE 6.2. For the integral (6.3) we have: M = { (t,z) e R? |z >0}, N =
{(t,x,s) eR* |2 >0, 0<s <z}, Ny, is the interval [0, 2] (at singular points
{z = 0}, the interval shrinks to a point), I = 2, hy: (t,z,s) — (t,s), ha: (t,z,s) —
(t,z — s).

EXAMPLE 6.3. For the integral (6.4) in the case b = oo we have: M = { (t,z) €
R?|z>a}, N={(t,z,s) €R® |z >a,s >a}, Ny, is the ray {s > a}, | = 1,
h: (t,z,s) — (t,s). The case of the finite b is considered in a similar way.

To simplify the formulas below, we shall assume that all the integrals under
consideration are one-dimensional. The case of multiple integrals can be considered
in a similar way: it suffices to represent the integral as iterated one.

If the integral (6.5) is one-dimensional, then N, is either an interval or an
infinite semi-interval or a straight line. In the case N, = [a,, b;], we shall introduce
a nonlocal variable v depending on «, s, such that

8 * * * *
o = s (W), B (po). o b (), B} (pr), (66)
V], = 0.

The value of the integral (6.5) at a point € M coincides with v| _, in this case.
Let us introduce the mappings

a: M —— N, z+—— (z,a,); b: M —— N, x+— (z,b,).
Then

v\szaz =a*(v), v|s=bm =b*(v).
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The case N, = [az,00) (an in a similar manner, the cases (—o0,b,] and
(—00,00)) can be reduced to the case of the interval by passing to a new integra-
tion variable. Such a pass is realized by constructing a diffeomorphism p: N — N’
taking infinite integration intervals N, = [a;, 00) to finite semi-intervals p(N,) =
[Gz,b:). Adding to the manifold N’ the limit point {b, | x € M } of the semi-in-
tervals u(N,), we shall obtain the manifold N and the fiber bundle p: N — M,
whose restriction to the subset N’ C N coincides with the mapping p o x~*, while
the fibers of the bundle p are the intervals (p)~!(z) = [@s, b, * € M. Thus, we
can restrict ourselves with the case, when the sets N, © € M are intervals (see also
Remark 6.1 below).

Thus, system (6.1) can be written in the form

Gj(x,u,p(,,...,bk*(vk),...):07 ji=1,...,m,

ar*(vF) =0, k=1,...,maq, (6.7)
8vk k * k *
e fe(x, sk, ..oy (RY) (W), (k) (Po),---), k=1,...,ma,
Sk
where = (z1,...,7,) are coordinates on the manifold M, u = (ul,...,u™) is a
section of the bundle m over M, p, = (pk,...,p™) is the vector of its derivatives,

v¥ is a function on the manifold Ny, by, ay are the embeddings of M into Ny, h¥,
i =1,...,l are the projections of Ny to M, k =1,...,mo. Note that the variables
v®, k =1,...,ma, are uniquely determined by the variables v/, j = 1,...,m, by
means of the second and the third equations in system (6.7). This means that
systems (6.1) and (6.7) are equivalent: solutions of one of them are reconstructed
by solutions of the other.

System (6.7) describes sections over different manifolds M, Ny, ..., N,,,. When
the manifolds Ny, ..., N,,, are diffeomorphic to each other, all functions and sec-
tions in system (6.7) can be represented as functions and sections over the same
manifold. In fact, let N be a manifold, Fi: N — Ng, k =1,...,ms, be diffeomor-
phisms, ag: M — N be an embedding (e.g., ag = F1_1 oay), ho: N — M be a
smooth mapping left inverse to ag, i.e., hg o ag = idps. Let us set

i = ho*(u), "= F;@"), k=1,...,mo.
Then
ao*(@) = ao” (ho™ (u)) = (ho 0 ao)"(u) = u,
oF = (F) @), (B (w) = (h)*(ao™ (@) = (ag o hf)*(w),
bj,(v°) = b ((F )" (0%)) = (B o by) " (@),

etc. Using these equalities and acting by the homomorphism hg* on the first and

second equations (6.7), we shall rewrite these equations in the form
Gj(ho*(2), @, h5(P), - - -, b (T%),...) = 0, 65)
@ (@) =0, |

where b, = F,;l oby o hg, ar = F,;l o ay o hy are the mappings from N to N. Let
us now act to the third equation in (6.7) by the diffeomorphism Fi*. Using the

equality
R (20) = 0 () ) = Xt
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where X, = (F).(0/0sy) is a vector field on N, we obtain the equation
X (0%) = fi( B (@), B (s1), (b)) (@), (hF)* (ho™ (ps)), (6.9)

where l_zf = ag o h¥ o F}, is a mapping from N to N.
Note that functions of the form ho*(p.) can be represented as derivatives of
the functions ", if

ho.(Y;) = Y; € D(N), i=1,...,n.

83?2‘ ’
In this case

ou” o%u"
ho* =Y;(a"), ho* =Y;(Yi(a")),
etc. Therefore, ho*(p%) is a function in x, s, 4, and p,. Besides, @ is a section of
the form hf(u), u € I'(7). These and only these sections satisfy the equation
(ao o ho)*(ﬁ) = U. (610)
Indeed,
(a0 © ho)™ (@) = ho™(ao™ (1))
and one can set u = ao*(@). If 4 = h{(u), then
(ag o ho)* () = (ho © ag © ho)"(u) = hg(u) = @,

since hg o ag = id ;.

Thus, system (6.7) (and consequently, system (6.1)) is equivalent to system of
equations (6.8)(6.10),5 = 1,...,my, k = 1,...,my. The functions @/, v*, entering

these equations, are functions on N, while by, ax, ﬁf , ho = ag o hy are mappings
from N to N. Coming back to the previous notation, i.e., denoting by u the section

(@t,...,a™, v, ..., 9™) over N and by z = (21, ..., Tnim,) coordinates on N, this
system can be written as a system of equations of the form
G(z,u,ps, 9" (u), 9" (ps)) = 0, (6.11)

where g = ¢1,...,g; are mappings from N to N. We shall call equations of the
form (6.11) boundary differential equations. The reason for this name is that in
examples, as a rule, the image of gx, K = 1,...,m9, lies in the boundary of N,
while the value of g;(u) is determined by the values of u on the boundary of N.
The other term for these equations is functional differential equations (see, for
example, [41]).

For prolongation of equations of the form (6.11), we can use both derivations
and the action of the homomorphism ¢*, where g is a mapping from N to N. It
is easy to see that the new (prolonged) equation will contain sections of the form
g* (g} (u)) = (g;0g9)*(u), where g1, ..., g; are the mappings used in (6.11). Therefore,
besides g, we must consider all compositions g; og, ¢ = 1,...,[. Taking for g the
mappings participating in equations (6.11) and their prolongations only, we shall
obtain the semigroup containing g1, ..., g;, the identical mapping gy = idy and
various compositions of the mappings ¢1,...,g;. We shall call this semigroup the
semigroup of boundary differential system (6.11) and denote it by G.

EXAMPLE 6.4. Let a system &; of integro-differential equations contain one
integral of type (6.3) and one integral of type (6.4) with a = 0, b = oo. Let
us find the semigroup of mappings for the corresponding system &; of boundary
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hi: (t,x,8) — (t,8)

ho: (t,x,8) — (t,x — s)
ay: (t,z) — (t,2,0)

as: (t,x) — (t,z,0)

bi: (t,z) — (t,z,2)

by: (t, ) — (t,x,00)

h: (t,z,s) — (t,3)

FIGURE 6.2

differential equations. The manifold of independent variables for the system &
is M = {(t,z) | « > 0} (see Examples 6.2 and 6.3). The manifold N; for the
integral (6.3) is Ny = { (¢,2,8) | x > 0,0 < s < x }, while for the integral (6.4) it is
Ny ={(t,x,s) |2 >0,s>0} (a =0, b=00). One can see the mappings defined
on these manifolds in Figure 6.2.

REMARK 6.1. The above described scheme of transformation of an integro-dif-
ferential equation to a system of boundary differential equations needs a reduction
of an improper integral of the form (6.4) with b = oo to a definite integral with
finite limits of integration. It is being done by construction of the diffeomorphism
p: No — Nj and of the manifold N obtained from Nj by adding some limit points
(see p. 271). Such an approach makes solution essentially more difficult. Instead,
we can assume that the sets (¢, x,00), (t,00,s), (t,00,00), z > 0, s > 0 are added
to the manifold Ny and that a smooth structure on the set obtained is introduced
by defining the ring of smooth functions on this set. Namely, a function f in the
variables x, t, s is called smooth, if there exist the limits

f(t’ ‘/1:’ OO) = li{n f(t7 :177 8)7
f(t,OO,S) = ILHI f(t,l’,s),
f(tﬂ w’ m) = ZEILIII)IO f(t7 ‘,I:7 8)7

S§—00
and they are equal to the values of the function f at the added point. Thus obtained
manifold is diffeomorphic to Ny and will be also denoted by N,. We introduce
similar smooth structures on M and N;. Such an approach allows to define uniquely
the mappings b, g3 (see below) and various compositions containing gs.

The manifolds N7 and Ny are diffeomorphic and F: No — Ny, F(t,x,s) =
(t,z + s,s) is their diffeomorphism. Let us choose for the manifold of independent
variables of the desired system of boundary differential equations the manifold
N = N, and take for the embedding the mapping ap = F~'oa;: M — N. Then
the mapping hg = hy o F: N — M can be taken for the left inverse mapping.
Consequently, the mappings

gil=01=hys=FloaohsoF=ady=as0hyoF, g: (t,z,s) — (t,z,0);
go=by=FlobiohyoF, ga: (t,x,8) —— (¢,0,2);
gz =by =byohyoF, g3: (t,z,8) —— (t,x, 00);
ga=hi=F 'loaohyoF=h=Floaoh, gsa: (t,x,8) — (t,,0)
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generate a semigroup G consisting of eleven elements go = idas, g1, 92, 93, 94, 95,
g3 092, g2 © g4, g3 © g4, g4 © g3, gz © g4 © gs.

EXAMPLE 6.5. Let us find the system of boundary differential equations for
the Smoluchowski coagulation equation [111, 144]:

augt, z) = % /Ow K(x — s, s)u(t,z — s)u(t, s) ds — u(t, ) /000 K(z,s)u(t,s) ds,

(6.12)

where K (x,s) is a fixed function satisfying the condition K (s,z) = K(z,s) for all
x > 0 and s > 0. Let us apply the above general procedure to this particular
equation. Equation (6.12) contains one integral of type (6.3) and one integral of
type (6.4). The manifold N and the semigroup are described in Example 6.4. For
any solution u(t,z) of equation (6.12), let us introduce the function v!(¢,x,s) on
Np and the function v2(t,z,s) on Na:

a@% = K(z — s,8)h1™(u)ha*(u), (6.13)
al*(Ul) — 0, (614)
ov? = K(x,s)h"(u)
Js ’ '
ag*(UQ) =0 (615)

(the mappings h, h1, ha, a1, b1, aa, ba, F' are defined in Example 6.4). Then the
coagulation equation is written down in the form
Ou
ot
Let us introduce the notation u! = (hy o F)*(u), u? = F*(v!), u® = v2. Then,
acting to equations (6.14), (6.15) and (6.16) by the homomorphism (kg o F)* and
to equation (6.13) by isomorphism F* and using the equality (F~1).(9/9s) =
0/0s — 0/0x, we obtain the system of boundary differential equations

- %bl*(vl) — uby*(v?). (6.16)

out 1, .

ot 592 (Uz) - Ulgs (U3)7

ou?  Ou? er 11

D5 or  Wealwu (6.17)
ou? .

s Kgs (Ul)a

gl*(ul) = ’U,l, gT(UQ) =0, QT(US) =0,
equivalent to equation (6.12).

Let us give geometric interpretation to boundary differential equations using a
parallel with differential equations.

6.2. Spaces of (k,G)-jets. Let us generalize the concept of jet spaces in such
a way that boundary differential equations could be interpreted as submanifolds of
these spaces. Let m: E — M be a smooth locally trivial bundle over the manifold
M with boundary, k = 1,2,...,00, m: J*(7) — M be the corresponding bundle
of k-jets, and G be a finite set of smooth mappings from M to M containing the
identity mapping idys. Let us denote by WE the Whitney product of the pullbacks
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x g(x)
FIGURE 6.3

g*(m): 7Y = ®D,cg 9" (k). We denote by J*(;G) the total space of the bundle
71'5. The set J¥(7;G) is a finite-dimensional smooth manifold, if k is finite, and an
infinite-dimensional one, if & is infinite.

Every point of J*(m;G) over x € M is a set of k-jets 0] € J*(7), g € G,
satisfying the condition 7 (67) = g(z). For any g € G there exists a smooth section
sg of the bundle 7 such that [SQ]Z(:I:) = 0{. The set of k-jets {[Sg]];(w)}geg will be
called the (k,G)-jet of the family of sections {s,} at the point xz. Any family of
sections {s, },eg determines the section ji({s,}) of the bundle 7¥:

Je{sg})(@) = {[54)(a) }geq- (6.18)

If all sections sg4, g € G, coincide with the section s, then the corresponding set
of jets will be called (k,G)-jet of the section s at the point z and will be denoted
by [s]&k’g). The section = +— [s];(ck’g) will be denoted by jx(s) and the subset of
(k,G)-jets of sections of the bundle 7 will be denoted by J*(m; G)y. Geometrically,
the (k,G)-jet of a section s is interpreted as the class of sections of the bundle 7
tangent to the section s with order > k at all points g(x), g € G (see Figure 6.3).
We shall call J*(r;G) the manifold (space) of (k,G)-jets; the bundle 7 will be
called the bundle of (k,G)-jets.

Let us describe the set J*(m;G)o. If a point € M is such that all the points
g(x), g € G, are different, then for any set of sections {s4}4cg there exists a smooth
section s tangent to the section sy at the point g(x) with order > k for any g € G.
Consequently, the fiber (77)~'(z) lies in J*(m;G)o. If for a point z € M two
mappings g1, 92 € G, g1 # g2, exist, such that g;(x) = g2(z), then (k, G)-jet of the
family of sections {s4}4eg is the (k, G)-jet of a section if and only if

[Sgl}lgcl(w) = [892]];2(33)'

A submanifold € of the manifold J*(7; G) will be called a boundary differential
equation of order k in the bundle 7 with respect to the set of mappings G (or simply,
an equation). A solution of the equation & C J*(m;G) is a section s € I'(7) such
that jr(s)(M) C £.

REMARK 6.2. Submanifolds of the form jj(s)(M) are contained in J*(m; G)o.
It might seem that in the boundary differential case the set J*(7; G)o must be taken
for an analog of the space J* (7). But since in the sequel we shall use the language of
differential geometry and the set J*(7; G)g is not a manifold, we extended J*(7; G)o
to the manifold J*(m; G) and take the latter for an analog of J*(r).
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Let us introduce the following canonical coordinate system on the manifold
J¥(m;G). Let x1,...,7, be coordinates in a neighborhood U C M, u!,... u™
be coordinates in the fiber of the bundle =, z;, p2, i =1,...,n, j = 1,...,m,
lo| < k, be the corresponding coordinates in J* (7). Then, denoting by p?, the cor-
responding coordinates in the fiber of the bundle g* (7)), we obtain the coordinate
system

Tiy Phyy i=1,...m, j=1,...,m, |o|<k, ge€g, (6.19)
on J¥(m;G). The p-coordinates of the (k,G)-jet of the family of sections {s,},eg
at the point z are equal to

, 8""839'
Phg = 5pe (@),

where 5!1], ..., 8y are the components of the section s;. We have the same coordinate
system (6.19) on the manifold J°°(7; G), but with no restriction imposed on |o|.

EXERCISE 6.1. Describe the set J°(m;G)o in canonical coordinates.

As in the case of “usual” jets, for k > [ and for k = co the bundle

me: I (1 G) —— J(mG), (6.20)
is defined. Namely,
({07} geg) = {mi(67)} geg- (6.21)
The following equality fulfills:
i 0 dk({sg}) = i{s}), (6.22)

where {s4}4cg is an arbitrary family of sections of the bundle 7.

EXERCISE 6.2. Show that the space on infinite jets J*°(m; G) is the inverse limit
of the tower of finite jets generated by the mapping 771%171, l>0.

If G, is a subset in G, then the formula

7 ({0} ge0) = {60} sca, (6.23)
determines the bundle
779 IR G) —— JF(m;G1), (6.24)
and the following equalities hold:
o Wf’gl =7y, (6.25)
oy =m o), (6.26)
% o k({s}) = d({sg}geqr). (6.27)

where {s,} is an arbitrary family of sections of the bundle 7, g € G, and {s4}4eq,
denotes the sections s, such that g € G;.

REMARK 6.3. If the set G consists of the identical mapping only, then the space
J¥(m; {idas}) coincides with the “usual” jet space J*(7) defined in Ch. 3 and 4. If
the set G contains other mappings, besides the identical one, then J°(m;G) # E =
JO(m). Note that for any k the bundle

7_‘_Ogn{idM} o ﬂ'g’o: Jk(ﬂ';g) . JO(ﬂ_;g) R

is defined.
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In the case when the set G is infinite, the manifold of (k,G)-jets is defined in
the following way. Let {G,} be all finite subsets of the set G containing id;;. Then
for any pair G, C Gg the mappings wg[”g“ : J¥(m;Gg) — J¥(m;Gy) are defined and
wgﬁ’g" o wg”’gﬂ = Wf”’g", if Go» C Gg C G,. Let us define J¥(m;G) as the inverse
limit of the manifolds J*(7;G,) over the system of mappings {Wgﬁ oo }Gacgs- In
other words, a point ) of the set J*(m;G) is a family of points 95‘* € J*(m;Gy)
such that (a) G, is an arbitrary finite subset of G and (b) if G, C G, then

w29 (67°) = 9=, (6.28)

In this case, the mapping wg: J¥(m;G) — M is defined by the formula w,f(@k) =
wg” (Hg”), where 95” is an arbitrary element of the set 6, = {(‘)g"}gacg. From
formulas (6.25) and (6.28) it follows that the point 77,?” (05”) € M is independent
of the choice of elements Gg” from the set 6.

The points 05" € JF(m;Gy), in the case of finite set G,, are themselves sets
of k-jets {0]}4eg. while condition (6.28) means only that the set {6]},cq. is a
part of the set {6{},cg, provided Go C Gg. Therefore a point of J*(m;§), in
the case of infinite set G, may be understood as an infinite set of k-jets {67}4eg,
or more exactly, as {[Sg]];(r)}geg. Formulas (6.21), (6.23), and (6.18) define the

maps (6.20), (6.24), jx({s,}): M — J*(m;G) in the case of infinite G as well, and
as in the finite case, equalities (6.22), (6.25), (6.26), (6.27) hold, as well as the
equality 7¢ o jr({s,}) = idas, etc. (see Ch. 4).

Similar to the case J*°(r), the set J*(m;G), when G is infinite and k is either
finite or infinite, is endowed with a structure of infinite-dimensional manifold. Co-
ordinates in J*(m;G) are given by the set of functions (6.19) with infinite set G.
The concepts of smooth functions, smooth mappings, tangent vectors, vector fields,
differential forms, etc., are introduced on J*(7;G) in the same way as in the case
of J*°(m) (see Ch. 4).

Let us denote by F(m;G) and by Fi(m;G) the algebras of smooth functions
on J®(m;G) and on J¥(7;G) respectively and denote by A*(m;G) the module of
differential forms on J*°(m;G). The monomorphisms (Wgok)* and (7$:9")*, where
G’ C G, embed the algebras Fi(m;G) and F(m;G’) to the algebra F(m;G). The
images of these monomorphisms will be also denoted by Fy(m;G) and F(m;G’). In
particular, F(m) = F(m; {idas}) is a subalgebra of the algebra F(m;G). The above
introduced embeddings allow us to define two filtrations in the algebra F(m;G) (as
well as in the module A*(7; G)): filtration with respect to k, similar to filtration in
F(m) (see Ch. 4) and filtration corresponding to the embeddings of finite subsets
Gq of the set G. The second filtration puts into correspondence to a function ¢
from F(m; G) the finite subset G, of the set G, if o is a function on J*(7;G,). The
first filtration possesses the same properties as filtration in the algebra F(m) (see
Ch. 4). For the second filtration the properties 1.3 should be rewritten as follows:
deg ¢ is to be understood as the corresponding subset G, C G while the inequality
< must be changed by the embedding C.

To simplify the subsequent exposition, we shall not use the notion of filtration,
though this exposition is completely in parallel with that of Ch. 4. For example,
a smooth mapping G from J*(m;G) to J*(&;G’), where £: Q — M is a vector
bundle and G’ is another set of mappings from M to M, is a mapping of sets such
that for any function ¢ € F(&;G’) the element G*(p) = ¢ o G is a smooth function
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on the space J°°(m; G) an for any number k and any finite subset of the set G, C G’
there exist a number [ and a finite subset Gz C G such that

G*(Fr(§;Ga)) C Fi(m; Gp).

A tangent vector Xy to the manifold J°°(7;G) at a point 6 is defined as the set
{X4, X 0.} of tangent vectors to finite-dimensional manifolds M and J*(7;G,) at
k

Go _ - G.Ga( G
ek

points z = 7% () and = 7,7 (3, x(0)) respectively, such that

o G50 .
(ﬂ-ngl,k)*(Xega ) = Xgas (771@3 )*(XGQB) = Xy, (7718 )*(Xg%’a) = Xs.
+1 k k k k
A vector field on the manifold J*°(7; G) is, by definition, a derivation X of the
algebra F(m; G) such that for any number k and any finite subset G, C G there
exist a number [ and a finite subset Gz C G such that

X(Fr(m: Ga)) C Fi(m; Gp)-
The set of vector fields on J*°(7; G) will be denoted by D(m; G). The inner product

of a vector field X on J*(7;G) with a form w € A¥(7; G) gives us the form X Lw €
A=Y (m;G), whose value at a point § = {z,07"} equals X, 05 2w gy, if wis a form
1 l

on J!(m;Gg).

EXERCISE 6.3. Define the de Rham differential dw and the Lie derivative X (w)
in the case w € A*(m;G1), X € D(m;G2), G1 # Ga.

6.3. Boundary differential operators. Let 7 and 7’ be smooth vector lo-
cally trivial bundles over the manifold M, G be a finite set of smooth mappings
from M to M containing the identical mapping idys. A mapping A: I'(7) — I'(7')
is called a boundary differential operator of order k with respect to the set G, if for
any section s € I'(m) the value of the section A(s) at an arbitrary point © € M
is determined by the k-jets of the section s at the points g(x), ¢ € G. Similar
to the purely differential case (see Ch. 4), any section ¢ of the bundle (7f)* (')
determines a boundary differential operator A, : I'(m) — I'(x’) by the formula

Ay (s) = poji(s). (6.29)
In coordinates x1,...,xn, ..., l',g, ... on J*(m; G) this correspondence looks as fol-
lows. If o = {@* (21, .., Tny .-y &g, ...)} and s = {s/(x1,...,7,)}, then

L 0lolsi o’ L Qlolgi
Aw(s):(@l(...,xi,...,g(axo Yoo )y @™ (s, g7 ( pre )yeea)),s

where m’ = dim 7.

A particular feature of the boundary differential case is that there exist bound-
ary differential operators of order k such that no section of the bundle (r§)*(r’)
correspond to these operators. The reason is that using formula (6.29) and having
the function A,, we can reconstruct the values of the section ¢ at the (k, G)-jets
of sections of the bundle 7 only, i.e., at points of the subset J*(7;G)o. Therefore,
formula (6.29) determines the boundary differential operator A, not only in the
case when ¢ is a section the bundle (7¢)*(n'), but also in the case when ¢ is a

section of the restriction of the bundle (f)*(n’) to the subset J*(7;G)o.

EXAMPLE 6.6. Let M = R and 7 = 7’: R?> — R be a trivial bundle. Let the
set G consist of two mappings: the identical mapping gy = idg and the projection
g of the manifold R to the point 0 € R. We have the coordinate system x, pog,, Pog
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on J%(m;G). In this coordinate system, points of the set JO(m;G) \ JO(m;G)o form
the plane {# = 0} without the line {x = 0,pog, = pPog}. The boundary differential
operator

1
- 0
Arsi— P < 22 + (s(x) — 5(0))2> ’ vz
0, x <0,

where s € T'(7), determines a smooth function on J°(m;G)o, which cannot be
extended to entire JO(7;G).

EXERCISE 6.4. Prove this fact.

In what follows, only operators of the form A, where ¢ is a section of the
bundle (7§ )* ('), will be called boundary differential operators. Not only boundary
differential operators satisfy this condition, but rather “exotic” operators also (see
Example 6.6) and thus this restriction is not too essential. We shall denote by
Fi(m,7';G) the set of sections of the bundle (f)*(n’). Similar to the differential
case, for any k there exist the embeddings

Fi(m,7'3G) C Frpr(m, 7’5 G).

Therefore, we can set

F(m,7';G) = U Fr(m, 7’5 G).

k=0

Let us show now that the composition of two boundary differential operators of
the form A, is again a boundary differential operator of the same form. First, we
prove this fact for the composition jg,/ o jg, where jg denotes the operator taking
an arbitrary section s of the bundle 7 to the section j(s) of the bundle 7f. In the
composition jg,/ o jg, the operator j,g,/ takes sections of the bundle wg to sections

of the bundle (Wf)g; . Denote by G o G’ the set of mappings of the manifold M of
the form go¢’, g € G, ¢’ € G'. Let us construct the mapping

OfF T (G0 G) —— TV (xf:G)
by setting
g,g' k+k' . &’
Pyl ({[sg]g(z) tgegogr) = {lik({ 8¢ }geg)]g/(z)}g/eg“
Then for any section s € I'(7) one has
6.6 .GoG' .G .

Oy o diti(s) = (i 0 Gi)(s), (6.30)
CG G . - GoG' \x ((-G\G' .
ie., jy oji = Ay, where ¢ is a section of the bundle (7/77,)* (7)) determined
by the mapping @g’g,/. Therefore, the composition jg,/ o jg is a boundary differential

operator of order k + k&’ with respect to the set Go G'.
For any morphism ® of the bundles 7 and 7’ let us define its lifting

oW I (15 G) — JH(n': G)
by the formula
‘I’(k)({[sg]];(m)}geg) ={[®o Sg]lgc(z)}QEQ'
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Then, obviously, for any section s € I'(7) the equality
™ o ji(s) = j(P o 5) (6.31)

holds.

Let now A,: I'(m) — I'(7') and Ay : I'(n') — T'(7”) be two boundary dif-
ferential operators of orders k and k' with respect to the sets of mappings G and
G’ respectively. Then using consecutively equalities (6.29), (6.31), and (6.30), we
obtain

Apr(Bp(s) = Ayr(po Jg(s)) =¢'o jg/ (po ]g(s))
= ¢’ 0o 0 jF(jf(5)) = ¢ 0 o™ 0 BT 0 jF55.(s).
Therefore, the mapping
b=y o <p(k) o (bg’g,/ Lt (m;GoG') — B,

where E” is the space of the bundle 7, is the section of the bundle (ng%)*(ﬂ'” )
determining the operator A, 0A,. In other words, the composition A, oA, = Ag
is a boundary differential operator of order k+k’ with respect to the set of mappings
Gog'.

If A: T'(m) — I'(«) is a boundary differential operator of order k with respect

to the set of mappings G and G’ is another set of mappings of the manifold M, then
the composition

AY = ¢ o A:T(m) - T(x'7)

is a again boundary differential operator of order k + [ with respect to the set of
mappings G o G'. The operator Alg will be called the (I,G’)-prolongation of the
boundary differential operator A.

EXERCISE 6.5. Let G and G’ be sets of mappings of the manifold M containing
the identical mapping and G be finite. Let us show that the set of mappings

{opg: I (MG 0 G") — JH(':G" )iz
defines a smooth mapping of J*°(m;G o G') to J>°(x'; G").
Let now V: T'(§) — T'(¢’) be a linear boundary differential operator with respect

to the set of mappings G’, m be a bundle over the same base M, G be a set of
mappings of M. Similar to the differential case, let us define the lifting

V: F(n,66) — F(r,6;G0G")

of the operator V. Let 6 be a point of the space J>®(m;G), {s4}4c¢ be a family of
sections whose infinite jet at the point x is 6, ¢ be a section of the bundle (7)*(&).
Let us set by definition

V(@)(0) = V(ir({s,1) () (@).

EXERCISE 6.6. Prove the identity @(gp) = pvoa at points of J®(7; G)o, where
A = A,. Construct an example, when this equality does not hold at other points
of the space J*°(m;G). Thus, we cannot use the “global” definition of the lifting
given in Ch. 4.
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A vector field X on the manifold M and the homomorphism g;*, where ¢, is
a mapping from M to M, are linear boundary differential operators acting from
C>*®(M) to C>*(M) with respect to the sets of mappings {idas} and {idas, g1}
Therefore, the liftings X and g1+ are defined.

EXERCISE 6.7. Prove that X is a vector field on J>°(m; G) satisfying equali-
ties (1.12) of Ch. 4 for ¢ € F(m;G).

A smooth mapping g1: M — M lifts to the smooth mapping
g1z J5(m:G 0 Gg,) — JH(m:G),
where Gy, = {idm, 1}, k=0, 1,...,00. Namely, the mapping ¢; takes the point

Ok = {0} }4egog,, to the point 0, = {Gk}geg, where 99 = 07°9 . If 7{ (0) = =, then

67 is a k-jet at the point g(z) and Gz is a k-jet at the point g(x1), where x1 = g1 ().
Therefore, the diagram

TH(m:G 0 Gy) Lo TH (7 6)
9% J Jﬂg (6.32)

M—" M

is commutative, as well as the diagram

JR(m;G 0 Gy, ) 2 Jk(7r g)

g 29019901 J Jw‘%vg’ (6.33)

JH (w56 0 Gy) o TH(m )
where G’ C G. The following formula is also valid:

910 jk({s5}) = jx({54}) 0 91, (6.34)
where g € Go Gy, g €3, 55 = 5g0g,, Since

310k ({s31)(2)) = 51 ({5315 (x) }7e006,, )
= {[Sgogl]g(gl(m))}QGQ = Jk({8g09: })(91(2)).

The mapping g1 is smooth for k = 0,1, ..., 00, since for any number [ > 0 and
any finite subset G, C G one has

(91)"(Fi(m; o)) € Fi(m; G © G, )-
EXERCISE 6.8. Prove that in the case k = co the equality §* = ¢* holds.

Note that the equality G o G,, = G means invariance of the set of mappings G
with respect to the right action of g1, i.e., go g € G for any g € G. If the set G is
invariant with respect to the right action of g; and go, then the equality

giogz=gi00 (6.35)
holds. In fact, §3({69},e¢) = {07} 4eg, where 67 = 69°%2 and
({0 geq) = {077 Yoeq = {077 }geq = G1 0 G2({6] }ge0)-

Equality (6.35) is valid, for example, if G is a semigroup and g1, g2 are its elements.
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Let us describe coordinate representation of liftings of vector fields and map-
pings and coordinate representation of (I, G’)-prolongations of boundary differen-

tial operators. Let z1,...,%n,...,pl,,... be coordinates in J*(7;G), X = 0/0xz;,
©=p(x1,. .. Tn, .., Phy, ... ) € F(m;G), and s = (s',...,s™) € [(x). Then

0 0 L[0T
<axioA¢>(5) oz, (gp(ml,...,xn,...,g (8350 ),>)
0y o [ ,[0llsI Do
= ow Z Ox; <g < dz” >)8p?;g'
70,9

Therefore, by the equality 9/0x; 0 g* =, 09™(x;)/0x;g* 0 0/0x;, we have

o0 99" (x) ; 0
or;  Ox; + Z o pﬁ_ll’g@pf;g. (6.36)

lo|,d,9,

Similar to the differential case, we shall denote the operator m by D; and call
it the total derivative along the variable x;.

The mapping g1, where g; is a mapping from M to M, obviously acts on the
coordinate functions in the following way: 91" (z:) = g5 (x:), 31" (p},) = pl,,, Where
g2 =gogu.

Finally, let A: T'(m) — I'(7’) be a boundary differential operator, z1,. .., Z,,
ol o™ ...,qig,, ... be coordinates in J*°(7’;G’), and the operator A be de-
termined by the relations

-/ -/ .
VA J i !
v =@l (@1, Ty D), i=1...,m.

Then the (I, G")-prolongation of the operator A is described by the relations
B
(6.37)

-/ /

qilg/:‘gl*(DTcpj/)a J :17"'7m’ |T|:O,...,l, gleg/'
where D, = D' o0 Dl for 7= (Iy,...,1,).

6.4. The Cartan distribution on J*(m;G). If G is a finite set, then, in
parallel with the differential case, we denote by Ly, , the tangent plane to the
graph of the section ji({s,}) at a point 85 € J*(7;G), where {s,}4eg is a family
of sections of the bundle 7 such that its (k + 1,G)-jet is 051 € J*1(7;G) and
O = 7T18+17k(9k+1)~ In the case of finite G and k, the Cartan distribution C* on
J¥(m;G) at the point 6 is defined as the span of the spaces Lg, ,,, where 041 €
(7T5+1,k)71(9k)-

From formulas (6.22) and (6.27) it follows that the projections ﬂ—g,k—l and 7

where G; is a subset in G, take the graph of the section ji({ss}) to a graph of a
similar type. For tangent maps, this fact implies the equalities

(7§ 1)+ (Lo,,,) = La,, (179")(Lopy,) = L

where 0;, = ﬂg+1’k(9k+1), §k+1 = ngf (0k+1). Consequently,
(M k—1)<(CE,) = Lo,  Cg, "\, (6.39)
(m %) (CE) = CF (6.40)

G,G1
k

)

(6.38)

Orq1’
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where 0;,_1 = 71'57]6_1(9]9)7 gk = Tg’gl (Gk)

Formula (6.39) means that the distribution C¥ on J*(7; G) determines the dis-
tribution C = C(m; G) on J*°(m; G) in the case of finite set G. If G is an infinite set,
then formula (6.40) allows to define the distributions C* on J*(7;G) and C = C(7; G)
on J(m;G). Namely, a tangent vector Xy = {X,, Xefa} to the manifold J*°(r; G)
at a point 0 = {z, Hga} lies, by definition, in the plane Cy, if for any number k£ > 0
and any finite subset G, C G the vector X g9 lies in the Cartan distribution C*
on J*(m;G,) at the point 67>. We shall call the distribution Cp, § € J(;G),
the Cartan distribution on J*°(m;G). Let us describe the Cartan distribution on
J°°(m;G) from various points of view.

PROPOSITION 6.1. At an arbitrary point 0 = {[sg](,)}geg € J*(m;G), the

Cartan plane Cq is the tangent plane to the graph of the section jo({s4}) at the
point 0. Namely, a vector Xg = { Xy, X 9. } lies in the plane Co if and only if for
k

any number k > 0 and any finite subset Goo C G the vector Xega s tangent to the
submanifold ji({sy})(M) C J*(m;Ga).

PROOF. If the vector Xy = {X,, X 0. } at the point § = {z, 9,%} belongs to the
k
plane Cy, then, by the definition of the Cartan distribution, for any number & > 0
and a finite subset G, C G the vector X, lies in the plane C;f;a L. Therefore,
k+1

k41
from (6.39) we obtain
Xega = (ﬂ-gilvk)*(Xinl) € Lagil = Lg% (jk<{sg})(M)>v

where 6 = {[Sg]gfx)}geg and 91%11 = {[Sg]gal)}gegm
Conversely, if the vector Xega is tangent to the submanifold ji({s,})(M), then

it lies in the Cartan distribution on J*(7;G,). Since this is true for all k& > 0 and
Go C G, we have Xa:{Xz,nga} € Cy. O

PROPOSITION 6.2. The Cartan distribution on J°(m;G) determines a connec-

tion in the bundle 7%: at any point O € J®(m;G) the tangent mapping (79.). 0

isomorphically takes the Cartan plane Cy to the tangent space T, (M), where x =
G
w2 (0).

PROOF. At any point 6 = {x,@f“} € J*®(m;G) we shall construct the inverse
to the mapping (7%.)..0: Cop — T(M). For any number k > 0 and a finite subset
Go C G, the tangent mapping (ﬂga)*ﬂfa isomorphically maps the plane L9f$1 to
the space T, (M). Therefore, any vector X, € T, (M) uniquely determines a set
of vectors Xe,fa € L‘)giﬂ k >0, G, C G, such that (wga)*(Xoga) = X,. From
uniqueness of this set and from formulas (6.38) it follows that for any number
k > 0 and a finite subset Gz C G, of the set G the equalities

(5 1) (Xgge) = Xpgo s (M )u(Xpga) = X0

hold. Therefore, the set of vectors { X, X . } determines a tangent vector Xy lying
k
in the Cartan plane Cp. From uniqueness of vectors {X,o. } it also follows that the
k

above constructed mapping X, — Xy is inverse to the mapping (7%,).| cy: O

Let us now prove generalizations of Propositions 2.1-2.3 of Ch. 4.
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PROPOSITION 6.3. The set CD(m; G) of vector fields lying in the Cartan distri-
bution is spanned by the liftings to J(m;G) of fields on the manifold M:

D(m;G) = { o1 X1+ + ¢ X; | pi € F(m;G), Xi € D(M), 1=1,2,...}.

PROOF. Let us prove that any vector of the form Xy, where 6 = {z, 99"} €
J®(m;G), X € D(M), lies in the plane Cy. This is equivalent to the fact that any

projection Xega of the vector X@ to the finite-dimensional space of jets J*(m; G, ) lies
in the corresponding plane L,c. . Consider an arbitrary function ¢ on JR(7;Ga)
k+1

constant on the graph of the section ji({sy}) whose (k + 1,G,)-jet equals Ogj‘_l,
where {s,}4eg, is a family of sections of the bundle 7. Then

Xo(p) = Xega () = X(Jk({s9})"(¢))(x) = X (const)(x) = 0.

Since this is true for any function ¢ of the chosen type, the vector X g9« 1s tangent
k
to the graph of the section ji({s,}) and consequently lies in Ly, . Hence, Xy € Cy
k+1

and X € CD(;G).

Consider now an arbitrary field X from CD(m;G). By the definition of vector
fields, there exists a number k such that X (C*(M)) C Fi(m;G). Similar to the
differential case (see Ch. 4), the restriction Xjs of the field X to C°°(M) can be
locally represented in the form Xy = ¢1 X1+ -+ X, where X3,..., X; € D(M),
©1,- 591 € Fr(m;G). Let us show that the field X locally coincides with the field

Xy =@ X1+ + @ X; € CD(m; G).

To this end, consider an arbitrary point 6 = {xﬁg“} € J°°(m; G), where the field
)/(\’M is defined. The vectors Xy and X’Mﬁ lie in Cy and, by the construction of the
field X 2, their projections to M by the mapping 79, coincide. From here and from
Proposition 6.2 it follows that Xy = X M,0- Standard arguments using partltlon of
unity [146, 115] gives global representation of the field gole 4+ -+ <ple O

PROPOSITION 6.4. A field X € D(m;G) lies in the Cartan distribution on
J°(m;G) if and only if for any function ¢ € F(w) and any mapping g € G the
identity

X S(gond?)*(Ui(p) =0,

holds, where Ui(yp) is the Cartan form on J®(m) and G4 is the set consisting of
two mappings, idy; and g.

The forms (g o wfog") (U1(¢)) will be called the Cartan forms on J*®(r;G).
The module generated by these forms is called the Cartan module and is denoted

by CAY(7;G).
PRrROOF. From formulas (6.34) and (6.27) it follows that the mappings g and
wgo’gg preserve the Cartan distribution. Therefore, if Xy € Cy, 0 € J*°(7;G), then
Xo (G on %) (Ui(p)) = (g o 7%:9%).(Xg) = Ui (p) = 0.

Since the bundle 7 is the Whitney product of the bundles ¢*(7), g € G, the
fiber (79 )~ !(z) is the direct product of the fibers (¢*(7o0)) "' (), g € G, for any
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point z € M. On the other hand, by the definition of the bundle g*(7,), the fiber
(9% (7o) () coincides with the fiber 7 }(g(x)). Thus we obtain the equality

“Ha) = [ (g(2)

geg

The mapping (o wgogg) (x)-1(0) is the projection to the component 7! (g(z)) of
7roc - x

this direct product. In fact, any point 6 of the fiber (7%)~!(x) is the set {69} g
of infinite jets at the corresponding points g(z), g € G, i.e., 9 € 7' (g(z)). The
mapping nggg takes the point 6 to the set consisting of two jets {690,609}, where
go = idps, and the mapping g takes this set to the jet 99

Thus, linear space of vertical vectors of the bundle 7<% at the point 6 € J*°(7; G)
is the direct sum of linear spaces of vertical vectors of the bundle 7., at the points

09 € J°(m) over all g € G:

V(Jooﬂ'g @VG‘? a

geg

where by Vp the space of vertical fields at the point 6 of the corresponding jet
bundle is denoted.

From Proposition 6.2 it follows that the tangent space to the manifold J*°(7; G)
at the point 6 is the direct sum of the space of vertical vectors and the Cartan plane
Cyp. We obtain the splitting

T(2(m0) = (B Ve (%) ) Bl 0= es. (61

geg

The tangent mapping (g o ﬂgogJ)* isomorphically maps the component Cy to the

Cartan plane Cgs C Tys (J°°()), the component Viys (J*°(r)) is mapped identically
to itself, and all other components are taken to zero.

Consider now an arbitrary tangent vector X, to the manifold J*(m;G) at
the point 0 and its splitting with respect to (6.41): Xy = deg Xgs + Yy, where
Xpa € Vo (J (7)), Yy € Cp. If the vector Xy does not lie in the Cartan distribution,
then there exists at least one mapping ¢g; € G such that the vertical vector Xgyo:
does not vanish. Then from Proposition 2.1 of Ch 4 it follows that there exists a
function ¢ € F () such that Xgps: 1 U;(p) # 0. From here we have

Xo (g1 0w ) (Ur ()

(erg) (G 0 7% ) (UL(9) + Yo = (Gi 0 757 ) (U ()

g€y
(gloﬁgoggl (ZX09>AU1(S0)+0:X091 gUl(QO)#O,
9€g
i.e., Xy does not satisfy our identity in this case. O

PROPOSITION 6.5. Any mazximal integral manifold of the Cartan distribution
on J*(m;G) is locally the graph of infinite jet for a family {sq}qeg of sections of
the bundle .
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PrOOF. The proof is similar to that of Proposition 2.3 of Ch. 4. Namely, let
R be a maximal integral manifold of the Cartan distribution on J°(7;G). The
projections

79 ‘ iR —— RF défnfo’k(R“)cJ’“(w;g), k=0,1,...,

00,k R

and
ﬂgo’Rm R —RY 1S (R®) c M

are local diffeomorphisms, since the Cartan planes Cg, 6§ € J*®°(m;G) (and conse-
quently, the tangent planes to R*°) do not contain nontrivial vertical vectors (see
Proposition 6.2). Therefore, the projection 7rog ’ RO R? — R is also a local diffeo-
morphism. Hence, there exists a mapping s': R — R" such that 7§ ’ o © 8 is the
identity. Let us extend the mapping &', similar to the differential case (see Ch. 4),
to a section 5 of the bundle 7§. Since 7§ is the Whitney product of the bundles
g*(mo) = g*(m), g € G, the section 5 of the bundle 7§ is the set {s,},eg of sections
of the bundle 7. The manifolds ji({s,})(M) C J*¥(m;G) for k = 0,1,..., 00 are
integral manifolds of the Cartan distribution and contain the manifolds R* for the
corresponding k. But since R is a maximal integral manifold, we obtain that at
least locally the manifolds R* and joo({ss})(M) coincide. O

From this proposition it follows that besides the manifolds jo(s)(M), which
correspond to solutions of equations & C J¥(; G), other maximal integral manifolds
of the Cartan distribution on J*°(7; G) may exist. The following proposition allows
to distinguish the needed ones between all maximal integral manifolds.

PROPOSITION 6.6. Let the set G be a semigroup of mappings of the manifold
M and N be the graph of a section of the bundle ©9,. Then N is a graph of the
form joo(s), s € T'(m), if and only if N is a mazimal integral manifold of the Cartan
distribution on J°°(m; G) invariant with respect to any mapping g, g € G, i.e., such
that g(N) C N.

PRrROOF. From the definition of the Cartan distribution on J*(7r; G) it follows
that the manifold N = j(s)(M) is a maximal integral manifold of this distribution.

Besides, if § = [s]:(ﬁoo’g) € N, then g(0) = [s]é?i’)g) € N.

Let now N be a maximal integral manifold invariant with respect to G. Since
N is the graph of a section of the bundle 79, we have that R = 79 (N) = M and
s’ is a section of the bundle 7T0g defined at all points of M (see the proof of the
previous proposition). Therefore, N is the graph of a section of the form jo({s4}),
where {s4}4eg is a family of sections of the bundle 7 determined by the section s'.

Consider an arbitrary mapping g; € G, an arbitrary point = of the manifold M,
and the corresponding point 8 = joo({s4})(x) = {[s¢]37,) tgeg of the manifold N.
By the assumption, the point gj(6), which, by the definition of g;, is the infinite
jet at the point &1 = gi1(z), lies in the manifold N = joo({sq})(M). Therefore,
91(0) = joo({sg})(21). Hence, {[sgoq.]50,,)}seg = {[54]5(,)}geg and consequently

[89091 ] ?;ogl)(z) = [89] (O;ogl)(a:)

for any g € G. Substituting g = idys to this equality and denoting siq,, by s, we
obtain the equality [591];"1’(@ = [s];f(x) for any g1 € G. Consequently,

0 = {[5]3% bacg = oo (5)(2):
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Since this is valid for any « € M, we have N = joo(s)(M). O

Everywhere below we assume that G is a semigroup of mappings of the manifold
M.

6.5. G-invariant symmetries of the Cartan distribution on J*(r;G).
Let us describe infinitesimal transformations of the space J*°(m; G) preserving max-
imal integral manifolds of the form j,(s)(M). Note that any manifold j(s)(M)
lies in J°(7; G)o. Therefore, in general, such a transformation is a transformation
of the set J*(m;G)o. But by the reasons exposed in Remark 6.2 we shall assume
that our transformation X is extended to the entire space J*°(m;G). From Propo-
sition 6.1 it follows that tangent planes to manifolds of the form jo.(s)(M) are the
Cartan planes at points of the set J°°(7;G)o. Consequently (see Ch. 4), at points
of the set J>°(m;G)o we have the embedding

X(CAY(m;G)) € CAM (T3 G). (6.42)

On the other hand, a field lying in CD(7; G) is tangent to all integral manifolds of
the distribution C(m; G). Therefore, it is tangent to manifolds of the form jo(s)(M)
and hence is the desired but “trivial” transformation (cf. Ch. 4). By this reason, it
suffices to find vertical infinitesimal transformations only, such that they preserve
the class of manifolds of the form j(s)(M).

Let X be such a vertical field, # be an arbitrary point of the manifold N =
Joo(8)(M), G be a semigroup of mappings of the manifold M, and g be its element.
Assume also that the field X possesses a one-parameter group of diffeomorphisms
{A;}. Any manifold Ny = A;(N) is of the form joo(s¢)(M), s; € T'(w), and hence
g(Ny) C N¢ (see Proposition 6.6). Hence, g(A:(6)) € N;. Since g(f) € g(N) C N,
the point A;(g(#)) also lies in N;. Moreover, since X is a vertical field, the mapping
Ay preserves every fiber of the bundle 79 . From here and from the commutative
diagram (6.32) we have

5 (A1(3(0))) = 72, (9(0)) = 9(nZ,(9)),

as well as

75%(§(A:(0))) = 9(r L (A(6))) = g(Z,(9))-

Therefore, the points A;(g(0)) and g(A:(0)) are projected to the same point under
the mapping 7%, and lie on the graph N; of a section of the bundle 79 . Hence,
these points coincide. But since N is an arbitrary manifold of the form joo(s)(M),
we obtain that 6 is an arbitrary point of the set J*°(m; G)o. Consequently, at points
of the set J°(m;G)o we have the equality A; o g = g o A; for sufficiently small ¢,
while for any function ¢ € F(m;G) the equality g*(A4:"(¢)) = A" (g% (¢)) holds.
Differentiating the last equality with respect to ¢t at ¢t = 0, we obtain the formula
7 (X (¢)) = X(9*(¢)), which is valid at points of the set J(7; G)¢ for any function
v € F(m; G).

Thus, a vertical vector field X preserving the class of submanifolds of the form
Joo(8)(M), s € T'(w), and possessing the one-parameter group of diffeomorphisms
is to satisfy condition (6.42) and to commute with any homomorphism g*, g € G.
These conditions are to be satisfied at points of the set J>°(m; G)o only. But if the
closure of the set J*(m;G)o coincides with the entire space J*(m;G) (and in all
examples under consideration the situation is exactly of this kind), then the field
X satisfies these conditions at all point of the space J*°(m;G). This fact explains
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why we must consider vertical fields X on J*(m;G) satisfying conditions (6.42)
and such that g* o X = X o g* for any g € G. We shall call such fields G-invariant
(infinitesimal) symmetries of the Cartan distribution on J*°(m;G). Denote by
sym? C(7) the set of such fields.

PROPOSITION 6.7. Any vector field X € sym¥ C(r) is uniquely determined by
its restriction to the subalgebra Fo(m) C F(m;G).

PROOF. An automorphism X of the Cartan distribution on J*°(7; G) vanishing
on the subalgebra Fo(w) C F(m;G) equals zero on the subalgebra F(m) C F(m;G)
as well. This fact is proved exactly in the same way as Proposition 2.4 of Ch. 4 was
proved. The fact that X is a derivation of the algebra F(m;G), but not of F(r), is
inessential.

Let X € sym9C(r) and X[z = 0. Consider in M an arbitrary coordinate

neighborhood and the corresponding local coordinates x1,...,x,,... ,pgg, ... in
J®(m;G). If go = idys, then pl € F(r) and X (pl, ) = 0. If g # go, then

X(phy) = X(§" (Phg,)) = 5" (X (phg,)) =0
and consequently X = 0. O

Let X € sym9C(n). Then, similar to the differential case (see Ch. 4), the
restriction Xo = X|z .y is a derivation of the algebra Fo(r) with values in the
algebra Fy(m; Gs) for some number k£ > 0 and a finite subset G, C G. Therefore,
at any point 0y € Ji(7; G,) the vector X g, is identified with a tangent vector to
the fiber 7~!(z) of the bundle m, where = 77> (f)). Since 7 is a linear bundle,
tangent vectors to its fibers are identified with points of these fibers. Hence, the
vector X g, identifies with a point of the fiber 7—!(z) while the derivation Xo
identifies with a section of the bundle (77> )*(7). Thus we obtain the mapping

sym? C(7) — F(m,mG). (6.43)

Injectivity of this mapping is implied by Proposition 6.7. Let us prove surjectivity
of the mapping (6.43).

Let ¢ be a section of the bundle (Wg“ )*(m). Consider a coordinate neighborhood
U C M and the corresponding neighborhood U = (79.)"1(U) C J*(7;G). Let

us define a vector field in the neighborhood U* by setting
D
pu = Zg (Do (¢”)) T
Opsg

J,0,9

where ¢/ is the j-th component of the restriction of the section ¢ to the neighbor-
hood U, D, is the composition of total derivatives corresponding to the multi-
index o. Let us show that the derivation 9, in the neighborhood > is a G-sym-
metry of the Cartan distribution on J*°(m;G).

The field 9,4 is vertical. Let us prove that it commutes with any homo-
morphism g7, g1 € G. The function g3 (z;) = g1™(x;) is a function on M for any
i=1,...,n and consequently

Opu(91 (%)) = 0= g1 (Dpu(xi))-
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For the function pJ , using formula (6.35), we obtain

9ot (G1 (Pg)) = Dot (P} gog,) = (70 91)" (Do ()
= (37 07 (Do (") = 41 (D (Ph,))

i.e., the equality 9, 1(g7(¢)) = g7 (Dpu (1)) holds for any coordinate function
on U and consequently for any function on U.
Consider the Cartan form

w= (@i o ) (U1(¥)),

where g1 € G, ¢ € F(w). From the commutative diagram (6.33), where k = oo,
G' = {idp}, and Go Gy, = G, due to the fact that G is a semigroup and g; € G, we
obtain

w = (G0 o gy)* (U (v).

Since (ng{idM})* is an embedding of the module Al(7) to Al(m;G), we have w =
31" (U1 (v)). Thus, we obtain

Opu(w) = Fpu (51" (U1(¥))) = 1" (Fpu(U1(¥)))

Using calculations similar to those in the differential case (see Ch. 4) and the fact
that ¢ € F(m), it is easy to prove the equalities

Opu(Di(¥)) = Di(Bpu()), i=1,...,n.

Therefore,
9,u(e) = 1" (9p0a(0) = X D1 Dpad) i ).

The form Q = d9, 1 (¢) = >, Di(941u(1)) dx; is an element of the Cartan module,
since elements of this module and they only vanish on the Cartan distribution (this
is easily derived from Proposition 6.4) and D; . =0, j =1,...,n. The mapping
g1 preserves the Cartan distribution (see formula (6.34)) and therefore the induced
mapping g1~ preserves the Cartan module. This means that

oulw) =a" () € CAY(m;G) and 9,4 (CA*(m;G)) C CAY(m; ).

Since the restriction of the field 9, to the subalgebra Fo(7|,,) is the deriva-
tion ©'0/0pg + -+ + ™0 /Opy", the field 9,y is taken to the section |, by the
mapping (6.43). Let now U,U’ C M be two coordinate neighborhoods in M. Then
the restrictions of the fields 9, and 9, to the algebra Fo(m|,~,,) coincide.
Thus, by Proposition 6.7, we obtain that these field coincide in the neighborhood
(79)"1 (U NU’). Thus, similar to the differential case, any section ¢ of the bundle
(7¢)*(m) determines the field 9, € sym9 C(r). Therefore, we proved the following
result:

THEOREM 6.8. Any G-symmetry of the Cartan distribution on J*°(m;G) is of
the form B,, where p € F(m,7;G). The algebra sym9 C(r) is identified with the
module F(m,m;G).
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Similar to the differential case, the derivations 9,, ¢ € F(m, m;G), are called
evolutionary derivations. They determine evolution of sections of the bundle 7
governed by evolution equations

ol _ i (2 21 m
5 =\ e g e ) ) j=1,...,m.

The field 9, ¢ € F(m,m;G’), may be understood both as a field on J>(m;G’),
and as a field on any jet space J*(7; G), where G is a semigroup of mappings such
that G’ C G. If it is necessary to stress that the field 9, acts on J>°(m;G), we shall
use the notation 9.7

PROPOSITION 6.9. Assume that G’ is a subsemigroup in the semigroup G and

let o € F(mw,m;G"). Then the field 95 projects to the filed Swg/ under the mapping
Gg,g’
P

PROOF. The induced mapping (7$:9")* embeds the algebra F(r; G') to F(m; G).
From the definition of the fields 95 and 9@9/ it follows that they coincide on the
algebra F(m;G’). Hence, at any point 8 € J*°(w;G), for an arbitrary function
f € F(m;G") we have

(f);

(729)- (82, )(f) = 98], (%9 v (1) = 7|

where 0’ = 79:9'(0) € J>®(m;G'). Consequently, (wgég')*(af\e) = 95/

O

o

From Proposition 6.9 it follows in particular, that G-invariant symmetries of
the Cartan distribution on J*(7; G) correspond to classical symmetries of the Car-
tan distribution on J*(x) for any semigroup G. These symmetries will be called
classical symmetries of the Cartan distribution on J*°(m;G).

The Jacobi bracket {p,1} of two sections ¢, ¢ € F(m,m;G) is defined by the
formula

ey = (9, Dyl
The equality {p,1} = 9,(¢) — 9y (¢) holds for the Jacobi bracket, which in local
coordinates rewrites as

{0} = 3@ (Do)

«,0,9

O’
opg,

oI B
oj 8

9" (Do (4%))

), j=1,...,m.

EXERCISE 6.9. Prove the last two equalities.

The formula

ly(p) = 9p(¥)

defines the universal linearization operator I, of the nonlinear boundary differential
operator Ay, ¢ € F(m;G). The operator I acts from F(w,m;G) to F(m; G) and its
properties are similar to those in the differential case (see Ch. 4). In addition, the
formula

lg=p) =9 oly
is easily proved.

EXERCISE 6.10. State and prove the above mentioned properties of the opera-
tor lw.
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6.6. Higher symmetries of boundary differential equations. Let us first
introduce the notion of the infinite prolongation for boundary differential equations.
Let £ C J*(m;G) be an equation of order k, G be a semigroup. The I-prolongation
of the equation £ is called the set £V C J*+!(7;G) consisting of points Oy, =
{[sg]gal)}geg such that all points g(6x), g € G, where 6, = 7T]€+l)k(9k+l), lie in &
while the graph of the section ji({s4}) is tangent to the equation £ with order > [
at all points g(0), g € G.

REMARK 6.4. The set £(©) always contains in £, though, contrary to the differ-
ential case, may not coincide with £. Besides, the equation £ may not be invariant
with respect to the mappings g, g € G, but any prolongation £ of this equation,
including £, is invariants with respect to these mappings.

If the equation & is determined by the system

lo| ol
Gj<9:,...,g"‘(aax:>,...)O7 j=1,...,m

where s, [ = 1,...,m, are the components of the section s € I'(r), |o| < k, g € G,
then its zero prolongation £(©) is described by the system

. . a|a|sl )
Gj<g1 (z),...,(gog1) ((‘33@‘7 >,...)0, ji=1,...,r, g1 €G,

while the I-prolongation £ is given by the equations
g\l*(DU(Gj)):Oa .j:]-a"'vrv g1 Gg, |U| Slv

where D, is the composition of total derivative corresponding to the multi-index
o. Thus, to obtain all consequences of the equation & C J*(7; G) we must use both
the total derivative operators D;, i = 1,...,n, and the action of homomorphisms
~ %

a1, 91 €G6.

EXERCISE 6.11. Show that if the equation & C J*(r; G) is given by a boundary
differential operator A: T'(7) — T'(£), then the I-prolongation £V c J*+!(m;G)
corresponds to the (I, G)-prolongation AY = j7 o A: T'(r) — T'(&7) of this operator.

Similar to the differential case (see Ch. 4), the set £!*1) projects to the set £
by the mapping 77,% 141 k1 for any [. The inverse limit of the tower of equations £ O,

I > 0, together with the projections ng—s—H—l w410 18 called the infinite prolongation of

the equation £ and is denoted by £°°. A point 6 = [s]io"’g) € J*(m;G)o belongs to

the set £ if and only if the Taylor series of the section s at the points g(x) € M,
g € G, satisfy the equation £. Therefore, points of the set £ N J®(7;G)o are
natural to be called formal solutions of the boundary differential equation &.

The set of restrictions to £?) of smooth functions on the enveloping space
J*+(7; G) will be denoted by F;(€). For any [ > 0 the embedding F;(£) C Fi11(€)
is defined. Elements of the set F(£) = J;=, F1(€) will be called smooth functions
on the equation £°. The set F (&) is an algebra, because the sets F;(£) are algebras.

If 0 = {[s4]50,) }geg € €°°, then the graph of the section joo({sy}) is tangent
to the set £>° at the point 6. Hence, by Proposition 6.1, the Cartan plane Cy at
the point 6 € £ lies in the tangent space Tp(E°°). The distribution Cy(E) = Cy,
0 € £, is called the Cartan distribution on £°°. From this definition it follows
that integral manifolds of the distribution C(€) are integral manifolds of the Cartan
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distribution on J*°(7;G). Besides, since any prolongation of the equation & is
invariant with respect to any mapping g, g € G, this condition is also satisfied by
the infinite prolongation £°°. From here and from Proposition 6.6 we obtain the
following statement:

PROPOSITION 6.10. The graph of a section wgolgoo is a mazximal integral man-
ifold of the Cartan distribution on £%° invariant with respect to any mapping g,
g € G, if and only if it is of the form joo(s)(M), where s € T'(r) is a solution of the
equation &.

The restriction of the mapping g, g € G, to £°° will be also denoted by g.

Since the planes of the Cartan distribution on J°°(7; G) at points of £°° coincide
with the planes of this distribution on £°°, any field lying in the Cartan distribution
on J®(m; G) is tangent to the equation £°°. The set of restrictions of such fields to
£ will be denoted by CD(E>).

Similar to the differential case, let us define the module of Cartan forms on
£ as the set CAL(E>) C A1(£°°) of 1-forms annihilating by vectors of the distri-
bution C(£) at any point § € £%°. A vector field X on £°° will be called a higher
(infinitesimal) symmetry of the equation & C J*(7;G), if it satisfies the conditions

X(CA'(E™)) CCAYE™®), GoX=Xog"

for any g € G. The set of such fields forms a Lie algebra denoted by sym(E).

The restriction to £°° of a G-invariant symmetry of the Cartan distribution on
J(7;G) tangent to £ is a symmetry of this equation. Such symmetries will be
called exterior.

THEOREM 6.11. If the equation & C J*(m;G) is such that
(w5 0w, )(€%°) = I (), (6.44)

then any higher symmetry of the equation &€ is a restriction to £%° of some exterior
symmetry of this equation.

PROOF. The proof of this fact is similar to the proof of Theorem 3.7 of Ch. 4.
Namely, if X is a higher symmetry, then the restriction of X to Fy(7) extends to
a derivation X{j: Fo(m) — F(m;G). The derivation X|; determines an evolutionary
derivation 9, such that 9, Fo(m) = X{ (cf. the arguments after the proof of Propo-
sition 6.7). The restriction of the field 9, to £ coincides with X. Indeed, any
coordinate function on J°(m;G) is obtained from elements of the algebra Fy(m)
by action of fields f/, Y € D(M), and of homomorphisms g*, g € G. Coordinate
functions on £°° are obtained by restriction to £°° of some coordinate functions
from J°°(m; G). Since the fields 9, and X commute both with Y and with §* while
9¢|}-0(7T) = X|z,(r), the fields 9, and X coincide at any function on £>°. O

Let us derive defining equations for higher symmetries. Let the equation £ be
given by the relations

G; =0, Gj € Fi(m; G), j=1,...,m (6.45)

From Theorems 6.8 and 6.11 it follows that any higher symmetry of the equation
& can be obtained by restriction to £%° of some evolutionary derivation 9,, ¢ €
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F(m,m;G) tangent to the equation £>°. Similar to the differential case (see Ch. 4),
the condition of tangency of the field 9, to the equation £ is written in the form

9,(Gj) =D U] 5,5 (Do(G)),  j=1,....m

lo,g

The right-hand sides of these equalities vanish on £°° while the left-hand ones,
restricted to £°°, are of the form

95(Glgm = l6y (@) g =16, (@),  G=1Loooim,

where ¢ = ¢|cwe, & = lg|co. Denote by F(E,m;G) the set of restrictions to £°°
of elements of the module F(m,m;G) and define for elements @, 1 € F(E,m;G) the
bracket

{@.0)e L iE() —1E®) = {@.¥}ew
where ¢ = 80|g<x>a 7/_1 = 1/’|goo~

THEOREM 6.12. If an equation €& C J*(m;G) is given by the relations (6.45)
and satisfies (6.44), then the Lie algebra sym(E) is isomorphic to the algebra of
solutions of the system

léj(cp):(), j=1...,r, peF(E mG), (6.46)
where the Lie algebra structure is determined by the bracket {-,}¢.

EXERCISE 6.12. Write down equations (6.46) for the system of boundary dif-
ferential equations (6.17).

6.7. Examples. The generating sections ¢ of symmetries for integro-differen-
tial equations contain much more variables than the corresponding sections in the
differential case. By this reason, to solve equation (6.46) without aid of computer
is rather difficult.

When one analyzes methods of solution of equations (6.46) (see Examples in
Ch. 3 and Ch. 6), one sees that the main trick is differentiation of both sides of
equations over some variable. Most often, such a variable contains in the equation,
but either all components of the section ¢ are independent of this variable, or only
few of them depend on it. After differentiating, we obtain a new equation on com-
ponents of . If the new equation is sufficiently simple and contains a derivative
of the component ¢ over a variable v, then, solving this equation, we derive de-
pendence of ¢ on v. Substituting the obtained expression for ¢ to equation (6.46)
and differentiating the result over another variable (w, for example), we obtain new
equations and repeat the procedure until the final solution of equation (6.46).

The first of the examples below was computed using a program written by
means of the MAPLE V software. This program produces and analyzes system
of equation (6.46), seeks for suitable variables for differentiation, differentiates the
corresponding equations over these variables, and chooses the simplest equations in
the obtained ones. The latter were solved by hand and the corresponding procedures
are described below. When solving the equations, we used the following lemma,
which may be useful in solving other equations.

LEMMA 6.13. Let M be a smooth manifold. Then
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1. If a submanifold N of the manifold M is given by the equations

where f; € C*(M) and the covectors df;|,, i = 1,...,k, are linear inde-
pendent at all points x € N, then any function f on M wvanishing on N is
represented in the form

k
i=1
where a;, 1 = 1,...,k, are smooth functions on M.

2. Let a second submanifold N1 C M be also determined by the equations
g]:()’ J:1a717 QJGCOO(M)a

and the covectors df;|,, dg;|,,i=1,....k, j=1,...,1, be linear indepen-
dent at all points x € Ni. Then any smooth function f on M, vanishing
both on N and on Ni represents in the form

f= Zfigjbija (6.48)
%,J

where bj; € C°(M),i=1,...,k, j=1,...,L

PROOF. The result is a consequence of [80, Lemma 2.1, Ch.3]. O

EXAMPLE 6.7. Let us find symmetries of equation (6.12). This equation is
equivalent to the system of boundary differential equations (6.17). Let us use the
following notation. Let G the semigroup of mappings considered Example 6.4. If
v is a coordinate in the fiber of the jet space with the semigroup G, then the
coordinates corresponding to the derivatives of v over z, s, and ¢ will be denoted
by v1, v, and v respectively. For example, the coordinate u?; corresponds to the
derivative 9%u?/0x0t. By Jlab), Where the letters a, b are either of the symbols 0,
x, s, or oo, we denote the mapping belonging to the semigroup G and taking the
point with coordinates t, z, s to the point with coordinates (¢, a,b). For example,
91 = g[z0]» 92 = Yloa], etc. (See Example 6.4.) By vy, where v is a function
on the jet space, we denote the function gj,s*(v). For example, g2 (u?) = u[QOJ],
g1 (0ut/ox) = “i[xo]’ etc. We shall write just v instead of vy,,. Note that if the
restriction of a function v to the section ji(h) is f(¢,x, s), then the restriction of
the function vi.y to jr(h) is f(t,a,b).

EXERCISE 6.13. Describe e, f via a, b, ¢, d, if gef] = gjab) © Gjcq)-
Using the above introduced notation, let us rewrite system (6.17) in the form

1
1 2 1,3 2 2 1,1
Uz = —Ufg,)] — U U ,  uy =ui + Kujgu,
3 2 [0x] [zoo] 2 1 [s0] (649)
ug =K u[lso], u[lwo] = ul, U[Qmo] =0, u?

[z

O]:O
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D3(¢") = 5¢M0a) = U Plroe] = Uppoo P (6.50)
Ds(¢?) = Di(¢?) + Kujyg 0" + Ku'gly), (6.51)
Ds(¢”) = Kjyq)» (6.52)
Ploo) = ¢ (6.53)
o) = 0, (6.54)
Plao) = 0, (6.55)

where Dy, Do, D3 are the total derivatives with respect to x, s, t respectively,
Ploa) = 9loa)" (%), ete.
We shall solve system (6.50)—(6.55) assuming that the desired functions ¢!, @2,

¢* depend on coordinates in 7750’1(500) C J(m;G), i.e., on the variables

t ,2 .3 1 .2 .2 3 3 1 1 1 2
T, s, t, un, ut, ut, uy, uy, Uz, Uy, Uz, Ujgg Useo)r Uso]r %ooo)s

2 2 2 2 2 3 3 3 3
Uos]» Uoa]> [oooo]r U[soc]r Ufaoo]r U0occ]s U[0s]> U[ox]» Uococ]

U:[gsoo]: “f’xoo]a “}[oo]v u%[ooO]’ u%[sop U%[(m]v u?[Os]’ u%[()x]’

2 2 2 2 2 2 2
Ulloooc]r Ul[scc]r Ul[zoo]r U3[0cc]s UB[0s]> U3[0z]> U3[oooo]’

(6.56)
ug[soo]’ u?’)[woo]’ “i’[ocop U?[os]a “:f[om]a u?[oooo]v u?[soo]’
u?[moo]’ ug[Ooo]’ “g[os]v ug[om]v Ug[oooop Ug[soo]v ug[a:oo]'

From equation (6.53) it follows that the function ¢! depends only on the vari-
ables (6.56) by the action of the homomorphism g, oj*. These variables are
1 1 1,2 2 2 2 3
T, b Yoo Ufooo]s U5 Yjooo]r Uioa]> Uoooo]r Ufwoo]s Uloco]s
3 3 3 1 1 1,2 2
Uloz]» Uosooo]r Uzoo]s U1[00]> Ul[oo0]s U1> Ul[0cc]s Ul[0z]®
2 2 2 2 2 2 3
Utoooo]r Ulzoc]r U3[0cc]s U3[0z]» U3[cooc]r UB[zoc]> U1[0cc]
3 3 3 3 3 3 3
Utl0z]> Ul[oooo]? Ui[zoo]r U3[0oo]» U3[0z]) U3[ooco]? U3[zoo]*

The above-mentioned differentiating program was applied to equations (6.50)—
(6.52). The result is a new set of equations, etc. The equations essential for
subsequent exposition will be written down and analyzed.

Step 1. Choose the variables corresponding to second order derivatives. Differ-
entiation over these variables shows that the function (! is independent of

2 2 2 2 2 2 2 2
Ut0oo] U1[02]> Yl[oooo]? Ul[zoo]r UB[0cc]» U3[0z]r UB[cocc]r U[zoc]
3 3 3 3 3 3 3 3
Utooo]s U1[02]> Ul[oooo]r Ul[zoo]r U3[0cc]> U3[0z]r U3[cocc]r U[zoc]:
The function (? is independent of the variables
3 3 1 1 2 2 2 2 2 2
Ug, Uz, Upiso]s Uilzo)r U1jos]> Ui[oxz]s Ul[scc]r Ul[zoo]> U3[0s]r U3[0z]
2 2 3 3 3 3
u3[s<>o] ’ U’S[woo] ’ ul[soo] ’ ul[zoo] ’ U’S[soo] ’ u3[woo] :

The function ? is independent of

2 2 1 2 2 2 2 3 3
Ur, U3, Upso]r Uifos]r Ul[soo]r U3[0s]r U3[soo]r Ul[soo]r U3[soo]*
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Step 2. Differentiation of equation (6.51) over the variables u3, uf[()s], uf[OI],
2 2 3 3 : 2 2 2 3
Uilsoo)r UTLnoo]r Yilsoo]s Yilwod] and equation (6.52) over uj, Uijos) Uisoo]s Ui[sod]
proves independence of the function 2 of the variables

3 2 2 2 2 3 3
W Uosp Yoa]r Usoo] Uawoo)r Ysoo]r U[zoo]

and the function ¢3 of
u2’ u[203]7 U[QSOO]’ u:[}soo]

Step 3. Let us now differentiate equation (6.50) over ug[ equation (6.51)

zoo]?

over u[ZOx], u?mo}, ui, u[203], uhso], and equation (6.52) over “[203]’ uhso]. Then we
obtain the following equations:
Op!
=0 6.57
et =0 (657
9 9p® 9!
% Ku 2 Ky = 2K , 6.58
ou2 9,2 [so] ou 30;1;] [0z] = “[so] Ju [20;1;] ( )
Op? 0p? Op!
T ou2 K“[lso]“1 + oul K[Om]u1 = KU’[SO IEE (6-59)
3 3[0] Uwoo]
0?0 0!
- 46’(],1 + 78’(,& Ku[s()] KU [s0] . T a T = 0, (660)
g g 19910
Ky + 25 Ku' = 2Ku , (6.61)
8u3 05] Ou? 8u[208]
dp? 1 890[150]
= Ku , (6.62)
8“’150 8“’1 s0]
dp? 9 9y,
Y Ky + K50 = 2K 1 (6.63)
8u3 [0s] ou3 8u[oé]
dp® 9y
LA (gualUN (6.64)
a“[eo 8“1[so]

Let us set ¢* = 9! /Oul, ©® = 28<p1/6‘u[20x]. Then the functions p*, ©° depend
on the same variables as ¢!, i.e., on

t ool Uso0]s Uitoo]s Uiooe]s Uibee]s Uisonc]s B100]» U1 foc0] (6.65)

and on x, u', ui, u[QOz], u?oﬂ, | (we take into account equation (6.57) here).

3
u
[zoo
Multiplying equation (6.58) by !, adding it to equation (6.59) and cancelling
K “[130]’ we obtain the equation

8 1
Bu@ = —ulyh. (6.66)

[zoo]
The right-hand side of equation (6.63) is K <p[550] and consequently it is inde-

pendent of the variables listed in (6.65) and of x, s, u[lsO], uhso], u[QOS], uﬁ)s], ufsoo].
The left-hand side of this equation is independent of “%[so]’ u[QOS], uf’goo]. Therefore,
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¢® cannot depend on u}, u[201], u?mc}. From equation (6.64), by similar reasons, it

2

follows that the function (? is also independent of w1, Uiy ufmo].

Due to the equalities

Ol *(&pl)_
au}[so] g[sO] au% _Sp[so]a

equation (6.62) is rewritten in the form

Op?

1
au[so]

= Ku'glyg. (6.67)

Let us differentiate equation (6.60) over “[150]' The function dp!/oul = ¢ is

independent of u[1 o) and hence from equation (6.67) we obtain

S

82<,02 824,02
———F—= =0 and 7:ch4so.
Ol 0ut Ouf g 0ut [50]
Therefore, after differentiating equation (6.60) we obtain the equality

0p?
TU% = <,04 + 30?50]3 (668)

and equation (6.60) rewrites in the form

dp? 1 4

oul KujsoP(s0)- (6.69)
Comparing the derivative of equation (6.68) with respect to u! with the derivative
of equation (6.69) with respect u?, we obtain independence of the function ¢* of
u'.

From equality (6.67) it can be easily deduced that the derivatives of the function

¢? involved in equation (6.58) do not depend on u[lso]. Hence, equation (6.58) splits
into two equations:

8902 _ 5
BTL?Q) =¥,
Op?
8“%[%]

(6.70)

=0. (6.71)

In a similar way, from (6.69) one obtains that equation (6.61) splits into

0p?

Tug = @[580], (672)
Op?

ous

3[0s]

= 0. (6.73)

From equations (6.70) and (6.72) we have the equality ©° = 30[550]' Its left-hand
side may depend on the variables (6.65) and on x, u!, uf’OI] only, while the right-
hand side depends on (6.65) and s, “[130]7 u'fo 5" Therefore, the function ¢° depends
on the variables (6.65) only.
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Let us represent the functions ¢!, p?, ¢©? in the form

o' = phug +¢°(1/2ufy,) — uluf, ) + ¢°, (6.74)
0° = o Kutulg + (0" + o)l + ©°u3 + ¢, (6.75)
©® = 90?50] Ku[lso] + 5, (6.76)

where %, 7, ©® are some new functions. Looking through the lists of arguments
of the functions ¢?, ¢°, <p‘[lso], it can be easily seen that the functions ¢, ¢7, ¢8

may depend only on the same variables as the functions ¢!, ©?, and ¢ respectively.
Differentiating equation (6.74) over u[20w]’ u‘?x o] ul and using formula (6.66) and
the definitions of the functions ¢* and ®, we obtain that ¢ is independent of u[gox],

2

u[ioo], and u}. In a similar way it is proved that ¢’ is independent of u[lso], u?,
ul, ud, ug[m:]v “§[0s]7 and ® does not depend on “[150]' To this end, it is sufficient
to differentiate equations (6.75) and (6.76) over the corresponding variables and to
use equations (6.67)—(6.71), (6.73) and (6.64).
Step 4. Differentiating equations (6.51) over u?, we obtain the equality
4 4 4 4
gis0)” (%ﬁ) - O + K[Os]u[ls()]g[so]* (390) - K[ox]ulaif =0.

Ox 0uf’0$] ou ]

Since the function ¢* is independent of u' and u[lso], we have

dp* *(&p“) dp*
=0, g0 |\ 57 )= 37

auﬁm o Ox ox

From the last equality it follows that the derivative d¢?/dx is independent of z.
Therefore, p* = 2z + @, where ¢° are $° are functions depending on the vari-
ables (6.65).

Substituting the obtained representations for the functions ¢?, ¢* to equa-
tions (6.75) and (6.54) and taking into account the equalities U%[x,o] =0, ug[z’o} =0
(which are implied by the fifth equation of system (6.49)), we rewrite (6.54) in the
form

~9 1,1 7
@  Kzo)u ujgg) + o) = 0-
Since the function ¢ is independent of u!, the function <p[7w0] is also independent
of u! and consequently, 37 = 0 = 90[20]' Hence, p* = .
Step 5. From now on, when calculating np?z’oo], it is necessary to take into ac-
count the equality g oo™ (K u[lso]s) = 0, which holds because the improper integral

in equation (6.12) converges. Taking the second derivative of equation (6.51) over
the variables u' and “[150]’ we obtain the equation

Oty | o 097 0% _

—aT[ls()]‘f'(P g“rw—aul —0, (6.77)
where
1 0K 0K
=14 —=(s— — .
g +K<Sas +x3:ﬂ) (678)

is a function in = and s. The function ©® depends linearly on u!, since the first

three summands in (6.77) are independent of u'. Substituting the expression % =
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1<,010 + @ to (6.77), where o9 @' are functions depending on the same variables
as ap , except for u', we obtain

¢" = u? (' + g — ¢°9) + o
where the function ¢'2 depends on the same variables as 7, except for u2.

Step 6. Differentiating equation (6.50) over u, uf, 1, Ufj,o0)s Udp,aq a0d twice

differentiating (6.51) over u? and u!, we obtain the equalities

2D5(0%) + u' Oeluoe) _ 0 (6.79)
3 — Y .
Oul
0Pl
u' D3(¢°) = u' 3u[ Lo, (6.80)
[zoo]
08 830
[zoc] 9 o] 5
=’x, = ¢°, (6.81)
aul[zoo] au?}[zoo]
10
g LN (6.82)
Uios)

Taking into account all differential consequences of equation (6.51), the latter is

transformed to
8(,012 a(p12

ds oz
Substituting the obtained expression for »? to equation (6.54), we have 90[10}

—0. (6.83)

0. Using equation (6.83), we see that ¢'2 is a function of the following form:

o' = Pz + s, U[Os] U1[0g] t U[OO]’U’[OOO]’ [000] u[oooo]’ ?000]7

?Ox] ) u[oooo] ) Uhoo]a uhooO] ) U%[oOo] ) ul[oooo] ) Ug[oOo]v
ug[oooo]’ “f[Ow] ) U?[Ox] ) U‘f[oooo], Uﬁ[o@o] ) ug[oooo])'

*

The homomorphism g[,q* changes only the first three arguments of the func-
tion @12

3
0o0]?

Plao) = P, o) U100}t Ufoo)s Ulsco]» Ufoe]> Ufsase]s U]
U3[000] (6.84)

uﬁ)z], u:[))oooo] ) Uhoo]a “hooo] ) U?[OOO] ) u%[oooo]
u?ﬂ[oooc] ) U‘f[oOo] ) u?[Ox] ) u?[oooo] ) Ug[oOo]v U3[cocc] )-

Since the arguments of the function (6.84) are independent, from the equality

Lp[lfo] = 0 we obtain ¢'?2 = 5 = 0.

The summands xD3(?) and ¢! in equations (6.79) and (6.80) are independent
of u!'. Therefore, setting u! = 0 in these equations, we obtain

Ds(¢”) =0, (6.85)
1 —o. (6.86)
Equations (6.86) and (6.80) imply the equality

8
s

o = Ds(%). (6.87)
[woo]
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Equations (6.87) and (6.81) show that equation (6.50) can be simplified by
setting

¢ = u’D3(¢°) —ujze® +u3p® + o',
where '3 is a function of the same variables as 8.
Step 7. At this stage, we differentiate equation (6.85) over the variables, of

which the function ¢? is independent. As a result, we obtain the equations implying
that the function ¢? is independent of the variables

u[looO]’ U[Q()oo]7 u[20000]7 “?ooo}» u?oooo]’ Uhoop u}[ooo]’

Hence, this function may depend on u[loo] and ¢ only. Thus, equation (6.85) acquires
the form

dp* 1 .3 dp*

%00 Yjoce] 71— = 0

ot [00] ™ ]3%01
from where it follows that ¢” is constant.

Step 8. Differentiating equation (6.52) over “[150]7 we obtain

X (") = (o — ¢°9 — Ds(¥"))K, (6.88)
where
0 0 0 0 oK
Ous + You3 + Ao 8uf’os] + R1ps) 8“?[051, ' ox

Equations (6.50), (6.52) and (6.55), together with their differential consequences,
imply

D3(¢"%) + ¢la) =0, (6.89)
o 13

LNy

Os
Plao) = 0- (6.90)

Thus, the function '3 depends on the variables

3 3 3 3 3 3 1 1
u”, Uy, U3, Ujg), Uios)r Usjos)r s b Ujoo)s Uooo]s

1 2 2 2 2 3 3 3
U Uooo]r Uoa)r Uoooo]r Uwoo]r U[ooo]r Yfox]» UYloosc]’

UPoe]> W15 UT[00) Ul[c0]s Ui[0se]s U302 Uofone]s (6.91)
u?[zoo]’ “3[000]» ug[(]z]’ ug[oooo]7 ug[zoo]ﬂ “?[000]» “i’[oz]a
u?[oooo]’ u?[zoo]7 Ug[OOO]a Ug[o@p Ug[oooo]» ug[xoo]'

Equality (6.90) means that the function ¢'® vanishes on the submanifold N =
im g[50). In the coordinate space (6.91), the submanifold N is described as the zero
set for the functions

UB, ui” ’Ug, ’U’?Os]’ u%[Os]’ ug[Os] (692)

(see the last equation in system (6.49)). Therefore, from the first part of Lemma 6.13
we obtain the representation

o' =vlal +uta® +uja® + uf’Os]a4 + u:{’[Os]a5 + ug[os]a,G, (6.93)

where a’, i = 1,...,6, are smooth functions in the variables (6.91).
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Substituting expression (6.93) to equation (6.89), we obtain the equality

3 4 3 5 3 6 _
+ Ujpoe] Azsc] T U1[000] Uzoc] T U3[000] Azoc) = 0-
Since the function D3(¢!?) is independent of the variables

u?xoo]’ u?[moo]’ ug[moop u?Ooo}’ uz{)[Ooo]’ U’%[OOO]7

from the last equality we obtain the equation D3(p'°) = 0. Hence (see solution
of equation (6.85) at Step 7 and of equations (6.82) and (6.89)), the function ¢'°
depends on x only, and we have the equality cp[lfoo] = 0. The latter means that the
function ¢'3 vanishes on the submanifold N; = im Jlzsc]- This submanifold is the
zero set for the functions
3 3 3 3 3 3

U™ = Ugoo]ry U1 — Up[goo]r U3 — U3[zoo]s (6 94)
ud = b ud g —ud ud o — ud '

[0s] [0c0]> *1[0s] 1[0oc0]> “3[0s] 3[000]

Thus, from the second part of Lemma 6.13 we obtain the representation
o' = Zfigjbija
1)

where by f;, i =1,...,6, the functions (6.92) are denoted, g;, j = 1,...,6, are the
functions (6.94), and b;; are smooth functions in the variables (6.91).

Substituting the obtained representation for the function ¢'? to equation (6.88),
we have at the left-hand side of this equation the following expression:

zi:fi <ZX(gjbij)>+Zgj <21: X(fi)bij)'

The functions at the right-hand side of (6.88) do not depend of the variables of
which the functions fi,..., fs,91,...,9¢ depend. Therefore,

ot — ¢%9 — Ds(¢°) = 0. (6.95)

The functions (p[lsoo] and ¢° are independent of z. Hence, from equality (6.7)

for ¢2 # 0 it follows that g is also independent of x. But since this function is
symmetric in z and s (this is a consequence of its definition (6.78) and of symmetry
of the function K(z,s)), the function ¢ is also independent of s. Therefore, the

product ¢%g is a constant. From (6.7) it follows that <p[1500] does not depend on s

and consequently ¢!9 is a constant.
Introduce the notation

ol = 10 _ 9, Q15 = 5 — 4y,
Equation (6.7) is rewritten in the form D3(¢'®) = 0. From here and from the
results of Step 7 it follows that !5 is also a constant. Thus,
ot =@ (zuy +utg) + oM (u' +tug) + 0ug. (6.96)

Note that if o1, ¢©?, ©? is a solution of system (6.50)—(6.55), then the functions
©? and ¢? are uniquely determined by the function ¢'. Indeed, the functions ¢?
and ? determine evolution of the variables u? and u3. The variables u? and u® are
uniquely determined by the variable u! (see (6.49)). Therefore, it suffices to find
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some functions p? and 3 together with ¢! satisfying system (6.50)—(6.55). Setting
13 = 0, we obtain
©? = % (sud + zu? + ulg) + ' (2u® + tu2) + p'Pu?,

6.97
0" =@ (sus +ulg + aud) + 9 (U7 + udt) + @ui, (90

It is easily seen that the functions (6.96)—(6.97) satisfy system (6.50)—(6.55)
and determine the classical symmetries corresponding to the liftings of the fields

0 0 0 0 0
9.1 4 1 15
_ — pr— _— —t— R
4 (“ e xax>+¢ (“ ul 8t)+@ o’
where @Y, 14, ©1% are constants. If ©? does not vanish, then g is a constant, while

from equation (6.78) it follows that K (z,s) is a homogeneous function with degree
of homogeneity o = g — 1.

EXERCISE 6.14. Reconstruct computations of the above example in all details.

In paper [18] another system of boundary differential equations was studied,
also equivalent to equation (6.12), but possessing a larger semigroup. The symmetry
algebra for this system is the same. In paper [19] the result of symmetry computa-
tions for a generalization of equation (6.12) is given. The symmetries, which were
searched for, were of the closest type to the above found (6.96)—(6.97). Computa-
tions were not too cumbersome in spite of much more complicated equations, and
were fulfilled without computer.

REMARK 6.5. The choice of a semigroup for a given equation is not unique.
One can always extend it and in some cases make it smaller (compare the semigroups
for the coagulation equation (6.12) given in [18] and in Example 6.4). Changing the
semigroup may lead to changes in the symmetry algebra (see the remark in [19, §5]).
Thus, a problem of a semigroup choice for obtaining the largest symmetry algebra
arises. It can be shown that in the differential case, extension of the semigroup
consisting of one element (the identity) may lead only to the “trivial” extension
of the symmetry algebra. For example, let our equation possess a symmetry ¢(c)
depending on an arbitrary constant ¢ and assume that there exists an integral (or
boundary differential) variable v independent of unknown functions in the equation.
For example, v is the value of a dependent variable at some point. Then the change
of ¢ to v is a new symmetry ¢(v). Suppose that the symmetry (c) depends
on an arbitrary function c¢ of some independent variable z. Then, exactly in the
same way, we can change ¢ by a variable v depending on z only and obtain a new
symmetry ¢(v). We call such an extension of the symmetry algebra extension by a
fake constant. It is trivial in the following sense: in the fiber v = ¢ of our equation,
the symmetries ¢(v) and ¢(c) coincide.

EXAMPLE 6.8. The Khokhlov-Zabolotskaya equation (see §5.3 of Ch. 3) pos-
sesses the symmetry
¢ = q3P2gP1 + 2PgP3 + q3P22g,

where g: (¢1,92,93,94) — (a,q2,b,¢), a, b, c are arbitrary numbers. This symmetry
is obtained from the symmetry f(A) (see (5.16) of Ch. 3) by changing the function

A(g2) by py-
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REMARK 6.6. Assume that we are interested not in all solutions of a given
equation, but only in the ones satisfying additional conditions (boundary or inte-
gral). Then a semigroup extension may lead to extension of the symmetry algebra.
An example of integral symmetry the reader can find in the book [29]. The au-
thors are looking for symmetries of the Maxwell equations. They compute classical
symmetries of the equations obtained by the Fourier transformation of the initial
system. The inverse Fourier transformation delivers integral symmetries of the sys-
tem consisting of the Maxwell equations and of the existence conditions for the
corresponding Fourier transformation.

In conclusion, we consider an example of using the Laplace transformation for
obtaining integral symmetries of integro-differential equations.

EXAMPLE 6.9. Consider equation (6.12) in the case K(x,s) = x + s. The
Laplace transformation with respect to the variable x takes this equation to the
boundary differential equation

By = DDy + By 4D — DDy, (6.98)

where

D =P(p,t) = / u(z,t)e P* dx,
0

By = / w(w, ) dz = &(0, 1),
0

0d

<I>1A:—/O xu(x,t)dmza—p(o,t),

®, are P, the derivatives of ® over p and t respectively. The semigroup of this

equation consists of the mappings: the identity and A: (p,t) — (0,t). The equation
for the generating function of a symmetry v is of the form

X () = ®1A%(¢) + @A (D1 (¢)) + (P14 — 1), (6.99)

where X = Dy — ® 4D + ®D;. The 0-prolongation of equation (6.98) is the space
of variables p, t, ® 4, P14, ¢, ®;. If ¢ is a function on the 0-prolongation, then X
may be considered as a vector field on the same space, and it is easy to find the
first integrals of this field:
q1 = (I)lA; q2 = (I)Aeiqlta q3 = q)eiqltv
_ _ (4@ qt
u=qp+Pa—9, g =|——1])e""
51

Equation (6.99) is easily solved in this case. The general solution, modulo sum-
mands corresponding to the trivial extension of the classical symmetry algebra (see
Example 6.7), is
n Q1 P i (Of
= (f—A"(f)) — + —ePA*| — |, 6.100
( () Q1 a1 9gs ( )

where f is a function in q1, g2, g3, q4, g5, such that A* (0f/0q3) = 0. Substituting
f = q1g3q4 to formula (6.100), we obtain

= q3qu®; = P (qup + Po — ©)D;.
The corresponding symmetry of equation (6.12) for K (x,s) = x + s is of the form
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xr S1
o =e Dt [g / / u(x — s1,t)u(sy — s2,t)u(sa,t) dse dsy
o Jo
-q / u(z — s,t)sul(s,t)ds — q1 / u(z — s, t)u(s,t)ds
0 0
- f/ u(s,t) ds/ u(z — s, t)u(s,t)ds|,
2 Jo 0

where ¢1 = — [ su(s, t)ds.

EXERCISE 6.15. Prove formula (6.100). Using this formula, find all symmetries
of equation (6.12) for K(x,s) = x + s containing double integrals.



APPENDIX

From symmetries of partial differential equations
towards Secondary (“Quantized”) Calculus

But science is not yet just a catalogue of
ascertained facts about the universe; it is
a mode of progress, sometimes tortuous,
sometimes uncertain. And our interest in
science is not merely a desire to hear the
latest facts added to the collection, we like
to discuss our hopes and fears, probabili-
ties and expectations.

Sir A. Eddington

Introduction

The pre-history of rational mechanics was the study of so-called simple mecha-
nisms. A number of attempts to explain the whole Nature as a machine composed of
these mechanisms was made in that period. The “standard schemes” and “models”
of the modern quantum field theory (QFT) look much alike these simple mecha-
nisms.

This analogy maybe clarifies the reasons of an almost common feeling that
quantum field theory, in its present form, is not yet a “true” well-established theory.
Below we undertake an attempt to analyze why this is so and what ingredients are
to be added to the solution to get the desired crystallization.

Having this in mind, we start the paper with some general observations on
genesis of long-scale theories. These introductory pages furnish our subsequent
considerations with the necessary initial impulse. Following it, we eventually arrive
at Secondary or, more speculatively, Quantized Differential Calculus, which seems
to have some chances to provide the passage from “standard models” to the “true”
theory with the necessary mathematical background.

From the very beginning, we would like to stress that Secondary Calculus is only
a language with which, hopefully, QFT can be developed smoothly, i.e., without
“renormalizations”, “anomalies”, etc. If this is the case, the fundamental problem
to translate QFT systematically into Secondary Calculus remains to be carried out
separately. Of course, results and experiences accumulated in the study of concrete
models up to now are indispensable to this purpose.

A short version of the article by A. M. Vinogradov first published in J. Geom. Phys.
14 (1994), 146-194.

Reproduced by permission of Elsevier Science—NL, Sara Burgerhartstraat 25, 1055 KV Am-
sterdam, The Netherlands.

© 1994 Elsevier Science B.V. All rights reserved
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This text is neither a review nor a research account, but a long motivation for
this Secondary Calculus. We describe informally some principle ideas and results
already obtained in this field and also indicate some problems and perspectives
which seem promising at this moment.

It was not our intention to present here a systematic and rigorous exposition of
Secondary Calculus. That would be hardly possible within the limits of such a text.
So, we restrict ourselves to a general panorama, which could help the interested
reader to enter the subject by consulting the bibliography. A lot of details and
techniques can be found in the main text of this book (see also [131, 135, 130]).
It should be followed by [3, 60, 132, 117, 138, 118, 119, 57, 62, 133, 76).

And, finally, the first “philosophical” pages of this Appendix are to be read
half-seriously keeping an eye on the uncertainty principle: making more precise the
meaning of words used will kill the motivating impulses we hope they emit.

1. From symmetries to conceptions

It is banal to say that every theory has its origin in rather simple things. But
what are they? The word “simple” of common language incorporates many mean-
ings. In linear approximation, they can be displayed by the following diagram:

BANAL— - —...—] . | {SYMMETRIC

in which the dots indicate the “intermediate states”. In other words, we find enough
reasons to interpret “symmetric” as “simple but not banal”. Details are just ob-
structions to symmetry. So, the models manifesting only the essence of the phenom-
ena in question are necessarily symmetric. Recall Euclidean geometry, Copernicus’
planetary system, Newton’s laws in mechanics or special relativity to illustrate this
idea. Hence, we accept as the leading principle that the initial stage in the genesis
of theories is the study of symmetric models. (Of course, the above remarks are
applicable only to rather long-scale situations.)

Symmetry considerations replace conceptual thinking in studying symmetric
models quite well. That is why they work well at first, especially for mathemati-
cally based theories, owing to the fact that “symmetry” implies “solvability” and
“integrability” in this case.

At this point, the theory passes to the next stage of its development when the
dominating paradigm states that everything can be composed of simple (symmetric)
elements studied earlier and the only thing to be understood is how. Schematically,
this period can be characterized as the time when operative concepts of the fu-
ture “true” theory, not yet discovered, are substituted by their “morphemes” and
when more or less mechanical mosaics of the latter replace the calculus of these
conceptions. This is the reason to call this stage “morphological”.

A serious deficiency of these morphological compositions is that many of them
are to be corrected constantly to be in agreement with new experimental data and
theoretical demands. This produces numerous perturbation-like schemes which are
very characteristic to the morphological era.

Ptolemy’s planetary system with its numerous epi- and hypo-cycles and quan-
tum electrodynamics with its renormalizations illustrate this quite well. Also, one
can learn from these examples that the incredibly exact correspondence to experi-
ments is not all what is needed to be a “true” theory. Of course, there is nothing
bad in using a perturbation scheme for technical purposes. But it would be hardly
reasonable to erect a skyscraper on a perturbed foundation.
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Darwin’s selection theory seems to be applicable to this selection of concepts as
well. For example, one can see many fantastic creations appearing during troubled
times (for example, look at the history of QFT in recent decades). This is typical
for situations when the expressive powers of the language do not correspond to
the subject to be described. Summing up, we represent our idea on genesis of
mathematically based theories by the scheme:

symmetric origin morphological
(“beautiful times”) era
conceptual self-organization conceptual
— |0 oy == P )
(“troubled times”) happy end

Of course, in reality, the indicated periods get mixed and this can happen, some-
times, in a very curious way. For example, nowadays synthetic geometries, typical
creations of the morphological era, have almost left the land, being substituted by
differential geometry. On the other hand, measure theory, being a morphological
realization of the idea of integration, coexists peacefully with its future conqueror,
namely, the de Rham-like cohomologies.

The passage from attempts to model the scope of new phenomena in terms of
the “old”, already existing mathematical language to a new one of a higher level,
whose expressive potentials are just adequate to the new demands, is the essence of
scheme (1). Here we use “mathematical language” in the spirit of “programming
language”. This enables us to take into account anthropomorphic elements present
implicitly in the theories due to the fact that individual brains and scientific com-
munities are something like computers and computer networks, respectively. The
history of metric geometry from Hellenistic symmetric form based on common logic
up to its modern Riemannian form based on Calculus gives an ideal illustration of
the above scheme.

2. “Troubled times” of quantum field theory

Assuming scheme (1) to be true, it becomes quite clear that nowadays QFT
passes through its “troubled times”. Even some key words of QFT’s current vo-
cabulary, such as “renormalizations”, “broken symmetries”, “anomalies”, “ghosts”,
etc., indicate a deep discrepancy of its physical content and the mathematical equip-
ment used. Also, one can see too many Lie groups, algebras, etc., up to quantum
and quasi-quantum ones, and symmetry considerations based on them, which play
a fundamental role in the structure of modern QFT. This shows that the theory is
not sufficiently distinct from its symmetric origin. In fact, the strongest and most
obvious argument in favor of these “troubled times” comes from the perturbation
type structure of the existing theory. However, the absence of real alternatives and
long-time habits have reduced the value of this argument almost to zero.

We realize that the sceptic reader, even convinced of these “troubled times”,
will prefer to follow the current research activity in expectation of times when the
aforementioned natural selection mechanisms will have accomplished their work.
So, this text is mainly meant for those who would be interested to seek some
possible artificial selection mechanisms, which, as is well known, work much faster.

At this point, we start to look for this “programming language” for QFT, being
motivated by the above “evolution theory”. Of course, the latter should be exposed
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in more details to be perceived correctly. But we do not take the risk to go more
in this direction, remembering the attitude toward any philosophy at the end of
the “set-theoretic” epoch we are living in. Instead we invite the reader to return
to this point once again after having read the whole text. Also, a development of
above general ideas can be found in [3, Ch. 1]. In particular, there we touch such
topics as: what anthropomorphic factor stands behind the idea to put set theory
in the foundations of the whole mathematics and why Calculus is the language of
classical physics.

3. “Linguization” of the Bohr correspondence principle

We find the initial data in the following two general postulates, which seem to
be beyond doubt:

I. Calculus is the language of classical physics.
II. Classical mechanics is the limit case as h — 0 of quantum mechanics (the
Bohr correspondence principle).

These are our initial position and momentum, respectively.

To avoid misunderstanding, we would like to stress that the word “Calculus” is
used here, and later on, in its direct sense, i.e., as a system of concepts (say, vector
fields, differential forms, differential operators, jets, de Rham’s, Spencer’s, ...,
cohomologies, etc., governed by general rules, or formulas like d> = 0, Ly =
ix od+doix, etc.). As we showed in [123], they all constitute a sort of “logic
algebra” due to the fact that differential calculus can be, in fact, developed in a
pure algebraic way over an arbitrary (super)commutative algebra A (see also [60,
Ch. 1]). This algebraically constructed Calculus coincides with the standard one
for smooth function algebras A = C*°(M). Also, one can learn from this algebraic
approach, and this is very important to emphasize, that there are many things to
discover and to perceive in order to close this logic algebra, i.e., to get the whole
Calculus. Higher-order analogs of the de Rham complexes [128] give such kind of
an example.

Thus, the first postulate suggests to look for an extension of Calculus while the
second one defines more precisely the direction to aim at. Having this in mind, we
need to extract the mathematical essence of Bohr’s correspondence principle and
the following diagram illustrates how it can be done:

equations of quantum mechanics h—0 equations of classical mechanics

(Schrodinger equations) (Hamilton equations)

quantization

| “mathematization”

partial differential CHARg ordinary differential

equations equations

Here CHARjy, denotes the map which assigns to a given system of partial differential
equations £ a system EJ of ordinary equations describing how X-type singularities
of solutions of £ propagate. What is meant by solutions singularity types ¥ and
what is, in particular, the above singularity type @ will be discussed later on,
see also [124, 133, 74, 76]. But now we shall explain what are the reasons for
suspecting CHAR to be behind the Bohr correspondence principle.
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First, note that the mathematical background of the passage from wave to
geometric optics can be naturally presented in the form & — €2, p, where FOLD
stands for the folding type singularity of multi-valued solutions of £ (see §9). On
the other hand, multivalence of solutions is related to nonuniqueness of the Cauchy
problem and, therefore, to the theory of (bi)characteristics.

REMARK 1. There exists a dual way to pass to geometric optics proposed by
Luneburg [71] and based on the study of discontinuous solutions. However, the
choice of Luneburg’s approach instead of that we have adopted does not lead us to
essential changes in our subsequent arguments.

Second, recollecting that Schrodinger discovered his famous equations proceed-
ing from the analogy with wave-geometric optics, one can expect a similar mecha-
nism in the passage from quantum to classical mechanics [102]. More precisely, it
seems natural to hypothesize the equations of classical mechanics to be the Q-char-
acteristic equations of the corresponding equations of quantum mechanics. These
hypothetical Q-characteristic equations should play a similar role with respect to
an appropriate “quantum” solution singularity type as the standard characteris-
tic equations do with respect to the singular Cauchy problem. This hypothesis
becomes almost evident in the framework of Maslov’s approach to semi-classical
asymptotics [83]. We refer also to the lectures by Levi-Civita [67] and the work by
Racah [96], one of the first attempts to go this way.

This all motivates us to take the formula

QUANTIZATION = CHAR,,' (2)

as the leading principle and we go to seek for its consequences.
First of all, the direct attempt to extend (2) to QFT leads immediately to the
problem illustrated by the following diagram:

’ quantum fields ‘i’ classical fields ‘

[} “mathematization” U (3)

CHARg | partial differential
E—

equation

In other words, we have to answer the question: what kind of mathematical objects
are to be placed into the left lower rectangle of (3) or, more precisely, what is
the mathematical nature of the equations whose solution singularity propagation is
described by means of partial differential equations? The scheme

ordinary differential | cuARr | partial differential | cHAR
— —

equations equations

motivates us to call these, yet unknown, mathematical objects secondary quantized
differential equations.
Thus, the problem to consider next is

What are secondary quantized differential equations? (4)

All the preceding discourses do not furnish us with the necessary impulse to at-
tack it. In searching such an impulse we consider the simplest situation when a
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CHAR-type mapping appears:

S aila) ot = bw) SR (o — aifa)).

oz,

(3

In other words, we shall examine the passage from vector fields to ordinary differ-
ential equations making an attempt to understand what secondary (“quantized”)
vector fields should be.

We can profit from simplicity of this situation, which, in turn, comes from the
symmetry of the context in full accordance with §1. More exactly, infinitesimal
symmetries of the system &; = a;(z) are vector fields Y = Y ¢;0/0z; commuting
with the field X = )" a;0/0x; and, as is well known, any vector field admits locally
a lot of fields commuting with it. For our purpose it is important to observe
that symmetries of the system &; = a;(x) are objects of the same nature as the
differential operator (namely, X = > a;0/0z;) defining the first-order part of the
initial equation X (u) = b. For this reason, it seems very likely that secondary
quantized vector fields are identical to symmetries of partial differential equations.

So, proceeding to check this hypothesis it is wise to consider the theory of
differential equations from the category theory viewpoint, which furnishes a means
for drawing an analogy with the category of smooth manifolds.

4. Differential equations are diffieties

A natural generalization of the concept of infinitely prolonged equation moti-
vated by the factorization procedure (see Ch. 3), nonlocal symmetries (see Ch. 6),
etc., is given by the following

DEFINITION 1. A manifold O supplied with an n-dimensional distribution C
satisfying the Frobenius complete integrability condition is called a diffiety?, if it is
locally of the form £°.

The integer n is called the diffiety dimension of O and is denoted by Dim O. Of
course, it differs generally from the usual dimension of O, which is equal to infinity
as a rule.

EXAMPLE 1 (the projective diffiety). Let E = E™*™ be a smooth (n + m)-di-
mensional manifold. The k-jet [M]5 of an n-dimensional submanifold M at a point
0 € E is the class of n-dimensional submanifolds of E tangent to M with order k
at 0 € E. The totality of k-jets of all possible n-dimensional submanifolds M
at all points § € E is denoted by E¥. If we recollect the construction of J*(r),
k=0,...,00, we shall easily prove that

1. The set E¥ is supplied with a natural structure of smooth manifold.

2. There exist the natural projections Eft1 — EF.

3. The space J*(E,n) = EZ° defined as the inverse limit of these projections
is equipped with the natural completely integrable distribution.

It is also obvious that J°°(E,n) has locally the form J°° () for an appropriate
m-~dimensional bundle 7 over an n-dimensional manifold and, thus, is a diffiety of
dimension n.

1From “DIFFerential varlIETY”.
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Diffieties are objects of a category called the category of differential equation,
with the morphisms being the maps that preserve the distribution.

All natural constructions of the theory of differential equations can be extended
to arbitrary diffieties with minor or no modifications. In particular, any local
isomorphism 7: @' — O is called a covering of O, while a symmetry of O’ is said
to be a T-nonlocal symmetry of O. FEvidently, all 7-symmetries of O constitute
a Lie algebra for a fixed 7: @' — O, which coincides with sym @’. But, at first
glance, it seems to be absurd to look for the commutator of two nonlocal symmetries
defined on two different coverings. However, it turns out to be possible to find the
desired commutator on a suitable third covering. Therefore, in order to organize
all nonlocal symmetries of O into something like a Lie algebra one must take into
consideration all coverings of O simultaneously.

All coverings of a given diffiety constitute in a natural way a category which we
called a cobweb (see [62]). This construction implies many important consequences
for Secondary Calculus. But at the moment this is only a beautiful perspective to
be explored systematically.

We remark also that, while diffieties are analogs of affine varieties of algebraic
geometry, cobwebs are analogs of fields of rational functions on them.

There are two different natural inclusions of the category of finite-dimensional
manifolds to the category of differential equations:

1. M™ = J*(M"™,n).

2. M™ = J*°(M",0).

In the first case an n-dimensional manifold M goes to an n-Dimensional diffi-
ety, i.e., dim M = Dim M, whereas in the second case Dim M = (. These two ways
are, in a sense, dual to each other, and therefore, lead to a kind of duality in the
theory of differential equations. Also, one can see that the traditional “differential”
mathematics (Calculus, geometry, equations, etc.) viewed as a part of diffiety the-
ory becomes conceptually closed only if the underlying manifolds are understood
to be zero-dimensional diffieties. In other words, the standard “differential” math-
ematics forms zero-dimensional part of the diffiety theory. So, from this point of
view it would be quite natural to suspect that the relevant mathematics necessary
to quantize smoothly classical fields has not yet been discovered to a great extent.

Let us now return to the problem posed at the end of the previous section and
ask ourselves: what do the notion of symmetry means when applied to zero-dimen-
sional diffieties, i.e., to usual manifolds. Obviously, sym M = D(M), where D(M)
stands for the Lie algebra of all vector fields on M. In an arbitrary coordinate
system u',...,u™ on M, the standard coordinate expression

9 m
X:Z%(u)%7 w=(u',... u™),

for a vector field X on M is a particular case of formula (2.15) of Ch. 4 for evolu-
tionary derivation

0
9y = ;Da(¢i)%~
Recall that to each evolutionary derivation 9, there corresponds the evolution
equation (2.19) of Ch. 4
ou?
ot

= oi(z,u,...,ul,...), i=1,...,m. (5)
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In the case 9, = X, system (5) takes the form

di
:t =pi(ut, ... u™), i1=1,...,m. (6)

But in (6) we recognize the ordinary differential equations of characteristics for
the first-order partial differential operator X = ). ¢;0/0u’. Now the analogy
X +— 9,, (6) — (5) motivates the following principal statement:

If o = (¢1,-..,0m) is the generating function of a symmetry x €
sym E™®, then system (5) of partial differential equations can be nat-
urally considered as the characteristic system corresponding to the
operator X.

By virtue of (3), this gives the desired solutions of the main problem (4) for
first-order equations:

Symmetries of partial differential equations are first-order secondary
quantized differential operators.

This is our starting point when we look for secondary quantized differential
operators of higher order.

5. Secondary (“quantized”) functions

It seems natural to define higher-order secondary quantized differential opera-
tors as compositions of first-order ones. But going this way we meet immediately
the following difficulty.

Recall that first-order secondary differential operators are elements of the Lie
algebra sym O. On the other hand, they are not proper differential operators but
cosets (equivalence classes) of them. So the question arises: how to compose the
cosets? We leave to the interested reader the task of verifying that a direct attack
to this problem fails.

Another aspect of this problem can be extracted from a similar question: on
what kind of objects do secondary differential operators act? No doubt, secondary
differential operators should be proper operators, i.e., act on some kind of objects.
The usual functions cannot be taken as such. One can see this by trying to define
an action of the algebra sym O on C°°(O). The only natural way to do this is to put
x(f) = X(f) for x € symO, X € Dc(0), x = X mod CD(O), and f € C=(0O).
But this definition is clearly not correct. Namely, if X7, Xs € D¢(O) are two
different vector fields and X; = X2 mod CD(O), then, generally, X1 (f) # Xa(f).

However, it is clear that, linguistically, secondary operators should act on sec-
ondary functions and we shift this question by asking what they are. The following
analogy will help us to answer.

Let A*(M) denote the space of differential i-forms on the manifold M. The
map

C=(M) —2 AL(M) (7)

provides extremal problems on smooth functions on M with the “universal solu-
tion”. Treating smooth manifolds as zero-dimensional diffieties we see that the
analog of (7) should be a map providing variational problems for multiple integrals
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with the universal solution. But this is the well-known Euler—Lagrange map:

variational functionals, | e | differential (8)
R —
or “actions” operators

i.e., E associates with an “action” fQ Ldzx; ---dx, the left-hand side of the corre-
sponding Euler-Lagrange equation. Therefore, this analogy between (7) and (8)
suggests to adopt “actions” as secondary (or “quantized”) functions. This idea
is to be corrected because “actions”, understood in the standard way, contain a
detail, malignat for our aim and necessary to be eliminated. This detail is the
explicit reference to the domain of integration 2. So, our next problem is to find a
meaning for hieroglyphs of the form [ Ldz; ---dx, (without “Q”!). We shall solve
it by interpreting them as some kind of cohomology classes (for more motivations
see [38]). But before that, we need some preliminaries (cf. Ch. 4).

Let O be a diffiety, Dim O = n. Observe that there is the horizontal de Rham
complex on O, which is constructed similarly to that on an infinitely prolonged
equation. Namely, consider the submodule CA*(O) of A*(O) consisting of forms
whose restrictions to the contact distribution of O vanish:

w€CN(O) <= (Y1,...,Y;)) =0  VYi,...,Y; €CD(0O).
We put
AH(O) = A(0) /CAY(O).

Elements of A}(O) are called horizontal differential forms on O. Evidently,
Aj(O) =0 for i > n.

It is easy to see that d(CA*(Q)) C CA**1(O) and, therefore, the standard dif-
ferential d induces the horizontal differential

d: AL(0) — AFH0).

Of course, d? = 0 and this enables us to introduce the horizontal de Rham complex
of O. Its cohomology is called the horizontal de Rham cohomology of O and is
denoted by H (0),i=0,...,n.

Finally, we accept the following basic interpretation:

Secondary (or “quantized”) functions on O are elements of the co-
homology group H™(O).

In other words, we consider the cohomology group H"(0O), Dim O = n, to be
an analog of the smooth function algebra in Secondary Calculus.

To justify the choice made, we shall describe in coordinates the “horizontal”
constructions just given, for O = J*°(E,n) (see Ch. 4 and 5). First of all, we
observe that the coset of a differential form w € A*(J>(E,n)) contains only one
element of the form

p= Z Ay ks (T oy ud ) dagy A A day,,
1<k1<...k;<n
where a, .k, € C®°(J*(E,n)). The characteristic feature of such a form is that
the differentials du’, dul do not enter into its coordinate expression. Therefore,
the module A} (J*°(E,n)) can be identified locally with the module of the form of
this type.
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Under the identification made, the horizontal de Rham differential d looks as
C/i\p - Z Ds(a’klw-ki) drs Ndxg, A--- Ndxy,,
S,kl,...,k)i

where D is the s-th total derivative. In particular, every horizontal (n — 1)-form
can be uniquely represented as

p= Z(—l)’;lai dry A - ANdzi—qg ANdzipr A - Ndzy, a; € C*(J*(E,n)),

and
dp = div(A)dzy A -+ Adxy,
where A = (ay,...,a,) and div(A) = ). D;(a;). Also, horizontal n-forms look as
L(z,u,...,ul ... )dwy A--- Aday, L e C*®(J*(E,n)),

and one can recognize Lagrangian densities in them. So, we see that the horizontal
cohomology H™(J*°(E,n)) can be identified locally with the linear space of equiv-
alence classes of Lagrangian densities on J°°(E,n) with respect to the following
relation:

Ly ~ Ly < Ly — Ly =div(A) for some A.

On the other hand, actions fQ Lidxy N --- Ndxy, © = 1, 2, are equivalent in the
sense that they lead to identical Euler-Lagrange equations if and only if Ly ~ L.
This is independent of the choice of 2. For these reasons, it is natural to identify
hieroglyphs [ Ldxq A - -+ A dz,, with n-dimensional horizontal cohomology classes.

We conclude this section by noting that similar reasonings are valid for arbitrary
diffieties as well.

6. Higher-order scalar secondary (“quantized”) differential operators

First of all, we must justify the above adopted definition of secondary functions
demonstrating that first-order differential operators really act naturally on them.
In other words, we must look for a natural action of the algebra sym O on the space
H™(0). This, however, can be done straightforwardly.

First, note that if X € D¢(O), w € CA(O), and Ly denotes the Lie derivative
along X, then Lx(w) € CAY(O), as it results from definitions and the fact that

CAY(O) = CAYH(O) A ATHO), i> 1.

This allows us to define the Lie derivative on horizontal forms by passing to quo-
tients:

Lx: Ay(O) — AY(0).

Next, let

X € symO, x=X mod CD(O) for X € Dc(0),

6 H'(O), 6O=w moddAl ' (O) forwe A}(O).
We define now the action of x on 6 by putting

X(0) = Lx(w) mod dAZ~1(0) € H™(O).
The fact that the action is well defined is implied by the following two statements:
1. Ly(w) € dA?~1(0) if w € AZ(O) and Y € CD(O).
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2. LXO&\:(/{OL)(.

They both are direct consequences of definitions.

Now we see that the above definition of secondary functions correlates nicely
with other “secondary” constructions and, therefore, can serve as an example in
proceeding to more complicated “secondary” notions. For example, let us observe
that we have succeeded to define a correct action of one quotient (namely, sym O =
D¢(0)/CD(0)) on another (namely, H"(0) = A§(O)/dA§~'(0)) owing to:

1. The quotient D¢(O) consists of first-order differential operators which act

on the C*(O)-module A% (0) leaving dA]~'(0) invariant.

2. The images of Aj(O) under the action of first-order operators belonging to

CD(0) are contained in dAj~(O).

We shall get the necessary generalization to higher-order secondary differential
operators simply by replacing the words “first-order” by “k-th order” in 1 and 2
above. More exactly, let Diff(Af(O)) denote the C°°(O)-module of all (“usual”)
differential operators of order < k acting on Ay (O) and put

Diff,(0) = { A € Diff,(AF(0)) | A(dA;(0)) C dA;™(0) },
Diff, (0) = { A € Diff (A (O)) | A(AF(0)) C gAgfl(O) }.
Then the space of all scalar secondary (“quantized”) operators
of order < k on O is defined to be the quotient

Diff, (0) = DifFy(0)/ Diff, (0). (9)

Of course, every secondary operator A € Diff,(O) can be understood as an
operator

A H™(0) — H™(0),
acting on secondary functions. In fact, if
A =46 mod Diff, (O) for § € Diff;(0),
O =w mod C?Agfl((’)) for w € AG(0O),
then the horizontal cohomology class
A(®) = §(w) mod AR~ (0O)

is well defined, i.e., does not depend on the choice of the representatives  and w.
For O = J*(FE,n), thus defined secondary differential operators admit the
following coordinate description. Operators of the form

k _ . 9
DD D s T A——"
01,..+,0s aull 8“13 ?
$=1 d1,..0yig S Ts

O1,-.-,0s

where o01,...,0, are multi-indices, are called vertical (with respect to chosen coor-
dinate system). Then it can be proved that every coset

A =6 mod Diff, (J*(E,n)) € Diff(J>*(E,n))

for § € Diff,(J*°(E,n)), contains only one vertical operator. So, the quotient (9)
representing secondary differential operators can be identified locally with the set of
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all vertical secondary operators. These operators (of order < k) can be represented
in the form

m ) 8
v :ZZL(VZ)O(TDQ’ V= (V..., V™),

where V¢ € Diff,_1(C*°(J*®(E,n))) are arbitrary C*°(J°°(E,n))-vertical opera-
tors and

L, (VY =[Di,,...,[Di.,,V']...]

where 0 = (i1,...,is). The generating operator V is the higher-order analog of
the generating functions for evolutionary derivations but, unlike the latter, it is not
defined uniquely if k& > 1.

Secondary operators of order > 1 are not reduced to compositions of first-order
secondary operators. This fact is instructive in connection with the discussion at
the beginning of §5.

We note also that an explicit description of secondary differential operators on
arbitrary diffieties is a much more difficult problem.

Further details, results, and alternative views concerning secondary differential
operators can be found in [38].

Finally, turning back to question (4), we can exhibit the simplest k-th order
linear secondary (quantized) differential equation as

A(H) =0, A € Diff,(0), H e H™(0).

It must be emphasized, however, that these equations form a very special class of
secondary differential equations. For instance, differentials di*? = d}"?(O) of the
C-spectral sequence (see Ch. 5 and §7) give us other examples of secondary quantized
differential operators and, therefore, secondary differential equations. One of them

looks as
E( / Ldm) =0,

where [ Ldx € H"(O) and E is the Euler operator assigning to an action [ L dx the
corresponding Euler—Lagrange equation. This is due to the fact that E = d(l)’”. Note
also that operators di’? are of finite order, say ord(k), when restricted to elements
of the k-th filtration, but ord(k) — oo when k — co. For example, ord(k) = 2k for
the operator E.

7. Secondary (“quantized”) differential forms

In this section, we shall consider another aspect of Secondary Calculus, namely,
secondary (“quantized”) differential forms. What are they? This is a more diffi-
cult question than the one about secondary differential operators we have already
discussed. By this and other reasons we shall omit here preliminary motivations
showing, as before, how to arrive at exact definitions. However, some a posteriori
justifications will be given.

Let O be a diffiety. Adopting the notations of §6, we consider the algebra

A (0) =) A(0)

i>0
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of all differential forms on O and its ideal
CA*(0) = > CA'(0).
i>0
Denote by CKA*(O) the k-th power of this ideal. Then all ideals C¥A*(O) are stable
with respect to the exterior differential d. So, we get the following filtration:

A*(0) D CA*(O) D C°A*(0) D --- D CFA*(0) D - --
of the de Rham complex of O by its subcomplexes {C*A*(O), d}. The ideals C*A*(O)
are naturally graded,
CEA*(0) =Y CkAF(0),
s>0
where
CFARFS(0) = CPA* (0) N AR (0).

Thus, as in Ch. 5 for infinitely prolonged equations, we can construct the
C-spectral sequence

ET(O) = ZE5)7Q(O)> d, = Z d£7q7
p.q D.q
of the diffiety O.
If Dim O = n, then all nontrivial terms of E?'4(O) are situated in the region
p>0,0<q<n,ie., asin the case of infinitely prolonged equations.

DEFINITION 2. Elements of E;(O) are called secondary (“quantized”) differ-
ential forms on the diffiety O.

Some reasons in favor of this interpretation are as follows. Let M be a finite-di-
mensional manifold considered as a zero-dimensional diffiety (see §4). Then the
term F4 of its C-spectral sequence degenerates to one line

0,0 1,0
dl dl

0—>AO(M) Al(M)%AQ(M)% oo —— A™(M) — 0.

Moreover, d’l”0 = d. In other words, we see that the de Rham complex of M
coincides with the (generally) nontrivial part of the first term of its C-spectral
sequence.

We can observe that standard constructions and formulas connecting “usual”
vector fields and differential forms are also valid for their secondary (“quantized”)
analogs. For instance, the inner product operator of secondary vector fields (“sym-
metries”) with secondary differential forms as well as corresponding Lie derivatives
are well defined. Moreover, they are related by means of the secondary analog of
the infinitesimal Stokes formula

Lx =ixod+doix,

in which the exterior differential d is to be replaced by its secondary analog, i.e.,
by di(O).

Finally, we remark that secondary differential forms are bigraded objects unlike
the “usual” ones, which are only monograded. The reason is clearly seen from the
above diagrams. This is an illustration of the fact that secondary objects are richer
and more complicated structures than their “primary” analogs. The same idea can
be expressed alternatively by saying that the “usual” (or “primary”) mathemat-
ical objects are degenerate forms of the secondary ones. This statement can be
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also viewed as the following mathematical paraphrase by the Bohr correspondence
principle:

’ Secondary Calculus‘ Dim—9

The cobweb theory (see §4) allows us to give an exact meaning to “Dim — 07.
This is because the Dimension (not dimension!) is an R-valued function in the
framework of this theory.

We saw in Ch. 5 how the C-spectral sequence works. Let us make some further
remarks on the term FEs. In the case of infinitely prolonged equations, F5(E°°)
consists of characteristic classes of bordisms composed of solutions of £. The stan-
dard “differential characteristic classes” theories can be obtain in this way under
a suitable choice of £ (see [138, 121]). This approach leads, however, to finer
characteristic classes, for instance, special characteristic classes. We illustrate this
topic for solutions of the (vacuum) Einstein equations, or Einstein manifolds. Let
& be the Einstein system on a manifold M. Then it is possible to show that

£% [ Diffeo(M) = (£')>°,
where Diffeo(M) is the diffeomorphism group of M acting naturally on £>° and &’ is
a certain system of partial differential equations. In fact, £ does not depend on M

and, therefore, its solutions are just diffeomorphism classes of Einstein manifolds.
The corresponding characteristic classes are elements of Eo((£7)%).

8. Quantization or singularity propagation? Heisenberg or
Schrédinger?

In the preceding pages, we have reached the coasts of “terra incognita”, i.e.,
diffieties and Secondary Calculus on them, whose existence was predicted by the
linguistic version of the Bohr correspondence principle as formulated in §3. Being
the exact analog of algebraic geometry for partial differential equations, this branch
of pure mathematics deserves to be explored systematically, maybe much more than
algebraic geometry itself and independently of the possible physical applications
that stimulated the expedition. Later on we shall discuss briefly some other topics
related to Secondary Calculus. But now it would be timely to reexamine how close
to the solution of the quantization problem for quantum fields we are after having
got Secondary Calculus at our disposal.

It should be stressed from the very beginning that the passage to the “linguis-
tic” version of the Bohr principle inevitably costs us the loss of its original physical
context. On the other hand, the accumulated experience in Secondary Calculus
convinces us that every natural construction in the classical Calculus has its sec-
ondary analog, which can be found by means of a more or less regular procedure.
So, one can expect to deduce fundamental QFT equations by “secondarizing” sam-
ple situations in which both the source and the target of the Bohr principle belong
to the area of classical Calculus.

Evidently, quantum mechanics of particles is exactly such a sample due to the
fact that the Bohr correspondence principle here starts from differential (Schrédinger)
equations and finishes also at differential (Hamilton) equations. However, the Bohr
principle in this case is to be reinterpreted exclusively in terms of Calculus to be-
come secondarizable. This is the key point.

The desired reinterpretation is not obvious and, in particular, should not be
based on the “h — 07 trick, formal series on H, deformations, Hilbert spaces, and
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similar things. We accept formula (2) to be the first approximation. Then our
approach to QFT can be summarized as

FIELD QUANTIZATION = CHARg/,,,

where S stands for “secondarization”. Hence, the question to be answered first is:
what is the solution singularity type (or types) outlined in §37

The last problem belongs to the theory of solution singularities of partial dif-
ferential equations, which has not been elaborated enough up to now to provide
us with the immediate answer. So, we postpone the direct attack for the future
and limit ourselves here to a quick trip through the theory of some special solution
singularities called geometric. In addition, the reader can conceive from this model
more precise ideas on the general theory as well as more detailed motivation for
formula (2). But first we shall make some remarks of a historical nature.

As it is well known, two different approaches, one by Heisenberg and the other
by Schrédinger, were at the origin of quantum mechanics. In modern terms, the
first is based on a formal noncommutative deformation of the commutative algebra
of classical observables while the latter proceeds from an analogy with optics. Both
were proclaimed and even proved equivalent and this is just the point we would like
to doubt now. Namely, it seems that a more exact formulation of this equivalence
theorem would be:

The Schrodinger point of view becomes equivalent to the Heisenberg
one after being reduced appropriately.

Below some brief general justifications for this assertion are given and the reader
is asked not to confuse “approach” with “picture” in what follows.

First, the Heisenberg approach is “programmed” in the language of operator
algebras while that by Schrédinger is in Calculus. The former is nonlocalizable
in principle and this is its great disadvantage in what concerns applications to
fundamental (nontechnical) problems of physics. In particular, the passage from
one space-time domain to another cannot be expressed in terms of this language
only (see, e.g., [39]). But, evidently, fundamental physical theories, both at classical
and quantum levels, must be localizable in this sense by their nature. On the other
hand, Calculus is the only localizable language due to the fact that localizable
operators are just differential ones.

Second, in the Heisenberg approach classical mechanics appears to be a limit
case of quantum mechanics or, vice versa, the latter is viewed to be a noncom-
mutative deformation of the former. In particular, this means that they both are
treated to be things of the same nature differing from each other by a parameter.
This is not so in the framework of the Schrédinger approach. In fact, as it follows
from the general mathematical background of the passage from wave to geometric
optics, the latter appears to be a particular aspect of the former. So, applying the
analogy between quantum mechanics and optics discovered by Schrodinger one can
conclude that

classical mechanics is a particular aspect of quantum mechanics.

In this connection it would be relevant to note that Plank’s constant is a true
constant and, therefore, “h — 0” can serve as a trick but not as a ground-stone of
the theory.

Thus these are, shortly, the reasons in favor of the Schrodinger alternative. On
the other hand, it is clearly seen that it had no chances to be realized mathematically
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in the building period of quantum electrodynamics and other quantum field theories.
So, the Heisenberg alternative remained, due to its formality and abstraction, the
only possible way for progress of these theories. This was its invaluable historical
merit and it seems to be going to be exhausted now. Finally, we add that this text
can be regarded also as an attempt to provide the Schrédinger approach with the
mathematical tools which are necessary to extend it to QFT.

9. Geometric singularities of solutions of partial differential equations

In this section we present geometric singularities of solutions of (nonlinear)
partial differential equations and some general results on them relevant to our
discussion of the quantization problem. Some examples illustrating the general
theory and, in particular, the mechanism connecting wave and geometric optics are
collected in the next section.

Solution singularities which we called geometric arise naturally in the context
of the theory of multi-valued solutions of (nonlinear) partial differential equations.
There are different ways to realize strictly the idea of multivalence and we choose
the one based on the notion of R-manifold. This is as follows.

Recall (see Ch. 3 and 4) that a submanifold W C J*(E,n), 0 < k < oo, is
called integral, if TyW C Cy for every 0 € J*(E,n) (Cp stands for the Cartan plane
at #). An integral submanifold W is called locally mazimal, if no open part of it
belongs to another integral submanifold of greater dimension.

DEFINITION 3. A locally maximal n-dimensional integral submanifold of J*(E,n)
is said to be an R-manifold.

In particular, the graphs L) = MJ’? of jets of sections of a bundle 7: £ — M
are R-manifolds. They are characterized by the following two properties:

1. Ly is a locally maximal integral manifold.
2. The restriction of the projection

Tep_1: JN(E,n) — J*YE, n)
to L) is an immersion.

So, omitting property 2, we get the multi-valued analogs of submanifolds L,
i.e., R-manifolds.

REMARK 2. Recall that there exist different types of locally maximal integral
submanifolds of J*(E,n) which differ from each other by their dimensions. One
of these types is formed by fibers of the projection mj ;_;. These are integral
submanifolds of the greatest possible dimension.

Informally, R-manifolds can be treated, generally, as nonsmooth n-dimensional
submanifolds of E = J°(E,n) whose singularities can be resolved by lifting them
to a suitable J*(E, n).

Now we define a multi-valued solution of a partial differential equation & C
J¥(E,n) to be an R-submanifold, say W, belonging to one of its prolongations
EG) c JF(E,n), 0 < s < o0.

If W C J¥(E,n) is an R-manifold, then its singular (or branch) points are
defined to be the singular points of the projection 7y ;_1: J*(E,n) — J*"1(E, n)
restricted to W (see Figure 1).

We stress here that W is a smooth (=nonsingular) submanifold of J*(E,n)
and the adjective “singular” refers to the projection my p—1.
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Thek—1

sing W
FIGURE 1

A very rich and interesting structural theory stands behind these simple defini-
tions. This cannot be reduced to the standard singularity (or catastrophe) theory.
On the contrary, the latter is a particular degenerate case of the former.

We start with a classification of geometric singularities, which is, of course, the
first structural problem to be considered. According to “the general principles” we
have to classify s-jets of R-manifolds in J*(FE, ) for a prescribed integer s under
the group of contact transformations of this jet space. The simplest case s = 1 is
sufficient for our purposes.

Let W C J*(E,n) be an R-manifold and § € singW. The subspaces of the
tangent space Ty.JJ*(E,n) which are of the form TpW are called singular R-planes
(at 0). So, our problem is to classify singular R-planes.

Let P = TyW be a singular R-plane at 6. The subspace P, of P that consists of
vectors annihilated by (7 x—1)« is called the label of P. It turns out that singular
R-planes are equivalent if and only if their labels are equivalent. So, the classifica-
tion problem in question is reduced to the label classification problem. We define
the type of a (singular or not) R-plane to be the dimension of its label:

type P = dim P, 0 < typeP <n.
Obviously, type P = 0 if and only if P is nonsingular.

ExAMPLE 2. Branched Riemannian surfaces are identical to multi-valued solu-
tions of the classical Cauchy—Riemann equation. Let W be one of them. Then the
set sing W consists of a number of isolated points, say 6. In this case, type P, = 2
for P, =Ty, W.

The final result of the label classification is as follows [140]:

THEOREM 1. Label equivalent classes of geometric singularities are in one-to-
one correspondence with isomorphic classes of unitary commutative R-algebras, so
that the dimension of a label is equal to that of the algebra corresponding to it.

Recall that every unitary commutative finite-dimensional algebra splits into a
direct sum of algebras F (), k = 1,2,..., where F(;) denotes the unitary F-algebra
generated by one element ¢ such that & = 0, ¢¥~! £ 0 and F = R or C. Such
a splitting is not unique but the multiplicity numbers showing how many times a
given algebra [F(;) enters it do not depend on the splitting. So, these multiplicity
numbers determine completely the isomorphism class of the algebra in question.

Below we speak of A-type geometric singularities referring to the commutative
algebra A corresponding to it by the above theorem.

EXAMPLE 3. Since the only one-dimensional R-algebra is R itself, there exists
only one label type of geometric singularities with one-dimensional label. This
type is realized by R-manifolds projected to the manifold of independent variables
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as foldings. By this reason, it is denoted by FOLD. The standard theory of char-
acteristic covectors takes a natural part in the FOLD-singularity theory.

EXAMPLE 4. There are just three isomorphic classes of two-dimensional uni-
tary commutative algebras, namely, that of C, Ry, and R & R, where (see above)
Ry = {1,¢ | €2 = 0}. For equations with two independent variables, C-type
geometric singularities look as ramification points of Riemannian surfaces and as
(n—2)-dimensional families of such ones for n independent variables. In four-dimen-
sional space-time, a C-type singularity can be viewed as a vortex around a moving
curve. This sets fire to suspicion that C-singularities could play an important role
in the future turbulence theory.

The next question that arises immediately when studying concrete equations
is:
What label type geometric singularities does a given system of partial
differential equations admit?

This is an essentially algebraic problem which we illustrate with the following
examples to omit the general discussion.

ExXAMPLE 5. A system of partial differential equations admits FOLD-type sin-
gularities only if it admits nonzero characteristic covectors. For instance, solutions
of elliptic equations do not admit FOLD-singularities.

ExAMPLE 6. Let £ be a second-order scalar differential equation with two in-
dependent variables. Then it admits only one of the three types of two-dimen-
sional singularities mentioned above. This is the C-type for elliptic equations, the
R2)-type for parabolic equations, and the R @& R-type for hyperbolic equations.

A more delicate problem is to describe submanifolds of the form sings, W for
multi-valued solutions W of a given differential equation and a given solution singu-
larity type X. Here sings; W C W stands for the submanifold of ¥-singular points
of W. In other words, we are interested in determining the shape of ¥-singularities
admitted by a given equation.

The solution of this problem can be sketched as follows: Let a label solution
singularity type X be fixed; then it is possible to associate with a given system of
partial differential equations £ another system & such that submanifolds of the
form singy, W, W being a multi-valued solution of £, satisfy £, and, conversely, ev-
ery solution of &, is of the form singy, W for (possibly formal) multi-valued solutions
of £.

If £ is of n independent variables, then & is of n — s independent variables,
where s is the dimension of the label ¥. The construction of equations &y is not
simple enough to be reproduced here. Instead, in the next section we exhibit some
examples from which the reader can conceive an idea of them. Informally speaking,
if £ describes a physical substance, say a field or a continuous medium, then &
describes behavior of a certain kind of singularities of this substance, that can
be characterized by the label singularity type ¥. In the case when & refers to
independent space-time variables the equation & describes propagation of »-type
singularities in the substance in question.

Denote by CHARy the functor that associates the equation £y with a given
equation €. The problem:
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To what extend does the behavior of singularities of a given type of
physical system determine the system itself?

is evidently of a fundamental importance and the search for the domain of invertibil-
ity of the functor CHARjy is maybe the most significant aspect of it. The following
result gives an instructive example of this nature.

THE FOLD-RECONSTRUCTION THEOREM. Fvery hyperbolic system of partial
differential equations &€ is determined completely by the associated system EpoLp-

In other words, to write down explicitly a hyperbolic system & it is sufficient
to know the system Erorp.

The above theorem can be reformulated by saying that the functor CHARy is
invertible on the class of hyperbolic equations. On the other hand, this functor is
not invertible on the class of elliptic equations due to the fact that Eporp is empty
for any elliptic £.

The general “singularity reconstruction problem” we are discussing may have
various flavors depending on the chosen, not necessary geometric, solution singu-
larity type. For instance, the classical problem of fields and sources can be viewed
as its particular case. Another remarkable example can be found in the history of
electrodynamics. Observing that the elementary laws of electricity and magnetism
such as that by Coulomb or Faraday describe the behavior of some kind of singu-
larities of electromagnetic fields, we see Maxwell’s equations to deliver a solution
to the corresponding singularity reconstruction problem.

The importance of multi-valued solution theory comes in evidence also due to
its relations with Sobolev—Schwartz theory of generalized solutions of linear partial
differential equations. These relations are based on the observation that one can
get a generalized solution of a given linear differential equation simply by summing
up branches of multi-valued solution. As a matter of fact, the procedure assigning
the generalized solution to a given multi-valued one is more delicate than a simple
summation and is based on the choice of a de Rham type cohomology theory and
a suitable class of test functions. Maslov-type characteristic classes then arise as
obstructions to perform this procedure and their nature depends on the cohomology
theory chosen (see [74, 133, 76]).

It is worth stressing that generalized solutions assigned to multi-valued ones
with no FOLD-singularities are, in fact, smooth, i.e., not properly generalized func-
tions. This correlates nicely with the well-known fact that generalized solutions of
elliptic equations are exhausted by smooth solutions, i.e., single-valued ones, while
such equations admit nontrivial multi-valued solutions (say, branched Riemann-
ian surfaces for the Cauchy—Riemann equation) with non-FOLD-type singularities.
These and other similar facts show multi-valued solutions to be a satisfactory sub-
stitution for generalized ones for nonlinear differential equations, where generalized
solutions cannot even be defined. Moreover, the former are a finer tool in the
framework of the linear theory also.

Further details and results on the topics touched upon in this section the reader
finds in the book [60] and in the lecture [133]. For a systematic exposition see [140].
Many other interesting aspects of solution singularity theory are presented in the
recent review by V. Lychagin [76].

Multi-valued solutions were introduced in the work [124], followed by a techni-
cally simple but instructive work [63] by A. Krishchenko. Afterwards, a significant
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series of works by V. Lychagin appeared. Unfortunately, these names almost ex-
haust the list of contributions in this field. For a full bibliography see [60, 76, 140]?.

10. Wave and geometric optics and other examples

In this section we illustrate the generalities of the previous one with some
simple examples taken from [69]. We enter here neither into technical details nor
into interpretations of exhibited equations, referring the reader to [69].

10.1. Y-characteristic equations. Let 7: E — M be a fiber bundle, £ C
J¥(m) be a system of differential equations, and ¥ be a label solution singular-
ity type. The X-characteristic system of 3 is the system of differential equations
whose solutions are of the form m,(sings, W), where m3,: J¥(7r) — M is the natural
projection and W is a multi-valued solution of £.

Denote the Y-characteristic equation of £ by £2 and observe that the whole
system &, is obtained by adding to £ some other equations called complemen-
tary. If € refers to independent space-time variables, then £ governs motions of
Y-singularities locuses of the physical system in question while the complementary
equations describe the evolution of the internal structures of X-singularities.

Classical characteristic equations, whose theory was initiated by Hugoniot and
then developed systematically by Hadamar (see [40]), arise naturally in the study of
uniqueness of the initial data problem. As we have already mentioned, the unique-
ness problem is included in the theory of FOLD-singularities. So, it is not surprising
that FOLD-characteristic equations coincide with classical ones. We recommend
the works [67, 66, 96], in which first attempts to apply classical characteristic
equations to quantum mechanics and relativity were made.

The coordinate-wise representation of FOLD-characteristic equations looks as
follows. Let the basic equation £ be given by

Fi(z,u,...,ul,...) =0, i=1,...,1,

» Yoo

where F; € Fj(m). Introduce the characteristic matriz of € to be

Dotk OF1 Ougp” .. 352y, OF1 /Ougp”

Do)k OF1/Ougp” o 30,52y OF)/Ougp”

where p? = pit ... .. pir for ¢ = (iy,...,i,). The FOLD-characteristic equation be-
comes trivial, i.e., 0 = 0, for [ < m. If [l > m, we get the FOLD-characteristic equa-
tion 5190LD of ¥-singular locuses representable in the form z, = @(x1,...,2,-1)
by substituting d¢/0x; for p;, i = 1,...,n — 1, and —1 for p, in Mp and then
equating to zero all m-th order minors of the matrix so obtained.

REMARK 3. Strictly speaking, the above procedure is valid only for formally
integrable £.

10.2. Maxwell’s equations and geometric optics. Consider the vacuum
Maxwell equations (=“wave optics”):

divE—=0, cup—_L9H
c Ot

divH =0, culH =292
c Ot

2See also a recent paper by A. Givental [34].
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In this case, n =4, m =6, [ = 8. So, the characteristic matrix is 8 x 6 rectangular
and a direct computation shows that all its sixth-order minors are of the form

2
1
A(p§+p§+p§—czpi) :

with A = 0 or £p;p;. So, putting x4 =t we see that the equation 51~QOLD coincides
with the standard eikonal equation

Op 2 Op 2 Op 2_ 1
(a) +(a) +(a) -2 (10)

In such a way we obtain the interpretation of this well-known fact in terms of
the solution singularity theory. However, this gives us something more, namely, the
complementary equations that compose, together with the eikonal equation, the
whole system Eror,p. They look as follows:

divhg = grad ¢ - curl hyy,
curl hg 4+ div hy - grad ¢ = grad ¢ x curl hy.

Here hgp and hpy are singular values, i.e., values on the singular surface ¢t =
o(x1, T2, x3), of the electric and magnetic fields, respectively.

10.3. On the complementary equations. It is obvious from the procedure
of §10.1 that very different equations can have the same characteristic equation.
For example, the eikonal equation (10) is also the characteristic equation for the
Klein—Gordon equation

1 0%u
c2 ot?
So, it is not possible to reconstruct the original equation knowing only its
characteristic equation. In view of the Reconstruction Theorem of §9, the only
information one needs for the reconstruction is contained exactly in the comple-
mentary equations. Therefore, an independent and direct physical interpretation
of quantities in these equations would allow one to make up information that lacks
to solve the corresponding singularity reconstruction problem. Omne can see now
that this singularity interpretation problem becomes very important. For example,
a solution of this problem for continuous media would provide us with a regular
method

— Au—m?u = 0.

to deduce equations governing a given continuous medium proceed-
ing from observation of how a given type (or types) of singularities
propagate in it.

This would be an attractive alternative to the present phenomenological status
of mechanics of continuous media.

It is clear that quantization “a la Schrodinger” can also be treated as such a
kind of interpretation problem. In this context the Hamilton—Jacobi equations of
classical mechanics considered as @Q-characteristic equations are to be completed
by suitable complementary equations. It is natural to think that the standard
formal quantization methods “a la Heisenberg” cover just the remaining gap of
these hypothetical complementary equations.
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10.4. Alternative singularities via the homogenization trick. The clas-
sical, i.e., FOLD-characteristic equation for the Schrédinger equation

Loy R B

and for singular locuses given in the form t = x4 = p(z1, 22, z3), is

) 2 ) 2 2
i + 7(‘0 + 8730 =0.
81’1 81’2 6353

This demonstrates that geometric singularities are not adequate for the correspon-
dence between quantum and classical mechanics. For the hypothetical “quantum”
singularity type (see §3) the @Q-characteristic equation 5% should be

3

de 1 dp 2 B
at_zmz(axi) —V=0. (12)

=1

It is possible, however, to interpret (12) as the classical characteristic equation for
the “homogenized” Schrédinger equation

B, . _
Cv L0 O (13)

Otds  2m = 9z ' 9s?
=1

in five-space with coordinates x1, x2, =3, t, s assuming that singular locuses are

given in the form s — p(x1, 2, x3,t) = 0. On the other hand, (13) reduces to (11)

on the functions
~ 1
Y = P(x,t) exp (hs> . (14)

This motivates us to define @-singularities as the reduction of FOLD-singularities
on the functions (14). This is not, however, very straightforward and we refer the
reader to [69] for some results of this approach.

10.5. R(;)-characteristic equations. In this subsection, some analogs of the
Hamilton—Jacobi equation for extended (i.e., not point-like) singular locuses are
exhibited. For simplicity, we chose the wave equation

0% 10%

~ Jx? 202

=1

as a basis. Since R(;) = FOLD, the R(;)-characteristic equation coincides with the
standard eikonal equation (10).

For k = 2 and the singularity locuses given by
o = @(s,1), x3 = P(s,t) with s = x4,

the R(g)-characteristic equation looks as

2000 0000’ (00N (00N L (0\' (00N L. |

ot s Ot Os ot ot 0s 0s '
Its solutions are two-dimensional surfaces tangent to the light cone.

Finally, the R s)-characteristic equation for singularity curves of the form x; =
xi(t),1=1,2,3,1s

22 2 52 2
T+ 5+ 23 =C".
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For other examples, results, and discussions see [69].
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Index

action, see Lagrangian

adapted coordinates, 73

adjoint operator, 191, 207

algebra of nonlocal symmetries, 251
algebra with filtration, see filtered algebra
almost contact manifold, 49

Bécklund autotransformation, 239
Bécklund transformation, 239, 249
Béacklund transformations
for the Korteweg—de Vries equation, 240
for the modified Korteweg—de Vries equa-
tion, 239
for the sine-Gordon equation, 239
Bianchi—Lie theorem, 26
boundary differential equation, 272, 275
boundary differential operator, 278, 279
branch point, see singular point
bundle of infinite jets, 124
bundle of (k, G)-jets, 275
Burgers equation, 71, 96, 130, 167, 169, 228
classical symmetries, 96
conservation laws, 208
coverings, 230, 241
factorization, 114
higher symmetries, 167, 173
nonlocal symmetries, 223, 254
recursion operators, 225

canonical coordinates, 74; see also special
coordinates
Cartan connection, 133
Cartan distribution, 3, 7, 39, 41, 282, 283,
291
on £%°, 159
on J*°(7), 139
on Jk (), 76
on J*(n,m), 70
on a differential equation, 78
Cartan form, 77, 140, 234, 284
Cartan module, 284
Cartan plane, 39, 76
category of differential equations, 227, 311
Dimension of objects, 227
morphisms, 227
objects, 227; see also diffiety
Cauchy data, 56
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C-complete equation, 116
C-differential operator, 189, 207
C-general equation, 116
characteristic, 16, 56
characteristic direction field, 56
characteristic distribution, 17
characteristic distribution of a form, 49
characteristic equations, 324
characteristic field, 10
characteristic matrix, 324
characteristic symmetry of a distribution, 15
characteristic vector field, 49
charge density, see conserved density
Clairaut equation, 5
complete integral, 47
exceptional integrals, 48
classical finite symmetry of a differential equa-
tion, see finite symmetry
classical infinitesimal symmetry of a differ-
ential equation, 92
classical symmetries, 290
of the Burgers equation, 96
of the Kadomtsev—Pogutse equations, 103
of the Khokhlov-Zabolotskaya equation,
99
of the Korteweg—de Vries equation, 98
coagulation equation, see Smoluchowski equa-
tion
Cole—Hopf transformation, 224
common equation, 116
commutator relation for symmetries, 164
complementary equations, 324
complete integral, 60, 63
of the Clairaut equation, 47
completely integrable distribution, 138
composition of differential operators, 128
conservation law, 186, 188
conservation law of an equation, 168
conservation laws
of Korteweg—de Vries equation, 210
of the Burgers equation, 208
of the filtration equation, 209
of the heat equation, 209
of the Kadomtsev—Pogutse equations, 214
of the Khokhlov—Zabolotskaya equation,
212
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of the Navier—Stokes equations, 213
of nonlinear Schrodinger equation, 211
of the plasticity equations, 212
of the Zakharov equations, 211
conserved current, 186
conserved density, 186
contact element, 37
contact manifold, 49
contact symmetry (finite), 46
contact symmetry (infinitesimal), 54
contact transformation, 42
contact transformation (infinitesimal), 50
contact vector field, 32, 50
covering, 226, 227, 311
covering associated to a local symmetry, 228
covering associated to an operator, 227
covering equation, 235
coverings
over the f-Gordon equation, 248
over the Burgers equation, 230, 241
over the equation ugzyz + uyy = @(u), 249
over the Korteweg—de Vries equation, 236,
244
over the nonlinear heat equation, 247
over the potential Korteweg—de Vries equa-
tion, 225
C-spectral sequence, 187, 317

Darboux transformation, 115

DE category, see category of differential equa-
tions

defining equations for classical symmetries,
94

defining equations for higher symmetries, 162,
164, 292

density of a Lagrangian, 215

differential equation of order k, 69, 78

differential forms on J°° (), 134

differentially closed ideal, 158

diffiety, 310

diffiety dimension, 310

Dimension in the DE category, 227

distribution, 11

distribution on J*(7r), 137

dressing procedure, 115

Einstein equations, 199

equivalent coverings, 229

equivalent equations, 46

equivalent predistributions on J°(7), 137

Euler operator, 195, 197, 215

Euler transformation, 44

evolutionary derivation, 147, 290

exceptional integral of the Clairaut equation,
48

exterior higher symmetry, 161

exterior symmetry, 116, 292

f-Gordon equation, 248; see also sine-Gordon
equation
coverings, 248
factorization, 7, 108, 228
of evolution equations in one spatial vari-
able, 114
of the Burgers equation, 114
of the heat equation, 114, 228
of the Laplace equation, 110, 113
of the wave equation, 114
filtered algebra, 125
filtered module, 130
filtration degree, 125
filtration equation
conservation laws, 209
finite symmetry of a differential equation, 92
finite symmetry of a distribution, 11
first integral, 58
first integral of a distribution, 21
first-order differential equation, 41
flux, 186
FOLD-Reconstruction Theorem, 323
formal solution of a boundary differential equa-
tion, 291
functional differential equation, see bound-
ary differential equation

Galilean transformation, 84

generalized solution of a differential equa-
tion, 41, 71, 78

generating function, 30, 202, 207

generating function of a contact field, 52

generating function of a Lie field, 92; see also
generating section

generating section, 32

generating section of a Lie field, 92; see also
generating function

generating section of an evolutionary deriva-
tion, 147

generic point of an equation, 180

geometric singularity, 319

G-invariant solution, 95

g-invariant solution, 95

G-invariant symmetry, 288

Hamilton—Jacobi equation, 58
Hamiltonian, 218
Hamiltonian equation, 205, 206
Hamiltonian evolution equation, 218
Hamiltonian operator, 204, 217
Hamiltonian structure, 204
Hamiltonian vector field, 205
Harry Dym equation
Hamiltonian structures, 220
heat equation, 167, 170, 224, 228, 256, 260
conservation laws, 209
factorization, 114, 228
higher symmetries, 167, 173
recursion operators, 175



higher Jacobi bracket, 33, 148
higher Korteweg—de Vries equations, 123; see
also higher symmetries of the Korteweg—
de Vries equation
higher symmetries
of ordinary differential equations, 180, 184
of the Burgers equation, 167, 173
of the heat equation, 167, 173
of the Korteweg—de Vries equation, 224
of the plasticity equations, 177, 179
transformation under change of variables,
178
higher symmetry of a differential equation,
32, 158, 160, 292
hodograph transformation, 85
horizontal de Rham cohomology, 187, 313
horizontal de Rham complex, 136, 187, 188
horizontal differential, 313
horizontal differential form, 234, 313
horizontal differential forms, 136
horizontal module, 189
horizontal operator, see C-differential oper-
ator
horizontalization, 30

ideal of a distribution, 137

ideal of an equation, 157

identically conserved current, see trivial con-
served current

infinite jet of a section, 124

infinite prolongation of a differential equa-
tion, 156, 291

infinitely prolonged equation, see infinite pro-
longation of a differential equation

infinitesimal automorphism of a distribution,
138

infinitesimal contact symmetry, 54

infinitesimal contact transformation, 50

infinitesimal interior symmetry, 115

infinitesimal symmetry of a distribution, 12,
14

integral manifold of a distribution, 138

integral of motion, see conservation law

integral submanifold, 320

integrating factor, 24

interior symmetry, 115

internal coordinates on £°°, 164

invariant manifold of a distribution, 231

invariant solution, 20, 95; see also G-invari-
ant and g-invariant solution

invariant solutions

of the Kadomtsev-Pogutse equations, 104
of the Khokhlov—Zabolotskaya equation,

101

irreducible covering, 231

Jacobi bracket, 53, 93, 290
Jacobi brackets, 148
jet of a section, 75, 275

INDEX

337

Kadomtsev—Pogutse equations, 102
classical symmetries, 103
conservation laws, 214
invariant solutions, 104
reproduction of solutions, 106

KdV equation, see Korteweg—de Vries equa-

tion

Khokhlov—Zabolotskaya equation, 99
classical symmetries, 99

physically meaningful symmetries, 100
conservation laws, 212
invariant solutions, 101
nonlocal symmetries, 302

Korteweg—de Vries equation, 98, 123
Béacklund transformations, 240
classical symmetries, 98
conservation laws, 210
coverings, 236, 244
Hamiltonian structures, 219
higher symmetries, 224
master symmetry, 263
nonlocal symmetries, 224, 253, 262
recursion operators, 220, 224, 262

label of a singular R plane, 321

Lagrange—Charpit method, 65

Lagrangian, 215

Lagrangian derivative, 215; see also Euler
operator

Lagrangian plane, 56

Laplace equation

factorization, 110, 113

Laplace invariants, 228

Laplace transformation, 227, 303

Legendre transformation, 11, 44, 87

Lenard recursion operator, 220; see also re-
cursion operator

Lie equations, 14

Lie field, 89

Lie fields on J°° (), 149

Lie transformation, 86

lifting of a Lie field, 89

lifting of a linear boundary differential oper-
ator, 280

lifting of a linear differential operator, 134

lifting of a point transformation, 85

lifting of a submanifold, 79

lifting of a transformation, 44

lifting of a vector field, 31, 51, 133

linear conservation law, 209

linear Lie equations, 14

linearization, see universal linearization op-
erator

linearization at a section, 151

Liouville equation, 249

{-normal equation, 198, 207

locally maximal integral manifold of a dis-
tribution, 138

locally maximal integral submanifold, 320



338 INDEX

l-solvable equation, 117

manifold of infinite jets, 124

manifold of (k, G)-jets, 275

manifold of 1-jets, 38

master symmetry, 263

matrix nonlinear differential operator, 126

Maxwell equations, 199, 303

Mayer bracket, 53

Miura—Gardner transformation, 236

mKdV equation, see modified Korteweg—de Vries
equation

modified Korteweg—de Vries equation, 236,
254

Béacklund transformations, 239
recursion operators, 264

module with filtration, see filtered module

morphism in the DE category, 227

multi-valued solution of a differential equa-
tion, 320

multi-valued solution of a differential equa-
tion, 3

Navier—Stokes equations

conservation laws, 213
Newton equations

symmetries and conservation laws, 216
Noether map, 203
Noether theorem, 215
nondegenerate complete integral, 60
nondegenerate subspace, 22
nonlinear differential operator

matrix, 126

scalar, 126
nonlinear heat equation

coverings, 247
nonlinear Lie equations, 14
nonlinear Schrédinger equation

conservation laws, 211

recursion operators, 264
nonlocal conservation law, 187, 234
nonlocal coordinates, 229
nonlocal symmetries

of the Burgers equation, 223, 254

of the Khokhlov—Zabolotskaya equation,

302
of the Korteweg—de Vries equation, 224,
253, 262

of the Smoluchowski equation, 294
nonlocal symmetry, 224, 251, 311
nonlocal symmetry of type 7, 251
nonlocal 7-symmetry, 251
nonsingular contact element, 37
nontrivial symmetry of a distribution, 15, 16
normal equation, 117

object of the DE category, 227
1-jet, 38
1-jets manifold, 38

order of a covering, 235
ordinary differential equations
higher symmetries, 180, 184
point symmetries, 184
oricycle foliation, 18

pedal transformation, 45
pKdV equation, see potential Korteweg—de Vries
equation
plasticity equations, 175
conservation laws, 212
higher symmetries, 177, 179
recursion operator, 177
recursion operators, 177
point symmetries
of ordinary differential equations, 184
point transformation, 31, 44, 85
Poisson bracket, 54, 203, 217
potential Korteweg—de Vries equation, 225,
236
coverings, 225
predistribution on J*°(7r), 137
prolongation of a boundary differential equa-
tion, 291
prolongation of a boundary differential op-
erator, 280
prolongation of a differential equation, 155
prolongation of a differential operator, 128,
129
prolongation of a submanifold, see lifting of
a submanifold
prolongation structure, 242, 245
proper conservation law, 202, 208

“quantized” differential form, 317

“quantized” operator, see secondary (“quan-
tized”) operator

quotient equation, 8, 9

R-manifold, 320
R-plane, 75
ray, see ray submanifold
ray submanifold, 79
recursion operator, 175, 177, 224, 261
for the plasticity equations, 177
recursion operators
for the Burgers equation, 225
for the heat equation, 175
for the Korteweg—de Vries equation, 224,
262
for the modified Korteweg—de Vries equa-
tion, 264
for the nonlinear Schrodinger equation, 264
for the plasticity equations, 177
for the sine-Gordon equation, 264
reduced MHD equations, see Kadomtsev—
Pogutse equations
reducible covering, 231
regular equation, 198
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reproduction of solutions, 94
of the Kadomtsev—Pogutse equations, 106
rigid conservation law, see topological con-
servation law
rigid equation, 115

scalar differential invariants, 114
scalar nonlinear differential operator, 126
scale symmetry, 96
scale transformation, 84
secondary (“quantized”) differential form, 317
secondary (“quantized”) differential equations,
309
secondary (“quantized”) operator, 315
self-similar solution, 96; see also invariant
solution
semigroup of a boundary differential system,
272
Y.-characteristic system, 324
sine-Gordon equation, 249
Béacklund transformations, 239
Lagrangian, 216
Noether symmetries, 216
recursion operator, 216
recursion operators, 264
singular point, 3, 320
singular point of an equation, 42
singular R-plane, 321
singularity interpretation problem, 325
Smoluchowski equation, 274
symmetries, 294
smooth distribution, 11
smooth functions on J*°(rr), 124
smooth mapping of jet manifolds, 126
solution of a boundary differential equation,
275
solution of a differential equation, 3
solvable Lie algebra, 26
space of k-jets of a bundle, 74
special characteristic classes, 318
special coordinates, 74; see also canonical
coordinates
special local coordinates, 38; see also canon-
ical local coordinates
symmetry of a differential equation, 92; see
also finite symmetry
symmetry of a distribution, 11, 12, 14
symmetry of a distribution on J*°(7), 138
symmetry of a dynamical system, see sym-
metry of a vector field
symmetry of a vector field, 18
symplectic operator, 206
system in involution, 67

topological conservation law, 202, 207
total derivative operator, 29, 86, 134, 282
total Jacobian, 86

translation, 84

trivial conserved current, 186

339

trivial covering, 230

trivial symmetry of a distribution, see char-
acteristic symmetry of a distribution

type of a singular R plane, 321

universal Abelian covering, 260

universal algebra of a covering, 242

universal element, 40

universal evolutionary differential, 148

universal linearization, see universal lineariza-
tion operator

universal linearization operator, 31, 152, 290

variational complex, 197

variational derivative, see Lagrangian deriv-
ative

variational functional, see Lagrangian

vector field depending on time, 49

vector field on J° (), 131

vertical operator, 315

vertical secondary operator, 316

vertical vector field, 132, 161, 234

wave equation, 249
factorization, 114
weights, 174
Whitney product of coverings, 231

Yang-Mills equations, 199

Zakharov equations
conservation laws, 211
Hamiltonian structure, 218
symmetries, 219



