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Abstract. This book is devoted to the geometric theory of differential equa-

tions. It covers: ordinary differential equations and their solving by quadra-

tures from the geometric viewpoint; the theory of classical (point) symmetries;

contact geometry and its application to first-order partial differential equation;

the theory of higher (generalized) symmetries with emphasis on computational

techniques and demonstration of their use in solving concrete problems; con-

servation laws and their computation; Lagrangian formalism; Noether’s theo-

rem and relationship between symmetries and conservation laws; Hamiltonian

structures on evolutionary equations; nonlocal symmetries; coverings over dif-

ferential equations; symmetries of integro-differential equations.

The book is rendered as self-contained as possible and includes detailed

motivations, extensive examples and exercises, along with careful proofs of all

presented results.

The book is intended for readers who wish to learn the basics on applica-
tions of symmetry methods to differential equations of mathematical physics,

but will also be useful for the experts because it assembles a lot of results

previously dispersed in numerous journal publications. The text is accessible

to advanced graduate students in mathematics, applied mathematics, mathe-

matical and theoretical physics, mechanics, etc.
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Preface

The classical symmetry theory for general systems of partial differential equa-
tions was created by Sophus Lie more than 100 years ago. The concepts of Lie
groups and Lie algebras, so fundamental for modern mathematics, were discovered
by S. Lie [68] during these studies. Most of S. Lie basic ideas and results on trans-
formation groups were later worked out in numerous papers and books, while his
heritage in differential equations remained aside of these developments. The first,
after Lie, attempts to apply systematically the Lie theory to mechanics of con-
tinuous media were made by L. V. Ovsiannikov and his collaborators in 1950–60
(see [92]).

A new, non-Lie epoch in the symmetry theory for partial differential equations
began with discovering of “completely integrable” systems and with subsequent
development of the inverse scattering problem method [1, 22, 89, 28]. As it is well
known, any completely integrable equation generates a whole hierarchy consisting
of “higher analogs” of the initial equation. Studying these analogs made possible to
understand them as symmetries of some equation. Nevertheless, this approach did
not comply with the Lie theory and it was the theory of infinite jet spaces which
allowed to construct the concept of “higher symmetries”.

Informally speaking, classical (i.e., Lie type) symmetries are analytically de-
scribed in terms of independent and dependent variables and first-order derivatives
of the latter, while non-Lie symmetries may depend on arbitrary order derivatives.
What is more essential is that classical infinitesimal symmetries are vector fields on
the submanifold determined in the corresponding jet manifold by the initial equa-
tion, while “higher” (i.e., nonclassical) ones are cohomology classes of a natural
differential complex related to the so-called infinite prolongation of the equation at
hand. By this reason, a higher infinitesimal symmetry does not, in general, generate
a one-parameter group of (local) diffeomorphisms on the space of its solutions. In
other words, the usual relations between groups and Lie algebras cease to exist in
this context. Nevertheless, it still exists “virtually” and always materializes when
additional appropriate conditions arise in the problem (e.g., when boundary prob-
lems are considered). This nonclassical cohomological approach becomes even more
essential when the theory of conservation laws is constructed. Note that a priori

it was difficult even to assume that the theory of conserved quantities (integrals,
fluxes, etc.) admitted by a given system of partial differential equations may be
based on homology algebra and uses the theory of spectral sequences as its main
technique.

Foundations of the theory of higher symmetries and conservation laws were
developed by one of us in 1975–77 [60, 127, 129]. Later on, it was tested in partic-
ular computations and sufficiently efficient computational methods were obtained.

vii
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These methods were applied to compute higher symmetries and conservation laws
for particular systems of nonlinear partial differential equation [142, 137].

Besides, the most important theoretical details were established [130] and re-
vealed striking parallels between the calculus of vector fields and differential forms
on smooth manifolds, on one hand, and that of symmetries and conservation laws,
on the other hand. This observation gave birth to a hypothesis that these parallels
are of a much more general nature and can be extended to all concepts of differential
calculus. Subsequent analysis led to discovery of Secondary Differential Calculus,
which is both a powerful instrument to study general systems of partial differential
equations and a natural language to construct modern quantum field theory on a
nonperturbative basis.

Higher symmetries and conservation laws are “local” quantities, i.e., they de-
pend on unknown functions (or “fields”, if one uses physical terminology) and on
their derivatives. This framework, however, becomes insufficient to describe some
important concepts, such as Bäcklund transformations or recursion operators: the
reason is that in most interesting cases they operate with “nonlocal” quantities (e.g.,
integrals of local objects). Note also that integro-differential equations, where non-
local quantities are present from the very beginning, are of independent interest
for the theory of symmetries and conservation laws. The desired extension of the
theory is achieved by introducing the notion of coverings [62] in the category of
differential equations.

The fundamentals of the higher symmetry theory1 and the corresponding com-
putational algorithms are elaborated sufficiently well now. Concerning the latter,
one needs to distinguish between algorithmic techniques oriented to computer appli-
cations (see, for example, the collection [137]) and analytical methods of studying
various model systems. It this context, it is necessary to mention works of the
“Ufa school” (see, for example, [85, 116, 112] and many other publications). The
results of analysis for particular equations and systems are scattered over numerous
publications. The most representable (but unfortunately becoming more and more
obsolete) digest can be found in [44, 45, 46].

There exists now a lot of books dealing with geometrical aspects of differen-
tial equations and, in particular, with their symmetries (see [13, 4, 148, 43, 92,
91, 114]). The most consistent exposition of geometrical and algebraic founda-
tions of symmetry and conservation law theory for partial differential equations
contains in the monograph [60] and paper [132], but hardly can be considered
as “user-friendly” texts. Their deficiencies are partially compensated by the pa-
per [131] and by the works [61, 62] (the last two deal with the nonlocal theory).
But they do not fill the gap completely.

Therefore the idea to write a more popular and at the same time mathemati-
cally rigorous text on symmetries and conservation laws aroused immediately after
publication of the book [60]. Some chapters of the book you hold now were written
then: S. V. Duzhin wrote a text on symmetries of ordinary differential equations
and a draft version of the chapter on classical symmetries, A. V. Bocharov wrote the
chapter on symmetries of first-order equations, while I. S. Krasil′shchik prepared a
text on higher symmetries. By a number of “historical” reasons, this project could
not come to reality then and we returned back to it in ten years only.

1In modern literature, the terms generalized symmetries (see [91]) and Lie–Bäcklund sym-

metries ([43]) are also used.
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A lot of things changed during this period, our attitudes to some aspects
of algebro-geometric foundations of the symmetry theory included. By this rea-
son, some old texts were considerably updated: using A. V. Bocharov’s text,
Yu. N. Torkhov wrote the final version of Chapter 2, Chapter 3, in its present
form, belongs to A. V. Samokhin, I. S. Krasil′shchik prepared a renewed version of
Chapter 4. We also decided that the book would be incomplete without mentioning
conservation law theory and the corresponding chapter was written by A. M. Ver-
bovetsky. Finally, Chapter 6 was written by N. G. Khor′kova and V. N. Chetverikov
(the section on symmetries of integro-differential equations belongs to him). We
also supplied the book with an Appendix containing adequately adapted text of
A. M. Vinogradov’s paper on Secondary Differential Calculus describing a deeper
perspective on geometric theory of partial differential equations.

In this book, we expose the basics on the theory of higher and nonlocal sym-
metries for general systems of partial differential and integro-differential equations.
The topic of the book concentrates on the following questions:

• What are higher symmetries and conservation laws admitted by a given
system of differential equation?

• What are efficient methods of their computation?
• If we found a symmetry or a conservation law, how to use them?

Concerning the last question, we had to restrict ourselves with the simplest and
most straightforward applications of the theory constructed. A more detailed ex-
position would need another couple of volumes (which we hope to write in future).

We tried to take into account interests of two groups of readers of this book:
first, of those who are mainly interested in theoretical aspects and, second, of those
ones who are interested in applications. To the latter (and we believe that those
who work in theoretical and mathematical physics, field theory, continuous media
mechanics, belong to this group) we advise to skip proofs and general conceptual
discussions and mostly pay attention to algorithms and techniques needed in par-
ticular computations. We hope that exposition of these matters is sufficiently clear.
On the other hand, we saw no possibility to make exposition more popular by pass-
ing to the standard in mathematical physics language of local coordinates. For
understanding the conceptual part of the theory, as well as for efficient use of the
corresponding algorithms, such an approach would be murderous. We can state
here that a lot of works concerning with the topics of this book are fighting with
coordinate difficulties rather than with real problems.

We hope that having read this book you will not only be able to look from a
different point of view at various problems related to nonlinear differential equa-
tions, but will take a pen and paper (or will switch on your computer and load
one of accessible packages for symbolic computations) to find something new and
interesting in your own professional problems. Formally speaking, to start looking
for symmetries and conservation laws, it suffices to know mathematics in the limits
of the standard university course and use the formulas exposed in the book. To
understand material deeper, one needs knowledge on:

• geometry of smooth manifolds and vector bundles over these manifolds [3,
95, 25, 115, 146],

• symplectic geometry [143, 7],
• theory of Lie groups and Lie algebras [122, 94, 105],
• commutative algebra [9],
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• homology algebra [15, 31, 35, 79, 84].

In addition, by “philosophical reasons”, we also recommend to get at least prelim-
inary knowledge in algebraic geometry [108] and category theory [31, 79].

Since the fall of sixties, the authors of this book are participants of the seminar
on algebraic and geometric foundations of nonlinear differential equations at the
Faculty of Mathematics and Mechanics of Moscow State University. On behalf of
all authors, we would like to express our gratitude to all the participants who helped
us both in forming a general approach and in clarifying some particular problems.
We are especially grateful to: D. M. Gessler, V. V. Lychagin, V. E. Shemarulin,
M. M. Vinogradov, and V. A. Yumaguzhin. We are also grateful to one of our
first Russian readers, A. V. Shepetilov, for his useful remarks on some errors in the
book.

Our special thanks are due to the Russian Foundation for Basic Research
(RFBR) whose financial support was crucial for the Russian edition publication.
When writing the book, I. S. Krasil′shchik, A. V. Samokhin, and A. M. Verbovetsky
were also partially supported by the RFBR Grant 97–01–00462, and Yu. N. Torkhov
was supported by the RFBR Grant 96–01–01360.

Finally, we would like to point out that this book can be considered as an
introduction to the monograph series on the foundations of secondary calculus
launched by the Diffiety Institute of Russian Academy of Natural Sciences. Hot
information on the Diffiety Institute activities can be found on the World Wide
Web starting at URL:

http://www.botik.ru/~diffiety/

or

http://ecfor.rssi.ru/~diffiety/

A. M. Vinogradov
I. S. Krasil′shchik



CHAPTER 1

Ordinary Differential Equations

Of all differential equations, two classes, ordinary differential equations and
scalar partial differential equations of order one, stand out by a number of fea-
tures facilitating their study and making the theory more readily applicable. This
chapter discuss the geometric approach to ordinary differential equations. Here we
first introduce, in the simplest situation, the concepts that will be extensively used
throughout the book. We also show that the geometric theory of symmetries makes
it possible to understand and generalize the standard procedures of explicit inte-
gration of ordinary differential equations and to obtain new results in this direction
as well.

1. Ordinary differential equations from the geometric viewpoint

It is well known (see, e.g., [6]) that a first-order ordinary differential equation
resolved for the derivative

u′ = f(x, u) (1.1)

can be geometrically interpreted as a vector field on the (x, u)-plane. To this end,
at each point (x0, u0) one has to consider the vector (1, f(x0, u0)) and the operator
∂/∂x + f(x0, u0)∂/∂u of derivation in the direction of this vector. The trajectories
of the field ∂/∂x + f(x, u)∂/∂u are called the integral curves of equation (1.1).
They are graphics of solutions of the equation under consideration (see Figure 1.1).

To interpret the equation

F (x, u, u′) = 0 (1.2)

Figure 1.1. The vector field X = ∂/∂x + u∂/∂u corresponding
to the differential equation u′ = u

1
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Figure 1.2

in the same fashion, one needs to solve it for the derivative u′. When doing so, the
following difficulty is encountered: several values of u′ (or no values at all) may
correspond to some values of x and u by (1.2). Moreover, in a neighborhood of
a singular point (that is, of a point where ∂F/∂u′ = 0 and, hence, the implicit
function theorem is not valid), the function expressing u′ in terms of x and u, even
though it is well-defined, may not be smooth.

Example 1.1. Let

F (x, u, u′) = u′2 + u2 + x2 − 1.

Then u′ = ±
√

1 − x2 − u2. This function is defined on the disk x2 + u2 ≤ 1. It is
two-valued inside the disk and its derivatives become infinite on the boundary (see
Figure 1.2).

These difficulties can be overcome in the following way. Consider the space R3

with the coordinates x, y, p and the surface E given by F (x, u, p) = 0. To every
solution u = f(x) of equation (1.2) there corresponds the curve on this surface
defined by the equations

u = f(x), p = f ′(x). (1.3)

The coordinate x can be taken as a parameter, i.e., the projection of this
curve to the x-axis is a diffeomorphism. Furthermore, the functions expressing the
coordinate u and p in terms of x are not arbitrary: the latter is the derivative of
the former. Consequently, not any curve in R3 can be written in the form (1.3).

Since p0 = f ′(x0), the tangent vector to the curve (1.3) at a point a =
(x0, u0, p0) takes the form

∂

∂x
+ p0

∂

∂u
+ f ′′(x0)

∂

∂p
. (1.4)

Therefore this vector lies in the plane given by the equation

u − u0 = p0(x − x0), (1.5)

i.e., it belongs to the kernel of the 1-form

ω = du − p dx (1.6)

at the point a. It is also obvious that the span of all vectors of the form (1.4)
coincides with the entire plane (1.5).
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The inverse statement holds as well: a curve in R3 projecting diffeomorphi-
cally to the x-axis and integral for the 1-form ω (or, which is the same, for the
distribution C of codimension 1 given by the form ω) has the form (1.3).

Thus, the two-dimensional distribution C given by 1-form (1.6) is the geometric
structure which distinguishes in a natural way the class of curves corresponding to
solutions of ordinary differential equations of the first order. This distribution C is
called the Cartan distribution.

By means of the Cartan distribution, solutions of a differential equation E ⊂ R3

can be interpreted as integral curves of the distribution C belonging to the surface E
and projecting to the x-axis without degeneration.

Note that the 2-form dω = dx ∧ dp cannot be written as γ ∧ ω, where γ is
an 1-form. Hence, by the Frobenius theorem (see, e.g., [115, 146]), the Cartan
distribution is not completely integrable. Therefore its maximal integral manifolds
are one-dimensional, and the set of points where the plane of the Cartan distribution
is tangent to the surface E is a closed nowhere dense subset of E . We call such points
singular. Thus, the set of nonsingular points of the surface E is open and everywhere
dense.

Singular points of equation (1.2) can be found from the condition that the
differential dF and the form ω are collinear at these points. This condition can be
written as two relations:

∂F

∂p
= 0,

∂F

∂x
+ p

∂F

∂u
= 0.

If a ∈ E is a nonsingular point, then the intersection of the plane tangent to
the surface E at the point a with the plane Ca of the distribution C is a straight
line la tangent to E at the point a. Thus on E there arises the direction field
(one-dimensional distribution) a 7→ la, which will be denoted by C(E). A curve Γ
is integral for the direction field C(E) if and only if Γ is an integral curve of the
distribution C and lies on E (with the exception of the set of singular points).
Therefore, it can be concluded that solutions of the equation E are integral curves
of the direction field C(E) projecting to the x-axis without degeneration.

Note that arbitrary integral curves of the direction field C(E), which do not
necessarily satisfy the condition of nonsingularity of projection to the x-axis, can
be interpreted as multi-valued solutions of the equation E .

Example 1.2. The curve given by the equations
{

u3 − u + x = 0,

3u2p − p + 1 = 0,

lies on the surface

(3x − 2u)p = u

(see Figure 1.3) and is integral for the Cartan distribution, but it is not of the
form (1.3). Hence this curve is a multi-valued solution to the equation (3x−2u)u′ =
u.

Example 1.3. From the geometric point of view, the equation
(

du

dx

)2

+ u2 = 1

is the cylinder E (see Figure 1.4) in the space R3 with coordinates x, u, p defined
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Figure 1.3. The graph of the surface (3x − 2u)p = u for p ≥ −1/2

by the relation p2 +u2 = 1. Consider the coordinate system (x, ϕ) on this cylinder,
with ϕ being defined by

u = sin ϕ, p = cos ϕ.

Then the restriction of ω = du − p dx to E is

ωE = cos ϕd(ϕ − x).

The points of tangency of the distribution C and the cylinder E are those where
ωE vanishes. It is obvious that these points are situated on the two straight lines
obtained by intersection of E with the plane p = 0. These are singular solutions u =
±1 to the equation at hand. Further, the equation ωE = 0 reduces to the equation
d(ϕ − x) = 0 and implies that the integral curves of the distribution C(E) are the
circular helices

ϕ = x + c, c ∈ R.

All these curves project to the x-axis without degeneration and give rise to usual
solutions. Expressing ϕ in terms of u, these solutions can be written in the following
explicit form:

u = sin(x + c).

Figure 1.4
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Figure 1.5

Figure 1.6

Projecting to the (x, u)-plane, the solutions fill the region |u| ≤ 1 (see Figure 1.5).
The singular solutions (the straight lines u = ±1) are envelopes of the sine

curves.

Example 1.4. Consider the Clairaut equation

u − x
du

dx
= f

(
du

dx

)
,

where f is a smooth function. The form of the surface E = {u−xp = f(p)} depends
on the choice of f . As coordinates on E , we can take the variables x, p. The form ω
in these coordinates is written as

ωE = d(xp + f(p)) − p dx = (x + f ′(p)) dp.

This form vanishes at the points of the surface E belonging to the curve x = −f ′(p).
The projection of this curve to the (x, u)-plane will be the graph of a singular
solution of the Clairaut equation. This solution can be obtained in analytic form
by solving the equation x = −f ′(p) for p and substituting the result to the equation
u − xp = f(p). For example, if f(p) = pα, α < 0, then

u = (1 − α)
(
−x

α

) α
α−1

.

Note that a singular solution can be multi-valued (e.g., u = ±2
√

x for α = −1, see
Figure 1.6).

The integral curves of the distribution C(E) at nonsingular points can be found
from the equation ωE = 0 subject to the condition x+f ′(p) 6= 0. This yields dp = 0,
p = c, and u = cx + f(c), where c ∈ R.

As in Example 1.3, we see that singular solutions are envelopes of one-parameter
families of nonsingular solutions.
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Figure 1.7

Let us remark that the formal procedure for searching the envelope, i.e., elim-
ination of p from

F (x, u, p) = 0,

∂F (x, u, p)

∂p
= 0,

(1.7)

can yield a curve with cusps and points of tangency to integral curves1.
Consider, for instance, the equation [100]

(x − u)2

(
1 +

(
du

dx

)2
)3

= a2

(
1 +

(
du

dx

)3
)2

, a > 0.

It can easily be checked that the functions defined by

(x − c)2/3 + (y − c)2/3 = a2/3,

are solutions to this equation, the solutions of (1.7) being of the form

x − u = ±a or x − u = ±a/
√

2.

This family of curves contains envelopes of solutions as well as cusps and points of
tangency to integral curves (see Figure 1.7).

2. Ordinary differential equations of arbitrary order

By analogy with §1, we can develop the geometric theory of ordinary differential
equations of arbitrary order.

The equation

F

(
x, u,

du

dx
, . . . ,

dku

dxk

)
= 0

can be interpreted as a hypersurface in the (k + 2)-dimensional space Rk+2 with
coordinates x, u, p1, . . . , pk defined by F (x, u, p1, . . . , pk) = 0.

1For more details on finding envelopes see [27, 97]. A detailed discussion of singular solutions

to differential equations is found in [113, 100, 47].
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Consider the 2-dimensional distribution in Rk+2 given by

ω0 = du − p1 dx,

ω1 = dp1 − p2 dx,

. . . . . . . . . . . . . . . . .

ωk−1 = dpk−1 − pk dx.

For k = 1, this distribution coincides with the Cartan distribution discussed in §1,
so we shall likewise call it the Cartan distribution and denote by C.

Note that a curve in Rk+2 is the graph of a function u = f(x) and of its
derivatives

Lf = {u = f(x), p1 = f ′(x), . . . , pk = f (k)(x) }

if and only if it projects to the x-axis without degeneration and is an integral curve
for the distribution C (in §1 we proved this fact for k = 1).

Using the Cartan distribution C, one can give a geometric interpretation to the
well-known method for integrating of ordinary differential equations not containing
the independent variable in explicit form.

Example 2.1 (see also [91]). Let us consider a second-order equation of the
form F (u, du/dx, d2u/dx2) = 0 or, in other words, a hypersurface E in R4 defined
by

F (u, p1, p2) = 0.

Restrict the distribution given by 1-forms

ω0 = du − p1 dx, ω1 = dp1 − p2 dx (2.1)

to this hypersurface. The hypersurface E and the forms ω0, ω1 (and, hence, the
distribution C) are invariant under translations along the x-axis, i.e., transforma-
tions tc : (x, u, p1, p2) 7→ (x + c, u, p1, p2), where c is a constant. This makes it
possible to construct the quotient equation by the variable x of which the equation
is independent (more precisely, by the action of one-parameter group T of parallel
translations tc).

In other words, let us consider the quotient mapping π

π : (x, u, p1, p2) → (u, p1, p2)

from R4 to the 3-dimensional space R4/T . The image of the hypersurface E un-
der this mapping is the hypersurface E/T in the space R4/T given by the same
equation F (u, p1, p2) = 0. The distribution C projects without degeneration to the
space R4/T and, thus, gives rise to the two-dimensional quotient distribution C/T .
This distribution can be defined by a 1-form on R4/T : for example, one can take
the following linear combination of the forms (2.1):

ω̃ = ω1 −
p2

p1
ω0 = dp1 −

p2

p1
du.

Thus, as a result of the factorization, we obtain the 3-dimensional space R4/T ,
endowed with the 2-dimensional distribution given by ω̃ = 0, and the 2-dimensional
surface E/T ⊂ R4/T , i.e., an ordinary first-order differential equation. This will be
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in complete agreement with §1 if we identify the form ω̃ with the canonical form ω.
To this end, let us introduce the coordinates

x′ = u, u′ = p1, p′ =
p2

p1
(2.2)

on R4/T . Then we have ω̃ = du′ − p′dx′. In the new coordinates, the equation of
E/T takes the form

F ′(x′, u′, p′) = 0,

where F ′(x′, u′, p′) = F (x′, u′, p′u′).
Thus, the quotient mapping π takes the initial equation of order two to a first-

order equation

F ′
(

x′, u′,
du′

dx′

)
= 0,

which is called the quotient equation. Therein lies the geometric meaning of the
change of coordinates (2.2).

Remark 2.1. The distribution C/T can be defined by another form. Consider,
for example, the form

ω̃ = ω0 −
p1

p2
ω1 = du − p1

p2
dp1 = du − 1

p2
d

(
p2
1

2

)
.

To identify it with the canonical form ω, we are to do the following change of
coordinates

x′ =
p2
1

2
, u′ = u, p′ =

1

p2
,

which reduces the initial equation to the first-order equation

F

(
u′,±

√
2x′,

dx′

du′

)
= 0.

In a similar manner, one can reduce by 1 the order of any equation not ex-
plicitly depending on x. Factorizing by x the space Rk+2 with the coordinates
x, u, p1, . . . , pk, we obtain the space Rk+2/T with the coordinates u, p1, . . . , pk. The
image of the Cartan distribution C on Rk+2 under this factorization is the two-di-
mensional distribution C/T on Rk+2/T given by

ω̃0 = ω1 −
p2

p1
ω0 = dp1 −

p2

p1
du,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ω̃k−2 = ωk−1 −
pk

p1
ω0 = dpk−1 −

pk

p1
du.

We claim that the coordinates u, p1, . . . , pk in the space Rk+2/T can be changed
for new coordinates x′, u′, p′1, . . . , p

′
k−1, such that the quotient distribution C/T is

given by

ω̃′
0 = du′ − p′1 dx′, . . . , ω̃′

k−2 = dp′k−2 − p′k−1 dx′.

Indeed, define x′, u′, and p′ = p′1 by formulas (2.2). Since

dp′1 = d

(
p2

p1

)
=

1

p1
dp2 −

p2

p2
1

dp1,
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we can put

ω̃′
1 =

1

p1
ω̃1 −

p2

p2
1

ω̃0 = dp′1 −
(

p3

p2
1

− p2
2

p3
1

)
du.

Therefore

p′2 =
p3

p2
1

− p2
2

p3
1

.

Continuing this line of reasoning, we obtain the desired change of variables. If we
replace the variables u, . . . , pk in the initial k-order equation by x′, u′, . . . , p′k−1

F (u, p1, . . . , pk) = 0,

we get the quotient equation of order k − 1.
As it was noted above, the restriction C(E) of the two-dimensional Cartan

distribution on Rk+2 to the hypersurface E is one-dimensional at all points except
for a nowhere dense set of singular points where the tangent plane to E contains
the plane of C. Therefore, the distribution C(E) can be defined by one vector field.
Let us describe explicitly such a field and establish the conditions distinguishing
between singular and nonsingular points.

Let

Y = α
∂

∂x
+ β0

∂

∂u
+ β1

∂

∂p1
+ · · · + βk

∂

∂pk

be a field lying in the distribution C and tangent to the surface E . Since the field Y
belongs to the Cartan distribution, we have

ωi(Y ) = 0, i = 0, 1, . . . , k − 1,

i.e., for all i except for i = k we have βi = pi+1α. The requirement that the field Y
is tangent to E is equivalent to the condition Y (F )|E = 0, i.e., to existence of a
function λ such that

α

(
∂F

∂x
+ p1

∂F

∂u
+ p2

∂F

∂p1
+ · · · + pk

∂F

∂pk−1

)
+ βk

∂F

∂pk
= λF. (2.3)

Obviously, we can satisfy this condition by putting

λ = 0, α = − ∂F

∂pk
, βk =

∂F

∂x
+ p1

∂F

∂u
+ · · · + pk

∂F

∂pk−1
.

Thus, the desired vector field can be written as

YF = − ∂F

∂pk

(
∂

∂x
+ p1

∂

∂u
+ · · · + pk

∂

∂pk−1

)

+

(
∂F

∂x
+ p1

∂F

∂u
+ · · · + pk

∂F

∂pk−1

)
∂

∂pk
.

In particular, for a first-order equation F (x, u, p) = 0, the field YF takes the
form

YF = −∂F

∂p

(
∂

∂x
+ p

∂

∂u

)
+

(
∂F

∂x
+ p

∂F

∂u

)
∂

∂p
. (2.4)

If the equation is solved with respect to the derivative, i.e., F = −p + f(x, u),
then E = {p = f(x, u)} and

YF =
∂

∂x
+ p

∂

∂u
+ (fx + pfu)

∂

∂p
.
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Figure 1.8

The projection of this field to the (x, u)-plane has the form

∂

∂x
+ f(x, u)

∂

∂u
.

The trajectories of the field obtained are, as it is well known, integral curves for
the equation at hand.

The point P of the equation E is singular if relation (2.3) at this point holds for
all α and βk. Since the right-hand side of this relation vanish on E , the equalities

F =
∂F

∂x
+ p1

∂F

∂u
+ · · · + pk

∂F

∂pk−1
=

∂F

∂pk
= 0

are necessary and sufficient condition for the point under consideration to be sin-
gular. Thus, the singular points of the hypersurface E are those where the field YF

vanishes.
The field YF is called the characteristic field of the equation E . The projections

of its trajectories to the (x, u)-plane are the graphs of solutions of this equation.

Example 2.2. Consider the equation (3x−2u)u′ = u. Then F = (3x−2u)u′−
u, and by formula (2.4) we have

YF = (2u − 3x)
∂

∂x
+ p(2u − 3x)

∂

∂u
+ (2p − 2p2)

∂

∂p

= (2u − 3x)
∂

∂x
− u

∂

∂u
+ (2p − 2p2)

∂

∂p

(the last equality holds on the equation, i.e., on the surface E = {(3x− 2u)p = u}).
Let us take x and u as coordinates on E and find the trajectories of the field YF

from the system of equations
{

ẋ = 2u − 3x,
u̇ = −u.

Solving this system, we get x = C1e
−t+C2e

−3t, u = C1e
−t. Hence x = u+au3,

a = const. The family of trajectories of YF is shown in Figure 1.8. Note that at
the point (0, 0, 0), which is a singular point of the equation under consideration,
the uniqueness theorem for solutions of ordinary differential equations is not valid.

3. Symmetries of distributions

Since solutions of ordinary differential equations (including the multi-valued
ones) are integral curves for the corresponding Cartan distributions, we begin the
study of symmetries of differential equations with discussing symmetries in a more
general context of distributions.



3. SYMMETRIES OF DISTRIBUTIONS 11

Figure 1.9. The Cartan distribution C on R3

Recall (see [115, 146]) that a p-dimensional distribution P on a manifold M of
dimension n is a correspondence a 7→ Pa that takes each point a ∈ M to a p-dimen-
sional subspace Pa of the tangent space TaM . The distribution P is called smooth,
if for any point a ∈ M there exist a neighborhood U ∋ a and p smooth vector fields
X1, . . . , Xp generating the distribution at every point of the neighborhood.

Let P be a smooth distribution on a smooth manifold M .

Definition 3.1. A diffeomorphism ϕ : M → M is called a (finite) symmetry of
the distribution P if it preserves this distribution, i.e., ϕ∗(Pa) ⊂ Pa for all a ∈ M .

Example 3.1. The Cartan distribution on the space R3 (see Figure 1.9) with
coordinates x, u, p is given by the 1-form ω = du − p dx. It is obviously invariant
under translations along x and along u, i.e., the diffeomorphism ϕ1 = (x+a, u+b, p)
is a symmetry of C for all a and b. Note that ϕ∗

1(ω) = ω. Translations ϕ2 =
(x, u, p + c) along p are not symmetries. Indeed, ϕ∗

1(ω) = du − (p + c) dx and this
form is not proportional to ω.

The distribution under study has less trivial symmetries as well.
For example, it can easily be checked that the so-called Legendre transformation

ϕ(x, u, p) = (p, u − xp,−x) is a symmetry, since it preserves the form ω.
The transformation

ψ : R3 → R3, ψ(x, u, p) = (p, xp − u, x),

resembles the previous one, but does not preserve the form ω, since ψ∗(ω) = −ω.
Nevertheless, the transformation ψ is a symmetry of the distribution C.

The set of all symmetries will be denoted by SymP . It is obvious that the com-
position of two symmetries is a symmetry again. The map inverse to a symmetry
is also a symmetry. Thus, SymP is the group with respect to the composition.

Let P D be the C∞(M)-module of vector fields X such that the vector Xa

belongs to Pa for all a ∈ M .
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Suppose that the distribution P is generated by fields X1, . . . , Xl ∈ P D. Def-
inition 3.1 is equivalent to ϕ∗(Xi) ∈ P D for all i = 1, . . . , l or, which is the same,

ϕ∗(Xi) =
∑

j

µijXj , i = 1, . . . , l, (3.1)

for some functions µij on M .
Assume that the differential forms ω1, . . . , ωk, where ωi =

∑
j ωij dxj , ωij ∈

C∞(M), generate the distribution P . The condition ϕ ∈ SymP means that

ϕ∗(ωi) =
∑

j

λijωj , i = 1, . . . , k, (3.2)

for some functions λij on M or, equivalently,

∑

j,s

ωij(ϕ(x))
∂ϕj

∂xs
dxs =

∑

j,s

λij(x)ωjs(x) dxs, i = 1, . . . , k,

where s = 1, . . . , n = dimM . Hence the symmetries ϕ of the distribution at hand
can be found from the following system of equations

∑

j

ωij(ϕ(x))
∂ϕj

∂xs
=

∑

j

λij(x)ωjs(x), (3.3)

where λij are arbitrary smooth functions, i = 1, . . . , k, j = 1, . . . , n.
The problem of solving these equation is not easier than the problem of finding

the integral manifolds of the distribution under consideration. Moreover, the direct
attempt to describe the set SymP of all symmetries of a given distribution P is
doomed to failure. However, passing to the infinitesimal point of view, i.e., passing
from above-defined finite symmetries to infinitesimal ones, considerably simplifies
the situation.

Definition 3.2. A vector field X ∈ D(M) is said to be an infinitesimal sym-

metry of the distribution P , if the flow At generated by the field X consists of finite
symmetries.

The set of all infinitesimal symmetries will be denoted by DP .
Definition 3.2 is generally inconvenient to use in concrete computations. But

it can be restated in a more constructive way:

Theorem 3.1. Let P be a distribution on M . The following conditions are

equivalent :

1. X ∈ DP .

2. If X1, . . . , Xl are vector fields generating P , then there exist smooth func-

tions µij such that [X,Xi] =
∑

j µijXj for all i = 1, . . . , l.
3. If ω1, . . . , ωk are 1-forms defining P , then there exist smooth functions νij

such that X(ωi) =
∑

j νijωj for all i = 1, . . . , k.

Proof. 1 =⇒ 2. Let X be a symmetry of the distribution P and At be the
one-parameter transformation group corresponding to the vector field X. Since the
diffeomorphism At preserves the distribution P for every t ∈ R, the image of the
vector field Xi ∈ P D under this diffeomorphism belongs to P D:

(At)∗(Xi) =
∑

j

αij(t)Xj ,
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where αij(t) is a family of smooth functions on M smoothly depending on the
parameter t ∈ R. Differentiating this expression with respect to t at t = 0, we get

[X,Xi] =
∑

j

µijXj ,

with µij = −dαij(t)/dt|t=0.
2 =⇒ 3. Suppose that a vector field X satisfies Condition 2. We claim that if a

1-form ω vanishes on all vector fields X1, . . . , Xl, then the form X(ω) has the same
property (and, hence, can be represented as a linear combination of ω1, . . . , ωk).
Indeed, for all i we have

X(ω)(Xi) = −ω([X,Xi]) = 0.

3 =⇒ 1. First note that the equality A∗
t+s = A∗

t ◦ A∗
s implies

d

dt

∣∣∣∣
t=s

A∗
t (ω) = A∗

s(X(ω)).

Further, consider the following (k + 1)-form dependent upon the parameter t:

Ωi(t) = A∗
t (ωi) ∧ ω1 ∧ · · · ∧ ωk.

Since A∗
0(ωi) = ωi, we have Ωi(0) = 0. We claim that Ωi(t) ≡ 0. Indeed,

d

dt
Ωi(t) = A∗

t (X(ωi)) ∧ ω1 ∧ · · · ∧ ωk =
∑

A∗
t (νij)Ωj(t).

Hence, the vector consisting of (k + 1)-forms (Ω1(t), . . . ,Ωk(t)) is a solution to
a linear homogeneous system of ordinary differential equations with zero initial
conditions. Therefore, Ωi(t) ≡ 0 for all i.

Thus, A∗
t (ωi) is a linear combination of ω1, . . . , ωk for all t, i.e., At is a symmetry

of the distribution P .

Corollary 3.2. If X,Y ∈ DP , then αX+βY ∈ DP (α, β ∈ R) and, moreover,
[X,Y ] ∈ DP . In other words, DP is a Lie algebra over R with respect to the

commutation operation.

Proof. In view of Condition 2 of the theorem proved, we can write [X,Xi] =∑
j µijXj , [Y,Xi] =

∑
j λijXj . Then [αX + βY,Xi] =

∑
j(αµij + βλij)Xj . This

yields αX + βY ∈ DP .
Further, by virtue of the Jacobi identity

[[X,Y ], Xi] = [[X,Xi], Y ] − [[Y,Xi], X]

=
∑

j

([µijXj , Y ]−[λijXj , X]) =
∑

j,k

(λijµik−µijλjk)Xk+
∑

j

(X(λij)−Y (µij))Xj .

This shows that [X,Y ] ∈ DP .

Using Theorem 3.1, we can write down coordinate conditions for a field X =∑
i Xi∂/∂xi to be a symmetry of the distribution given by the system of 1-forms

ω1, . . . , ωk, ωj =
∑

s ωjs dxs.
We have

X(ωj) =
∑

i,s

(
Xi ∂ωjs

∂xi
+

∂Xi

∂xs
ωji

)
dxs.
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Figure 1.10

By Condition 3 of Theorem 3.1, the 1-form X(ωj) is represented as
∑

i νjiωi, i.e.,
there exist smooth functions νji such that

∑

i

(
Xi ∂ωjs

∂xi
+

∂Xi

∂xs
ωji

)
=

∑

i

νjiωis, (3.4)

where j = 1, . . . , k, s = 1, . . . , n.
Note that in contrast to (3.3), the system of equations (3.4) is linear in the

fields X1, . . . , Xk. It is called the system of linear Lie equations corresponding to
the system of nonlinear Lie equations (3.3). Just as the nonlinear Lie equations
serve to find finite symmetries of a given distribution, the linear Lie equations serve
to find its infinitesimal symmetries.

Further on we primarily study infinitesimal symmetries, so the word “symme-
try” will always mean “infinitesimal symmetry” unless otherwise explicitly specified.

Example 3.2. Symmetries of a one-dimensional distribution generated by a
vector field Y are vector fields X such that [X,Y ] = λY for some function λ.

Consider, as an example, the vector field Y on the sphere that in the “geo-
graphical” coordinates ϕ, θ has the form Y = ∂/∂ϕ (see Figure 1.10). Take a field
X = α∂/∂θ + β∂/∂ϕ. We have [X,Y ] = −αϕ∂/∂θ − βϕ∂/∂ϕ, so the field X is a
symmetry, if αϕ = 0. Thus, the symmetries of the distribution under study are the
fields of the form α∂/∂θ + β∂/∂ϕ, where β is an arbitrary function on the sphere
and α is a function constant on the parallels.

The finite symmetries of this distribution are given by pairs of functions θ̄ =
f(θ), ϕ̄ = g(θ, ϕ).

Example 3.3. Let us discuss the local structure of the symmetry algebra of a
completely integrable distribution.

It is clear that for any completely integrable distribution P at a generic point
there exists a coordinate system such that P is given by the basis

X1 =
∂

∂x1
, . . . , Xl =

∂

∂xl
.

Let X =
∑

i Xi∂/∂xi. Then [Xj , X] =
∑

i(∂Xi/∂xj)∂/∂xi, so that the condition
[X,Xj ] ∈ P D, j = 1, . . . , l, is equivalent to the equalities ∂Xi/∂xj = 0, j ≤ l < i.

The field X splits into the longitudinal component
∑

i≤l X
i∂/∂xi and the

transversal component
∑

i>l X
i∂/∂xi. Using this decomposition, we can say that

X is a symmetry of the distribution P if and only if the coefficients of its transversal
component are constant on the leaves of P , i.e., on the maximal integral manifolds
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Figure 1.11

of the distribution P which are of the form xl+1 = Cl+1, . . . , xn = Cn, Ci = const
(see Figure 1.11).

Example 3.4. Let us find all (infinitesimal) symmetries of the Cartan distri-
bution C on R3. Recall that it is given by the form ω = du − p dx. Let

X = α
∂

∂x
+ β

∂

∂u
+ γ

∂

∂p
(3.5)

be a symmetry of C. We have

X(ω) = (βx − pαx − γ) dx + (βu − pαu) du + (βp − pαp) dp.

The condition that X(ω) is proportional to ω reads
{

βp − pαp = 0,

βx − pαx − γ = −p(βu − pαu).

This system implies that the symmetries of the distribution C are vector fields of
the form (3.5) such that α and β are arbitrary functions related by the equality
βp = pαp, and γ is expressed in terms of these functions by the formula γ =
βx +pβu −pαx −p2αu. Consider the function f = β−pα. It is clear that α = −fp,
β = f − pfp, γ = fx + pfu, i.e.,

X = −fp
∂

∂x
+ (f − pfp)

∂

∂u
+ (fx + pfu)

∂

∂p
.

Thus, a symmetry X of the Cartan distribution is uniquely determined by the
function f = f(x, u, p), which can be chosen arbitrarily2.

Among symmetries of a given distribution P there is a distinguished class of
symmetries that lie in P , i.e., belong to DP ∩P D. These are called characteristic

(or trivial) symmetries. Symmetries that does not belong to P D will be referred
to as nontrivial.

Proposition 3.3. Let X,Y ∈ DP , the symmetry Y being trivial. Then the

symmetry [X,Y ] is also trivial. In other words, the set of all characteristic sym-

metries is an ideal of the Lie algebra DP .

2This result is a particular case of the general theory of contact fields (see Ch. 2).
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Proof. Let X1, . . . , Xl be vector fields generating the distribution P . Suppose
that Y =

∑
fiXi. By Theorem 3.1, we have [X,Xi] =

∑
j µijXj . Therefore,

[X,Y ] = [X,
∑

i

fiXi] =
∑

i

X(fi)Xi +
∑

i,j

fiµijXj .

Thus, the field [X,Y ] lies in P . By virtue of Corollary 3.2, it is a symmetry of the
distribution P .

Let char P ⊂ DP denote the ideal of trivial (characteristic) symmetries. By
definition, charP = DP ∩P D.

In view of Proposition 3.3, we can consider the quotient Lie algebra

sym P = DP

/
char P,

which is said to be the Lie algebra of nontrivial symmetries of the distribution P .
Note that for completely integrable distributions one has charP = P D. Conse-
quently symP = DP /P D in this case.

Let us consider symmetries of a completely integrable distribution P . Clearly,
the one-parameter transformation group generated by a symmetry preserves the
leaves of P . By the Frobenius theorem, transformations corresponding to a char-
acteristic symmetry move every leaf of P along itself. By contrast, nontrivial sym-
metries shuffle the leaves.

These observations can be generalized to nonintegrable distributions.

Proposition 3.4. A characteristic symmetry of the distribution P is tangent

to every maximal integral manifold of P .

Proof. Assume that there exists a characteristic symmetry X which is not
tangent to an integral manifold L. Consider the flow At of X and the manifold
L̄ =

⋃
t At(L). Clearly, L is strictly embedded to L̄.

We claim that the manifold L̄ is integral for P . Indeed, the tangent space to L̄
at a point x spans the vector Xx and the tangent space to the submanifold At(L)
passing through x. Since both lie in Px, the same is true for Tx(L̄).

Remark 3.1. Thus, every maximal integral manifold of the distribution P is
composed of its characteristics, i.e., of the trajectories of characteristic symmetries
of P . A similar construction occurs in the theory of first-order partial differential
equations, where our terminology came from.

Similar to the case of completely integrable distributions, transformations cor-
responding to nontrivial symmetries of an arbitrary distribution preserve the set of
maximal integral manifolds, but, unlike trivial symmetries, shuffle them. Note that
the action of elements of symP on the set of maximal integral manifolds is well-
defined, since by Proposition 3.4 such a manifold is invariant under the action of a
trivial symmetry.

Proposition 3.5. The set of characteristic fields is a module over the function

ring, i.e., if X ∈ char P and f ∈ C∞(M), then fX ∈ charP .

Proof. For an arbitrary vector field Y ∈ P D, we have

[fX, Y ] = f [X,Y ] − Y (f)X ∈ P D .

Hence, fX ∈ DP . In addition, fX ∈ P D, therefore fX ∈ charP .



4. SYMMETRIES AND INTEGRATION OF DISTRIBUTIONS 17

Corollary 3.6. The set charP consists of vector fields tangent to the distri-

bution.

The distribution charP is called characteristic. The dimension of this distri-
bution may decrease at some points.

Theorem 3.7. The characteristic distribution is completely integrable.

Proof. It follows from Proposition 3.3 that charP is a Lie algebra. The
theorem is proved.

Now, let us use Examples 3.2–3.4 to illustrate the above theory.
In Example 3.2, we dealt with a one-dimensional distribution on the sphere.

Any one-dimensional distribution is completely integrable, so that in this case the
characteristic distribution coincides with the one considered.

The same obviously holds for any completely integrable distribution.
Further, let X be the characteristic symmetry of the Cartan distribution dis-

cussed in Example 3.4. Since X ∈ DP , we have

X = −fp
∂

∂x
+ (f − pfp)

∂

∂u
+ (fx + pfu)

∂

∂p
.

The fact that X ∈ char P implies ω(X) = 0. But ω(X) = X (du − pdx) = f .
Therefore f = 0 and, hence, X = 0. Thus, in this case the characteristic distribution
is zero-dimensional.

4. Some applications of the symmetry theory to integration of
distributions

In this section, we show how to describe maximal integral manifolds of a dis-
tribution using its symmetries.

4.1. Distributions and characteristic symmetries. Consider a typical sit-
uation. Let P be a distribution and X be a characteristic symmetry of P . Given
an integral manifold L transversal to the trajectories of X, we can construct the
manifold N =

⋃
t At(L), where At is the flow of X. Since maximal integral mani-

folds of a distribution are composed of its characteristics, the manifold N is integral
for P . In particular, taking a point as the manifold L, we get one trajectory of the
field X, which is a one-dimensional integral manifold.

Example 4.1. In Example 2.2, we discussed the differential equation

(3x − 2u)u′ = u.

For the distribution CE given by the form du−p dx the characteristic symmetry YF

was constructed. The trajectories of this field,
{

x = (x0 − u0)e
−3t + u0e

−t,

u = u0e
−t,

are solutions of the equation at hand passing through the point (x0, u0, p0).

Example 4.2. Consider the upper half-plane

H = {x, y | y > 0 } ⊂ R2
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and the manifold M of all unit tangent vectors to H. As coordinates on M take
x, y, u, with u ∈ R mod 2π being the angle between the upward vertical direction
and the given vector. Further, consider the distribution P defined by the 1-form

ω = du +
1 − cos u

y
dx − sin u

y
dy.

The reader can readily verify that this distribution satisfies the Frobenius complete
integrability condition.

This distribution defines the so-called oricycle foliation. Its geometric meaning
can be explained as follows.

Recall that the upper half-plane with the metric ds2 = (dx2 + dy2)/y2 is a
model of the Lobachevskian plane. The geodesics (“straight lines”) in this model
are semicircles with centers on the x-axis and vertical rays.

A leaf of the oricycle foliation consists of all vectors tangent to the geodesics
passing through the same point of the x-axis.

The lines L = {u = π, x = c}, where c is a constant, are integral manifolds
of P , since ω vanishes on them. The field

Dx =
∂

∂x
− 1 − cos u

y

∂

∂u

is a characteristic symmetry of P , because the distribution P is completely inte-
grable and the form ω vanishes on the field Dx. Moreover, it is obvious that the
field Dx is transversal to the field ∂/∂y, which is tangent to the line L.

Now, we consider all trajectories of the field Dx passing through L to obtain a
two-dimensional integral surface of the distribution P .

Solving the system




ẋ = 1,
ẏ = 0,

u̇ = −1 − cos u

y
,

yields the trajectories of the field Dx:

y = C1, x − y cot
u

2
= C2,

where C1 and C2 are constants.
If points (x, y, u) and (c, y0, π) ∈ L lie on the same trajectory, then y = y0,

x− y cot u/2 = c− y0 cot π/2. It follows that x− y cot u/2 = c. This is exactly the
surface

⋃
t At(L) (see Figure 1.12).

Geometrically, this surface is the set of all unit vectors tangent to the semicircles
such that their centers lie on the x-axis and they pass through the same point of
this axis (Figure 1.13).

4.2. Symmetries and dynamical systems. Many standard methods for
solving differential equations make use of the symmetry theory. Let us discuss an
example.

A system of first-order ordinary differential equations resolved with respect to
derivatives is interpreted as a vector field X (or, in other words, as a dynamical
system). A vector field Y is called a symmetry of the field X if [X,Y ] = 0. It is
readily seen that a shift along the trajectories of Y shuffles the trajectories of X.
Given a symmetry, one usually changes coordinates to “straighten” the field Y (i.e.,
chooses new coordinates, y1, . . . , yn, in such a way that all except one of them,
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Figure 1.12

Figure 1.13

say yn, are constant on the trajectories of the field Y ). In these new coordinates,
the field Y takes the form ∂/∂yn, so that the condition [X,Y ] = 0 implies that the
coefficients of the field X do not depend on yn. Thus, finding trajectories of the
field X reduces to integration of an (n− 1)-dimensional dynamical system and one
quadrature.

Example 4.3. Consider the 3-dimensional dynamical system




ẋ1 = t

(
x2

2

x3
+

x2
1

x2
2

x3

)
+

x2
1

x2
,

ẋ2 = t
x1x3

x2
+ x1,

ẋ3 =
x1x3

x2
.

The vector field

Y = x1
∂

∂x1
+ x2

∂

∂x2
+ x3

∂

∂x3

is a symmetry of this system. Indeed, it can easily be checked that the commutator
of the field

X =

(
t

(
x2

2

x3
+

x2
1

x2
2

x3

)
+

x2
1

x2

)
∂

∂x1
+

(
t
x1x3

x2
+ x1

)
∂

∂x2
+

x1x3

x2

∂

∂x3
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and the field Y is equal to zero. Now choose the new coordinates





x′
1 =

x1

x2
,

x′
2 =

x2

x3
,

x′
3 = lnx3.

In these coordinates, the field Y takes the form ∂/∂x′
3, while the dynamical sys-

tem X is




ẋ′
1 = tx′

2,

ẋ′
2 = tx′

1,

ẋ′
3 = x′

1.

It follows that finding the trajectories of the dynamical system X reduces to the
integration of the two-dimensional dynamical system

{
ẋ′

1 = tx′
2,

ẋ′
2 = tx′

1

and one quadrature x′
3 =

∫
x′

1(t) dt.

We now turn to discuss applications of nontrivial (i.e., noncharacteristic) sym-
metries to the problem of integrating distributions.

4.3. Distributions and noncharacteristic symmetries. Let X be a sym-
metry of a distribution P and At be the corresponding flow. Given an integral
manifold L of the distribution P , we can construct the whole family At(L) of such
manifolds.

Example 4.4. Consider the equation (3x− 2u)u′ = u from Example 2.2. The
field X = u3∂/∂x, written in the local coordinates (x, u) on E , obviously commutes
with the field YF (see Example 2.2) restricted to E (check that this restriction has
the form (2u−3x)∂/∂x−u∂/∂u). Therefore X is a symmetry of the one-dimensional
distribution C(E) on E . Take the solution L = {u = x} of the equation under study.
Shifts of this solution along the trajectories of the field X yield all solutions of our
equation (except for u = 0). In fact, the shift along the trajectories of the field X
at time t has the form

{
x = u3

0t + x0,
u = u0.

From these formulas it easily follows that the image of the straight line L = {u = x}
is the curve At(L) = {tu3 + u = x} (see Figure 1.14).

Exercise 4.1. Find a symmetry of this equation that yields every (or almost
every) solution from the zero solution.

Remark 4.1. Under shifts along the trajectories of the field X from Exam-
ple 4.4, the solution u = 0 moves along itself. Such a solution is said to be invariant.

Exercise 4.2. Find the solution of the equation (3x − 2u)u′ = u invariant
under the infinitesimal homothety x∂/∂x + u∂/∂u.
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Figure 1.14

4.4. Integration of equations by quadratures. The second aspect of ap-
plications of nontrivial symmetries to which we would like to call attention, is inte-
gration of equations by quadratures. The point is that if for a completely integrable
distribution one knows a solvable Lie algebra of nontrivial symmetries and the di-
mension of this algebra equals the codimension of the distribution, then the integral
manifolds of this distribution can be found by quadratures. Before describing of
this procedure, let us give the following

Definition 4.1. A function f ∈ C∞(M) is called a first integral of a distribu-

tion P , if X(f) = 0 for any X ∈ P D.

It is obvious that if f is a first integral of the distribution P , then it is constant
on every integral manifold of this distribution, or, in other words, every integral
manifold of P lies entirely in a level surface {f = c} of the first integral.

Let us find first integrals for distributions from Examples 3.2–3.4.
Clearly, first integrals of the field X = ∂/∂ϕ on the sphere are functions con-

stant on the parallels of the sphere. This example is easily generalized to the case
of an arbitrary one-dimensional distribution3.

First integrals of a completely integrable distribution P locally given by the
fields

X1 =
∂

∂x1
, . . . , Xl =

∂

∂xl
,

are of the form f(xl+1, . . . , xn), where f is an arbitrary function.
Finally, let f be a first integral of the Cartan distribution given by the form

ω = du−p dx. Since the fields ∂/∂p and ∂/∂x+p∂/∂u lie in the Cartan distribution,
we have ∂f/∂p = ∂f/∂x + p∂f/∂u = 0, therefore f = const. Thus, the Cartan
distribution does not possess nontrivial first integrals.

3Note that the terminology used here is consistent with that used in the theory of first-order

partial differential equations: if the distribution P is given by a vector field X, then its first

integrals are the first integrals of the equation X(ϕ) = 0, i.e., functions constant on the trajectories
of the field X. See also Ch. 2.
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Assume that we know a first integral of a distribution P on M . Then the
problem of finding all maximal integral manifolds reduces to integration of a dis-
tribution on a manifold whose dimension is diminished by one with respect to M .
Namely, the problem amounts to integrating the restriction of the distribution P to
a level surface of the first integral. Each new independent first integral reduces the
dimension by one. In the case functionally independent first integrals f1, . . . , fk,
where k = codimP , are known, the distribution under consideration can be given
by the set of exact 1-forms df1, . . . , dfk. Therefore this distribution is completely
integrable and its leaves are the mutual level surfaces {x ∈ M | fi(x) = ci } of the
functions f1, . . . , fk, where c1, . . . , ck are constant.

The problem of finding a first integral can be stated as the problem of finding
an exact 1-form ω = df vanishing on vectors belonging to the distribution P , since
in this case ω(X) = X(f) = 0 for all X ∈ P D. Thus, complete integrability
of P is equivalent to existence of k = codimP such forms, provided that they are
independent.

Definition 4.2. A linear subspace Y ⊂ sym P is called nondegenerate, if for
any point x ∈ M and any field X ∈ Y the condition Xx ∈ Px is equivalent to the
condition X = 0.

Let x ∈ M and Yx = {Xx | X ∈ Y }. If the subspace Y is nondegenerate, then
from Definition 4.2 it follows that

dimY = dimYx ≤ codim P.

Let ω1, . . . , ωk be a set of forms defining the distribution P and X1, . . . , Xl

be a basis of a nondegenerate subspace Y ⊂ sym P . Clearly, l ≤ k and the ma-
trix ‖ωi(Xj)‖ has the rank l at any point of the manifold M . If l = k, then
det‖ωi(Xj)‖ 6= 0 and one can choose another set of forms defining P , say ω′

1, . . . , ω
′
k,

such that ω′
i(Xj) = δij . To do this, it suffices to multiply the column (ω1, . . . , ωk)t

by the matrix inverse to ‖ωi(Xj)‖. Assume that the space Y is closed with respect
to the commutation; then we have the following

Theorem 4.1. Let P be a completely integrable distribution defined by the set

of 1-forms ω1, . . . , ωk. Let X1, . . . , Xk be a basis of a nondegenerate Lie algebra Y
of symmetries of this distribution. Suppose that ωi(Xj) = δij and

[Xi, Xj ] =
∑

s

cs
ijXs,

where cs
ij are constant. Then

dωs = −1

2

∑

i,j

cs
ijωi ∧ ωj .

Proof. By the Frobenius theorem, there exist 1-forms γij such that

dωs =
∑

j

γsj ∧ ωj .

Since Xi ∈ sym P , the 1-forms

Xi(ωs) = Xi dωs + d(Xi ωs) = Xi dωs
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vanish on vectors from the distribution P . The equality

Xi dωs =
∑

j

γsj(Xi)ωj − γsi

implies that the forms γsj are also zero on vectors from P and, therefore, γij =∑
s as

ijωs for some appropriate functions as
ij ∈ C∞(M). Hence,

dωs =
∑

i<j

as
ijωi ∧ ωj .

It follows that

dωs(Xi, Xj) = as
ij , for i < j.

On the other hand,

dωs(Xi, Xj) = Xi(ωs(Xj)) − Xj(ωs(Xi)) − ωs([Xi, Xj ]) = −ωs

(∑

t

ct
ijXt

)
= −cs

ij .

Therefore, as
ij = −cs

ij and

dωs = −
∑

i<j

cs
ijωi ∧ ωj = −1

2

∑

i,j

cs
ijωi ∧ ωj .

Corollary 4.2. Under the conditions of Theorem 4.1, assume that the alge-

bra Y is commutative. Then all the forms ωi are closed and, thus, locally exact :
ωi = dhi for some smooth functions hi. These first integrals can be locally found

by computing the integrals

hi(a) =

∫ a

a0

ωi,

where a0 is a fixed point of the manifold M .

In particular, since ordinary differential equations of order k are identified with
one-dimensional distributions on (k + 1)-dimensional manifolds, Corollary 4.2 im-
mediately implies the following

Corollary 4.3. If the distribution corresponding to an ordinary differential

equation of order k possesses a k-dimensional commutative nondegenerate Lie al-

gebra of symmetries, then this equation is integrable by quadratures.

Example 4.5. Consider a first-order equation resolved with respect to the de-
rivative. Assume that the right-hand side does not depend on x:

du

dx
= f(u).

The corresponding distribution is defined on the surface p = f(u) by the 1-form
ω = du − f dx. The vector field

X =
∂

∂x

is tangent to this surface and is a nontrivial symmetry of the distribution C(E).
By virtue of Theorem 4.1 and Corollary 4.2, the form ωE/f is exact. Indeed,

ωE
f

=
1

f
(du − fdx) = d

(∫
du

f(u)
− x

)
.
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In multiplication by 1/f , one easily recognizes the well-known method of “separa-
tion of variables” for solving equations of the considered type. Thus, this method
essentially amounts to transforming the 1-form defining the equation to an exact
one.

Exercise 4.3. Show that on the equation E the field X coincides with the field

f
∂

∂u
+ f ′p

∂

∂p
.

The previous example serves to illustrate the following general fact: with a
knowledge of one nontrivial symmetry of a completely integrable distribution of
codimension 1 (in particular, of a first-order ordinary differential equation), it is
possible to describe leaves of this distribution (in particular, solutions to this dif-
ferential equation) by means of quadratures. If X is a nontrivial symmetry of a
distribution P given by 1-form ω, then the form fω, with f = 1/ω(X), which also
defines the distribution P , is closed4. In this case, the leaves of P coincide with the
level surfaces of the integral of this form.

Example 4.6. Consider the distribution P from Example 4.2. Since the coef-
ficients of the form

ω = du +
1 − cos u

y
dx − sinu

y
dy

do not depend on x, the field X = ∂/∂x is a symmetry of P . We have ω(X) =
(1− cos u)/y 6= 0, so that X is a nontrivial symmetry. Thus, the integrating factor
equals f = 1/ω(X) = y/(1 − cos u) and

fω = dx − sin u

1 − cos u
dy +

y

1 − cos u
du = d(x − y cot

u

2
).

The equation x−y cot(u/2) = c, c = const, defines all the leaves of the distribution
at hand, except for the leaf {u = 0} (the function f is undefined for u = 0).

Example 4.7. Any homogeneous first-order equation E

u′ = ϕ
(u

x

)

has the symmetry X = x∂/∂x + u∂/∂u. Indeed, in the coordinates x and u the
Cartan distribution on E is given by the form

ωE = du − ϕ
(u

x

)
dx.

It can easily be checked that X(ϕ) = 0 and X(ωE) = ωE , hence X is a symmetry.
For an integrating factor one can take the function

f =
1

ωE(X)
=

1

u − xϕ
(u

x

) .

In particular, for the equation (3x−2u)u′ = u (see Example 2.2), which is equivalent
to the equation

u′ =
u

3x − 2u
,

4Recall that the function f is said to be an integrating factor.
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everywhere except for the line 3x − 2u = 0, we have

ϕ(ξ) =
ξ

3 − 2ξ
, f =

3x − 2u

2u(x − u)
,

and, therefore,

ω′
E =

3x − 2u

2u(x − u)
ωE = d

(
1

2
ln

u3

x − u

)
.

As above, this yields the solutions of equation under study: u3/(x − u) = c, c =
const.

Example 4.8. Consider a linear nonhomogeneous equation

aku(k) + · · · + a1u
′ + a0u = f,

where a0, a1, . . . , ak and f are given functions of x. It is easy to prove that the
field

Xϕ = ϕ
∂

∂u
+ ϕ′ ∂

∂p1
+ · · · + ϕ(k) ∂

∂pk
,

where ϕ(x) is an arbitrary solution of the corresponding homogeneous equation

aku(k) + · · · + a1u
′ + a0u = 0,

is a symmetry of the initial equation. Such symmetries make a k-dimensional
commutative Lie algebra, and if one knows its basis, i.e., a fundamental system
ϕ1, . . . , ϕk of solutions of the homogeneous equation, then, by Corollary 4.3, the
nonhomogeneous equation can be integrated by quadratures. Note that ωi(Xϕ) =

ϕ(i), where, as before, ωi = dpi − pi+1 dx, Therefore, the matrix ‖ωi(Xϕj
)‖, which

in the course of solution must be inverted to find an integrating factor, is nothing
but the usual Wronski matrix of the fundamental system involved.

Now, suppose that we know a nondegenerate noncommutative Lie algebra Y
of symmetries of a completely integrable distribution P . Consider its commutator
subalgebra

Y(1) = [Y,Y] =
{ ∑

[X,Y ] | X,Y ∈ Y
}

and assume that Y(1) 6= Y. Then one can choose a basis X1, . . . , Xk of Y in such
a way that X1, . . . , Xr /∈ Y(1), while Xr+1, . . . , Xk ∈ Y(1). In this case, for any
two fields Xi and Xj we have [Xi, Xj ] ∈ Y(1), so that cs

ij = 0 for all i, j, if s ≤ r.
Hence, the forms ω1, . . . , ωr are closed and, therefore, ω1 = dh1, . . . , ωr = dhr in
some open domain. The level surfaces

Hc = {h1 = c1, . . . , hr = cr }, c = (c1, . . . , cr), ci ∈ R,

are invariant under the commutator subalgebra Y(1), since Xj(hi) = ωi(Xj) = 0 if
i ≤ r, j ≥ r + 1.

Let Pc be the restriction of the distribution P to the surface Hc. The distri-
bution Pc is completely integrable. Indeed, the foliation of M whose leaves are
maximal integral manifolds of P cuts a foliation on the surface Hc. The same fact
can be proved analytically. By Theorem 4.1,

dωs = −1

2

∑

i,j>r

cs
ijωi ∧ ωj , s ≥ r + 1,
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The forms ωi vanish on Hc for i ≤ r. Hence, by the Frobenius theorem, the
distribution Pc is completely integrable.

Observe now that Y(1) is a nondegenerate Lie algebra of symmetries of the
distribution Pc. Actually, a shift along the trajectories of any field X ∈ Y(1)

shuffles the leaves of P and preserves the manifold Hc; hence it must also shuffle
the leaves of Pc, which is the restriction of P to Hc. Nondegeneracy of Y(1) follows
from the fact that ‖ωi(Xj)‖, r < i, j ≤ k, is the unit matrix and, therefore, is
nondegenerate.

Because of this, we can subject Y(1) to the same procedure that was formerly
applied to Y. Namely, let

Y(2) = [Y(1),Y(1)]

be the commutator subalgebra of Y(1). If Y(2) 6= Y(1), then some of the 1-form
ωr+1|dHc

, . . . , ωk|dHc
are closed and give rise to local first integrals of the distribu-

tion Pc. The distribution Pc can be restricted to the mutual level surface of these
integrals, etc.

We continue in this fashion obtaining the sequence of subalgebras

Y ⊃ Y(1) ⊃ Y(2) ⊃ · · · ,

where Y(i+1) = [Y(i),Y(i)]. If the algebra Y is solvable, i.e., Y(l) is commutative
for some l (which is equivalent to Y(l+1) = 0), then after l steps we shall be able
to apply Corollary 4.3. All this work yields the following theorems (which, by the
way, explain the term “solvable”):

Theorem 4.4. If a completely integrable distribution P of codimension k pos-

sesses a solvable k-dimensional nondegenerate Lie algebra of symmetries Y ⊂ symP ,

then P is integrable by quadratures, i.e., one can find a complete set of first integrals

for P by integrating closed 1-forms and solving functional equations.

Theorem 4.5 (Bianchi–Lie). If an ordinary differential equation of order k
possesses a solvable k-dimensional nondegenerate Lie algebra of symmetries, then

it is integrable by quadratures.

It is these results which caused the concept of solvability, originated in the
Galois theory of algebraic equations, to be extended to the theory of Lie groups and
algebras. Note also that the Lie groups of finite symmetries can be used instead of
the algebras of symmetries, since one can always pass to the corresponding algebra
by considering infinitesimal generators of the group.

Example 4.9. Consider the equation

au2u′′′ + buu′u′′ + cu′3 = 0.

It possesses a solvable three-dimensional nondegenerate algebra of symmetries con-
sisting of the translation along x (i.e., the field ∂/∂x) and of two independent scale
transformations (i.e., the fields x∂/∂x and u∂/∂u). It is convenient to take the
fields

X1 =
∂

∂x
,

X2 = −x
∂

∂x
+ u

∂

∂u
+ 2p1

∂

∂p1
+ 3p2

∂

∂p2
+ 4p3

∂

∂p3
,

X3 = u
∂

∂u
+ p1

∂

∂p1
+ p2

∂

∂p2
+ p3

∂

∂p3
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for a basis of the symmetry algebra and follow the above-described scheme to ac-
complish the integration.

Remark 4.2. Interestingly, in the well-known Kamke’s reference book [49] on
ordinary differential equations, for each of the following two differential equations
(numbers 7.8 and 7.9 in Kamke’s book):

4u2u′′′ − 18uu′u′′ + 15u′3 = 0,

9u2u′′′ − 45uu′u′′ + 40u′3 = 0,

which both are of the type considered in Example 4.9, a different solution procedure
is given.

Exercise 4.4. Prove that any Lie algebra consisting of infinitesimal transla-
tions and infinitesimal scale transformations is solvable. To this end, check that
if Y is a Lie algebra of the considered type, then its commutator subalgebra Y(1)

consists of translations only and, hence, is commutative.

Note that any two-dimensional Lie algebra is solvable. Indeed, if X1 and X2 is
a basis of Y, then the subalgebra Y(1) is generated by [X1, X2] and, thus, Y(2) = 0.
Therefore, any completely integrable distribution of codimension two, in particular,
any second-order ordinary differential equation, can be integrated by quadratures,
if a two-dimensional Lie algebra of its symmetries is known.

Example 4.10. Consider the second-order equation

u′′ = u′ + un − 2n + 2

(n + 3)2
u, (4.1)

where n 6= −3, n ∈ R.
The independent variable x does not enter into the equation explicitly, hence

the field

X1 =
∂

∂x

is a symmetry. It is not hard to prove that the field

X2 = ekx

[
∂

∂x
+

k + 1

2
u

∂

∂u
+

(
k(k + 1)

2
u +

1 − k

2
p

)
∂

∂p

]
,

where k = (1−n)/(n+3), is also a symmetry of the equation under consideration5.
The geometric image associated with the given equation is the hypersurface E

in the four-dimensional space with coordinates x, u, p, q, where p and q stand for u′

and u′′ respectively, defined by the equation

q = p + un − 2n + 2

(n + 3)2
u,

together with the one-dimensional distribution on E given by the forms ω1 = du −
p dx and ω2 = dp − q dx.

5Contrary to the previous example, where all symmetries was seen with “the naked eye”,

finding X2 is not as straightforward. To do this, one needs the method of generating functions
for symmetries of the Cartan distribution. It is discussed in §5.
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The functions x, u, p can be taken for coordinates on E . Consider the matrix

M = ‖ωi(Xj)‖ =



−p ekx

(
k + 1

2
u − p

)

−q ekx

(
k(k + 1)

2
u +

1 − k

2
p − q

)


 .

The inverse matrix has the form

M−1 =
1

∆


ekx

(
k(k + 1)

2
u +

1 − k

2
p − q

)
−ekx

(
k + 1

2
u − p

)

q −p


 ,

where ∆ = det M = ekxT ,

T = −k(k + 1)

2
up − 1 − k

2
p2 +

k + 1

2
uq.

Multiplying the matrix M−1 by the column consisting of ω1 and ω2, we obtain new
basis forms defining C(E):

ω′
1 =

1

T

[(
k(k + 1)

2
u +

1 − k

2
p − q

)
du −

(
k + 1

2
u − p

)
dp

]
+ dx,

ω′
2 =

1

∆
(q du − p dp).

By Theorem 4.1 the form ω′
1 is closed, since [X1, X2] = kX2. To find its integral,

note that

∂T

∂u
=

1 − k2

2
p + (1 − k)un +

(k + 1)2(k − 1)

4
u,

∂T

∂p
=

1 − k2

2
u − (1 − k)p.

Therefore, if k 6= 1, then the form ω′
1 can be written as

ω′
1 =

1

(k − 1)T

(
∂T

∂u
du +

∂T

∂p
dp

)
+ dx =

1

k − 1
d ln(Te(k−1)x).

Thus, f = Te(k−1)x is a first integral of the distribution. Note that we have reduced
the order of equation (4.1), because it is equivalent to the family of first-order
equations of the form

k − 1

2
p2 +

1 − k2

2
up +

k + 1

2
un+1 +

(k + 1)2(k − 1)

8
u2 − ce(1−k)x = 0, (4.2)

where c is an arbitrary constant.
Let us now restrict the distribution C(E) to the surface Hc defined by (4.2).

On this surface, p can be expressed in terms of x and u as follows:

p =
k + 1

2
u ±

√
1 + k

1 − k
un+1 +

2c

k − 1
e(1−k)x. (4.3)

Furthermore, note that on Hc we have ∆ = cex. Therefore,

ω′
2|Hc

= −d

(
e−xp2

2c

)
+

e−x

c

(
p + un +

k2 − 1

4
u

)
du − e−x

2c
p2 dx,
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where p is given by (4.3). From the proof of Theorem 4.4 it follows that this form
is closed; its integral is

g = −e−x

2c

(
k + 1

2
u ±

√
1 + k

1 − k
un+1 +

2c

k − 1
e(1−k)x

)2

+
e−kx

k(k − 1)

+
e−x

c

(
un+1

n + 1
+

(k + 1)2

8
u2

)
± e−x

c

∫ u

0

√
1 + k

1 − k
ηn+1 +

2c

k − 1
e(1−k)x dη.

All solutions of the equation at hand are given by the implicit relation g = c1,
c1 = const. The Chebyshev theorem implies that the integral g is an elementary
function whenever 2/(n + 1) is integer.

Exercise 4.5. 1. Complete the integration of 4.1 in the case n = −1.
2. Integrate the equation u′′ = u′+aebu−2/b by means of the symmetry algebra

with the generators

X1 =
∂

∂x
, X2 = e−x

(
∂

∂x
+

2

b

∂

∂u
+ (p − 2

b
)

∂

∂p

)
.

5. Generating functions

In this section, we describe the generating function method for finding symme-
tries of the Cartan distribution.

Let E be an ordinary differential equation of order k resolved with respect to
the highest-order derivative:

u(k) = f(x, u, u(1), . . . , u(k−1)). (5.1)

Let us view x, u = p0, p1, . . . , pk−1 as coordinates on the hypersurface E =
{pk = f(x, u, p1, . . . , pk−1)}. In this coordinates, the restriction of any vector
field X to E is written as

X = α
∂

∂x
+ β0

∂

∂p0
+ · · · + βk−1

∂

∂pk−1
.

Note that the algebra of characteristic symmetries of C(E) consists of fields of
the form λD̄, where λ is an arbitrary function on E and

D̄ =
∂

∂x
+ p1

∂

∂p0
+ · · · + pk−1

∂

∂pk−2
+ f

∂

∂pk−1
. (5.2)

is the total derivative operator with respect to x on the equation E .
Let us remark that D̄(pi) = pi+1, i < k − 1, and, by (5.1), D̄(pk−1) = f .
In the quotient space of all fields by char C(E), one has

∂

∂x
= −p1

∂

∂p0
− · · · − pk−1

∂

∂pk−2
− f

∂

∂pk−1
,

so that it is sufficient to search for symmetries only among vector fields of the form

X = β0
∂

∂p0
+ · · · + βk−1

∂

∂pk−1
. (5.3)
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For further calculations, it is convenient to consider the operation of horizon-

talization on the space of 1-form on E which is defined by

dx = dx,

dpi = pi+1 dx, i < k − 1,

dpk−1 = f dx

and extended to all of the space of 1-form as a linear map over the ring of smooth
functions.

Lemma 5.1. The following statements holds:

1. The operation of horizontalization takes a 1-form ω to zero if and only if ω
vanishes on the Cartan distribution.

2. For any function g ∈ C∞(E), one has

dg = D̄(g) dx.

Proof. 1. Let ω = γ dx +
∑

i γi dpi. The equality ω = 0 means that γ +∑
i γipi+1 + γk−1f = 0. Therefore,

ω = −
(∑

i

γipi+1 + γk−1f

)
dx +

∑

i

γi dpi =
∑

i

γiωi.

2. It is straightforward to compute that

dg =

(
∂g

∂x
dx +

∑

i

∂g

∂pi
dpi

)
=

(
∂g

∂x
+

∑

i

pi+1
∂g

∂pi
+ f

∂g

∂pk−1

)
dx = D̄(g)dx.

Suppose now that a vector field X of the form (5.3) is a symmetry of the Cartan
distribution. By virtue of Theorem 3.1 and Lemma 5.1, this is equivalent to

X(dpi − pi+1 dx) = 0, i < k − 1, (5.4)

X(dpk−1 − fdx) = 0. (5.5)

From (5.4) it follows that

(D̄(βi) − βi+1) dx = 0.

Hence, βi+1 = D̄(βi) for all i < k− 1. Denoting β0 by ϕ, we arrive to the following
expression for X:

X =
k−1∑

i=0

D̄i(ϕ)
∂

∂pi
(5.6)

In particular, we see that the field X, which is a symmetry of the Cartan distribu-
tion, is uniquely defined by one function ϕ = X(u). The function ϕ will be referred
to as the generating function of the field X given by (5.6). The symmetry with the
generating function ϕ will be denoted by Xϕ.

Clearly, the generating function of a symmetry for a given differential equation
cannot be arbitrary. From (5.5) it follows that

D̄k(ϕ) −
k−1∑

i=0

∂f

∂pi
D̄i(ϕ) = 0. (5.7)
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The linear differential operator at the left-hand side of (5.7) is denoted by ℓEF
and is called the universal linearization6 of the function F = pk − f restricted to
the equation E .

The above discussion can be summarized as follows.

Theorem 5.2. Suppose that the equation E has the form F = 0, where F =
pk − f(x, u, . . . , pk−1); then the correspondence ϕ 7→ Xϕ defines the isomorphism

ker ℓEF ∼= sym E .

Remark 5.1. The assumption that the equation is resolved with respect to the
the highest-order derivative is not in fact essential. In Ch. 4, we shall prove that
this theorem holds for “almost all” functions F . In the general case, the operator ℓEF
is defined by

ℓEF =
∑

i

∂F

∂pi
Di.

Obviously, this formula gives the above expression for ℓEF in the case when F =
pk − f(x, u, . . . , pk−1).

Since the fields of the form (5.6) are in one-to-one correspondence with the
generating functions, the generating function ϕ of the field Xϕ is recovered by
means of the formula

ϕ = Xϕ ω0 = ω0(Xϕ), (5.8)

where ω0 = dp0 − p1 dx. Note that the form ω0 vanishes on the characteristic
symmetries, because ω0(D̄) = 0, i.e., the right-hand side of (5.8) is defined by
the coset of Xϕ modulo the characteristic symmetries. So, to find the generating
function, it is not necessary for the symmetry to be reduced to the form (5.6).

Note also that, since no differential other than dx and du appears in the ex-
pression of ω0, the generating function of a symmetry X is uniquely determined by
the coefficients at ∂/∂x and ∂/∂u in the coordinate expression for this symmetry:

ω0

(
α

∂

∂x
+ β

∂

∂u
+ · · ·

)
= β − αp1.

Consider now a symmetry X such that its coefficients α and β depend on x
and u only. Geometrically, this means that the image X0 of X under the projection
π : Rk+2 → R2, π(x, u, p1, . . . , pk) = (x, u), is well defined. The field X0 has the
form

X0 = α
∂

∂x
+ β

∂

∂u
.

In the case considered, the symmetry X is uniquely determined by the field X0

and is called the lifting of X0. Vector fields on the plane R2, i.e., infinitesimal
changes of independent and dependent variables, are said to be infinitesimal point

transformations7.
Thus, point transformations (or, more precisely, the liftings of point transforma-

tions) are those symmetries of the Cartan distribution whose generating functions

6The general theory of such operators is discussed in Ch. 4.
7The meaning of this term will be clarified in Ch. 2 and 3 in studies of more general contact

transformations.
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depend on x, u and p1 only, with linear dependence on p1. If the generating func-
tion is an arbitrary function of x, u and p1, then the corresponding vector field is
called contact. Symmetries whose generating functions depend on all coordinates
x, u, p1, . . . , pk−1 are called higher. The general theory of higher symmetries will be
developed in Ch. 4.

Here are point transformations which are mostly frequently encountered in
applications:

1. Translation along x: X0 = ∂/∂x. The generating function is −p1.
2. Translation along u: X0 = ∂/∂u. The generating function is 1.
3. Scale transformation: X0 = ax∂/∂x + bu∂/∂u, where a and b are constant.

The generating function is bu − axp1.

Consider now a system of ordinary differential equations. For the sake of sim-
plicity, restrict ourselves to first-order systems resolved with respect to the highest-
order derivatives: 




u̇1 = f1(x, u1, . . . , un),

. . . . . . . . . . . . . . . . . . . . . .

u̇n = fn(x, u1, . . . , un).

(5.9)

As before such a system is geometrized by considering the manifold E with the
coordinates x, u1, . . . , un equipped with the one-dimensional completely integrable
Cartan distribution C(E). This distribution is defined by the forms





ω1 = du1 − f1 dx,
. . . . . . . . . . . . . . . . .
ωn = dun − fn dx.

Its integral curves are graphs of solutions of the system under consideration. A
counterpart of Theorem 5.2 in the case of systems of ordinary equations can be
formulated as follows:

Theorem 5.3. The space of nontrivial infinitesimal symmetries of system (5.9)
is isomorphic to the kernel of the matrix operator

ℓEF =




D̄ − ∂f1/∂u1 −∂f1/∂u2 . . . −∂f1/∂un

−∂f2/∂u1 D̄ − ∂f2/∂u2 . . . −∂f2/∂un

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
−∂fn/∂u1 −∂fn/∂u2 . . . D̄ − ∂fn/∂un


 ,

where D̄ = ∂/∂x+f1∂/∂u1+· · ·+fn∂/∂un, acting on the space of n-vector functions

of variables x, u1, . . . , un.

The symmetry corresponding to a vector function ϕ = (ϕ1, . . . , ϕn) ∈ ker ℓEF
under this isomorphism has the form

Xϕ = ϕ1
∂

∂u1
+ · · · + ϕn

∂

∂un
.

The vector function ϕ is called the generating section of the symmetry Xϕ.
Let us now discuss the Lie algebra structure on the space of generating functions

and sections induced by the commutator operation of symmetries. Computing the
commutator of symmetries Xϕ =

∑
i D̄i(ϕ)∂/∂pi and Xψ =

∑
i D̄i(ψ)∂/∂pi yields:

[Xϕ, Xψ] =
∑

j

∑

i

(
D̄i(ϕ)

∂D̄j(ψ)

∂pi
− D̄i(ψ)

∂D̄j(ϕ)

∂pi

)
∂

∂pj
.
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Denote the generating function of the field obtained by {ϕ,ψ}. Contracting this
field with ω0 = dp0 − p1 du, we get

{ϕ,ψ} =

k−1∑

i=0

(
D̄i(ϕ)

∂ψ

∂pi
− D̄i(ψ)

∂ϕ

∂pi

)
.

This bracket is called the higher Jacobi bracket (on the equation E).
For a system of the form (5.9) the Jacobi bracket χ = {ϕ,ψ} of generating

sections ϕ = (ϕ1, . . . , ϕn) and ψ = (ψ1, . . . , ψn) is given by the formula

χi =

n∑

j=1

(
ϕj

∂ψi

∂uj
− ψj

∂ϕi

∂uj

)
, j = 1, . . . , n,

which immediately follows from the fact that the symmetry with the generating
section ϕ has the form Xϕ = ϕ1∂/∂u1 + · · ·+ϕn∂/∂un and that the Jacobi bracket
corresponds to the commutator of symmetries.

6. How to search for equations integrable by quadratures: an example
of using symmetries

Let us find all equations of the form

u′′ = u′ + f(u) (6.1)

possessing a two-dimensional Lie algebra of point symmetries [26, 77]. As it was
mentioned above, all two-dimensional algebras are solvable, and therefore all such
equations are integrable by quadratures.

Since the independent variable x does not enter explicitly into the equation,
the translation along x is a symmetry. So, the problem is to determine when this
equation has one more symmetry with a generating function of the form

ϕ = αp + β, (6.2)

where p = p1, α and β are functions of x, u, such that {p, ϕ} is a linear combination
of p and ϕ. In what follows, we exclude the trivial case when the function f(u) is
linear.

We shall use variables x, u, p as coordinates on the surface E corresponding to
equation (6.1). In these coordinates, the operator of total derivative has the form

D̄ =
∂

∂x
+ p

∂

∂u
+ (p + f)

∂

∂p
. (6.3)

The generating function of a symmetry ϕ(x, u, p) must satisfy the equation

D̄2(ϕ) − D̄(ϕ) − f ′ϕ = 0.

Taking into account equalities (6.2) and (6.3), we can rewrite this equation as

αuup3 + (2αu + 2αxu + βuu)p2 + (3αuf + αx + αxx + 2βxu)p

+ (2αxf + βuf + βxx − βx − βf ′) = 0, (6.4)

where the indices x and u label the derivative with respect to these variables. The
left-hand side of this expression is a polynomial in p, so that the coefficients of this
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polynomial vanish. Thus, equation (6.4) is equivalent to the system




αuu = 0,

2αu + 2αxu + βuu = 0,

3fαu + αx + αxx + 2βxu = 0,

2fαx + fβu + βxx − βx − f ′β = 0.

(6.5)

The first equation yields

α = γu + δ, γ, δ ∈ C∞(x),

where C∞(x) stands for the ring of smooth functions of x. Substituting this ex-
pression into the second equation, we obtain

β = −(γ′ + γ)u2 + εu + ζ, ε, ζ ∈ C∞(x).

Then the third equation is reduced to

3fγ = 3(γ′ + γ′′)u − δ′ − δ′′ − 2ε′.

Since the function f(u) was supposed to be nonlinear, it follows that γ = 0, ε =
(κ − δ − δ′)/2, where κ = const.

Now, the last equation of system (6.5) takes the form

(εu + ζ)f ′ − ηf = θu + λ, (6.6)

where η = 2δ′ + ε, θ = ε′′ − ε′, λ = ζ ′′ − ζ ′ are functions belonging to C∞(x).
Equation (6.6) is an ordinary differential equation for f(u), involving the vari-

able x as a parameter. If ε 6= 0, η 6= 0, and ε 6= η, its general solution has the
form

f(u) = µ

(
u +

ζ

ε

) η
ε

+
θ

ε − η

(
u +

ζ

ε

)
+

θζ − ελ

εη
, (6.7)

where µ ∈ C∞(x).
Of all the functions (6.7), we have to choose those which does not depend on x

and are nonlinear in u. If η/ε 6= 2, then these requirements hold if and only if

µ = a,
ζ

ε
= b,

η

ε
= c,

θ

ε − η
= d,

θζ − ελ

εη
= e,

(6.8)

where a, b, c, d, and e are some constants.
Taking into consideration all the relations on the functions δ, ε, η, ζ, θ, λ and

using (6.8), we easily obtain the following expressions:

ε = hekx, ζ = bε, η = cε, θ = (k2 − k)ε, λ = bθ,

where k = (1 − c)/(c + 3) and h is a constant. Hence,

f(u) = a(u + b)c − 2c + 2

(c + 3)2
(u + b). (6.9)

From the relations on δ, ε, η, ζ, θ, and λ it follows that if η = 2ε and function (6.7)
does not depend on x, then it has the form (6.9) for c = 2.
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Now consider the possibilities previously excluded. Either of the assumptions
η = 0 and η = ε results in the linearity of f(u). In the case ε = 0, we have a new
series of solutions to equation (6.6):

f(u) = aebu − 2

b
, a, b = const.

From the computation above, we obtain the following

Theorem 6.1. Among all nonlinear equations of the form

u′′ = u′ + f(u)

only equations of the two following series:

1. u′′ = u′ + a(u + b)c − 2c + 2

(c + 3)2
(u + b) a, b, c ∈ R, c 6= 1,−3

2. u′′ = u′ + aebu − 2

b
, a, b ∈ R, b 6= 0.

possess a two-dimensional algebra of point symmetries. In the first case, this algebra

spans the generating functions



ϕ1 = p,

ϕ2 = ekx

(
p − k + 1

2
(u + b)

)
, k =

1 − c

c + 3
.

In the second case, the algebra is generated by



ϕ1 = p,

ϕ2 = e−x

(
p − 2

b

)
.
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CHAPTER 2

First-Order Equations

In this chapter, the geometric approach to differential equations and their so-
lutions, discussed above in the case of ordinary differential equation, is extended to
scalar differential equations of first order.

As in Ch. 1, we interpret such differential equations as manifolds endowed with
the Cartan distribution and, in this language, study their symmetries, integrability,
etc.

Geometric theory of first-order equations is closely related to symplectic ge-
ometry and, in particular, Hamiltonian mechanics. These questions are also the
concern of the present chapter.

1. Contact transformations

1.1. Contact elements and the Cartan distribution. Let x1, . . . , xn de-
note coordinates on Rn. In this coordinates, a first-order differential equation for
one unknown function u has the form

F

(
x1, . . . , xn, u,

∂u

∂x1
, . . . ,

∂u

∂xn

)
= 0,

where F is a smooth function of 2n + 1 variables.
Denote the partial derivatives of u by p1 = ∂u/∂x1, . . . , pn = ∂u/∂xn and

consider the (2n+1)-dimensional vector space J1(Rn) with coordinates x1, . . . , xn,
u, p1, . . . , pn. A differential equation gives rise to a locus

E = {F (x1, . . . , xn, u, p1, . . . , pn) = 0}

in this space.
As a rule, we shall assume that the differential

dF =

n∑

i=1

∂F

∂xi
dxi +

∂F

∂u
du +

n∑

i=1

∂F

∂pi
dpi

is nonzero on some everywhere dense subset of the hypersurface E .
Under this assumption, any function G vanishing on E has the form G = µF

near the hypersurface E , where µ is a smooth function of x1, . . . , xn, u, p1, . . . , pn.
Differential equations on manifolds other than Rn (e.g., on torus) are not infre-

quent in applications. Thus, let us define, in a coordinate-free manner, the space
J1(M) for an arbitrary smooth manifold M .

Consider the (n + 1)-dimensional manifold J0(M) = M ×R; a point of J0(M)
is a pair (x, u), where x ∈ M , u ∈ R. A contact element at a point θ ∈ J0(M) is
a pair (θ, L), where L ⊂ Tθ(J

0(M)) is an n-dimensional plane. A contact element
(θ, L) is called nonsingular, if the plane L does not contain the vertical vector ∂/∂u.

37
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Exercise 1.1. Prove that the set of all nonsingular contact elements on J0(M)
is a smooth manifold.

Definition 1.1. The manifold of all nonsingular contact elements on J0(M)
is called the manifold of 1-jets of smooth functions on M and is denoted by J1(M).

Note that the projections

π1,0 : J1(M) → J0(M), π1,0(θ, L) = θ (1.1)

π1 : J1(M) → M, π1((x, u), L) = x, (x, u) ∈ J0(M). (1.2)

are well-defined and are smooth vector bundles. The C∞(M)-module of sections
of bundle (1.2) will be denoted by J 1(M).

The manifold J1(M) is basic to geometric formulation of first-order differential
equations.

Let Γ(f) ⊂ J0(M) be the graph of a function f ∈ C∞(M), i.e., Γ(f) consists of
the points b = (a, f(a)), where a ∈ M . At every point b = (a, f(a)) of this graph,
consider the nonsingular contact element (b, L), where L = Ta(Γ(f)) is the tangent
plane to the graph. Clearly, every nonsingular contact element θ = (b, Lθ) ∈ J1(M)
is tangent to the graph of an appropriate function.

Let us give a coordinate description of contact elements. Take a function
f ∈ C∞(M) and suppose that in local coordinates x1, . . . , xn, u it has the form u =
f(x1, . . . , xn). Let ξ1, . . . , ξn, η be coordinates on Tb(J

0(M)), where b = (a, f(a)),
a ∈ M , with respect to the basis ∂/∂x1, . . . , ∂/∂xn, ∂/∂u. Clearly, the plane tan-
gent to the graph of f is given by the equation

η = p1ξ1 + · · · + pnξn, (1.3)

where p1 = ∂f/∂x1(a), . . . , pn = ∂f/∂xn(a).
Thus, on the manifold of 1-jets there exist special (or canonical) local co-

ordinates x1, . . . , xn, u, p1, . . . , pn. Their geometric meaning is as follows: if
θ = (b, Lθ) ∈ J1(M), where Lθ is the plane tangent to the graph of the func-
tion u = u(x1, . . . , xn) at b = (a, f(a)), then the contact element (b, Lθ) has the
coordinates

(
a1, . . . , an, f(a),

∂f

∂x1
(a), . . . ,

∂f

∂xn
(a)

)
.

Exercise 1.2. Show that J1(M) = T ∗(M) × R.

By this exercise, one can define the projection π : J1(M) → T ∗(M). In the
special coordinates it takes the form

π(x1, . . . , xn, u, p1, . . . , pn) = (x1, . . . , xn, p1, . . . , pn). (1.4)

Let us now discuss a geometric interpretation of solutions to a given differential
equation. For any smooth function f ∈ C∞(M), define the map

j1(f) : M → J1(M), j1(f) : a → (b, Lf(a)), (1.5)

which takes each point a ∈ M to the nonsingular contact element consisting of the
point b = (a, f(a)) and the plane tangent to the graph of f at this point.

The map j1(f) is said to be the 1-jet of the function f . Its graph Nf =
j1(f)(M) ⊂ J1(M) is a n-dimensional manifold. In the special local coordinates
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Figure 2.1

x1, . . . , xn, u, p1, . . . , pn this manifold is obviously given by the equations




u = f(x1, . . . , xn),

p1 =
∂f

∂x1
(x1, . . . , xn),

. . . . . . . . . . . . . . . . . . . . .

pn =
∂f

∂xn
(x1, . . . , xn).

(1.6)

Note that, similar to the case of one independent variable, not every n-dimen-
sional submanifold in J1(M) has the form Nf . To describe submanifolds of the
form Nf , we supply the manifold J1(M) with the Cartan distribution, which is
defined below.

Let θ = (b, Lθ) be a point of J1(M), Lθ ⊂ Tb(J
0(M)). Denote by Cθ the set of

vectors in the tangent space Tθ(J
1(M)) whose images under the projection (π1,0)∗

belong to the plane Lθ:

Cθ = { ξ ∈ Tθ(J
1(M)) | (π1,0)∗(ξ) ∈ Lθ }.

Cθ is a hyperplane called the Cartan plane at θ ∈ J1(M) (see Figure 2.1).

Definition 1.2. The distribution

θ → Cθ, θ ∈ J1(M),

on the manifolds of 1-jets J1(M) is called the Cartan distribution.

Proposition 1.1. Let f ∈ C∞(M) be a function, a ∈ M , θ = j1(f)(a) ∈ Nf .

Then the manifold Nf is tangent to Cθ.

Proof. The map π1,0 takes the manifold Nf to the graph of f . Therefore the
tangent plane Tθ(Nf ) is projected to the tangent plane to the graph of f at the
point b = (a, f(a)), i.e., on Lθ. Hence, Tθ(Nf ) ⊂ Cθ.

This proposition can be restated as follows:

Corollary 1.2. The image of the map j1(f) : M → J1(M) is an integral

manifold of the Cartan distribution.

Exercise 1.3. a. Show that the fibers of the projection (1.1) are integral man-
ifolds of the Cartan distribution.

b. Let V be an arbitrary k-dimensional submanifold of J0(M), 1 ≤ k ≤ n =
dimM . Consider the manifold P ⊂ J1(M) consisting of contact elements (b, L)
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such that b ∈ V and L ⊃ Tb(V ). Prove that P is an integral manifold of the Cartan
distribution.

Let us now define a differential form U1 which determines the Cartan distri-
bution on J1(M). Take a contact element θ = (b, Lθ), where b ∈ J0(M) and
Lθ ⊂ Tb(J

0(M)). The image of a tangent vector ξ ∈ Tθ(J
1(M)) under the projec-

tion π1,0 : J1(M) → J0(M), π1,0(θ) = b, can be uniquely decomposed to the sum
ξ = ξ0 + ξ′0, where ξ0 = (π1,0)∗(ξ) = ρξ ∂/∂u|b, ξ′0 ∈ Lθ. Set U1(ξ) = ρξ. The
following proposition is obvious.

Proposition 1.3. ξ ∈ Cθ if and only if U1(ξ) = 0.

Thus, the 1-form U1 defines the Cartan distribution. Let us describe this form
in local coordinates.

Let x1, . . . , xn, u, p1, . . . , pn be special local coordinates on J1(M) in the
vicinity of a point θ. Since the plane Lθ ⊂ Tb(J

0(M)) is given by the equation
η = p1ξ1 + · · · + pnξn, where ξ1, . . . , ξn, η are the coordinates in Tb(J

0(M)), we
have

n∑

i=1

ξi
∂

∂xi
+

( n∑

i=1

piξi

)
∂

∂u
∈ Lθ. (1.7)

Suppose that

ξ =
n∑

i=1

ξi
∂

∂xi
+ η

∂

∂u
+

n∑

i=1

ζi
∂

∂pi
∈ Tθ(J

1(M));

then

(π1,0)∗(ξ) =

n∑

i=1

ξi
∂

∂xi
+ η

∂

∂u
.

From (1.7) it follows that

(π1,0)∗(ξ) =

(
η −

n∑

i=1

piξi

)
∂

∂u
+ χ,

with χ ∈ Lθ. Hence,

U1 = du −
n∑

i=1

pi dxi. (1.8)

Remark 1.1. Contact geometry closely resembles symplectic one. This is es-
sentially due to the isomorphism J1(M) = T ∗M × R. For a detailed discussion of
symplectic geometry see, e.g., [33, 3, 7].

In view of this remark, it is not surprising that there exists a universal element
on the manifold J1(M) similar to the universal form p dq in symplectic geometry
[72, 77].

Proposition 1.4. There exists a unique element ρ ∈ J 1(J1(M)) on the man-

ifold J1(M) such that for any section θ ∈ J 1(M) one has θ∗(ρ) = θ.

Proof. Consider an arbitrary point x ∈ J1(M). It is clear that there exists
a function f ∈ C∞(M) such that x = j1(f)|a, a = π1(x). By definition, put
ρ|x = j1(π

∗
1(f))|x. Let us prove the equality θ∗(ρ) = θ. Take x = θ(a). We have

θ∗(ρ)|a = θ∗(j1(π
∗
1(f))|x) = j1(θ

∗π∗
1(f))|a = j1(f)|a = x = θ(a).
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To prove uniqueness of ρ, observe that if one has (θ)∗(ρ′) = 0 for some element ρ′

and all θ ∈ J 1(M), then ρ′ = 0.

Exercise 1.4. Prove that in the local coordinates the element ρ has the form∑n
i=1 pi dxi.

The decomposition J1(M) = T ∗(M)×R induces the decomposition J 1(M) =
Λ1(M) ⊕ C∞(M). Define an operator S : J 1(M) → Λ1(M) by the formula1

S(f, ω) = df − ω.

Exercise 1.5. Prove that the image of the operator j1 : C∞(M) → J 1(M)
coincides with the kernel of the operator2 S.

It is readily seen that U1 = S(ρ).
The following proposition states that the converse of Corollary 1.2 is also true:

Proposition 1.5. A submanifold N ⊂ J1(M) that projects to M without de-

generation is a maximal integral manifold of the Cartan distribution if and only if

it is the graph of a function f ∈ C∞(M), i.e., N = j1(f)(M).

Proof. An n-dimensional manifold N ⊂ J1(M) that projects to M without
degeneration has the form 




u = f(x1, . . . , xn),

p1 = g1(x1, . . . , xn),
. . . . . . . . . . . . . . . . . . .

pn = gn(x1, . . . , xn).

The manifold N is an integral manifold of the Cartan distribution if and only if
U1|N = 0. In the coordinates x1, . . . , xn on N , the restriction of U1 to N can be
written as

∑n
i=1 (∂f/∂xi − gi) dxi. Thus, N will be an integral manifold if and

only if gi(x1, . . . , xn) = ∂f/∂xi, i = 1, . . . , n, and this is precisely the assertion of
the proposition.

Thus, the Cartan distribution on J1(M) is the geometric structure which dis-
tinguishes the graphs of 1-jets from all n-dimensional submanifolds of J1(M).

Consider a submanifold E ⊂ J1(M). The Cartan distribution on J1(M) induces
the Cartan distribution C(E) on E , C(E)θ = Cθ ∩ Tθ(E).

Definition 1.3. 1. A submanifold E ⊂ J1(M) of codimension one sup-
plied with the induced Cartan distribution is called a first-order differential

equation.
2. A generalized solution L ⊂ E to an equation E is an n-dimensional maximal

integral manifold of the Cartan distribution on E .

Example 1.1. Consider the stationary Hamilton–Jacobi equation
(

∂S

∂q

)2

+ q2 = C, C = const,

1The operator S is the simplest operator in the series of the Spencer operators

Sk,l : J
k ⊗ Λl → J k−1 ⊗ Λl+1, Sk,l(ajk(f) ⊗ ω) = jk−1(f) ⊗ (da ∧ ω).

For discussion of the Spencer operators see [60].
2The exact sequence

0 → C∞(M)
j1
→ J 1(M)

S
→ Λ1(M) → 0

is the simplest Jet-Spencer complex (see [60]).
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Figure 2.2

Figure 2.3

describing one-dimensional harmonic oscillator. The corresponding locus p2 + q2 =
C is the cylinder in the (q, u, p)-space. The Cartan distribution C(E) is a direction
field on this cylinder. Integral curves of C(E) (see Figure 2.2) are generalized so-
lutions of the equation. It is obvious that these curves project to the q-axis with
degeneration. Figure 2.3 shows the projections of these curves to the (q, u)-plane.

If the tangent spaces Tθ(E) nowhere coincide with the Cartan planes Cθ, then
the induced Cartan distribution C(E) is of codimension 1.

Definition 1.4. A point θ ∈ E is called a singular point of the equation E if
Tθ(E) = Cθ.

Exercise 1.6. Show that the origin of coordinates is a singular point of the
equations

x1
∂f

∂x1
+ x2

∂f

∂x2
= f and

(
∂f

∂x1

)2

+

(
∂f

∂x2

)2

= f.

Below, we work, as a rule, in the vicinity of nonsingular points of E .

1.2. Contact transformations. A smooth transformation J1(M) → J1(M)
is called a contact transformation, if it takes the Cartan distribution to itself.
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Figure 2.4

Thus, F : J1(M) → J1(M) is a contact transformation, if either of the following
two equivalent conditions holds:

1. F∗(Cθ) ⊂ CF (θ) for all θ ∈ J1(M).

2. F ∗(U1) = λU1, where λ ∈ C∞(J1(M)).

In coordinates the second condition takes the form:

dU −
n∑

i=1

Pi dXi = λ

(
du −

n∑

i=1

pi dxi

)
, (1.9)

where Xi = F ∗(xi), U = F ∗(u), Pi = F ∗(pi), λ ∈ C∞(J1(M)).
Historically, contact transformations were understood as “transformations of

curves on the (x, y)-plane” of the form

X = f(x, y, y′),

Y = ϕ(x, y, y′),
(1.10)

satisfying the following condition: that the images of any two curves tangent to
each other are also tangent. Consider a curve l given by an equation y = y(x) and
a point p ∈ l. Suppose that a transformation F of the form (1.10) takes l to a
curve L given by an equation Y = Y (X) and P = F (p) (see Figure 2.4). It is clear
that

dY

dX
=

∂ϕ

∂x
+

∂ϕ

∂y
y′ +

∂ϕ

∂y′ y
′′

∂f

∂x
+

∂f

∂y
y′ +

∂f

∂y′ y
′′

=

(
∂ϕ

∂x
+

∂ϕ

∂y
y′

)

1 +

∂ϕ

∂y′ y
′′

∂ϕ

∂x
+

∂ϕ

∂y
y′




(
∂f

∂x
+

∂f

∂y
y′

)

1 +

∂f

∂y′ y
′′

∂f

∂x
+

∂f

∂y
y′




.

Obviously, dY/dX does not depend on y′′ (this is just the condition that the
transformation F preserves the tangency of curves), if

∂ϕ

∂y′

(
∂f

∂x
+

∂f

∂y
y′

)
=

∂f

∂y′

(
∂ϕ

∂x
+

∂ϕ

∂y
y′

)
. (1.11)

It can easily be checked that (1.11) exactly means that the transformation J1(R1) →
J1(R1), j1(y(x))|p 7→ j1(Y (X))|P preserves the differential form dy − p dx.

Contact transformations can be obtained by lifting smooth transformations of
the space J0(M). Namely, let F : J0(M) → J0(M) be such a transformation. In
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the coordinates x1, . . . , xn, u, it has the form

(x1, . . . , xn, u) → (a1(x, u), . . . , an(x, u), b(x, u)). (1.12)

This transformation induces the transformation of J1(M). The coordinate descrip-
tion of the latter is as follows.

Exercise 1.7. Show that under the transformation (1.12)



p1

. . .
pn


 7−→ ∆−1 ×




∂b/∂x1 + p1∂b/∂u
. . .

∂b/∂xn + pn∂b/∂u


 , (1.13)

where ∆ is the matrix with the elements ∆ik = ∂ak/∂xi + pi∂ak/∂u.

Exercise 1.8. Prove that the transformation given by (1.12) and (1.13) is
contact.

Formulas (1.12) and (1.13) define the transformation of J1(M), which is called
the lifting of a given transformation of J0(M) to J1(M). The lifting of F takes
each contact element θ = (b, Lθ) to the element F̄ (θ) = (F (b), (F∗)b(Lθ)).

Since π1,0 ◦ F̄ = F ◦ π1,0 and (F∗)b(Lθ) = LF̄ (θ), we have (F̄∗)b(Cθ) ⊂ CF̄ (θ).

Thus, the transformations of the form F̄ preserve the Cartan distribution and,
therefore, take the integral manifolds of this distribution to themselves3.

Contact transformations that are liftings of transformations of J0(M) are called
point transformations..

Point transformations do not exhaust contact ones.

Example 1.2. Consider the Legendre transformation

L :





xi → pi,

u →
n∑

k=1

xkpk − u,

pi → xi, i = 1, . . . , n,

(1.14)

where x1, . . . , xn, u, p1, . . . , pn are special local coordinates.

Exercise 1.9. Show that the Legendre transformation preserves the Cartan
distribution.

Exercise 1.10. Let F : J0(M) → J0(M) be a transformation of the form
F (x, u) = (f(x), u), where f : M → M . Prove that the lifting F̄ of F preserves the
form U1, i.e., F̄ ∗(U1) = U1.

Example 1.3. The following transformation is a generalization of the Legendre
transformation and is called the Euler transformation:

E :





xi → pi,
xl → xl,

u →
k∑

s=1

xsps − u,

pi → xi,
pl → − pl, i = 1, . . . , k, l = k + 1, . . . , n.

3Strictly speaking, the lifting fails to exist at the points θ for which the element F̄ (θ) is

singular. Analytically, this means that the matrix ∆ is not invertible at these points. In what
follows we do not consider such points.
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Figure 2.5

It can easily be checked that E∗(U1) = −U1, so that the Euler transformation
is contact.

Here are more examples of contact transformations (see [33]).

Example 1.4. Consider the transformation given by

x̄i = xi +
θpi√

1 +
∑n

k=1 p2
k

, ū = u − θ√
1 +

∑n
k=1 p2

k

, p̄i = pi. (1.15)

Exercise 1.11. Prove that transformation (1.15) is contact. Is it a point trans-
formation?

Example 1.5. The transformation of R3 given by the formulas

q̄ =
p

pq − u
, ū = − 1

pq − u
, p̄ = − q

u
, (1.16)

is contact. Its geometric meaning is as follows. Consider the unit circle

q2 + u2 = 1.

(see Figure 2.5). Recall that the polar line of a point P = (a, b) with respect to
this circle is the straight line LP given by the equation

aq + bu − 1 = 0.

If P lies outside the circle, then its polar line passes through the intersection points
of the tangents to the circles passing through P with the circle.

Consider the straight line LP passing through P with a slope equal to p0. There
exists a unique point on LP such that LP is its polar line with respect to the circle.

It is not hard to prove that the coordinates of P are given by (1.16).
By taking an arbitrary second-order curve instead of the circle, one can define

a contact transformation in a similar way.

Example 1.6. Consider the contact transformation of R3 given by the formulas

x̄ =
(xp − u)p

1 + p2
, ū = −xp − u

1 + p2
, p̄ =

xp2 − x − 2up

up2 − u + 2xp
. (1.17)

and called the pedal transformation. Let us give its geometric interpretation (see
Figure 2.6).
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Figure 2.6

Let O be the origin of coordinates. Consider a point Q = (x0, u0) and the
straight line L passing through Q with a slope equal to p. Drop a perpendicular
to L from O. Through the foot of the perpendicular let us pass a tangent to the
circle with the diameter OQ. It can easily be checked that formulas (1.17) give the
coordinates of Q̄ and the slope of the tangent L̄.

Let us discuss the action of contact transformations on differential equations.
A contact transformation F : J1(M) → J1(M) takes a hypersurface E , cor-

responding to an equation, to a hypersurface E ′ (which may coincides with E).
Since contact transformations preserve the Cartan distribution, E ′ is also “almost
everywhere” a differential equation. Note that the transformation F̄ establishes a
one-to-one correspondence between (generalized) solutions of the initial equation
and the transformed one.

Definition 1.5. Equations E and E ′ in J1(M) are called (locally) equivalent,
if there exists a contact transformation of J1(M) such that the image of E under
this transformation is E ′.

Example 1.7. Consider the action of the lifting of the transformation J0(M) →
J0(M), (x1, x2, u) 7→ (u, x2, x1) on the equation E1 = {u =

√
p2
2/p1 − x2

1}. From
formula (1.13) it follows that

(x1, x2, u, p1, p2) → (u, x2, x1, 1/p1,−p2/p1).

The transformed equation E ′
1 = {x1 =

√
p2
2/p1 − u2} coincides with the initial one

for x1 > 0, u > 0.
The same transformation takes the equation E2 = {4u − p2

1 − p2
2 = 0} to

E ′
2 = {4x1p

2
1 − 1 − p2

2 = 0}. The image of the graph of the solution to E2 given
by u = x2

1 + x2
2 is the surface u2 = x1 − x2

2, which is a multiple-valued solution to
E ′
2. The points (x1 = x2

2, u = 0) on this surface are singular, since the surface is
tangent to the vector ∂/∂u at these points.

For x1 > x2
2 the solutions u = ±

√
x1 − x2

2 are single-valued and smooth.

Definition 1.6. Let E ⊂ J1(M) be a first-order differential equation. A con-
tact transformation F : J1(M) → J1(M) is called finite contact symmetry of E , if
F (E) = E .
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Consider an equation E given by a hypersurface H = 0, where H ∈ C∞(J1(M))
is a smooth function with nonzero differential. It is obvious that a contact trans-
formation F is a symmetry of E if and only if F ∗(H) = λH for some function
λ ∈ C∞(J1(M)).

Let us also stress that symmetries of E take (generalized) solutions of this
equation to solutions of the same equations.

Example 1.8. The Legendre transformation is a finite contact symmetry of
the equation

E =

{
u − 1

2

n∑

i=1

xipi = 0

}
. (1.18)

Equation (1.18) has the n-parameter family of solutions u =
∑n

i=1 bix
2
i , where

bi ∈ R. This family is invariant under the Legendre transformation:

L

(
j1

( n∑

i=1

bix
2
i

))
= j1

( n∑

i=1

x2
i

4bi

)
.

The graph of the constant function u = c transformed by the Legendre trans-
formation,





u = c,
p1 = 0,
. . . . . .
pn = 0,

→





u = −c,
x1 = 0,
. . . . . . .
xn = 0,

is an integral manifold whose projection to the manifold of independent variables
is the point (x1 = · · · = xn = 0).

Let us now use the Clairaut equation to illustrate applications of such degen-
erate integral manifolds.

1.3. Clairaut equation and its integrals. The general Clairaut equation
has the form

F

( n∑

i=1

xipi − u, p1, . . . , pn

)
= 0, (1.19)

where F is a smooth function of (n+1) variables. The image of this equation under
the Legendre transformation is the equation

F (u, x1, . . . , xn) = 0, (1.20)

which contains no derivatives. The locus associated to (1.20) is an n-dimensional
surface in the (n+1)-dimensional space J0(Rn), the corresponding first-order differ-
ential equation being its inverse image under the projection π1,0 : J1(Rn) → J0(Rn).

Take a point (a1, . . . , an, b) ∈ J0(Rn) such that F (b, a1, . . . , an) = 0. The fiber
of π1,0 : J1(Rn) → J0(Rn) over this point is a generalized solution of (1.20).

Applying the Legendre transformation to these generalized solutions yields an
n-parameter family of single-valued solutions to (1.19), which is said to be a com-

plete integral of the Clairaut equation.
On the other hand, solving (1.20) for u in the vicinity of a nonsingular point

(i.e., where ∂F/∂u 6= 0) yields

u = f(x1, . . . , xn). (1.21)
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To find the image of this solution under the Legendre transformation observe
that the graph of the 1-jet of (1.21) has the form





p1 =
∂f

∂x1
(x1, . . . , xn),

. . . . . . . . . . . . . . . . . . . . .

pn =
∂f

∂xn
(x1, . . . , xn),

F (u, x1, . . . , xn) = 0.

(1.22)

Under the Legendre transformation, (1.22) maps to the system




x1 =
∂fl

∂x1
(p1, . . . , pn),

. . . . . . . . . . . . . . . . . . . . .

xn =
∂fl

∂xn
(p1, . . . , pn),

F

( n∑

i=1

xipi − u, p1, . . . , pn

)
= 0,

(1.23)

which is compatible.
Express p1, . . . , pn in terms of x1, . . . , xn by the first n equations. Substitut-

ing them to the last equation and solving it for u in terms of x1, . . . , xn yields a
finite number of solution to the Clairaut equation, which are called its exceptional

integrals.

Example 1.9. Consider the following Clairaut equation with two independent
variables

x1p1 + x2p2 − u =
1

3
(p3

1 + p3
2). (1.24)

Using the Legendre transformation, we obtain the equation

u =
1

3
(x3

1 + x3
2),

which gives the following complete integral of the initial equation

u = a1x1 + a2x2 −
1

3
(a3

1 + a3
2), a1, a2 = const.

Exceptional integrals are found from the system



u = x1p1 + x2p2 −
1

3
(p3

1 + p3
2),

x1 = p2
1,

x2 = p2
2.

(1.25)

It follows that exceptional integrals exist in the quadrant x1 > 0, x2 > 0 and
have the form

p1 = α1
√

x1, p2 = α2
√

x2,

u =
2

3
(α1x

3/2
1 + α2x

3/2
2 ), (1.26)

with α1 = ±1 and α2 = ±1. Thus, formula (1.26) defines four exceptional integrals.
However, from the geometric point of view, the system (1.25) defines only one
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generalized solution, which is a surface of the fourth order and degenerately projects
to the (x1, x2)-plane. Formula (1.26) defines the four branches of this generalized
solution.

1.4. Contact manifolds in mechanics.

Definition 1.7. A (2n+1)-dimensional manifold M equipped with a 1-form θ
is called a contact manifold if θ ∧ (dθ)n is a volume form.

An odd-dimensional manifold equipped with a closed 2-form of maximal rank
will be said to be an almost contact manifold.

It immediately follows from §1.1 that the manifold of 1-jets J1(M) is a contact
manifold.

Note that at any point of a contact manifold the restriction of dθ to the kernel
of θ is nondegenerate. In particular, any contact manifold is almost contact (with
the 2-form dθ).

Given a 2-form ω on a manifold M , the set of vectors ξ such that ξ ω = 0 is
called the characteristic distribution of the form ω. A vector field X on an almost
contact manifold (M,ω) is called characteristic if X ω = 0.

Let us give some examples of contact manifolds ([2]).

Example 1.10. Let (M,ω,H) be a Hamiltonian system (i.e., (M,ω) is a sym-
plectic manifold and H is a smooth function on M) and He be a regular energy
surface. We claim that (He, ω|He

) is an almost contact manifold and the restriction
of the Hamiltonian field XH to He is a characteristic vector field on this manifold.

Indeed, d(ω|He
) = dω|He

= 0, so that the form ω|He
is closed. Since the form

ω is nondegenerate and codimension of He is equal to 1, ω is of maximal rank
on He. Further, the field XH is tangent to He, therefore XH |He

ω|He
= 0.

Example 1.11. Let (M,ω) be a symplectic manifold and π2 : R × M → M
be the natural projection π2(t, x) = x. We claim that (R × M,π∗

2(ω)) is almost
contact.

Indeed, dπ∗
2(ω) = 0, hence the form ω̃ = π∗

2(ω) is closed. To check the max-
imal rank condition, it is sufficient to show that the characteristic distribution of
this form is one-dimensional. If the vector ((t, r), vp) ∈ T(t,p)(R × M) lies in the
characteristic space, then

π∗
2(ω)(t,p)(((t, r), vp), ((t, s), wp)) = 0,

where wp ∈ TpM and s = ∂/∂t. By definition of π∗
2(ω), we have ωp(vp, wp) = 0 for

any wp. Thus, vp = 0 and the characteristic distribution is generated by the vector
field

∂

∂t

∣∣∣∣
(t,p)

= ((t, 1), 0) ∈ T(t,p)(R × M) = TtR × TpM.

Note that if ω = dθ and θ̃ = dt + π∗
2(θ), where t : R ×M → R, t(t, x) = t, then

ω̃ = dθ̃ and (R × M, θ̃) is a contact manifold.

A smooth mapping X : R × M → TM is called a vector field depending on

time, if for any t ∈ R the mapping X : {t} × M → TM is a vector field on M . To

any vector field depending on time, one associates the vector field X̃ on R ×M by

X̃ = ∂/∂t + X.
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Take a function H ∈ C∞(R × M). For each t ∈ R, there is the Hamiltonian
vector field XHt

, where Ht : M → R, Ht(x) = H(t, x). Define the vector field
depending on time XH : R × M → TM by the formula XH(t, x) = XHt

(x). Let

X̃H be the corresponding field on R × M .

Theorem 1.6 (Cartan). Let (M,ω) be a symplectic manifold and H ∈ C∞(R×
M) be a function. Set

ωH = π∗
2(ω) + dH ∧ dt.

Then:

1. (R × M,ωH) is an almost contact manifold.

2. The field X̃H generates the characteristic distribution of the form ωH .

3. If ω = dθ and θH = π∗
2θ + H dt, then ωH = dθH ; in this case, if H +

π∗
2(θ)(XH) is nowhere zero, (R × M, θH) is a contact manifold.

Exercise 1.12. Prove Theorem 1.6.

2. Infinitesimal contact transformations and characteristic fields

In Ch. 1 we saw that passing to the infinitesimal point of view is useful in the
theory of ordinary differential equation. In this section, we consider infinitesimal
contact transformation.

2.1. Infinitesimal contact transformations. Let At : J1(M) → J1(M) be
a one-parameter group of finite contact transformations. Consider the vector field
X = d/dt|t=0 A∗

t . By definition of contact transformations, A∗
t (U1) = λtU1, where

λt ∈ C∞(J1(M)), so that

X(U1) = λU1, where λ =
dλt

dt

∣∣∣∣
t=0

. (2.1)

Definition 2.1. A vector field X on the manifold J1(M) is called an infini-

tesimal contact transformation or a contact vector field , if

X(U1) = λU1, where λ ∈ C∞(J1(M)).

Exercise 2.1. Prove that contact vector fields are closed under the commuta-
tor operation.

It can easily be checked that a one-parameter group corresponding to a contact
vector field consists of finite contact transformations.

Example 2.1. In the special local coordinates x1, . . . , xn, u, p1, . . . , pn on
J1(M) the vector fields ∂/∂x1, . . . , ∂/∂xn and ∂/∂u are contact, while the fields ∂/∂pi

are not.

Example 2.2. Let n = 2. The vector field X = x1∂/∂x2−x2∂/∂x1+p1∂/∂p2−
p2∂/∂p1 is an infinitesimal contact transformation, since X(du−p1 dx1−p2 dx2) =
p2 dx1 + p1 dx2 − p1 dx2 − p2 dx1 = 0.

Example 2.3. Consider the vector field X ∈ D(J1(M)) in special local coor-
dinates given by

X =

n∑

i=1

αixi
∂

∂xi
+ βu

∂

∂u
+

n∑

i=1

(β − αi)pi
∂

∂pi
, (2.2)



2. INFINITESIMAL CONTACT TRANSFORMATIONS AND CHARACTERISTIC FIELDS 51

where α1, . . . , αn, β are constant. It is easily shown that X(U1) = βU1, so that X
is an infinitesimal contact transformation.

In §1 we saw that any smooth transformation A : J0(M) → J0(M) gives rise to
the contact transformation Ā : J1(M) → J1(M). The same is true for infinitesimal
transformations as well. Namely, let X ∈ D(J0(M)) and At be the one-parameter
group of shifts along trajectories of X. Clearly, the vector field X̄ = d/dt|t=0 Ā∗

t ∈
D(J1(M)) is contact. This vector field X̄ is called the lifting of the field X to the
manifold of 1-jets J1(M).

All contact fields discussed in Examples 2.1–2.3 are in fact liftings of some
fields. The fields ∂/∂xi, ∂/∂u ∈ D(J1(M)) (see Example 2.1) are liftings of ∂/∂xi

and ∂/∂u considered as vector fields on J0(M). The vector field from Example 2.2
is the lifting of the infinitesimal rotation x1∂/∂x2 − x2∂/∂x1, while the field from
Example 2.3 is the lifting of the infinitesimal scale transformation

α1x1
∂

∂x1
+ · · · + αnxn

∂

∂xn
+ βu

∂

∂u
∈ D(J0(M)).

This is an immediate consequence of the corresponding coordinate formulas for the
liftings of At.

Exercise 2.2. Check that a contact vector field X ∈ D(J1(M)) is the lifting
of a field X(0) ∈ D(J0(M)) if and only if in the special local coordinates x1, . . . , xn,
u, p1, . . . , pn on J1(M) one has [X, ∂/∂pi] = αi1∂/∂p1 + · · ·+αin∂/∂pn, where αik

are smooth functions on J1(M), 1 ≤ i, k ≤ n.

Example 2.4. The vector field X =
∑n

i=1(2pi∂/∂xi + p2
i ∂/∂u) is contact (be-

cause X(U1) = 0), however, [X, ∂/∂pl] = −2∂/∂xl − 2pl∂/∂u. Hence X cannot be
the lifting of a vector field X(0) ∈ D(J0(M)).

Let us now give a description of contact vector fields in terms of generating
functions [72, 77].

Theorem 2.1. A contact vector field X on J1(M) is uniquely determined by

the function f = U1(X). To every function f ∈ C∞(J1(M)) there corresponds a

contact field Xf , i.e., f = U1(Xf ). The correspondence f 7→ Xf is linear over R

and satisfies the following properties:

U1(Xf ) = f,

Xf (U1) = X1(f) · U1,

Xf+g = Xf + Xg, g ∈ C∞(J1(M)),

Xfg = fXg + gXf − fgX1,

Xf (f) = X1(f) · f.

Proof. Consider the 2-form dU1. We claim that for any point θ ∈ J1(M) the
form (dU1)θ is nondegenerate on the Cartan plane Cθ. Indeed, from the coordinate
expression for dU1 it follows that X1|θ (dU1)θ = 0, where X1 = ∂/∂u, and
(dU1)θ is nondegenerate on any hyperplane that does not contain X1|θ. Since
(U1)θ(X1) = 1 6= 0, one has Cθ 6∋ X1|θ.

Thus, the map Y 7→ Y dU1 establishes an isomorphism between vector fields
that lie in the Cartan distribution (i.e., on which the form U1 vanishes) and 1-forms
that vanish on X1.
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Let X be a contact vector field on J1(M), X(U1) = hU1, where h ∈ C∞(J1(M)).
Decomposing X into the sum

X = f · X1 + Y, where f ∈ C∞(J1(M)), U1(Y ) = 0, (2.3)

we get

Y dU1 = X dU1 = hU1 − d(X U1).

Thus,

Y dU1 = hU1 − df. (2.4)

Applying both sides of (2.4) to the field X1, we get h = X1(f).
The equality U1(Y ) = 0 means that Yθ lies in Cθ for any θ ∈ J1(M). Since

the 2-form dU1 is nondegenerate on Cθ, the vector Yθ can be recovered by means
of (2.4). Hence, the field X is uniquely determined by the function f = U1(X).

Conversely, for an arbitrary function f on J1(M) define the field Y by (2.4),
with h = X1(f). Then (2.3) yields X = Xf .

The rest of the proof is by direct verification.

Definition 2.2. Given a contact vector field X, the function f = U1(X) is
called the generating function of X.

Exercise 2.3. Let f1, . . . , fk ∈ C∞(J1(M)) and ϕ ∈ C∞(Rk) be an arbitrary
smooth function. Using Theorem 2.1, prove that

Yϕ(f1,...,fk) =
k∑

i=1

∂ϕ

∂fi
Yfi

, (2.5)

where Yf = Xf − fX1.

In view of (2.5), to describe Xf in local coordinates it suffices to obtain the
coordinate formulas for Yxi

, Yu, Ypi
(i = 1, . . . , n). It immediately follows from the

definitions that

Yxi
=

∂

∂pi
, i = 1, . . . , n, (2.6)

Yu =
n∑

i=1

pi
∂

∂pi
, (2.7)

Ypi
= − ∂

∂xi
− pi

∂

∂u
, i = 1, . . . , n. (2.8)

Using (2.5), we get

Yf = −
n∑

i=1

∂f

∂pi

∂

∂xi
−

( n∑

i=1

pi
∂f

∂pi

)
∂

∂u
+

n∑

i=1

(
∂f

∂xi
+ pi

∂f

∂u

)
∂

∂pi
. (2.9)

Since Xf = Yf + fX1, we obtain

Xf = −
n∑

i=1

∂f

∂pi

∂

∂xi
+

(
f −

n∑

i=1

pi
∂f

∂pi

)
∂

∂u
+

n∑

i=1

(
∂f

∂xi
+ pi

∂f

∂u

)
∂

∂pi
. (2.10)

Remark 2.1. Consider the pullback f = π∗(H) of a function H ∈ C∞(T ∗(M))
along the projection π : J1(M) → T ∗(M). The projection of the field Xf to T ∗(M)
is the Hamiltonian field XH . From the equalities Xf (U1) = X1(f)U1 and dU1 =
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−π∗(ω), where ω is the symplectic structure on T ∗(M), it follows that XH dω =
dH.

Exercise 2.4. The 2n+1 vector fields (2.6), (2.7), and (2.8) at each point θ lie
in the 2n-dimensional plane Cθ at each point θ, so that they are linearly dependent.
Find the linear dependence (over C∞(J1(M))) between these fields.

Exercise 2.5. Consider the trivial extension of a vector field Y ∈ D(M) to
J0(M) = M ×R. Find the generating function for the lifting Ȳ ∈ D(J1(M)) of Y .

Exercise 2.6. Let f ∈ C∞(J0(M)) be a function and π∗(f) ∈ C∞(J1(M))
be the pullback of f along the projection π defined by (1.1). Prove that the contact
field Xπ∗(f) is the lifting of some field Y ∈ D(J0(M)) and describe Y in coordinates.

The isomorphism between contact vector fields and functions on J1(M) makes
it possible to define a number of brackets on the set of functions.

First, let Xf and Xg be the contact vector fields with the generating functions
f, g ∈ C∞(J1(M)). The commutator of these fields is a contact field as well.

Definition 2.3. The generating function {f, g} = U1([Xf , Xg]) of the contact
field [Xf , Xg] is called the Jacobi bracket of f and g.

Proposition 2.2. For f, g ∈ C∞(J1(M)), one has

{f, g} = Xf (g) − X1(f)g. (2.11)

Proof. Since Xf (U1) = Xf dU1 +d(Xf U1) = Xf dU1 +df and Xf (U1) =
X1(f) · U1, it follows that

dU1(Xf , Xg) = gX1(f) − Xg(f).

Hence,

{f, g} = U1([Xf , Xg]) = Xf (U1(Xg)) − Xg(U1(Xf )) − dU1(Xf , Xg)

= Xf (g) − Xg(f) − gX1(f) + Xg(f) = Xf (g) − X1(f)g.

Theorem 2.3. The set of function on J1(M) is a Lie algebra over R with

respect to the Jacobi bracket.

Proof. It is obvious that the Jacobi bracket is skew-symmetric and bilinear.
The Jacobi identity is a direct consequence of (2.11).

Exercise 2.7. Using (2.11), prove that in the special coordinates the Jacobi
bracket takes the form

{f, g} =
n∑

i=1

(
∂f

∂xi

∂g

∂pi
− ∂f

∂pi

∂g

∂xi

)
+

n∑

i=1

pi

(
∂f

∂u

∂g

∂pi
− ∂g

∂u

∂f

∂pi

)
+ f

∂g

∂u
− g

∂f

∂u
.

Another bracket is defined as follows:

Definition 2.4. The Mayer bracket [f, g] of two functions f, g ∈ C∞(J1(M))
is defined by [f, g] = dU1(Xf , Xg) ∈ C∞(J1(M)).

The Mayer bracket is bilinear over R and skew-symmetric, but instead of the
Jacobi identity, one has

[[f, g], h] + [[h, f ], g] + [[g, h], f ] = X1(f)[g, h] + X1(g)[h, f ] + X1(h)[f, g].
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Using

[f, g] = Yf (g) = Xf (g) − fX1(g),

we obtain the following coordinate formula for the Mayer bracket:

[f, g] =
n∑

i=1

(
∂f

∂xi

∂g

∂pi
− ∂f

∂pi

∂g

∂xi

)
+

n∑

i=1

pi

(
∂f

∂u

∂g

∂pi
− ∂g

∂u

∂f

∂pi

)
.

Finally, let us define the Poisson bracket.

Definition 2.5. The Poisson bracket (f, g) of two functions f, g ∈ C∞(J1(M))
is defined by (f, g) = Xf (g) ∈ C∞(J1(M)).

Exercise 2.8. Prove the following properties of the Poisson bracket:

1. Bilinearity over R.
2. (f, g) + (g, f) = X1(f)g + X1(g)f .
3. (f, g) = [f, g] + X1(g)f .
4. (f, g) = {f, g} + X1(f)g.

In coordinates, the Poisson bracket looks as

(f, g) =

n∑

i=1

(
∂f

∂xi

∂g

∂pi
− ∂f

∂pi

∂g

∂xi

)
+

n∑

i=1

pi

(
∂f

∂u

∂g

∂pi
− ∂g

∂u

∂f

∂pi

)
+ f

∂g

∂u
.

Remark 2.2. The restrictions of all the three brackets to the functions which
are pullbacks of functions on T ∗(M) coincide with the Poisson bracket on T ∗(M),
because X1(π

∗(H)) = 0 for all H ∈ C∞(T ∗(M)).

2.2. Infinitesimal symmetries of equations.

Definition 2.6. Let E ⊂ J1(M) be a first-order differential equation. A con-
tact vector field X ∈ D(J1(M)) is called an infinitesimal contact symmetry of the
equation E , if at each point θ ∈ E the vector Xθ is tangent to E .

In the sequel, such a symmetry will be called simply a “symmetry”. The
generating function of a symmetry will also be referred to as “symmetry” for short.

It is clear that the set of symmetries of E is a Lie algebra over R with respect
to the commutation operation. In terms of generating functions, the Lie algebra
structure is given by the Jacobi bracket.

If the equation E is (locally) of the form E = {F = 0}, F ∈ C∞(J1(M)), then
X is a symmetry of E , if X(F )|E ≡ 0, or, which is equivalent, X(F ) = µF for some
function µ ∈ C∞(J1(M)).

Note that the equality XF (F ) = X1(F ) ·F implies that the equation E = {F =
0} always possesses at least one symmetry, namely, XF .

As an example, let us discuss equations, which are symmetric with respect to
the contact fields from Examples 2.1–2.3.

Example 2.5. The vector field X given by (2.2) (see Example 2.3) is a symme-
try of E = {F = 0}, if the function F is quasihomogeneous in the following sense:
for any real numbers α1, . . . , αn, β there exists γ ∈ R such that for each τ ∈ R one
has

F (τα1x1, . . . , τ
αnxn, τβu, τβ−α1p1, . . . , τ

β−αnpn)

≡ τγF (x1, . . . , xn, u, p1, . . . , pn). (2.12)
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Indeed, suppose that F satisfies (2.12) and consider the trajectory of X passing

through a point θ = (x
(0)
1 , . . . , x

(0)
n , u(0), p

(0)
1 , . . . , p

(0)
n ) ∈ E :





xi = x
(0)
i eαit,

u = u(0)eβt,

pi = p
(0)
i e(β−αi)t, i = 1, . . . , n.

Set τ = et and compute F at a point (x1, . . . , xn, u, p1, . . . , pn) on the considered
trajectory:

F (x1, . . . , xn, u, p1, . . . , pn) = τγF (x
(0)
1 , . . . , x(0)

n , u(0), p
(0)
1 , . . . , p(0)

n ) = 0.

Therefore, the trajectory of X passing through θ lies entirely on E . Hence, X(F ) =
0 on E .

Proposition 2.4. The contact field ∂/∂xi (resp., ∂/∂u) is a symmetry of E =
{F = 0}, where F ∈ C∞(J1(M)), if and only if F does not depend on xi (resp.,
u).

Proof. If E = {G = 0} and ∂G/∂xi = µG, µ ∈ C∞(J1(M)), then G = eνF ,
where ν is a function satisfying ∂ν/∂xi = µ and F does not depend on xi. Since eν

is nowhere zero, we have E = {G = 0} = {F = 0}. The field ∂/∂u can be handled
in the same way.

Exercise 2.9. Prove that the vector field from Example 2.2 for n = 2 is a
symmetry of an equation E if and only if E is of the form

F (u, x2
1 + x2

2, p
2
1 + p2

2, x1p1 + x2p2) = 0.

2.3. Characteristic vector fields and integration of first-order equa-
tions. Recall (see Ch. 1, §3) that a vector field X is a characteristic symmetry
of a distribution P , if X belongs to P and the Lie derivative with respect to X
preserves P .

Proposition 2.5. The Cartan distribution on J1(M) has no nontrivial char-

acteristic symmetries.

Proof. If X is a characteristic symmetry, then X is contact and U1(X) = 0.
Hence, by Theorem 2.1, X = 0.

Recall also that from the geometric viewpoint the finding of (generalized) so-
lutions to a differential equation amounts to integration of the Cartan distribution
restricted to the locus of this equation. So, the problem of finding all (generalized)
solutions to a first-order differential equation E can be stated as follows:

To find all maximal integral manifolds of the induced Cartan distri-

bution C(E) on the manifold E ⊂ J1(M).

Now, we claim that although the Cartan distribution on J1(M) has no charac-
teristic symmetries, any nontrivial first-order equation has a nontrivial character-
istic symmetry. Indeed, consider the 1-form U1|E that defines the Cartan distribu-
tion C(E). For any point θ ∈ J1(M), the 2-form (dU1)θ is nondegenerate on the
Cartan plane Cθ. If θ is a nonsingular point of the equation E = {F = 0}, then

C(E)θ = Cθ ∩ Tθ(E)

is a hyperplane in Cθ. On this hyperplane, the 2-form (dU1)θ is of rank 2n− 2 and,
therefore, is degenerate. Thus, on the everywhere dense set of generic points of E
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there exists the direction field lθ ⊂ Tθ(E), where lθ ⊂ C(E)θ is the degeneration
subspace of (dU1)θ.

Proposition 2.6. The direction field lθ is tangent to every generalized solution

of E.

Proof. Recall that an n-dimensional plane R ⊂ Cθ is called Lagrangian with
respect to the 2-form (dU1)θ, if the restriction (dU1)θ|R vanish. It is not hard to
prove that if R is contained in a hyperplane S ⊂ Cθ, then R must contain the
1-dimensional degeneration subspace of (dU1)θ|S .

Now, let N be a generalized solution to E , i.e., a maximal n-dimensional integral
manifold of the Cartan distribution contained in E . Since U1|N = 0, we have
(dU1)N = 0, and, therefore, for any θ ∈ N the plane Tθ(N) ⊂ C(E)θ ⊂ Cθ is
Lagrangian with respect to (dU1)θ. Hence, lθ ⊂ Tθ(N).

The field {lθ} is called the characteristic direction field. Its integral curves are
called the characteristics of E .

Proposition 2.7. Let E = {F = 0} be an equation. The characteristics of E
are integral curves of the characteristic vector field YF .

Proof. Since U1(YF ) = 0, we have (YF )θ ∈ Cθ for any point θ ∈ J1(M). From
the formula

YF dU1 = X1(F )U1 − dF (2.13)

(see (2.4)) it follows that

YF (F ) = dF (YF ) = X1(F )U1(YF ) − dU1(YF , YF ) = 0,

therefore YF is tangent to every level surface of F . Thus, (YF )θ ∈ C(E)θ for all
θ ∈ E .

By virtue of (2.13), the form YF dU1 vanish on the (2n−1)-dimensional plane
C(E)θ. Hence, (YF )θ is a degeneration vector of (dU1)θ on this plane, i.e., for all
θ ∈ E we have (YF )θ ∈ lθ, which proves the theorem.

Proposition 2.8. The vector field YF is an infinitesimal symmetry of the dis-

tribution C(E).

Proof. Since YF = XF − FX1, the vector fields YF and XF coincide on
E = {F = 0}. To conclude the proof, it remains to recall that XF is an infinitesimal
symmetry of the Cartan distribution.

Now let us turn to the discussion of the Cauchy problem. By Propositions 2.6–
2.7, a noncharacteristic Cauchy problem for the equation E = {F = 0} reduces to
the solution of the following system of characteristic equations:





ẋi = −∂F

∂pi
,

u̇ = −
n∑

i=1

pi
∂F

∂pi
,

ṗi =
∂F

∂xi
+ pi

∂F

∂u
, i = 1, . . . , n,

(2.14)

describing the trajectories of the field YF .
Further on an (n− 1)-dimensional integral manifold of the Cartan distribution

contained in E will be called Cauchy data for E .



2. INFINITESIMAL CONTACT TRANSFORMATIONS AND CHARACTERISTIC FIELDS 57

Example 2.6. Let Γ ⊂ M be a smooth hypersurface, u0 be a smooth function
on it, and ũ0 be an extension of u0 such that the graph j1(ũ0)(Γ) is contained in E .
This graph is an (n − 1)-dimensional manifold of Cauchy data.

“Almost always” the graph j1(ũ0)(Γ) is determined by the initial function u0

and does not depend on the choice of ũ0. To prove this, observe that for any point
a ∈ Γ the n-dimensional plane tangent to the graph of ũ0 at a point (a, u0(a)) must
contain the (n − 1)-dimensional plane tangent to the surface { (x, u0(x)) | x ∈ Γ }.
Therefore, all contact elements j1(ũ0)(a) lie on a 1-dimensional curve, which in a
general case intersects E at one point.

In particular, suppose that in local coordinates the hypersurface Γ ⊂ M is
given by Γ = {xn = 0} and the equation E is resolved with respect to pn:

pn = f(x1, . . . , xn, u, p1, . . . , pn−1).

Then, for any function u0 ∈ C∞(Γ) and any point a ∈ Γ, the contact element
j1(ũ0)(a) is uniquely determined and in coordinates has the form

(
a1, . . . , an, u0(a),

∂u0

∂x1

∣∣∣∣
a

, . . . ,
∂u0

∂xn−1

∣∣∣∣
a

, f

(
a, u0(a),

∂u0

∂x1

∣∣∣∣
a

, . . . ,
∂u0

∂xn−1

∣∣∣∣
a

))
.

Proposition 2.9. Let E ⊂ J1(M) be a first-order differential equation and

R ⊂ E be a manifold of Cauchy data such that none of the characteristic direc-

tions lθ, θ ∈ R, is tangent to R. Then, in a neighborhood of R, there exists a

generalized solution of E containing R.

Proof. For each point θ ∈ R there exists a segment of a characteristic passing
through θ that does not intersect R in other point. Take the union N =

⋃
θ∈R χθ ⊂

E of these segments. In view of the theorem about smooth dependence of solutions
on initial conditions, without loss of generality we can assume that N is a smooth
manifold.

Since for θ ∈ R the tangent plane Tθ(N) is generated by the plane Tθ(R) ⊂
Cθ(E) and the straight line lθ ⊂ Cθ(E), we get Tθ(N) ⊂ Cθ.

Consider a point θ ∈ N that does not belong to R. There is a shift along
trajectories of the characteristic field which takes this point to a point θ0 ∈ R. The
manifold N can be considered as invariant under this shift, so that the plane Tθ(N)
maps to Tθ0

(N). Since the characteristic field belongs the Cartan distribution, the
shift along its trajectories takes the space Cθ(E) to Cθ0

(E). Hence, Tθ(N) ⊂ Cθ.
Thus, N is the equation we seek for.

Example 2.7. Consider the equation with two independent variables

u − ∂u

∂x1

∂u

∂x2
= 0,

i.e., E = {u − p1p2 = 0}. Let us find the solution whose restriction to the hyper-
surface Γ = {x2 = 0} equals u0(x1) = x2

1. The graph of u0 uniquely determines the
following 1-dimensional Cauchy data

x1 = τ, x2 = 0, u = τ2, p1 = 2τ, p2 = u/p1 = τ/2,

where τ is a parameter.
Using (2.9), we get

YF = p2
∂

∂x1
+ p1

∂

∂x2
+ 2p1p2

∂

∂u
+ p1

∂

∂p1
+ p2

∂

∂p2
.
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Parametric equations of trajectories of this field have the form




x1 = τ(et + 1)/2,

x2 = 2τ(et − 1),

u = τ2e2t,

p1 = 2τet,

p2 = τet/2,

(2.15)

where t is a parameter on trajectories.
Equations (2.15) give the solution in the parametric form. Solving the first

two equations for τ and t and substituting the expressions obtained into the third
equation yields the solution to the Cauchy problem in the explicit form: u =
(4x1 + x2)

2/16.

Example 2.8. Consider the Hamilton–Jacobi equation4

H

(
q,

∂u

∂q

)
= C,

where q = (q1, . . . , qn), ∂u/∂q = (∂u/∂q1, . . . , ∂u/∂qn), C is a constant, i.e., H does
not depend on u.

Note that the surface H(q, p) = c, as well as the Cartan distribution on J1(M),
is invariant under shifts along trajectories of the field ∂/∂u. The corresponding
quotient equation can be considered as a submanifold of T ∗M . The quotient Cartan
distribution is given by the universal form p dq, since this form coincides with the
projection of the form −U1. Therefore, the symplectic structure on T ∗M is defined
by the projection of −dU1.

The system (2.14) corresponding to the characteristic field takes the form




q̇i =
∂H

∂pi
,

u̇ = −
n∑

i=1

pi
∂H

∂pi
,

ṗi = −∂H

∂qi
, i = 1, . . . , n.

Note that the first and the third equations correspond to the Hamiltonian vector
field on T ∗M , i.e., the characteristics are described by the Hamilton equations.

The invariant theory of the Hamilton–Jacobi equations (including the solution
of the Cauchy problem) is fully considered in [143].

2.4. Symmetries and first integrals. As discussed above, solution of a non-
characteristic Cauchy problem for a first-order differential equation in the vicinity
of nonsingular point amounts to integration of the characteristic direction field lθ,
i.e., to solution of the characteristic system (2.14).

Recall that a first integral for a system of differential equation (resp., a vec-
tor field) is a function constant on solutions to this system (resp., trajectories
of this field). We shall say that ϕ ∈ C∞(J1(M)) is a first integral of equation

4Sometimes by the Hamilton–Jacobi equation is meant the one of the form ut = ϕ(t, x, ux),

where x = (x1, . . . , xn), ux = (ux1 , . . . , uxn ). Such an equation can be obtained by setting

xi = qi, t = qn+1, and H(q, uq) = ut − ϕ(t, x, ux).
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E = {F = 0} ⊂ J1(M), if ϕ is a first integral of the characteristic system (2.14)
of E . Symmetries and first integrals are intimately related.

Proposition 2.10. If Xf1
and Xf2

are two symmetries of E = {F = 0} lin-

early independent over C∞(J1(M)), then the function f = f2/f1 is a first integral

of E.

Proof. We have

λiF = Xfi
(F ) = Yfi

(F ) + fiX1(F ) = fiX1(F ) − YF (fi)

for some functions λi ∈ C∞(J1(M)), i = 1, 2. It follows that YF (fi) = fiX1(F ) −
λiF . Hence

YF (f2/f1) = (YF (f2)f1 − YF (f1)f2)/f2
1

= (f1f2X1(F ) − λ2f1F − f1f2X1(F ) + λ1f2F )/f2
1 =

(
λ1f2 − λ2f1

f2
1

)
F.

Exercise 2.10. Prove that contact vector fields Xf1
and Xf2

are linearly inde-
pendent over C∞(J1(M)) if and only if they (or, which is the same, their generating
functions) are linearly independent over R.

Example 2.9. The equation

∂u

∂x1

∂u

∂x2
− xa

1x
b
2u

c = 0

for c 6= 2 has the contact symmetries Xαu−x1p1
, where α = (a + 1)/(2 − c) and

Xβu−x2p2
, with β = (b+1)/(2− c). Therefore, the function f = (βu−x2p2)/(αu−

x1p1) is a first integral of this equation.

Proposition 2.11. If an equation E ⊂ J1(M) possesses an (l+1)-dimensional

Abelian algebra of symmetries, then it has l independent first integral which are

mutually in involution with respect to the Mayer bracket.

Proof. It can easily be checked that for all f, g ∈ C∞(J1(M)) one has

[f, g] = {f, g} + f ′g − g′f, (2.16)

where f ′ = X1(f), g′ = X1(g).
Let Xf1

, . . . , Xfl+1
be mutually commuting symmetries of E . Put

g1 =
f1

fl+1
, . . . , gl =

fl

fl+1
.

We claim that the first integrals gi are mutually in involution on E .
Indeed, {fi, fk} = 0 on E , because the symmetries fi and fk commute. Us-

ing (2.16), we get

[fi, fk] = f ′
ifk − f ′

kfi.

From (2.5) it easily follows that

[gi, gk] =
1

f3
l+1

(fl+1[fi, fk] − fi[fl+1, fk] − fk[fi, fl+1])

=
1

f3
l+1

(fl+1f
′
ifk − fl+1fif

′
k − fif

′
l+1fk + fifl+1f

′
k − fl+1f

′
ifk + f ′

l+1fifk) = 0

on E , which proves the proposition.
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Thus, if Xf0
, Xf1

, . . . , Xfl
is a basis of an Abelian algebra of symmetries of E ,

then the first integrals gi = fi/f0, i = 1, . . . , l, of the characteristic distribution are
independent and are mutually in involution.

Example 2.10. Any equation of the form F (u, p1, . . . , pn) = 0 has the n-di-
mensional Abelian algebra of symmetries generated by

∂

∂x1
= −Xp1

, . . . ,
∂

∂xn
= −Xpn

.

It immediately follows that p2/p1, . . . , pn/p1 is an involutive system of first integrals.

3. Complete integrals of first-order differential equations

In §2, we saw that the Cauchy problem for a first-order equation amounts to
integration of the characteristic system of the equation under consideration. This
observation gives rise to another method of solving first-order equations, namely,
the complete integral method. Complete integrals are dealt with in [20, 113].
Remark that the role of symmetries in the construction of completes integrals is
quite important.

3.1. Complete integrals: a coordinate approach. It is a common knowl-
edge that a system of n first-order ordinary differential equations for n unknown
functions has, in the vicinity of a nonsingular point, an n-parameter family of so-
lutions. By analogy, let us look for an n-parameter family

u = V (x1, . . . , xn, a1, . . . , an) (3.1)

of solutions to a first-order partial differential equation E . Here a1, . . . , an are
parameters.

Differentiating this relation with respect to xi yields

p1 =
∂V

∂x1
, . . . , pn =

∂V

∂xn
. (3.2)

If one can obtain the initial equation E through eliminating the constants a1, . . . , an

from (3.1) and (3.2), then V (x1, . . . , xn, a1, . . . , an) is said to be a complete integral.
Writing this condition analytically, we arrive at the following

Definition 3.1 (coordinate). A complete integral of a first-order partial dif-
ferential equation with n independent variables is an n-parameter family

u = V (x1, . . . , xn, a1, . . . , an). (3.3)

of solutions to this equation. A complete integral is called nondegenerate if the
matrix 



∂V/∂a1 . . . ∂V/∂an

∂2V/∂a1∂x1 . . . ∂2V/∂an∂x1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
∂2V/∂a1∂xn . . . ∂2V/∂an∂xn


 (3.4)

is of maximal rank n almost everywhere.

Example 3.1. The family

u = 2a1x1x
3
2 + a2

1x
6
2 + a2x

2
2
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is a complete integral for the equation

(
∂u

∂x1

)2

+ x1
∂u

∂x1
+ 2u = x2

∂u

∂x2

In this case, the matrix (3.4) vanishes on the surface {x2 = 0}. Outside this
surface the complete integral is nondegenerate.

Example 3.2. For each equation of the form F (p1, . . . , pn) = 0, the fam-
ily u = a1x1 + · · · + an−1xn−1 + cxn + an, where c is defined by the equality
F (a1, . . . , an−1, c) = 0, is a complete integral.

Example 3.3. For a Clairaut equation of the form u = x1p1 + · · · + xnpn +
f(p1, . . . , pn), the family u = a1x1+· · ·+anxn+f(a1, . . . , an) is a complete integral.

3.2. The construction of complete integrals using symmetry algebras.
The integration method discussed below is based on “integration” of an algebra of
symmetries, i.e., on construction of the Lie group of finite contact transformations
for which the given algebra is the algebra of infinitesimal generators.

Let M be an n-dimensional smooth manifold, E ⊂ J1(M) be an equation of
codimension one, and Xf1

, . . . , Xfn
be a basis of a Lie algebra g of infinitesimal

symmetries of this equation. Suppose that the Lie group G corresponding to g is
realized as a group of finite contact transformations. By the latter we mean an
exponential correspondence defined for sufficiently small values of a1, . . . , an which
takes every vector field a1Xf1

+ · · · + anXfn
to a finite transformation A(a1,...,an),

with

d

dt
(A(ta1,...,tan))

∗f = (A(ta1,...,tan))
∗(a1Xf1

+ · · · + anXfn
)f,

for any f ∈ C∞(J1(M)).
Let now N be a “sufficiently good” generalized solution of E . In more exact

terms, assume that the span of Tθ(N) and the vectors (Xf1
)θ, . . . , (Xfn

)θ is of di-
mension 2n almost everywhere in N . Since the finite contact symmetries A(a1,...,an)

take generalized solutions of E to the generalized solutions,

N(a1,...,an) = A(a1,...,an)(N)

is an n-parameter family of generalized solutions, i.e., a complete integral of E .
Let us find out what particular solutions can be used to construct complete

integrals.
Let u = u(x1, . . . , xn) be a solution to E . The plane tangent to the graph

N = j1(u)(M) spans the vectors

Ti =
∂

∂xi
+

∂u

∂xi

∂

∂u
+

n∑

k=1

∂2u

∂xi∂xk

∂

∂pk
.

Thus, constructing complete integral requires that the matrix composed of the
coefficients of the fields

T1, . . . , Tn, Xf1
, . . . , Xfn

(3.5)

be of rank 2n almost everywhere in N .
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Example 3.4. As we have mentioned in Example 2.10, any equation of the
form F (u, p1, . . . , pn) = 0 possesses the n-dimensional algebra of contact symmetries
generated by {

∂

∂x1
, . . . ,

∂

∂xn

}
.

The exponential correspondence for this algebra has the form

A(a1,...,an) : (x1, . . . , xn) → (x1 + a1, . . . , xn + an).

Therefore, if u = ũ(x1, . . . , xn) is a solution satisfying the above conditions, then

V (x1, . . . , xn, a1, . . . , an) = ũ(x1 − a1, . . . , xn − an)

is a complete integral for this equation.
Note that the matrix (3.5) is nonsingular, if the matrix




∂ũ/∂x1 ∂2ũ/∂x1∂x1 . . . ∂2ũ/∂x1∂xn

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
∂ũ/∂xn ∂2ũ/∂xn∂x1 . . . ∂2ũ/∂xn∂xn




is of rank n almost everywhere. Consider several particular cases.
a. The equation

∂u

∂x1

∂u

∂x2
= ua

has the solution ũ = ((2 − a)2x1x2)
1/(2−a) for a 6= 2 and the solution ũ = e2

√
x1x2

for a = 2. Using this, we obtain the complete integral u = [(2 − a)2(x1 − a1)(x2 −
a2)]

1/(2−a) in the first case and u = e2
√

(x1−a1)(x2−a2) in the second case.
b. The equation

u =

n∑

i=1

bi

(
∂u

∂xi

)2

has the solution ũ =
∑n

i=1 x2
i /4bi, which yields the complete integral

u =
n∑

i=1

(xi − ai)
2

4bi
.

Example 3.5. It is not hard to construct the exponential correspondence for
the Abelian algebra consisting of infinitesimal translations and scale transforma-
tions (see Examples 2.1 and 2.3). In this case, each infinitesimal transformation
can be integrated separately.

The equation

2x1
∂u

∂x1

∂u

∂x2
− u

∂u

∂x2
= a

possesses the Abelian symmetry algebra with the basis

x1
∂

∂x1
− p1

∂

∂p1
,

∂

∂x2
.

The particular solution ũ2 = 2x2(x1 − a) gives the following complete integral

V 2(x1, x2, a1, a2) = 2(x2 − a2)(a1x1 − a).

Let us now discuss an example of how to construct a complete integral using a
non-Abelian algebra of contact symmetries.
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Example 3.6. Suppose that an equation F (x3, u, p1, p2, p3) = 0, in addition
to obvious symmetries ∂/∂x1 and ∂/∂x2, has a scale symmetry of the form

X =

3∑

i=1

αixi
∂

∂xi
+ βu

∂

∂u
+

3∑

i=1

(β − αi)pi
∂

∂pi
. (3.6)

Computing shifts along trajectories of this field, we easily obtain the exponential
correspondence

A(a1,a2,a3) : (x1, x2, x3, u, p1, p2, p3) →
[(

x1 +
a1

α1a3

)
eα1a3 − a1

α1a3
,

(
x2 +

a2

α2a3

)
eα2a3 − a2

α2a3
, x3e

α3a3 , ueβa3 , p1e
(β−α1)a3 , p2e

(β−α2)a3 , p3e
(β−α3)a3

]
.

Take as an example the equation

4u =

(
p1

pα1
3

)2

+

(
p2

pα2
3

)2

+ 4x3p3,

which has the symmetry of the form (3.6) with α3 = 1 and β = 0. Using the
particular solution ũ = x2

1 + x2
2 + x3 and the above exponential correspondence, we

get the following complete integral

V =

[(
x1 +

a1

α1a3

)
e−α1a3 − a1

α1a3

]2

+

[(
x2 +

a2

α2a3

)
e−α2a3 − a2

α2a3

]2

+ x3e
−a3 .

3.3. Complete integrals: an invariant approach.

Definition 3.2 (geometric). Let E ⊂ J1(M) be a differential equation with
one dependent variable, n = dimM . Suppose that a domain O ⊂ E is foliated
by an n-parameter family of generalized solutions to the equation (n-dimensional
integral manifolds of the distribution C(E)), i.e., there are an n-dimensional smooth
manifold N and a regular smooth map πN : O → N such that inverse images
Na = π−1

N (a) of points a ∈ N are n-dimensional integral manifolds of C(E); such a
foliation is called a complete integral of E .

We claim that Definitions 3.1 and 3.2 are equivalent. Indeed, let us prove that
from the coordinate definition it follows existence of a domain O ⊂ E foliated by
solutions of E .

To this end, define a map ᾱ : M × N̄ → E , where N̄ = {a = (a1, . . . , an)} is a
parameter domain, by the formula (b, a) 7→ j1(V (x, a))(b). Since the matrix (3.4)
is nonsingular, this map has rank 2n at each point and, therefore, is a local diffeo-
morphism. Hence, we can choose open domains U ⊂ M , N ⊂ N̄ , O ⊂ E such that
the restriction

α : U × N → O (3.7)

of ᾱ is a diffeomorphism and for any a ∈ N the surface Wa = α(U × {a}) is a
solution to E over the domain U . We construct the desired map πN by putting
πN (θ) = β2(θ) if α−1(θ) = (β1(θ), β2(θ)). Clearly, Wa = π−1

N (a).
Using the above procedure yields a system of local coordinates

(x1, . . . , xn, a1, . . . , an), (3.8)
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in O ⊂ E such that the integral surfaces of the complete integral are given by




a1 = C1,
. . . . . . . .
an = Cn,

where C1, . . . , Cn are constants.

Exercise 3.1. Show that the geometric definition of a complete integral im-
plies the coordinate one.

Given a complete integral, we need not explicitly solve system (2.14) to find
the characteristics. Indeed, observe that the map α (see (3.7)) is given by





u = V (x, a),

p1 = Vx1
(x, a),

. . . . . . . . . . . . . .

pn = Vxn
(x, a),

(3.9)

which describe the relation between the special local coordinates x, u, p and the
coordinates (3.8). It follows that in the coordinates (3.8) the form U1 is written as

U1 = Va1
da1 + · · · + Van

dan = Va1

(
da1 +

Va2

Va1

da2 + · · · + Van

Va1

dan

)
.

We can assume without loss of generality that locally Va1
6= 0, so that C(E) is

given by the 1-form

ω = da1 +
Va2

Va1

da2 + · · · + Van

Va1

dan.

Taking the functions

a1, . . . , an, y1, y2 =
Va2

Va1

, . . . , yn =
Van

Va1

,

where y1 is an arbitrary independent function, for coordinates on E , we get

ω = da1 + y2 da2 + · · · + yn dan.

Therefore, ∂/∂y1 defines the degeneration direction of dω on C(E) (i.e., ∂/∂y1 ω =
0 and ∂/∂y1 dω = 0), while the functions a1, . . . , an, y2, . . . , yn are first integrals
of the characteristic distribution.

Example 3.7. Consider the equation

∂u

∂x1

∂u

∂x2
− x1

∂u

∂x1
− x2

∂u

∂x2
= 0.

It can easily be checked that the function V (x1, x2, a1, a2) = a1 + (x1 + x2a2)
2/2a2

is a complete integral for this equation.
We have Va1

= 1, p1 = (x1+x2a2)/a2, p2 = x1+x2a2, whence a2 = p2/p1, a1 =
u− p1p2/2. Substituting a1 and a2 to the expression for Va2

yields y2 = p1(p2x2 −
p1x1)/2p2. The functions a1, a2, and y2 are first integrals of the characteristic
distribution.

Example 3.8. Consider the equation

2x1
∂u

∂x1

∂u

∂x2
− u

∂u

∂x2
− a = 0.
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A complete integral for this equation can be obtained by means of the relation

u2 = V 2 = 2(a1x1 − a)(x2 − a2).

It is easily shown that

y2 =
Va2

Va1

= −a1p2

x1p1
, a2 = x2 −

p1(a1x1 − a)

a1p2
,

where a1 is the integral defined by 2p1(a1x2 − a)2 = u2p2a1. The functions a1, a2,
y2 constitute a complete set of first integrals of the characteristic distribution on
the equation at hand.

3.4. The Lagrange–Charpit method. To construct a complete integral in
the case of two independent variables it suffices to know one nontrivial first integral
of the characteristic distribution. The method allowing one to do this is called the
Lagrange–Charpit method [113, 36].

Let E = {F = 0} be a first-order equation with two independent variables,
F ∈ C∞(J1(R2)), and f ∈ C∞(J1(R2)) be an integral of the characteristic vector
field YF , i.e.,

YF (f) = 0. (3.10)

Let us look for generalized solutions of E satisfying
{

F (x1, x2, u, p1, p2) = 0,

f(x1, x2, u, p1, p2) = a1,
(3.11)

where a1 is a constant.
Solving (3.11) for p1 and p2 yields

{
p1 = g1(x1, x2, u, a1),

p2 = g2(x1, x2, u, a1).

It is readily seen that under conditions (3.10) and (3.11) the form U1 = du −
p1 dx1 − p2 dx2 is closed, so that the system





∂u

∂x1
= g1(x1, x2, u, a1),

∂u

∂x2
= g2(x1, x2, u, a1),

is compatible and has a solution u = V (x1, x2, a1, a2), which is the desired complete
integral of E .

Example 3.9. Consider the equation

x2
∂u

∂x1

∂u

∂x2
− u

∂u

∂x1
+ c

∂u

∂x2
= 0,

where a is a nonzero constant. It is easy to prove that p2 is a first integral of the
characteristic distribution of the equation under consideration. Setting p2 = a2

and solving the equation for p1, we get p1 = ca2/(u − x2a2). Thus, the system
of equations ∂u/∂x2 = a2 and ∂u/∂x1 = ca2/(u − x2a2) is compatible. Inte-
grating the first equation with respect to x1, we get u = a2x2 + v(x1). The
second equation yields vx1

= ca2/v, whence v = ±
√

2ca2x1 + a1. Therefore,
u = V±(x1, x2, a1, a2) = a2x2 ±

√
2ca2x1 + a1 is a complete integral of the equation

in hand for either of the two signs.
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The Lagrange–Charpit method can be generalized to the case of arbitrary num-
ber of independent variables. To describe this generalization, let us first discuss the
problem of the compatibility for an overdetermined system





f1 = c1,

. . . . . . .

fr = cr,

(3.12)

with fi ∈ C∞(J1(M)), i = 1, . . . , r, and c1, . . . , cr constants.

Proposition 3.1. A sufficient condition for system (3.12) to be compatible is

that for all 1 ≤ i, k ≤ r the Mayer brackets [fi, fk] vanish on the surface (3.12).

Proof. First of all, note that the characteristic vector fields Yf1
, . . . , Yfr

are
tangent to the (2n − r + 1)-dimensional surface in J1(M) given by (3.12), since
Yfi

(fk) = [fi, fk] = 0 on this surface.
Further, we have

[Yf , Yg] = Y[f,g] + g′Yf − f ′Yg − [f, g]X1, (3.13)

where f ′ = U1([X1, Xf ]), g′ = U1([X1, Xg]).

Exercise 3.2. Prove (3.13).

Using (3.13), we obtain [Yfi
, Yfk

] = f ′
kYfi

− f ′
iYfk

on the surface (3.12), so
that, by the Frobenius theorem, the vector fields Yf1

, . . . , Yfr
generate a completely

integrable distribution Y on this surface.
Next, observe that the manifold of intersection of an n-dimensional integral

manifold of the Cartan distribution with the surface (3.12) is at least of dimen-
sion n−r. Take an (n−r)-dimensional integral manifold of the Cartan distribution
belonging to the surface (3.12) such that for any θ ∈ R the tangent plane Tθ(R) and
the span of (Yf1

)θ, . . . , (Yfr
)θ intersect at zero. Let N be the union of all integral

manifolds of the distribution Y passing through points of R. We claim that the
n-dimensional manifold N is a generalized solution of (3.12) near R.

Indeed, for each point θ ∈ R the space Tθ(N) is the sum of Tθ(R) ⊂ Cθ and
Yθ ⊂ Cθ. Thus, Tθ(N) ⊂ Cθ for all θ ∈ N near R.

Recall that we have been working under the assumption that the form dF |E ,
where F is the function that defines the equation at hand E = {F = 0}, is almost
everywhere nonzero. In this case, any function f ∈ C∞(J1(M)) vanishing on E has
the form f = νF for some ν ∈ C∞(J1(M)).

Under this condition, f ∈ C∞(J1(M)) is a first integral of the characteristic
distribution of E if and only if

[F, f ] = λF for some λ ∈ C∞(J1(M)). (3.14)

Example 3.10. Consider the differential equation

h(x2
1 + x2

2)

[(
∂u

∂x1

)2

+

(
∂u

∂x2

)2]
−

(
x1

∂u

∂x1
+ x2

∂u

∂x2
− u

)2

= 0.

In this case F = h(x2
1+x2

2)(p
2
1+p2

2)−(x1p1+x2p2−u)2. Taking f = (x2p1−x1p2)/u,
we get

[F, f ] = YF (f) =
2(x2p1 − x1p2)

u2
F.
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Therefore condition (3.14) is satisfied, so that the function f can be used in con-
struction of a complete integral by means of the Lagrange–Charpit method.

System (3.12) is said to be in involution if [fi, fk] = 0, 1 ≤ i, k ≤ r, by virtue
of this system.

Let us now state the Lagrange–Charpit method in the general case.

Theorem 3.2. Let E = {F = 0} ⊂ J1(M) be a first order differential equation

with n independent variables and f2, . . . , fn be smooth functions on J1(M) such

that the following conditions hold :

1. [F, fk] = λkF , k = 2, . . . , n, λk ∈ C∞(J1(M)).
2. [fi, fk] = λi,kF , 2 ≤ i, k ≤ n, λi,k ∈ C∞(J1(M)).
3. The functions F , f2, . . . , fn are functionally independent.

Then a complete integral of E can be computed by the following system




F = 0,

f2 = a2,

. . . . . . .

fn = an.

(3.15)

Proof. System (3.15) defines an (n+1)-dimensional surface Pa, a = (a2, . . . , an),
in E . Let C(Pa) denote the induced Cartan distribution on this surface, i.e., the
distribution given by the 1-form ωa = U1|Pa

(equivalently, C(Pa)θ = Cθ ∩ Tθ(Pa)

for all θ ∈ Pa).
The distribution C(Pa) is completely integrable. Indeed, since C(Pa) is gener-

ated by YF , Yf2
, . . . , Yfn

, this fact is a part of the proof of Proposition 3.1.
Let f1 be a first integral of this distribution. The system





F = 0,
f1 = b1,
. . . . . . .
fn = bn

defines a generalized solution to E for arbitrary constants b1, . . . , bn. Thus, we
have constructed a complete integral for E (see Definition 3.2). Regularity of the
parameter map can be proved using the Frobenius theorem.

Example 3.11. Consider the following equation with n independent variables:

u
∂u

∂x1
· ∂u

∂x2
· · · · · ∂u

∂xn
− x1x2 · · ·xn = 0.

The functions

f1 =
p1u

1/n

x1
, f2 =

p2u
1/n

x2
, . . . , fn =

pnu1/n

xn

are first integrals of the characteristic distribution for the considered equation E =
{up1p2 · · · pn − x1 · · ·xn = 0}.

It can easily be checked that the integrals f1, . . . , fn are in involution, so that
the system





p1u
1/n = A1x1,

. . . . . . . . . . . . . . .

pnu1/n = Anxn,
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is compatible for all A1, . . . , An = const, being compatible with the initial equa-
tion E for A1 · . . . · An = 1. Solutions of this system are written as

u =

(
n + 1

2n

n∑

i=1

Aix
2
i + An

)n/(n+1)

, An = const.

In particular, putting An = (A1 · · ·An−1)
−1, we get a complete integral of E .



CHAPTER 3

The Theory of Classical Symmetries

The methods of Ch. 2 were based on representation of a first order differential
equation as a submanifold in the space J1(M) endowed with the Cartan distri-
bution. In this chapter we extend the approach to arbitrary systems of nonlinear
partial differential equations. We consider here the space of k-jets and the most
important geometric structures related to it. We define classical symmetries of dif-
ferential equations and, using some examples of equations in mathematical physics,
illustrate methods of computation of these symmetries. Besides, we discuss appli-
cations of classical symmetries to construction of exact solutions.

1. Equations and the Cartan distribution

Consider a system of nonlinear differential equations of order k:





F1(x,u,p) = 0,

. . . . . . . . . . . . . . .

Fr(x,u,p) = 0,

(1.1)

where Fl are some smooth functions, x = (x1, . . . , xn) are independent variables,
u = (u1, . . . , um) are unknown functions, while p denotes the set of partial deriva-

tives pj
σ = ∂|σ|uj/∂xi1

1 · · · ∂xin
n , σ = (i1, . . . , in) being a multi-index, |σ| = i1 + · · ·+

in ≤ k.
Geometric study of system (1.1) consists in treating the equations Fi(x,u,p) =

0, 1 ≤ i ≤ r, not as conditions on functions u themselves, but on k-th order Taylor
series of these functions. This approach allows to introduce a finite-dimensional
space whose coordinates correspond to the values of the functions u and of their
derivatives.

Thus we shall consider the variables

x1, . . . , xn, u1, . . . , um, pi
σ, |σ| ≤ k,

as coordinates in some space Jk(n,m) whose dimension is

dimJk(n,m) = n + m
k∑

i=0

(
n + i − 1

n − 1

)
= n + m

(
n + k

k

)
.

Relations (1.1) determine in Jk(n,m) a surface E of codimension r which is
the geometric image corresponding to the given system of nonlinear differential
equations. This surface in Jk(n,m) will be called a differential equation of order k
with n independent and m dependent variables. (We shall make this definition more
precise below.) The surface E is a coordinate-free object unlike its representation as
a system of the form (1.1), since the same equation can possess different analytical
representations.

69
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The fact that the variable pj
σ, σ = (i1, . . . , in), corresponds to the partial de-

rivative of uj with respect to x1, . . . , xn is expressed geometrically in the following
way. Consider on Jk(n,m) the Cartan distribution C = Ck(n,m) determined by
the basic 1-forms

ω j
σ = dp j

σ −
n∑

i=1

p j
σ+1i

dxi, 1 ≤ j ≤ m, |σ| ≤ k − 1, (1.2)

where 1i = (0, . . . , 0, 1, 0, . . . , 0) and 1 stays at the i-th place1. A straightforward
computation shows the number of the basic 1-forms equals

N = m
k−1∑

i=0

(
n + i − 1

n − 1

)
= m

(
n + k − 1

k − 1

)
.

It is easily checked that the forms ωj
σ are linear independent at every point and

consequently the number N coincides with codimension of the Cartan distribution
C. Hence, dimension of the Cartan distribution is

dim Ck(n,m) = dimJk(n,m) − codim Ck(n,m) = n + m

(
n + k − 1

n − 1

)
.

Consider the projection

πk : Jk(n,m) → Rn, πk(x,u,p) = x. (1.3)

In the preceding chapters (see §2 of Ch. 1 and §1 of Ch. 2) we showed that the
Cartan distribution on the manifolds Jk(1, 1) and J1(n, 1) allows one to distinguish
between all sections of the mapping (1.3) and those ones which correspond to jets
of smooth functions.

In general, the following theorem is valid:

Theorem 1.1. Let Q ⊂ Jk(n,m) be an n-dimensional surface nondegenerately

projecting to the space of independent variables Rn in a neighborhood of a point

y ∈ Q. The surface Q is an integral manifold of the Cartan distribution C in the

neighborhood under consideration if and only if it can be given by relations of the

form




u1 = f1(x1, . . . , xn),

. . . . . . . . . . . . . . . . . . .

um = fm(x1, . . . , xn),

p j
σ =

∂|σ|f j

∂xi1
1 . . . ∂xin

n

(x1, . . . , xn).

(1.4)

for some smooth functions f1, . . . , fm, where σ = (i1, . . . , in) and |σ| ≤ k.

Proof. In fact, nondegeneracy of the projection πk|Q in a neighborhood of

the point y (see Figure 3.1) means that locally the equation of Q can be represented
as {

uj = f j(x1, . . . , xn),

pj
σ = f j

σ(x1, . . . , xn),

1Here and below we formally set pj

(0,...,0)
= uj .
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Figure 3.1. Nondegenerate projection of Q to Rn

j = 1, . . . ,m, |σ| ≤ k, where f j , f j
σ are some smooth functions. The surface Q is an

integral manifold for the distribution C, if the basis 1-forms vanish on this surface,
i.e.,

ωj
σ

∣∣
Q

= df j
σ −

∑
f j

σ+1i
dxi =

∑ (
∂f j

σ

∂xi
− f j

σ+1i

)
dxi = 0,

which is equivalent to the equalities

f j
σ =

∂|σ|f j

∂xi1
1 . . . ∂xin

n

for all j = 1, . . . ,m and |σ| ≤ k.

Definition 1.1. The surface Q given by the relations (1.4) will be denoted by
Γk

f and called the graph of the k-jet of the vector function f = (f1, . . . , fm).

From Theorem 1.1 it follows that a solution of a given equation E ⊂ Jk(n,m)
is exactly an n-dimensional integral manifold of the Cartan distribution Ck nonde-
generately projecting to the space Rn and lying on the surface E :

ωj
σ

∣∣
Q

= 0, ker dπk|y = 0, y ∈ Q, Q ⊂ E .

Solutions of the equation E can be defined without using the fact that E is
a surface in Jk(n,m). Namely, consider the manifold E together with the distri-
bution C(E) induced on E by the distribution C. The plane of the distribution
C(E) at every point y ∈ E is the intersection of the plane Cy with the tangent
plane TyE to the surface E . Obviously, integral manifolds of the distribution C(E)
nondegenerately projecting to the space of independent variables Rn coincide with
integral manifolds of the distribution C lying in E and possessing the same property.
Therefore, one can say that solutions are n-dimensional manifolds of the manifold
C(E) diffeomorphically projecting to the space Rn(x1, . . . , xn). Recall that this is
the approach to solutions of equations from which we started Ch. 1. Considering
arbitrary n-dimensional maximal integral manifolds, we arrive to the concept of
generalized solutions.

Example 1.1 (the Burgers equation). Consider the Burgers equation

ut − uux − uxx = 0.
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In the 8-dimensional space of jets J2(2, 1), the surface E corresponds to this equation
and is described in standard coordinates

x = x1, t = x2, u, p(1,0), p(0,1), p(1,1), p(0,2), p(2,0)

by the relation

p(0,1) − up(1,0) − p(2,0) = 0.

The Cartan distribution on J2(2, 1) is determined by the basis 1-forms

ω(0,0) = du − p(1,0)dx1 − p(0,1)dx2,

ω(1,0) = dp(1,0) − p(2,0)dx1 − p(1,1)dx2,

ω(0,1) = dp(0,1) − p(1,1)dx1 − p(0,2)dx2.

Solutions of this equation are two-dimensional integral manifolds of this distribution
lying in E .

Choosing the functions x = x1, t = x2, u, p(1,0), p(0,1), p(1,1), p(0,2) for coordi-
nates on the surface E and changing p(2,0) by p(0,1) − up(1,0) everywhere, we shall
obtain the distribution on the 7-dimensional space given by the basis forms

ω̃(0,0) = du − p(1,0)dx1 − p(0,1)dx2,

ω̃(1,0) = dp(1,0) − (p(0,1) − up(1,0))dx1 − p(1,1)dx2,

ω̃(0,1) = dp(0,1) − p(1,1)dx1 − p(0,2)dx2.

(1.5)

Two-dimensional integral manifolds of this distribution, where the functions u, pi,j

are expressed via x1, x2 (which is equivalent to nondegeneracy of the differential of
the projection to R2(x, t)), correspond to solutions of the equation. For example,
the two-dimensional surface

u = −x

t
, p(1,0) = −1

t
, p(0,1) =

x

t2
, p(1,1) =

1

t2
, p(0,2) = −2x

t3
.

corresponds to the solution u = −x/t.

Note that contrary to the case of systems of ordinary differential equations
(n = 1), the Cartan distribution C on the manifolds Jk(n,m), as well as the distri-
butions C(E) obtained by restricting C to a partial differential equation E , is not,
in general, completely integrable. Nevertheless, for some overdetermined systems
the distribution C(E) may be completely integrable.

Exercise 1.1. Let m = k = 1, n = r = 2. Consider the system of equations
{

ux = f(x, y, u),

uy = g(x, y, u).

Prove that if this system is compatible, then the Cartan distribution restricted to
the corresponding surface is completely integrable.

2. Jet manifolds and the Cartan distribution

In this section, we consider the basic objects important for the geometrical
theory of differential equations. These are the jet manifolds and the Cartan distri-
butions on them. We already met these objects when studying ordinary differential
equations and first-order partial differential equations. Here we deal with the most
general definitions and study basic properties.
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Figure 3.2

2.1. Geometric definition of the jet spaces. Up to now we considered
equations on a vector function u = (u1, . . . , um) depending on the variables x =
(x1, . . . , xn). From geometric point of view, the function u = f(x) is an analytical
representation for a section of the projection Rm × Rn → Rn. In fact, to choose a
function f(x) means to put into correspondence to every point x0 ∈ Rn another
point f(x0) ∈ Rm, which can be considered as a point of the fiber Rm over the
point x0 (see Figure 3.2).

To deal with equations on an arbitrary manifold, this construction is to be
generalized. Consider an m-dimensional locally trivial bundle π : E → M over an
n-dimensional manifold M . Recall that a section of the bundle π is a mapping
s : M → E such that π ◦ s is the identical mapping of the base M . In other words,
the mapping s takes a point x ∈ M to some point of the fiber Ex. In a particular
case of the trivial bundle M × N → M , sections are the mappings M → N . In
what follows, for the sake of simplicity we shall always assume that all bundles
under consideration are vector bundles, i.e., their fibers are vector spaces and the
gluing functions are linear transformations. Nevertheless, almost all constructions
considered below are valid for arbitrary locally trivial bundles [101, 60].

Let U ⊂ M be a neighborhood over which the bundle π becomes trivial, i.e.,
such that π−1(U) ∼= U × Rm. If e1, . . . , em denotes a basis in the fiber of the
bundle π, i.e., in the space Rm, then any section is represented over U in the
form s = f1e1 + · · · + fmem, where f i are smooth functions on U . If U is a
coordinate neighborhood on the manifold M with local coordinates x1, . . . , xn, then
any point of the fiber is determined by its projection to U and by its coordinates
u1, . . . , um with respect to the chosen basis. The functions x1, . . . , xn, u1, . . . , um

are coordinates in π−1(U) and are called adapted coordinates for the bundle under
consideration. Thus, any section is represented in adapted coordinates by a vector
function f = (f1, . . . , fm) in the variables x1, . . . , xn.

Definition 2.1. Two sections ϕ1 and ϕ2 of the bundle π will be called tangent

with order k over the point x0 ∈ M , if the vector functions u = f1(x), u = f2(x)
corresponding to these sections have the same partial derivatives up to order k at
the point x0.

Obviously, this condition is equivalent to the fact that the k-th order Taylor
series of the sections coincide. Since the functions themselves may be considered as
their partial derivatives of zero order, the tangency condition for k = 0 reduces to
coincidence of f1(x0) and f2(x0), i.e., the graphs of the sections s1 and s2 must
intersect the fiber Ex0

at the same point (Figure 3.3a). On Figures 3.3b and 3.3c
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Figure 3.3

the cases of tangency with orders 1 and 2 are shown: a straight line tangent to a
curve and an arc of the osculating circle.

Exercise 2.1. 1. Prove that Definition 2.1 is invariant, i.e., is does not depend
on choice of adapted coordinates in the bundle π.

2. Prove that two sections have tangency of order k, if their graphs (see Defi-
nition 1.1) are tangent with the same order.

Tangency of sections with order k at a point x is an equivalence relation which

will be denoted by s1
k,x∼ s2. The set of equivalence classes of sections, i.e., the set

of k-th order Taylor series, will be denoted by Jk
x and called the space of k-jets of

the bundle π at the point x. The point of this space (the equivalence class of a

section s) will be denoted by [s]kx. Thus, if s1
k,x∼ s2, then [s1]

k
x = [s2]

k
x. The space

of k-jets of the bundle π is the union of Jk
x over all points x ∈ M :

Jk(π) =
⋃

x∈M

Jk
x .

For any point θ = [s]kx ∈ Jk(π) let us set πk(θ) = x. Thus we have the projection
πk : Jk(π) → M , and π−1

k (x) = Jk
x.

For the case k = 0 we have J0(π) =
⋃

x∈M Ex = E, i.e., the space J0(π)
coincides with the total space of the bundle π.

Let us define local coordinates on the space of k-jets of the bundle π. To this
end, take the functions xi, u

j , and pj
σ, corresponding to dependent and independent

variables and to partial derivatives of latter with respect to former. In fact, let
x1, . . . , xn, u1, . . . , um be an adapted coordinate system in the bundle π over a
neighborhood U of the point x ∈ M . Consider the set π−1

k (U) ⊂ Jk(π). Let us
complete local coordinates x1, . . . , xn, u1, . . . , um by the functions pj

σ defined by the
formula

pj
σ([s]kx) =

∂|σ|sj

∂xi1
1 · · · ∂xin

n

, j = 1, . . . ,m, |σ| ≤ k,

In what follows, we shall call the coordinates pj
σ canonical (or special) coordinates

associated to the adapted coordinate system (xi, u
j).
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For a given bundle π one can consider all jet manifolds Jk(π), k = 0, 1, . . . ,
arranging them one over another as the tower

Jets and projections Coordinates in jets

Jk+1(π) xi, u
j , pj

σ, |σ| ≤ k + 1

Jk(π)

πk+1,k↓
xi, u

j , pj
σ, |σ| ≤ k

· · ·

πk,k−1

↓
· · ·

J0(π) = E

π1,0↓
xi, u

j

M

π↓
xi

The projections πt+1,t are defined by the formula

πt+1,t : J t+1(π) → J t(π), πt+1,t([s]
t+1
x ) = [s]tx,

where t = 0, . . . , k. Since the equivalence class [s]t+1
x ∈ J t+1(π) determines the

class [s]tx ∈ J t(π) uniquely, the projections πt+1,t are well defined.

Exercise 2.2. 1. Prove that the family of neighborhoods π−1
k (U) together with

the coordinate functions xi, uj , pj
σ determines a smooth manifold structure in Jk(π).

2. Prove that the projection πk : Jk(π) → M is a smooth locally trivial vector
bundle.

Exercise 2.3. Prove that the projections πt+1,t are smooth locally trivial bun-
dles. Prove also that πt ◦ πt+1,t = πt+1.

2.2. The Cartan distribution. Let us introduce now the basic geometric
structure on the manifold Jk(π). This structure is the Cartan distribution. First
of all, let us note that if s is a section of the bundle π, then for any point x ∈ M
one can define the element jk(s)(x) = [s]kx ∈ Jk

x(π). Obviously, the mapping
jk(s) : M → Jk(π) is a smooth section of the bundle πk : Jk(π) → M . It is called
the k-jet of the section s. The graph of the k-jet in the space Jk(π) is denoted by
Γk

s .
Let us say that an n-dimensional plane in the tangent space Tθ(J

k(π)), θ ∈
Jk(π), is an R-plane , if it is tangent to the graph of the k-jet of some section of
the bundle π. Obviously, any R-plane is horizontal with respect to the projection
πk : Jk(M) → M .

Note that a point θ′ ∈ Jk+1(π) can be considered as the pair consisting of the
point θ = πk+1,k(θ′) ∈ Jk(π) and an R-plane Lθ′ ⊂ Tθ(J

k(π)) defined as the plane
tangent to the graph of the k-jet of some section s such that [s]k+1

x = θ′. (It is easily
seen that this plane is uniquely determined by the jet [s]k+1

x .) In other words, θ′ is
the set of values of derivatives up to order k + 1 while the plane Lθ′ ⊂ TθJ

k(π) is
determined by the values of first derivatives of k-th derivatives.
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Figure 3.4. The fiber of the projection πk+1,k

Figure 3.5. A basis of the plane Lθ′

Exercise 2.4. Write down the conditions that an n-dimensional plane in the
space Tθ(J

k(π)) is an R-plane.

Let us fix a point θ ∈ Jk(π) and consider various points θ′ ∈ Jk+1(π) pro-
jecting to θ under the mapping πk+1,k. These points form the fiber of the bundle
πk+1,k : Jk+1(π) → Jk(π) over the point θ. We shall denote this fiber by Fk+1,k(θ)
or by Fθ (see Figure 3.4). In other words, we fix the value of some vector function
and of its derivatives up to order k and let other derivatives vary in an arbitrary
way. When a point θ′ moves along the fiber Fθ, the corresponding n-dimensional
plane Lθ′ ⊂ Tθ(J

k(π)) rotates somehow around the point θ, but always remains
horizontal with respect to the projection πk : Jk(π) → M .

Definition 2.2. The Cartan plane Cθ = Ck
θ at the point θ ∈ Jk(π) is the span

of all planes Lθ′ for θ′ ∈ Fθ, i.e., the span of all planes tangent to the graphs Γk
s of

all k-jets of sections for which [s]kx = θ. The correspondence

C : θ → Ck
θ

is called the Cartan distribution on Jk(π).

Let us give a coordinate description of the Cartan distribution. To do this,
we shall explicitly write down a basis of the plane Lθ′ corresponding to the point
θ′ ∈ Jk+1(π) in an adapted coordinate system x1, . . . , xn, u1, . . . , um. The coor-
dinates of the point θ′ will be denoted by xi(θ

′), uj(θ′), pj
σ(θ′) (see Figure 3.5).

Let s be a section such that [s]k+1
a = θ′, Γk

s ⊂ Jk(π) be its graph, and the
R-plane Lθ′ be tangent to Γk

s . Let us choose a basis in Lθ consisting of the vectors
vθ
1 , . . . , vθ

n whose projections to M coincide with v1 = ∂/∂x1|a , . . . , vn = ∂/∂xn|a.
From equations (1.4) determining the surface Γk

s it is easy to deduce formulas for
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Figure 3.6. R-planes at the point θ

Figure 3.7. Structure of the Cartan plane

the basis vectors vθ
i :

vθ
i =

∂

∂xi
+

∑

|σ|≤k

m∑

j=1

pj
σ+1i

(θ′)
∂

∂pj
σ

. (2.1)

It is easily seen that the above summation over σ, |σ| < k, is determined by
the point θ and is independent of the choice of the point θ′ projecting to θ. Thus
any plane Lη corresponding to η ∈ Fθ can be obtained from the given plane Lθ by
rotating in the “vertical direction”. More exactly, the position of Lη with respect
to Lθ can be determined by the set of n shift vectors δi = vη

i − vθ
i (see Figure 3.6)

vertical with respect to the projection π′=πk,k−1. Denote the space of vertical
vectors at the point θ by Vθ = Tθ(Fθ′′), where θ′′ = πk,k−1(θ); the vectors ∂/∂pj

σ,
|σ| = k, form a basis in this space. Note that any vertical tangent vector v ∈ Vθ

can be considered as a shift vector: for a basis vector ∂/∂pj
σ, |σ| = k, it suffices to

take the point η ∈ Fθ, such that all its coordinates, except for one, coincide with
the corresponding coordinates of the point θ′ while pj

σ+1i
(η) = pj

σ+1i
(θ′) + 1. Then

δi = vη
i − vθ

i = ∂/∂pj
σ.

From equations (2.1) it follows that the Cartan distribution on Jk(π) is deter-

mined by the set of 1-forms ωj
σ = dpj

σ−
∑n

i=1 pj
σ+1i

dxi, |σ| ≤ k−1, which are called
the Cartan forms.

Geometric structure of Cartan planes (Figure 3.7) is described by the following
theorem:

Theorem 2.1. Let C be the Cartan distribution on the manifold Jk(π). Then

the following statements are valid :

1. The Cartan plane Cθ ⊂ Tθ(J
k(π)) is the direct sum of the vertical and hori-

zontal subspaces

Cθ = Vθ ⊕ Leθ, (2.2)
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where Vθ is the tangent space to the fiber of the projection πk,k−1 and Leθ is

the R-plane corresponding to some point θ̃ in the fiber Fθ over the point θ.
2. The Cartan plane Cθ consists of tangent vectors at the point θ, that project

to Lθ under the mapping πk,k−1, i.e.,

Cθ = (πk,k−1)
−1
∗ (Lθ). (2.3)

Proof. The first statement follows from the above considerations. Let us note
only that in the decomposition (2.2) the first summand, unlike the second one, is
determined by the point θ uniquely.

To prove the second statement, note that the projection (πk,k−1)∗ takes the
subspace Vθ to zero while the plane Leθ is taken to Lθ bijectively. Therefore, Cθ ⊂
(πk,k−1)

−1
∗ (Lθ). The inverse embedding follows from the fact that the inverse image

of the point (πk,k−1)
−1
∗ (θ′′) coincides with Vθ ⊂ Cθ.

Corollary 2.2. Any horizontal (with respect to the projection πk,k−1) sub-

space of the Cartan plane Cθ cannot be of dimension greater than n = dim M .

Corollary 2.3. A plane P ⊂ Cθ is horizontal with respect to the projection

πk,k−1 if and only if it is horizontal with respect to the projection πk : Jk(π) → M
(i.e., degeneracy of the Cartan plane under the mappings

Jk(π) → Jk−1(π) → · · · → J0(π) → M

may occur at the first step only).

Let us find out coordinate representation for a vector field X lying in the Cartan
distribution Ck on the manifold Jk(π). To do this, we shall use the splitting (2.2).
The set of vertical vector fields ∂/∂pj

σ, j = 1, . . . ,m, |σ| = k, forms a basis of
the vertical subspace Vθ at the point θ. A basis of the horizontal subspace can be
chosen as the set of truncated operators of total derivatives

D
(k)
i =

∂

∂xi
+

m∑

j=1

∑

|σ|<k

pj
σ+1i

∂

∂pj
σ

. (2.4)

Thus any vector field X lying in the Cartan distribution can be decomposed in the
chosen basis:

X =

m∑

i=1

aiD
(k)
i +

∑

|σ|=k

bj
σ

∂

∂pj
σ

. (2.5)

The distribution Ck is not completely integrable, since, for example, for |σ| =
k − 1 the commutator [

∂

∂pj
σ+1i

, D
(k)
i

]
=

∂

∂pj
σ

is not of the form (2.5). Consequently, maximal integral manifolds of the distribu-
tion Ck are of dimension less than dim Ck.

We can finally give a definition of a differential equation of order k similar to
that given for differential equations of first order.

Definition 2.3. A differential equation of order k in the bundle π : E → M is
a submanifold E ⊂ Jk(π) endowed with the Cartan distribution C(E) : θ 7→ Cθ(E) =
Ck

θ ∩Tθ(E), θ ∈ E . A maximal integral manifold (of dimension dimM) of the Cartan
distribution is called a (generalized) solution of the equation E .
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Figure 3.8. The ray manifold

Exercise 2.5. Let π : E → M be a fiber bundle and π1,0 : J1(π) → E. Show
that sections of the bundle π1,0 are connections in the bundle π while the condition
of zero curvature determines a first order equation in the bundle π1,0.

2.3. Integral manifolds of the Cartan distribution. In Theorem 1.1, we
showed that the graphs Γk

f of k-jets of sections are integral manifolds of the Cartan
distribution. Here we shall describe the structure of arbitrary maximal integral
manifolds.

Definition 2.4. Let P ⊂ Ck−1
θ be a plane of dimension s, s ≤ dimM . The

subset

l(P ) = { θ̃ ∈ Fθ | Leθ ⊃ P }
of the fiber over the point θ is called the ray submanifold (or simply ray) corre-
sponding to the plane P , Figure 3.8. If N ⊂ Jk−1(π) is a submanifold, then the
set

L(N) =
⋃

q∈N

l (TqN)

is called the prolongation (or lifting) of the submanifold N .

Exercise 2.6. Show that if Γk−1
f ⊂ N , then Γk

f ⊂ L(N).

Example 2.1. Consider the manifold of 1-jets J1(2, 1) of scalar functions in
two variables with the coordinates x, y, z, p, q, where z is a function in x, y and p
and q are its derivatives with respect to x and y.

Let us fix a point θ ∈ J0(R2) with the coordinates x, y, z. The fiber Fθ of the
bundle J1(R2) → J0(R2) over this point is the plane with coordinates p, q. Let
ξ = X∂/∂x + Y ∂/∂y + Z∂/∂z be a nonzero vector at the point θ and P be the
straight line determined by this vector. Let us deduce the equations describing the
corresponding ray manifold l(P ).

Let p0, q0 be the coordinates of the point θ̃ ∈ Fθ. Then the corresponding
plane Leθ is described by the equation

dz − p0 dx − q0 dy = 0
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Figure 3.9

while the condition Leθ ⊃ P , i.e., ξ ∈ Leθ, is of the form Xp0 + Y q0 = Z. Conse-
quently, if the values of X, Y , and Z are fixed while p and q vary, the submanifold
l(P ) ⊂ Fθ is described by the equation Xp + Y q = Z.

In generic position, l(P ) is a straight line in the plane Fθ. Note that the
direction of this line is determined by the projection (X,Y ) of the vector ξ to the
plane R2

x,y. The position of its initial point also depends on Z. In the exceptional
case, when the vector ξ is vertical (i.e., when X = Y = 0 and Z 6= 0), the set l(P )
is empty, since an R-plane cannot contain vertical vectors.

Consider now a submanifold N ⊂ J0(R2) nondegenerately projecting to R2
x,y.

Depending on the dimension of N , its prolongation L(N) is described in the fol-
lowing way:

1. The submanifold N consists of one point θ only. Then L(N) = Fθ, the fiber
over the point θ.

2. The submanifold N is a curve parametrized as (α(t), β(t), γ(t)). Then L(N)
is a two-dimensional surface in the five-dimensional space J1(R2) given by
the equations





x = α(t),

y = β(t),

z = γ(t),

α′(t)p + β′(t)q = γ′(t).

(2.6)

The curve N ⊂ J0(R2) can be considered as the graph of some function z(x, y)
defined on a curve x = α(t), y = β(t) lying in the plane R2

x,y. The last equation
of system (2.6) shows how partial derivatives p = zx, q = zy of this function are
related to each other on the curve.

3. The submanifold N is a surface of the form z = f(x, y). Then every point

θ ∈ N uniquely determines a point θ̃ ∈ Fθ such that Leθ = Tθ(N). In fact, the

coordinates p, q of the point θ̃ must coincide with the slopes of the tangent plane

Tθ(N). Hence, θ̃ = [f ]1a while L(N) = Γ1
f is the graph of 1-jet of the function f .

Example 2.2. Consider an integral curve Q of the Cartan distribution on
J1(2, 1) and its lifting to J2(2, 1). From Corollaries 2.2 and 2.3 it follows that
the lifting of Q is not empty if and only if the curve Q is horizontal with respect
to the projection π1 : J1(R2) → R2. In this case, one can choose coordinates x, y
on R2 such that the projection S of the curve Q in a neighborhood of some point
is of the form y = 0 (see Figure 3.9). The curve itself in this case can be described
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by the relations of the form




y = 0,

z = α(x),

p = β(x),

q = γ(x).

(2.7)

Since this curve is an integral manifold of the Cartan distribution given by the
equation (dz − p dx − q dy)|Q = 0, one has β = α′. Conditions (2.7) mean that we

know the values of the function z(x, y) together with the values of its derivative
zy(x, y) for y = 0. Thus we obtained the standard formulation for the Cauchy
problem for second order equations. Hence, in this situation the problem of lifting
is equivalent to describing the graphs of the jets for functions satisfying Cauchy
conditions.

Let θ(x, y, z, p, q) be a point of the curve Q and ξ = (X,Y, Z, P,Q) be a tangent
vector. Let us describe the set l(ξ) in the fiber Fθ. Denote by r, s, t coordinates
in the fiber of the projection J2(R2) → J1(R2) (they correspond to the derivatives
zxx, zxy, zyy respectively). Then the equations

{
Xr + Y s = P,

Xs + Y t = Q
(2.8)

describe the line l(ξ).
Note that the classical concept of a characteristic for second order equations

is based on consideration of system (2.8) together with the initial equation E ⊂
J2(R2).

Note now that for an integral manifold N ⊂ Jk−1(π) nondegenerate with re-
spect to the projection to the base (in what follows, such manifolds will be called
horizontal) the corresponding manifold L(N) ⊂ Jk(π) is also integral one. To see

this, it suffices, applying Theorem 2.1, to check that at any point θ̃ ∈ L(N) the
image of the tangent space Teθ(L(N)) under the projection πk,k−1 lies in Leθ. By def-
initions and by the construction of L(N), we have (πk,k−1)∗,eθ(L(N)) = Teθ(L(N)) =

Tθ(N) ⊂ Leθ. Thus L(N) is an integral manifold. Therefore, we obtained a method

to construct integral manifolds in Jk(π) starting with the ones in Jk−1(π).
As it will be proved in Theorem 2.7, the above construction is of a universal

nature. We shall now describe a local structure of horizontal integral manifolds N
and deduce a formula to compute dimension of L(N) via dimension of N .

Proposition 2.4. Any horizontal integral manifold N of the Cartan distribu-

tion on Jk(π) locally lies on the graph Γk
f of the k-jet of some section f .

Proof. Let r = dimN ≤ n. Let us introduce in a neighborhood of the
point a = πk(θ), θ ∈ N , coordinates x1, . . . , xn such that Ñ = πk(N) is given
by the equations xr+1 = · · · = xn = 0. Since the manifold N is horizontal, it is
nondegenerate with respect to the projection πk : Jk(π) → M . Consequently, N is
described by the equations

xi = 0, i > r, pj
σ = f̃ j

σ(x1, . . . , xr), j = 1, . . . ,m, |σ| ≤ k.

Restricting the Cartan forms to N (cf. the proof of Theorem 1.1), we obtain that

f̃ j
σ+1i

=
∂f̃ j

σ(x1, . . . , xr)

∂xi
, |σ| ≤ k − 1, i = 1, . . . , r.
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Thus, the functions f̃1 . . . , f̃m are defined on Ñ . They satisfy the above conditions
and the values of all their normal derivatives are given along Ñ . Hence, there exist
functions f1, . . . , fm such that f j

∣∣
Ñ

= f̃ j and with the given values of normal

derivatives on Ñ . Consequently, f(x) = (f1, . . . , fm) is the section we need.

Proposition 2.5. Let π : E → M be an m-dimensional bundle over an n-di-

mensional manifold M and N ⊂ Jk(π) be a horizontal integral manifold of the

Cartan distribution of dimension r ≤ n. Then2

dim L(N) = r + m

(
n − r + k

n − r − 1

)
.

Proof. Let us fix a point θ ∈ N and denote by Pθ the tangent space Tθ(N).
We introduce a coordinate system x1, . . . , xn in a neighborhood of the point πk(θ)
such that πk(N) is described by the equations xr+1 = · · · = xn = 0. Then the
vectors

ξi =

(
∂

∂xi
+

m∑

j=1

∑

|σ|≤k

aj
σ,i

∂

∂pj
σ

)∣∣∣∣∣∣
θ

, 1 ≤ i ≤ r, (2.9)

form a basis of the plane Pθ, where aj
σ,i = ∂|σ|+1f j/∂xσ∂xi for the section f =

(f1, . . . , fm) constructed in Proposition 2.4.

The condition that a point θ̃ with the coordinates p̃j
τ and lying in the fiber over

θ belongs to l(Pθ) can be written in the form

p̃j
σ+1i

= aj
σ,i, 1 ≤ i ≤ r, 1 ≤ j ≤ m.

This system of linear inhomogeneous equations on the unknowns p̃j
τ is compatible,

i.e., for all i, l, j, µ the equalities aj
µ+1i,l

= aj
µ+1l,i

are valid. Therefore, relations

(2.9) make it possible to find unique coordinates p̃j
τ such that the multi-index τ ,

|τ | = k + 1, is not equal to zero in the first r components.
There are no relations for other coordinates; the number of these coordinates

for any fixed j = 1, . . . ,m equals the number of all indices τ , |τ | = k + 1, whose

components r + 1, . . . , n, do not vanish. Hence, this number is
(
n−r+k
n−r−1

)
.

Thus, dim l(Pθ) = m
(
n−r+k
n−r−1

)
, and since the manifold L(N) is fibered over N

with the fiber l(Pθ) over the point θ ∈ N , we have dimL(N) = r + m
(
n−r+k
n−r−1

)
.

Corollary 2.6. If r1 = dim N1 < r2 = dimN2, then dimL(N1) ≥ dimL(N2)
and equality is achieved in the following cases only :

(a) m = n = 1.
(b) k = 0, m = 1.
(c) m = 1, r1 = n − 1, r2 = n.

All maximal integral manifolds of the Cartan distribution are described in the
following theorem:

Theorem 2.7. An integral manifold Q of the Cartan distribution on Jk(π) is

maximal if and only if everywhere, possibly except for a manifold of lesser dimen-

sion, it is locally of the form L(N) for some horizontal integral manifold N ⊂
Jk−1(π).

2For β < 0 we set
`
α
β

´
= 0.
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Figure 3.10. Regular and singular points of the projection πk,k−1

Proof. Let Q be a maximal integral manifold in Jk(π). We shall prove the
statement of the theorem for any point θ ∈ Q such that in its neighborhood the
rank of the mapping π′ = πk,k−1 : Jk(π) → Jk−1(π) is constant (clearly, such points
form an open everywhere dense set in Q, see Figure 3.10).

In what follows, we shall need a lemma which is a consequence of the implicit
function theorem and is given here without proof.

Lemma 2.8. Let A, B be smooth manifolds and f : A → B be a smooth map-

ping of constant rank p in a neighborhood of a point a ∈ A. Then there exists a

neighborhood U ∋ a such that the set f(U) is a submanifold in a neighborhood of

b = f(a). Moreover, its tangent space at b is the image of the tangent space of A
at a: Tb(f(U)) = f∗(Ta(A)).

Let us come back to the proof of the theorem. Let θ ∈ Q and N = π′(U) be the
projection of the corresponding neighborhood U ⊂ Q to Jk−1(π). By Lemma 2.8,
N is a submanifold in Jk−1(π). Let θ′ = π′(θ). By the same lemma and by
Theorem 2.1, one has Tθ′(N) = Tθ′(π′(Q)) = π′

∗(Tθ(Q) ⊂ π′
∗(Cθ) = Lθ. It follows

that N is a horizontal manifold and dimN ≤ n, i.e., we can apply Proposition 2.4.
The embedding Lθ ⊃ Tθ′(N), by definition, means that θ ∈ L(N). Hence, U ⊂
L(N), i.e., Q ⊂ L(N) locally. Therefore, by maximality condition, Q = L(N).

Conversely, consider a manifold of the form L(N). As it was just proved, it
contains in the maximal integral manifold L(N1) and dimL(N) ≤ dimL(N1). But
N = π′(L(N)), N1 = π′(L(N1)). Therefore, N ⊂ N1 and dimN ≤ dimN1. By
Corollary 2.6, one has dimL(N1) ≤ dim L(N), i.e., L(N) = L(N1).

Note that if N is the graph of the (k − 1)-jet of some section of the bundle π,
then the manifold L(N) is the graph of the k-jet of the same section. Hence, the
graphs of jets are maximal integral manifolds of the Cartan distribution.

From the theorem proved and from Corollary 2.6 we obtain the following state-
ment:

Corollary 2.9. Except for the cases m = n = 1 and k = m = 1, the mani-

folds L(N), where N is zero-dimensional, are of the maximal dimension among all

integral manifolds of the Cartan distribution on Jk(π). In other words, the fibers

of the projection πk,k−1 are integral manifolds of maximal dimension.

This fact is of a fundamental role in description of transformations preserving
the Cartan distribution. The next section deals with these transformations.
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3. Lie transformations

Informally speaking, Lie transformations are transformations of independent
and dependent variables, together with derivatives of the latter with respect to
the former, which preserve differential relations between them. From geometric
viewpoint, Lie transformations are diffeomorphisms of the jet manifolds Jk(π) pre-
serving the Cartan distribution, i.e., preserving the structure which contains infor-
mation on differential relations between variables. Thus, Lie transformations are
symmetries of the Cartan distribution. The symmetries on J1(M), i.e., contact
transformations, were studied in Ch. 2. By analogy, Lie transformations of the
manifold Jk(π) are natural to be called contact transformations of order k. We
shall show below that in the case of one dependent variable such transformations
reduce to the usual contact transformations, while in the case of several dependent
variables they reduce to point transformations, i.e., to changes of independent and
dependent variables.

3.1. Finite Lie transformations. Assume that we have n independent vari-
ables x1, . . . , xn and m dependent variables u1, . . . , um. Suppose that change of
variables is given by the formulas{

xi = f i(x,u),

uj = gj(x,u).
(3.1)

Then we can express partial derivatives pj
σ = ∂|σ|uj/∂xσ via xi, uj , and pj

τ =
∂|τ |uj/∂xτ .

Example 3.1. Consider the scale transformation

xi = αixi, uj = βju
j .

The derivatives pj
i = ∂uj/∂xi are transformed as

pj
i =

βj

αi
pj

i

in this case. One can also write down prolongations of this transformation to
derivatives of arbitrary order:

pj
σ =

βj

ασ
pj

σ,

where α(i1,...,in) = αi1
1 . . . αin

n

Example 3.2. The translation along a constant vector in the space of depen-
dent and independent variables is described by the formulas

xi = xi + ξi, uj = uj + ηj .

It acts as the identity for the variables pj
σ,

pj
σ = pj

σ.

Example 3.3. The Galilean transformation (pass to a new frame of reference
moving with a constant velocity) is given by the formulas

t = t, x = x − vt, u = u.

Prolongation of this transformation to first-order derivatives is of the form

ut = ut + vux, ux = ux.
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Example 3.4. An arbitrary diffeomorphism of the plane (x, u) (i.e., change of
one dependent and one independent variable)

{
x = λ(x, u),

u = µ(x, u)
(3.2)

induces a linear-fractional in p transformation of the three-dimensional space with
coordinates x, u, p. It is easily checked that p = du/dx and thus

p =
du

dx
=

µxdx + µudu

λxdx + λudu
=

µx + µup

λx + λup
. (3.3)

Exercise 3.1. Let m = n, i.e., the number of independent variables coincides
with that of dependent ones. Consider the change of variables

xi = ui, uj = xj , i, j = 1, . . . , n = m.

This transformation is called the hodograph transformation. Derive formulas for
the action of this transformation on first derivatives.

Consider now a general geometric construction corresponding to changes of
variables and to prolongation of these changes to derivatives over independent vari-
ables.

Let π : E → M be a fiber bundle. Then formulas (3.1) can be interpreted as
coordinate representation of a diffeomorphism in the space E. Recall that such
transformations are called point transformations.

For any k ≥ 1, a diffeomorphism A : E → E generates the diffeomorphism
A(k) : Jk(π) → Jk(π) defined in the following way. Let θ be a point of the manifold
Jk(π), b and a be its projections to E and M respectively. Choose a section ϕ such
that θ = [ϕ]ka and consider its graph Γϕ ⊂ E. Under action of the transformation
A, the point b is taken to some point b′ ∈ E, while the graph Γϕ is taken to the
submanifold A(Γϕ) ⊂ E. If, in a neighborhood of the point b′, this submanifold
is the graph of some section ϕ′, we shall set θ′ = [ϕ′]ka′ , where a′ = π(b′) and

A(k)(θ) = θ′.

Exercise 3.2. Show that the point θ′ is independent on choice of the section
ϕ: it is uniquely determined by the k-jet of the section ϕ at the point a, i.e., by
the point θ.

The transformation A(k) is called the k-th lifting of the point transformation
A. In general, this lifting is not defined on the whole manifold Jk(π), but (as it
will be seen below) on an open everywhere dense domain in Jk(π). This geomet-
ric fact corresponds to the following analytic observation: when one transforms
derivatives, the denominator may vanish, and these are exactly the points, where
the transformation is undefined (cf. equation (3.3)).

Example 3.5. Consider the hodograph transformation of one dependent and
one independent variable

x = u, u = x.

Let p = du/dx, p = du/dx. Then, as it follows from Exercise 3.1, p = 1/p. Note
that though the initial transformation A was an everywhere defined diffeomorphism
of the space R3 = J1(R), the transformation A(1) is defined in the space R3 = J1(R)
everywhere except for the plane p = 0.
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From the above construction of the transformation A(k) it follows that it is a
symmetry of the Cartan Ck distribution in its domain. In fact, the subspaces Ck

θ

are spans of R-planes Leθ, θ̃ ∈ Jk+1, while the differential A
(k)
∗ takes such planes

to each other. In fact, if A(Γϕ) = Γϕ′ , θ = [ϕ]ka, θ̃ = [ϕ]k+1
a , θ̃′ = [ϕ′]k+1

a′ , then

A
(k)
∗,θ(Leθ) = Leθ′ .

Definition 3.1. A diffeomorphism F : Jk(π) → Jk(π) is called a Lie transfor-

mation, if F∗,θ(Ck
θ ) = Ck

F (θ) for any point θ ∈ Jk(π).

Since locally the Cartan distribution is described by formulas (1.2), a diffeo-
morphism F is a Lie transformation if and only if the equalities

F ∗(ωj
σ) =

m∑

l=1

∑

|τ |≤k−1

λj,τ
σ,lω

l
τ ,

are locally valid for all j = 1, . . . ,m and |σ| ≤ k−1, where λj,τ
σ,l are smooth functions

on Jk(π).

Example 3.6. Let us once again obtain the formulas for lifting to J1(π) of the
point transformation using the above formulated property of Lie transformations.
We shall look for the function p(x, u, p) using the condition that the image of the
distribution du− p dx = 0 under the mapping (3.2) coincides with the distribution
du − p dx = 0. This condition means that when one changes all variables in the
expression du − p dx by the corresponding functions in x, u, p, one must obtain a
form proportional to du − p dx. After computations, we obtain

du − pd x = ux dx + uu du − p(xx dx + xu du)

= (uu − pxu) du + (ux − pxx) dx = λ(du − p dx),

which yields ux − pxx = −p(uu − pxu) and consequently

p =
ux + uup

xx + xup
,

as it is to be by (3.3).

In a similar manner, we shall obtain the formulas for lifting to J1(π) of an

arbitrary point transformation (3.1). Namely, the functions3 pj
i , i = 1, . . . , n, j =

1, . . . ,m, are determined by m systems of linear equations (for j = 1, . . . ,m)



D1(x1) . . . D1(xn)
. . . . . . . . . . . . . . . . . . . . . .
Dn(x1) . . . Dn(xn)







pj
1

· · ·
pj

n


 =




D1(u
j)

. . . . . . .
Dn(uj)


 , (3.4)

where Di denotes the total derivative operator along xi, which acts on the functions
f(x1, . . . , xn, u1, . . . , um) by the formula

Di(f) =
∂f

∂xi
+

m∑

j=1

pj
i

∂f

∂uj
.

The determinant of the matrix at the left-hand side of equation (3.4) is reasonable
to be called the “total Jacobian” of the system of functions x1, . . . , xn. Note that
vanishing of this Jacobian on some open set implies functional dependence of the

3In the next formula, as well as in all similar cases, we shall write pi instead of p1i
.
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functions xi. Since the transformation (3.1) is a local diffeomorphism, the functions

xi are independent and thus equations (3.4) uniquely determine the values of pj
i

almost everywhere.

Exercise 3.3. Let A : J0(π) → J0(π) be a point transformation. Prove that
if the lifting A(1) is defined in a neighborhood of a point θ ∈ J1(π), then the lifting
A(k) is defined in a neighborhood of any point θ′ projecting to θ under the mapping
πk,1 : Jk(π) → J1(π).

The lifting procedure can be applied not only to diffeomorphisms of the mani-
fold of dependent and independent variables E = J0(π), but to Lie transformations
of arbitrary jet manifolds Jk(π). In fact, let a Lie transformation A : Jk(π) → Jk(π)
be given. As we know, the manifold Jk+1(π) of contact elements of order k +1 can
be understood as the set of all horizontal n-dimensional integral planes (R-planes)
in Jk(π). The planes which are not overturned by the transformation A (i.e., the
planes L such that A∗(L) is horizontal again) form an open everywhere dense set in
this manifold. The lifted transformation A(1) acts on the set of these planes taking
a plane L to A∗(L).

Example 3.7. Consider the Legendre transformation (see also §1 of Ch. 2) in
the five-dimensional space J1(2, 1)





x = −p,

y = −q,

u = u − xp − yq,

p = x,

q = y.

(3.5)

As it was already shown in Ch. 2, this is a contact transformation and, consequently,
is a Lie transformation. To describe the lifting A(1) of this transformation to the
8-dimensional space J2(2, 1), it is necessary to express the second derivatives

r =
∂2u

∂x2 , s =
∂2u

∂x∂y
, t =

∂2u

∂y2

via x, y, u, p, q, r, s, t. Since the Cartan distribution is invariant with respect to
Lie transformations, the 1-forms

dp − r dx − s dy = dx + r dp + s dq,

dq − s dx − t dy = dy + s dp + t dq
(3.6)

are to be represented as linear combinations of the 1-forms

du − p dx − q dy, dp − r dx − s dy, dq − s dx − t dy.

Therefore, expression (3.6) identically vanishes, when one changes the form dp by
dx + s dy and dq by s dx + t dy. Thus, we obtain the system of equations

(
r s
s t

) (
r s
s t

)
=

(
−1 0
0 −1

)
,

which implies

r = − t

rt − s2
, s =

s

rt − s2
, t = − r

rt − s2
. (3.7)
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Exercise 3.4. Let A : Jk(π) → Jk(π) be a Lie transformation. Prove that at
the points where the lifting A(l+s) : Jk+l+s(π) → Jk+l+s(π), l, s ∈ N, is defined one
has (A(l))(s) = A(l+s).

We finish this section by a complete description of Lie transformations.

Theorem 3.1. Any Lie transformation X of the jet manifold Jk(π), k ≥ 1, is

described as follows:

1. For dimπ = 1, the transformation X is the (k − 1)-st lifting of some (arbi-
trary) contact transformation of the space J1(π).

2. For m = dimπ > 1, the transformation X is the k-th lifting of some (arbi-
trary) diffeomorphism of the space J0(π) of dependent and independent vari-

ables (i.e., all Lie transformations are point transformations in this case).

Remark 3.1. From the theorem it follows that in the case m = 1 contact
geometry of order k is richer, since contact transformations of J1(π) include both
arbitrary diffeomorphisms of J0(π) and transformations of a more general nature.
The Legendre transformation (3.5) is an example of a transformation, which is
contact, but not a point one.

Proof. The proof of this theorem is based on the above established fact: the
fibers of the projection πk,k−1 are integral manifolds of the Cartan distribution on
Jk(π) of maximal dimension (Corollary 2.9). The case m = n = 1 needs a special
treatment.

Assume that mn > 1. Let A : Jk(π) → Jk(π) be a Lie transformation and
k ≥ 2, if m = 1, and k ≥ 1, if m > 1. Since the transformation A preserves
the Cartan distribution, it must take its maximal integral manifolds to maximal
integral manifolds. Since A is a diffeomorphism, dimension of these manifolds is also
preserved. Consequently, A takes a fiber of the projection πk,k−1 to another fiber.

Hence, A induces a transformation A1 of the manifold Jk−1(π): if A(π−1
k,k−1(θ)) =

π−1
k,k−1(η), then A1(θ) = η.

Since A1 is the projection of the Lie transformation A, the transformation A1

itself is also a Lie transformation. Let us consider the transformation A and the
lifting (A1)

(1) of the transformation A1. They both are symmetries of the Cartan
distribution Ck, preserve the fibers of the projection πk,k−1 : Jk(π) → Jk−1(π),
and induce the same transformation of Jk−1(π). Therefore, the diffeomorphism
A′ = A(1) ◦A−1 is a Lie transformation of Jk(π) inducing the identical mapping of
Jk−1(π).

Exercise 3.5. Prove that Lie transformation of the space Jk(π) projecting to
the identical mapping of Jk−1(π) is identical itself.

Consequently A = A
(1)
1 . One can apply the same reasoning to the transforma-

tion A1 and continue in the same way till we obtain some transformation of the
space J1(π) (in the case m = 1) or of J0(π) (for m > 1). To conclude the proof, it
suffices to use Exercise 3.4.

In the case m = n = 1, the proof of the theorem is implied by the following
considerations. Let x, p0, p1, . . . , pk be canonical coordinates on Jk(1, 1). The
Cartan distribution C on Jk(1, 1) is two-dimensional: it is generated by the vector

fields Z = ∂/∂pk and D = ∂/∂x +
∑k−1

i=0 pi+1∂/∂pi. It suffices to prove that
any Lie transformation A takes the field Z to itself, i.e., is a symmetry of the
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one-dimensional distribution V spanned by the field Z; all further reasoning will
be similar to the above used.

Lemma 3.2. Let C′ = [C, C] be the distribution on the manifold Jk(1, 1), k ≥ 2,
spanned by the commutators of the vector fields lying in the Cartan distribution C.

Then, if D(P) denotes the set of all vector fields lying in some distribution P, and

PD denotes the set of fields X, such that [X,D(P)] ⊂ D(P), one has

D(V ) = D(C) ∩ C′
D.

Proof of the lemma. Obviously, the distribution C′ is three-dimensional. It
is spanned by the fields Z, D, and [Z,D] = ∂/∂pk−1 = Y . It is easily seen that
[Z, Y ] = 0, [Y,D] = X = ∂/∂pk−2. Let the field S = αZ + βD be a symmetry
of the distribution C′. Then [Y, S] ∈ D(C′), i.e. [Y, S] is represented as a linear
combination of the fields Z, D, Y . But since

[Y, S] = [Y, αZ + βD] = Y (α)Z + Y (β)D + βX

and the fields X, D, Z are linear independent at all points of the manifold Jk,
we obtain β = 0. Consequently, S ∈ D(V ) and this completes the proof of the
lemma.

Let now A : Jk(1, 1) → Jk(1, 1). Then, obviously, A∗ D(C) = D(C), A∗C′ = C′,
and A∗C′

D = C′
D. Then, by the lemma proved, one has A∗ D(V ) = D(V ). The

theorem is proved.

3.2. Lie fields.

Definition 3.2. A vector field X on the manifold Jk(π) is called a Lie field,
if shifts along its trajectories are Lie transformations.

Let X be a Lie field on Jk(π) and {At} be the corresponding one-parameter
group of transformations of the manifold Jk(π). By definition, At is a Lie transfor-

mation and consequently its liftings A
(l)
t to the manifolds Jk+l(π) are defined and

are also Lie transformations. The field X(l) corresponding to the one-parameter

group {A(l)
t } is called the lifting of the field X. Similar to the case of liftings of Lie

transformations, for any natural numbers l and s the equality (X(l))(s) = X(l+s)

holds.

Theorem 3.3. Any Lie field Jk(π), k ≥ 1, is of the form:

(a) X(k) for dim π > 1, where X is a vector field on the space J0(π).
(b) X(k−1) for dim π = 1, where X is a contact vector field on the space J1(π).

Note that by the already discussed properties of Lie transformations, any vector
field on J0(π) and any contact vector field on J1(π) can be lifted to a Lie field on
Jk(π).

Infinitesimal point of view has two important advantages. The first is that
the lifting of a Lie field, unlike that of finite Lie transformation, is always defined
on the whole manifold. In fact, to compute the vector of the field X(1) at some
point θ ∈ Jk+1(π), it needs to know an arbitrary small part of the trajectory
passing through this point. The R-plane Lθ in Jk(π) corresponds to the point θ
and this plane projects to the base M nondegenerately. It remains to note that for
sufficiently small transformations the image of this plane will still project to the
base nondegenerately and thus define a point in Jk+1(π).
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The second advantage is that there exist explicit computational formulas ex-
pressing the components of the vector field X(k) via the components of the field X.
In addition, one obtains a possibility to use the techniques of generating functions
(see below).

Let us consider a bundle π : E → M and canonical coordinates in a neighbor-
hood of a point θ ∈ Jk(π). Note that a field X on Jk(π) is a Lie field if and only

if for any Cartan form ωj
σ = dpj

σ − ∑n
i=1 pj

σ+1i
dxi on Jk(π) one locally has

X(ωj
σ) =

m∑

l=1

∑

|τ |≤k−1

λj,τ
σ,lω

l
τ .

Theorem 3.4. If

X =
n∑

i=1

ai
∂

∂xi
+

m∑

j=1

∑

0≤|σ|≤k

bj
σ

∂

∂pj
σ

, (3.8)

is a Lie field, then the coefficients bj
σ are computed by the recurrent formulas

bj
σ+1i

= Di(b
j
σ) −

n∑

s=1

pj
σ+1s

Di(as), (3.9)

where 0 ≤ |σ| ≤ k − 1 and

Di =
∂

∂xi
+

∑

σ

pj
σ+1i

∂

∂pj
σ

is the total derivative operator with respect to xi.

Proof. Let X be a Lie field of the form (3.8). Then, by invariance of the
Cartan distribution, the forms

X(ωj
σ) = dbj

σ −
n∑

i=1

(bj
σ+1i

dxi + pj
σ+1i

dai) (3.10)

are linear combinations of the Cartan forms.

Exercise 3.6. Show that any 1-form on Jk(π) is uniquely represented as

ω =
n∑

i=1

ϕi dxi + ωC , (3.11)

where ϕi are functions on Jk+1(π) while ωC is a linear combination of Cartan forms.
In particular, for any smooth function ϕ on Jk(π) the equality

dϕ =
∑

i

Di(ϕ) dxi +
∑

j,σ

∂ϕ

∂pj
σ

ωj
σ (3.12)

holds.

Note that the form ω represented by equality (3.11) vanishes on the Cartan
distribution if and only if the coefficients ϕi are trivial. Applying this observation
to equality (3.10), we obtain

X(ωj
σ) =

∑

i

(Di(b
j
σ) − bj

σ+1i
−

∑

s

pj
σ+1i

Di(as)) dxi + ωC ,

which implies (3.9).
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Exercise 3.7. Check that equalities (3.9) comply with the representation of
contact fields on J1(M) in the form

Xf = −
∑

i

∂f

∂pi

∂

∂xi
+

(
f −

∑

i

pi
∂f

∂pi

)
∂

∂u
+

∑

i

(
∂f

∂xi
+ pi

∂f

∂u

)
∂

∂pi
.

Let us now introduce the concept of the generating section of a Lie field. To do
this, consider evolution of the graphs of sections of the bundle π under the action
of the corresponding one-parameter group of transformations.

Let X =
∑

i ai∂/∂xi +
∑

j bj∂/∂uj + · · · be a Lie field on Jk(π) and {At}
be the corresponding one-parameter group of local transformations of the manifold
Jk(π). Consider a section f of the bundle π. The graph of its k-jet Γk

f ⊂ Jk(π)

is an n-dimensional integral manifold of the Cartan distribution on Jk(π) nonde-
generately projecting to the base M . As it was already pointed out, for sufficiently
small t the manifold At(Γ

k
f ) is also the graph of the k-jet for some other section f t:

At(Γ
k
f ) = Γk

ft
.

Thus the transformations At generate evolution f t of the section f . Let us find
the velocity d/dt|t=0 f t of this evolution at the starting moment. To compute this
derivative, let us represent the field X as the sum of two fields, one of them being
vertical and the other one tangent to the manifold Γk

f .

If the section f is locally presented by the functions uj = f j(x1, . . . , xn), j =
1, . . . ,m, then the vector fields tangent to the manifold Γk

f can be written in the

following form (note that on the surface Γk
f the equalities pj

σ = ∂|σ|f j/∂xσ, |σ| ≤ k,

hold):

D
(f)
i =

∂

∂xi
+

m∑

j=1

( ∑

|σ|<k

pj
σ+1i

∂

∂pj
σ

+
∑

|σ|=k

∂|σ|+1f j

∂xσ∂xi

∂

∂pj
σ

)
.

Therefore, a field tangent to the graph Γk
f is of the form

X2 =
n∑

i=1

aiD
(f)
i ,

while the vertical component of the Lie field X equals

X1 = X −
n∑

i=1

aiD
(f)
i =

∑

j

(
bj −

∑

i

aip
j
i

) ∂

∂uj
+ · · ·

Since the field X2 shifts the manifold Γk
f along itself, it does not influence the

evolution. On the other hand, the coefficients of the field X1 at ∂/∂uj exactly
coincide with the velocities of the components f t = (f1

t , . . . , fm
t ):

d

dt

∣∣∣∣
t=0

f j
t =

(
bj −

n∑

i=1

aip
j
i

)∣∣∣∣∣
Γk

f

. (3.13)

The vector function ϕ = (ϕ1, . . . , ϕm), where

ϕj = bj −
n∑

i=1

aip
j
i , (3.14)
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is called the generating section (or, in the case m = 1, the generating function) of
the Lie field

X =
n∑

i=1

ai
∂

∂xi
+

m∑

j=1

bj ∂

∂uj
+ . . . (3.15)

Exercise 3.8. Show that in the case of the trivial bundle π : R×M → M , the
above definition of generating function coincides with that for a contact field given
in Ch. 2.

From this exercise and from Theorem 3.3 we obtain the following

Proposition 3.5. Any Lie field X on Jk(π) is uniquely determined by its

generating section ϕ = (ϕ1, . . . , ϕm). The components of the generating section

can be computed using the formulas

ϕj = X ωj
(0,...,0),

where ωj
(0,...,0) = duj − ∑n

i=1 pj
i dxi.

Note that in the case m > 1 the generating section ϕ = (ϕ1, . . . , ϕm) linearly

depends on the variables pj
i and for any i, j, l the equalities

∂ϕj

∂pj
i

=
∂ϕl

∂pl
i

,
∂ϕj

∂pl
i

= 0, l 6= j,

hold.
Arbitrary generating sections lead to the theory of higher symmetries which

will be considered in Ch. 4.

4. Classical symmetries of equations

4.1. Defining equations. Let E ⊂ Jk(π) be an equation of order k.

Definition 4.1. A Lie transformation A : Jk(π) → Jk(π) such that A(E) ⊂ E
is called a classical (finite) symmetry of the equation E ⊂ Jk(π).

Definition 4.2. A Lie field is called a classical infinitesimal symmetry of the
equation E ⊂ Jk(π), if it is tangent to E .

Obviously, these definitions are natural generalizations of the basic construc-
tions considered in Ch. 1 and 2.

A direct consequence of the definitions and considerations of §§1–3 is the fol-
lowing4

Proposition 4.1. 1. Let A : Jk(π) → Jk(π) be a symmetry of the equa-

tion E ⊂ Jk(π) and f be a solution of this equation, i.e., a section of the

bundle π such that its graph Γk
f lies in E. Then A(Γk

f ) is a generalized so-

lution of the equation E. In particular, if the manifold A(Γk
f ) is of the form

Γk
f ′ for some section f ′ = A∗f , then f ′ is a solution of E as well.

4Everywhere below in this chapter we use the term “symmetry” in the sense of a classical

symmetry.
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2. If X is an infinitesimal symmetry of the equation E and f is its solution,
then for any point θ ∈ Γk

f there exists a neighborhood U ∋ θ and ε > 0 such

that for any t ∈ [−ε, ε] the manifold At(U), where At is the one-parameter

group of transformations corresponding to X, is locally of the Γk
A∗

t (f), i.e.,

X determines a flow on the set of solutions of the equation E.

From practical viewpoint, finite symmetries are by all means preferable, but it
is not simple to find them. There are no general algorithms to search for them,
and they can be found accidentally only or using a sort of “physical reasons”.
On the contrary, a search for infinitesimal symmetries is governed by a certain
algorithm leading, from technical point of view, to solving (usually, overdetermined)
systems of linear differential equations. The reason is that Lie fields are efficiently
described by the corresponding generating functions. That is why we work below
with infinitesimal symmetries only and often use the word “symmetry” meaning the
generating function of an infinitesimal symmetry. The latter identification does not
cause ambiguities, since the correspondence between Lie fields and their generating
functions is one-to-one.

Let ϕ and ψ be symmetries of the equation E ⊂ Jk(π), i.e., the Lie fields X
(s)
ϕ

and X
(s)
ψ are tangent to the manifold E (s = k for m > 1 and s = k− 1 for m = 1).

Then obviously the commutator [X
(s)
ϕ , X

(s)
ψ ] is also a symmetry of the equation E

and consequently is of the form X
(s)
ρ for some generating section ρ. This section

is called the Jacobi bracket of the generating sections ϕ and ψ and is denoted by
{ϕ,ψ}.

Evidently, the set of symmetries forms a Lie R-algebra with respect to the
Jacobi bracket.

If x1, . . . , xn, u1, . . . , um, . . . , pj
σ, . . . are canonical coordinates in Jk(π), then

from the definition of the commutator of vector fields and from equations (3.9) it
follows that the j-component of the Jacobi bracket is of the form

{ϕ,ψ}j =
m∑

α=1

(
ϕα ∂ψj

∂uα
− ψα ∂ϕj

∂uα

)

+
n∑

i=1

m∑

α=1

((
∂ϕα

∂xi
+

m∑

β=1

pβ
i

∂ϕα

∂uβ

)
∂ψj

∂pα
i

−
(

∂ψα

∂xi
+

m∑

β=1

pβ
i

∂ψα

∂uβ

)
∂ϕj

∂pα
i

)
.

(4.1)

Let us deduce now local conditions for a Lie field X to be a symmetry of the
equation E ⊂ Jk(π). To do this, let us choose canonical coordinates in Jk(π) and
assume that the submanifold E in these coordinates is described by the relations

Fα = 0, α = 1, . . . , r, (4.2)

where Fα are smooth functions on Jk(π). Suppose that the system (4.2) is locally
of maximal rank. Then the condition that a field X is tangent to the manifold
E = {F = 0}, where F = (F 1, . . . , F r), is of the form

X(Fα) =
r∑

β=1

λα
βF β , α = 1, . . . , r, (4.3)

for some smooth functions λα
β , or equivalently

X(Fα)|E = 0, α = 1, . . . , r. (4.4)
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Let us represent the field X in the form X
(s)
ϕ , where s = k or s = k − 1, depending

on dimension of the bundle π, and express the coefficients of the lifting of the field
Xϕ via generating functions using equations (3.9). Then from the relations (4.3)
or from (4.4) we shall obtain a system of equations on ϕ called defining equations.

Example 4.1. Consider in J2(2, 1) a general second order equation in two
independent and one dependent variable:

F (x1, x2, u, p1, p2, p(2,0), p(1,1), p(0,2)) = 0.

Let

Xϕ = −
n∑

i=1

ϕpi

∂

∂xi
+

(
ϕ −

n∑

i=1

piϕpi

)
∂

∂u
+

n∑

i=1

(ϕxi
+ piϕu)

∂

∂pi
, (4.5)

be a contact vector field in J1(2, 1). Then the coefficients b(i,j) at ∂/∂p(i,j), i+j = 2,

of the lifting of the field to J2(2, 1) are of the following form:

b(2,0) = p(2,0)ϕu + ϕx1x1
+ 2p1ϕx1u + 2p(2,0)ϕx1p1

+ 2p(1,1)ϕx1p2
+ p2

1ϕuu

+ 2p1p(2,0)ϕup1
+ 2p1p(1,1)ϕup2

+ p2
(2,0)ϕp1p1

+ 2p(2,0)p(1,1)ϕp1p2
+ p2

(1,1)ϕp2p2
,

b(1,1) = p(1,1)ϕu + ϕx1x2
+ p2ϕx1u + p1ϕx2u + p(1,1)ϕx1p1

+ p(0,2)ϕx1p2
+ p(2,0)ϕx2p1

+ p(1,1)ϕx2p2
+ p1p2ϕuu + (p1p(1,1) + p2p(2,0))ϕup1

+(p1p(0,2)+p2p(1,1))ϕup2

+ p(2,0)p(1,1)ϕp1p1
+ (p(2,0)p(0,2) + p2

(1,1))ϕp1p2
+ p(1,1)p(0,2)ϕp2p2

,

b(0,2) = p(0,2)ϕu + ϕx2x2
+ 2p2ϕx2u + 2p(1,1)ϕx2p1

+ 2p(0,2)ϕx2p2
+ p2

2ϕuu

+ 2p2p(1,1)ϕup1
+ 2p2p(0,2)ϕup2

+ p2
(1,1)ϕp1p1

+ 2p(1,1)p(0,2)ϕp1p2
+ p2

(0,2)ϕp2p2
.

Then the equation X
(1)
ϕ F = λF , where the coefficient of the field X

(1)
ϕ are computed

by the above formulas, is the defining equation in the situation under consideration.

Exercise 4.1. Deduce similar formulas for a system of two second order equa-
tions in two dependent variables.

4.2. Invariant solutions and reproduction of solutions. Let X be an
infinitesimal symmetry of the equation E ⊂ Jk(π), f0 be its solution, Γk

f0
=

jk(f0)(M) ⊂ E . Let, further, {At} be a one-parameter group of diffeomorphisms
corresponding to the field X. Then the submanifold At(Γ

k
f0

) ⊂ Jk(π) is an in-

tegral manifold of the Cartan distribution. In the case when At(Γ
k
f0

) and Γk
f0

are horizontal with respect to the projection to the base M , then At(Γ
k
f0

) = Γk
ft

for some section f t. In addition, by the definition of a symmetry, At(Γ
k
f0

) ⊂ E .

Thus, at least locally, f t is a one-parameter family of solutions of the equation E :
jk(f t)(M) = Γk

ft
⊂ E . A passage from the initial solution f to the family f t is

called reproduction of the solution f by means of the symmetry X.
If ϕ is the generating function of the field X = Xϕ, then search for the family

f t reduces to solving the system of equations

∂f

∂t
(x, t) = ϕ|Γk

f
(x, t), f(x, 0) = f0(x), (4.6)

or, component-wise,

∂f j

∂t
(x, t) = ϕj

∣∣
Γk

f

(x, t), f j(x, 0) = f j
0 (x), j = 1, . . . ,m,

as it follows from (3.13).
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If ϕ|Γk
f

(x, t) = 0, then f(x, t) = f(x, 0) for all admissible values of t, i.e., f0

is a fixed point for the one-parameter group of transformations {At} when it acts
on sections. In other words, the manifold Γk

f0
is invariant under the field Xϕ.

Definition 4.3. If Γk
f0

is invariant with respect to the field Xϕ, then f0 is

called an ϕ-invariant solution of the equation E .

The above introduced concepts can be generalized as follows. Let G be a
Lie group whose Lie algebra g is realized as a subalgebra in the Lie algebra of
infinitesimal symmetries (or, equivalently, in the Lie algebra of generating functions
of symmetries) of the equation E . Then, starting from an arbitrary solution f0, we
shall obtain a (dim g)-parameter family of solutions {fg | g(Γk

f0
) = Γk

fg
, g ∈ G } of

the equation E (provided the manifolds g(Γk
f0

) are horizontal with respect to the

projection to the base M).

Definition 4.4. If fg = f0 for all g ∈ G, then f0 is called a G-invariant

solution of the equation E (or g-invariant, if we consider the corresponding Lie
algebra).

Let ϕ1, . . . , ϕs be generating sections and assume that they are generators of
the Lie algebra g. Then to find g-solutions means to solve the overdetermined
system of differential equations





F1(θ) = 0,

. . . . . . . . . .

Fr(θ) = 0,

ϕ1(θ) = 0,

. . . . . . . . . .

ϕs(θ) = 0,

(4.7)

θ ∈ Jk(π), where F1, . . . , Fr are the functions determining the equation E . In
particular, Xϕ-invariant solutions can be found from the system (4.7), where the
only additional equation to E is ϕ = 0.

Let us stress one important moment. If an equation possesses a classical sym-
metry X, one can diminish the number of independent variables by 1. In fact,
consider, for simplicity, the case dimπ = 1. Then the equations ϕ1 = 0, . . . , ϕs = 0
can be considered as a system of equations on unknowns p1, . . . , pn. It is natural
to consider the case when this system is of maximal rank. Then, without loss of
generality, one may assume that it is of the form





pn−s+1 = ϕ̃1(x, u, p1, . . . , pn−s),
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

pn = ϕ̃s(x, u, p1, . . . , pn−s).

Substituting these equalities to the initial equation, we shall obtain an equation,
which does not contain the derivatives with respect to the last s variables. Obvi-
ously, in the case of several dependent variables the number of dependent ones is
diminished in the same manner.

When an equation possesses two symmetries, the number of independent vari-
ables diminishes by 2, etc. In particular, if dim g = n − 1, where n is the number
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of independent variables, invariant solutions can be found by solving ordinary dif-
ferential equations and for dim g = n the equations become “algebraic”, i.e. do not
contain derivatives. Some examples will be discussed below.

We shall finish this section with some remarks.
1. In general, even for small t, one can not expect the manifolds At(Γ

k
f0

) to be

horizontal. Therefore, when reproducing a regular solution, we shall obtain general
integral dimM -dimensional manifolds of the Cartan distribution, i.e., “general-
ized” solutions, or solutions with “singularities”. At some points, a tangent plane
to such a solution degenerately projects to the base (and this corresponds to the
fact that some derivatives of f t(x) become infinite); therefore a solution may be-
come multivalued. Such generalized solutions are usual in analysis of discontinuity
propagation, shock waves, in catastrophe theory, etc. Physical meaning of these
solutions is determined by the appropriate context.

2. For many nonlinear equations it is often convenient to find an invariant
solution with respect to some symmetry and then to reproduce it by means of
other symmetries. Sometimes this is the only way to find explicit formulas.

3. The concept of invariant solutions includes, as a particular case, the notion
of a self-similar solution : a solution is called self-similar, if it is invariant with
respect to the scale symmetries, i.e., symmetries of the form

X =
∑

i

αixi
∂

∂xi
+

∑

j

βju
j ∂

∂uj
.

5. Examples of computations

Many examples of symmetry computations, of constructing invariant solutions,
and of other applications can be found in [91, 114, 137, 44, 45, 46].

5.1. The Burgers equation. The Burgers equation is of the form

ut = uux + uxx . (5.1)

This equation describes the motion of weakly nonlinear waves in gases, when dis-
sipative effects are sufficiently small to be considered in the first approximation
only. When dissipation tends to zero, this equation gives an adequate description
of waves in nonviscous medium. Initially proposed by Burgers to describe one-
dimensional turbulence, this equation was later used to study other wave phenom-
ena. The Burgers equation is linearized by the substitution u = yx/y. This fact
indicates existence of a large symmetry algebra.

Rewriting equation (5.1) in canonical coordinates

x1 = x, x2 = t, p0 = u, p1 = ux, p2 = ut, p(2,0) = uxx

on J2(2, 1), we obtain

p2 = p0p1 + p(2,0).

Then the defining equations for symmetries obtained in Example 4.1 acquire
the form

(ϕ−p1ϕp1
−p2ϕp2

)p1+p0(ϕx1
+p1ϕp0

+p(2,0)ϕp0
+ϕx1x1

+2p1ϕx1p0
+2p(2,0)ϕx1p1

+ 2p(1,1)ϕx1p2
+ p2

1ϕp0p0
+ 2p1p(2,0)ϕp0p1

+ 2p1p(1,1)ϕp0p2
+ p2

(2,0)ϕp1p1

+ 2p(2,0)p(1,1)ϕp1p2
+ p2

(1,1)ϕp2p2
− ϕx2

− p2ϕp0
= λ(p0p1 + p(2,0) − p2), (5.2)
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where λ is a smooth function on J2(2, 1). Analysis of this equation shows that the
function ϕ is to be of the form

ϕ = A(x1, x2, p0)p1 + B(x1, x2, p0)p2 + C(x1, x2, p0).

From here, using (5.2), we see that the functions A, B, and C satisfy the
equation

p1p2Ap0
+ p1Ax2

+ Bx2
p2 + Cx2

+ Cp0
p2 − p0p1(Ax1

+ p1Ap0
)− p0(Cx1

+ p1Cp0
)

− p1C − 2Dx(A)p(2,0) − Dx(Ax1
+ Ap0

)p1 − Dx(Cx1
+ Cp0

) = 0, (5.3)

where Dx is the total derivative over x = x1.
The last equation is polynomial in p1 and p(2,0). Therefore, the coefficient at

p(2,0) = −4Ap0
p1 +Bx2

−2Ax1
, has to vanish. In turn, this coefficient is polynomial

in p1; hence, the coefficients of this polynomial are also trivial5.
Thus, Ap0

= 0 and Bx2
− 2Ax1

= 0. Substituting these equalities to (5.3), we
obtain

p1Ax2
+ p0p1Ax1

+ Cx2
− p0Cx1

− p1C − p1Ax1x1

− Cx1x1
− 2p1Cx1p0

− p2
1Cp0p0

= 0 (5.4)

The last equality is quadratic in p1, from where it follows that

Cp0p0
= 0, Ax2

+ p0Ax1
− C − Ax1x1

− 2Cx1p0
= 0,

Cx2
− p0Cx1

− Cx1x1
= 0. (5.5)

Differentiating the second equation of (5.5) with respect to p0, we obtain6

Ax1
= Cp0

. (5.6)

From the first equation in system (5.5) it follows that C is linear in p0:

C = r(x1, x2)p0 + s(x1, x2).

Substituting this expression to the last equation of (5.5), we shall obtain the equality

rx2
p0 + sx2

− p2
0rx1

− p0sx1
− p0rx1x1

− sx1x1
= 0.

Equating the coefficients at the powers of p0 to zero, we obtain the relations

rx1
= 0, rx2

− sx1
= 0, sx2

− sx1x1
= 0. (5.7)

The first of them means that Cp0x1
= 0. Taking into account (5.6), we get

Ax1x1
= 0.

Differentiating the second equation in (5.7) with respect to x1 and using the first
equation, we have sx1x1

= 0, i.e.,

s = w(x2)x1 + v(x2).

Taking into account the third equation of (5.7), we have the relation sx2
= 0, i.e.,

s = wx1 + v, w, v ∈ R. (5.8)

5This recursive way of reasoning, using reduction in higher derivatives order, is typical for

the first stage of solving defining equations.
6In general, at the second step, it is typical to obtain differential consequences and to use

compatibility conditions.
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Taking derivative of the second equation (5.7) with respect to x2 and using (5.8),
we obtain rx2x2

= 0 and consequently

r = mx2 + n, m, n ∈ R,

(recall that r is independent of x1 by the first equation of (5.7)). Hence, from the
second equation of (5.7) we obtain m = w.

As a result, we get the relation

A = (wx2 + v)x1 + nx2 + k, B = wx2
2 + 2wx2 + l, C = (wx2 + v)p0 + vx1 + n,

where w, v, n, k, l ∈ R.
From here it follows that the functions

x1x2p1 + x2
2p2 + x2p0 + x1, x1p1 + 2x2p2 + p0, x2p1 + 1, p1, p2 (5.9)

form an R-basis in the space of symmetries of the Burgers equation.
Coming back to “physical” notation, these functions can be represented in the

form

xtux + t2ut + tu + x, xux + 2tut + u, tux + 1, ux, ut. (5.10)

Let us finally write down the Lie fields on J0(2, 1) corresponding to the above
listed generating functions ϕ:

(tu + x)
∂

∂u
− tx

∂

∂x
− t2

∂

∂t
,

u
∂

∂u
− x

∂

∂x
− 2t

∂

∂t
(scale symmetry),

∂

∂u
− t

∂

∂x
, (Galilean symmetry),

∂

∂x
(translation along x),

∂

∂t
(translation along t).

(5.11)

5.2. The Korteweg–de Vries equation. Another well-known equation widely
used in studying nonlinear phenomena is the Korteweg–de Vries equation

ut − 6uux + uxxx = 0.

The summands uux and uxxx correspond to dissipative and dispersive phe-
nomena in nonlinear wave processes. This equation was suggested by Korteweg
and de Vries in 1895 to describe waves of small (but finite) amplitude in long time
periods. Other applications of this famous equation include description of rotating
fluid flow in a pipe, the theory of ion-sound or magnetohydrodynamic waves in low-
temperature plasma, longitudinal waves in bars, etc.

From the mathematical point of view, the interest to the Korteweg–de Vries
equation was caused by special properties both of the equation itself, and of its
solutions. In particular, it possesses solitary wave solutions (solitons), as well as
infinite number of commuting conservation laws (see Ch. 5) and an infinite-dimen-
sional algebra of (higher) symmetries (Ch. 4).

Skipping technical computations, which differ from those for the Burgers equa-
tion in details only, we shall give the final answer here. An R-basis of the symmetry
Lie algebra is formed by the following generating functions:

xux + 3tut + 2u, 6tux + 1, ux, ut. (5.12)
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The Lie fields corresponding to these functions are

2u
∂

∂u
− x

∂

∂x
− 3t

∂

∂t
(scale symmetry),

∂

∂u
− 6t

∂

∂x
(Galilean symmetry),

∂

∂x
(translation along x),

∂

∂t
(translation along t).

(5.13)

5.3. The Khokhlov–Zabolotskaya equation. Propagation of a bounded
three-dimensional acoustic beam in nonlinear media is described by the equation
with the following dimensionless form:

− ∂2u

∂q1∂q2
+

1

2

∂2(u2)

∂q2
1

+
∂2u

∂q2
3

+
∂2u

∂q2
4

= 0, (5.14)

where q1, q2 > 0 and −∞ < q3, q4 < +∞. In this equation, the value of u is
proportional to the deviation of the media density from the balanced density, while
the dimensionless variables q1, q2, q3, q4 are expressed via the time t and spatial
variables x, y, z in the following way

q1 =
t − x/c0√

γ + 1

√
ρ0c0, q2 = µx, q3 =

√
2µ

c0
y, q4 =

√
2µ

c0
z,

where c0 is the sound velocity in the media, γ is the isentropic exponent, x is the
coordinate in the direction of beam propagation, µ is a small parameter, and ρ0

is the balanced density. In the coordinates qi, pσ, the equation (5.14) acquires the
form

−p(1,1,0,0) + up(2,0,0,0) + p2
1 + p(0,0,2,0) + p(0,0,0,2) = 0. (5.15)

This equation is called the Khokhlov–Zabolotskaya equation.

Theorem 5.1. The algebra of all classical symmetries for the Khokhlov–Zabo-

lotskaya equation (5.15) is generated by the following symmetries7:




f(A) = A′q3p1 + 2Ap3 + A′′q3,

g(B) = B′q4p1 + 2Bp4 + B′′q4,

h(C) = Cp1 + C ′,

T2 = p2,

L = q1p1 + q2p2 + q3p3 + q4p4,

M = 2q1p1 + 4q2p2 + 3q3p3 + 3q4p4 + 2u,

M34 = q4p3 − q3p4,

(5.16)

where A, B, C are arbitrary smooth functions in q2.

7Note that computation needed to prove the theorem are rather laborious. This is the reason

to use symbolic computation programs in this field. A detailed analysis of computations can be
found in [109, 73, 75]
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5.3.1. “Physically meaningful” symmetries. Let us single out of all classical
symmetries of equation (5.15) the “physically meaningful” ones, i.e., those preserv-
ing the condition of solution decay at infinity.

Consider the symmetry f(A). Then

Xf(A) = A′q3
∂

∂q1
− 2A

∂

∂q3
+ A′′q3

∂

∂u
.

It is easily seen that the flow of this field is described by the system of equations




q1 = AA′τ2 + A′q0
3τ + q0

1 ,

q2 = q0
2 ,

q3 = 2Aτ + q0
3 ,

q4 = q0
4 ,

u = −AA′′τ2 − A′′q0
3τ + u0,

(5.17)

where u0, q0
1 , q0

2 , q0
3 , q0

4 are initial values.
Consider an arbitrary solution u0 = u0(q0

1 , q0
2 , q0

3 , q0
4) of equation (5.15) decaying

at infinity, i.e., satisfying the condition u0 → 0 as ‖(q0
1 , q0

2 , q0
3 , q0

4)‖ → ∞. Then the
flow (5.17) takes this function to the solution

u = −AA′′τ2 − A′′q0
3τ + u0(q0

1 , q0
2 , q0

3 , q0
4)

= u(AA′τ2 + A′q0
3τ + q0

1 , q0
2 , 2Aτ + q0

3 , q0
4).

Let ‖(AA′τ2 +A′q0
3τ +q0

1 , q0
2 , 2Aτ +q0

3 , q0
4)‖ → ∞ for a fixed value of the parameter

τ . If A′′ 6= 0, then the condition of decay of u at infinity will not fulfil, since we
shall have u → ∞ as q0

3 → ∞ in this case. Hence, A′′ = 0. Obviously, this is also
sufficient for the decay of solution at infinity.

From the condition A′′ = 0 it follows that A = C1q2 + C2, where C1, C2 are
constants. Thus, among infinite number of symmetries f(A) physically meaningful
are the following two only:

T3 = p3, R3 = q3p1 + 2q2p3.

In the same way, the symmetries of the form g(B) produce two physically
meaningful symmetries

T4 = p4, R4 = q4p1 + 2q2p4,

while symmetries h(C) produce a sole symmetry

T1 = p1.

It is easily checked that the symmetries T1, T2, M , and M34 preserve the condition
of decay at infinity while the symmetry L does not.

On the other hand, it is easily checked that the following linear combinations
of L and M are physically meaningful:

M1 = 2(M + 2L) = 2q1p1 + q3p3 + q4p4 − 2u,

M2 = (M − L) = 2q2p2 + q3p3 + q4p4 + 2u.
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Thus, the subalgebra of physically meaningful symmetries is generated by the
following generating functions:

Ti = pi, i = 1, 2, 3, 4 (translations),

M34 = q4p3 − q3p4 (rotation),
M1 = 2q1p1 + q3p3 + q4p4 − 2u
M2 = 2q2p2 + q3p3 + q4p4 + 2u (scale symmetries),

R3 = q3p1 + 2q2p3,
R4 = q4p1 + 2q2p4.

Translations Ti = pi, i = 1, 2, 3, 4, are responsible for homogeneity of the four-
dimensional space-time, the rotation M34 corresponds to isotropy of the space in
the plane perpendicular to the beam propagation direction, M1 and M2 correspond
to invariance of the Khokhlov–Zabolotskaya equation with respect to the scaling
transformations

A(1)
τ : u(q) → e−2τu(e2τq1, q2, e

τq3, e
τq4),

A(2)
τ : u(q) → e2τu(q1, e

2τq2, e
τq3, eτq4).

Finally, R3 and R4 correspond to invariance of the equation with respect to the
transformations

A(3)
τ : u(q) → u(q1 + τq3 + τ2q2, q2, q3 + 2τq2, q4),

A(4)
τ : u(q) → u(q1 + τq4 + τ2q2, q2, q3, q4 + 2τq2).

5.3.2. Invariant solutions. Let us find solutions invariant with respect to some
subalgebras of the Lie algebra of all classical symmetries of the Khokhlov–Zabo-
lotskaya equation (5.15).

Consider the subalgebra of symmetries G generated by the symmetries M1, M2,
R3, R4. The Lie algebra structure in G with respect to the Jacobi bracket in the
basis e1 = (M1 + M2)/2, e2 = (−M2 + M1)/2, e3 = R3, e4 = R4 is given by the
relations

[e2, e3] = e3, [e2, e4] = e4, [e3, e4] = 0, [e1, ei] = 0, i = 2, 3, 4.

Thus G is a solvable Lie algebra with the commutator subalgebra

G(1) = [G,G] = Re3 ⊕ Re4.

Consider an arbitrary three-dimensional subalgebra H ⊂ G containing G(1).
Any such a subalgebra is generated by the elements e3, e4, λ1e1 + λ2e2.

Let us describe H-invariant solutions of equation (5.15). If λ1 + λ2 6= 0, then
H-invariant solutions u(q) are of the form

u(q) = xλv(x−2−λy),

where x = q2, y = 4q1q2−q2
3−q2

4 , λ = −2λ2/(λ1+λ2). Substituting this expression
to the Khokhlov–Zabolotskaya equation, we obtain the equation for v(t):

vv′′ + (v′)2 + αtv′′ = 0, (5.18)

where t = x−2−λy, α = −(λ2 − λ1)/4(λ1 + λ2).
Since the left-hand side of (5.18) is of the form (vv′ + αtv′ − αv)′, we obtain

the equation

vv′ + αtv′ − αv = const.
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In the case when the constant in the left-hand side vanishes, this equation possesses
the solution

v ln v + av = αt,

where a is a constant.
5.3.3. The Kadomtsev–Pogutse equations. This system is a simplification of

the general magnetohydrodynamic (MHD) system, where some inessential (from
the point of view of maintaining high-temperature plasma in TOKAMAK-like sys-
tems) details are omitted. The authors of the paper [48] started from the ideal
MHD equations, because in this context characteristic times of the most important
physical processes are essentially less than the distinctive dissipation time. Dissi-
pation here is caused by viscosity and electric resistance of plasma. Besides, it was
taken into account that plasma stability needs: (a) plasma pressure and the cross-
component of magnetic field pressure were much less than the pressure created by
the longitudinal component of the magnetic field and (b) the smaller TOKAMAK
radius was much less then the external radius.

As a result, a system of two scalar equations was obtained which in an adequate
norming is of the form





∂ψ

∂t
+ [∇⊥ϕ,∇⊥ψ]z =

∂ϕ

∂z
,

∂

∂t
∆⊥ϕ + [∇⊥ϕ,∇⊥∆⊥ϕ]z =

∂

∂t
∆⊥ψ + [∇⊥ψ,∇⊥∆⊥ψ]z,

(5.19)

where ∇⊥ = {∂/∂x, ∂/∂y}, ∆⊥ = ∂2/∂x2 + ∂2/∂y2 while [u, v]z = uxvy − uyvx is
the z-component of the vector product [u, v] of the vectors u and v.

Here the functions ϕ and ψ are the potentials of the velocity and of the cross-
component of the magnetic field respectively (they also may be understood as
the potential of the electric field and z-component of the vector potential of the
magnetic field). The coordinate system is chosen in such a way that the z-axis is
directed along the TOKAMAK axis.

We shall call equations (5.19) the Kadomtsev–Pogutse equations. They are
also called reduced MHD equations.

Relative simplicity of the Kadomtsev–Pogutse equations made it possible to
construct an experimentally confirmed theory of kink instability; they were also
used in quantitative analysis of instability [147].

5.3.4. Computation of symmetries. We shall change here general notation for
coordinates in jet spaces for specific ones to make formulas more understandable
for reading. The coordinates in the base will be denoted by x, y, z, t, while for
coordinates in the fiber of J0(4, 2) the notations ϕ and ψ will be used. We shall
write ϕxiyjzktl and ψxiyjzktl instead of p1

σ, p2
σ respectively, where σ = (i, j, k, l),

|σ| = i + j + k + l. In this notation, (5.19) acquires the form

F1 = ψt + ϕxψy − ϕyψx − ϕz = 0, (5.20)

F2 = ϕx2t + ϕy2t + ϕxϕx2y + ϕxϕy3 − ϕyϕx3 − ϕyϕxy2

− ψx2z − ψy2z − ψxψxy2 − ψxψy3 + ψyψx3 + ψyψxy2 = 0.
(5.21)

The system of Kadomtsev–Pogutse equations contains two dependent variables
ϕ and ψ and consequently the generating function of a symmetry is two-component
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in this case:
S = S + Aϕx + Bϕy + Cϕz + Eϕt,

T = T + Aψx + Bψy + Cψz + Eψt.
(5.22)

Here A, B, C, E, S, T are functions on J0(4, 2), i.e., functions in x, y, z, t.

Theorem 5.2 ([98]). The algebra of classical symmetries of the Kadomtsev–

Pogutse equations as a linear space over R is generated by symmetries with the

generating functions of the form

Aα =

(
α′(ϕ + ψ) + α(ϕz + ϕt)
α′(ϕ + ψ) + α(ψz + ψt)

)
, Bβ =

(
β′(ϕ − ψ) + β(ϕz − ϕt)
−β′(ϕ − ψ) + β(ψz − ψt)

)
,

Cγ =

(
γ′(x2 + y2) + 2γ(yϕx − xϕy)
γ′(x2 + y2) + 2γ(yψx − xψy)

)
, Dδ =

(
−δ′(x2 + y2) + 2δ(yϕx − xϕy)
δ′(x2 + y2) + 2δ(yψx − xψy)

)
,

GG =

(
yGt + Gϕx

yGz + Gψx

)
, HH =

(
−xHt + Hϕy

−xHz + Hψy

)
, KK =

(
Kt

Kz

)
,

L =

(
ϕ + zϕz + tϕt

ψ + zψz + tψt

)
, M =

(
xϕx + yϕy + 2zϕz + 2tϕt

xψx + yψy + 2zψz + 2tψt

)
.

Here α = α(z+t), β = β(z−t), γ = γ(z+t), δ = δ(z−t), G = G(z, t), H = H(z, t),
K = K(z, t) are arbitrary functions and

α′(ζ) =
dα(ζ)

dζ
, β′(η) =

dβ(η)

dη
, γ′(ξ) =

dγ(ξ)

dξ
, δ′(θ) =

dδ(θ)

dθ
.

The vector fields on J0(4, 2) corresponding to the above listed generating func-
tions are of the form

XAα
= α′(ϕ + ψ)

(
∂

∂ϕ
+

∂

∂ψ

)
− α

(
∂

∂z
+

∂

∂t

)
,

XBβ
= β′(ϕ − ψ)

(
∂

∂ϕ
− ∂

∂ψ

)
− β

(
∂

∂z
− ∂

∂t

)
,

XCγ
= γ′(x2 + y2)

(
∂

∂ϕ
+

∂

∂ψ

)
− 2γ

(
y

∂

∂x
− x

∂

∂y

)
,

XDδ
= δ′(x2 + y2)

(
∂

∂ϕ
− ∂

∂ψ

)
− 2δ

(
y

∂

∂x
− x

∂

∂y

)
,

XGG
= yGt

∂

∂ϕ
+ yGz

∂

∂ψ
− G

∂

∂x
,

XHH
= −xHt

∂

∂ϕ
− xHz

∂

∂ψ
− H

∂

∂y
,

XKK
= Kt

∂

∂ϕ
+ Kz

∂

∂ψ

XL = ϕ
∂

∂ϕ
+ ψ

∂

∂ψ
− z

∂

∂z
− t

∂

∂t
,

XM = −x
∂

∂x
− y

∂

∂y
− 2z

∂

∂z
− 2t

∂

∂t

The above listed symmetries is of the following physical meaning: L and M
are scale symmetries, Cγ and Dδ are generalized rotations in the (x, y)-plane (they
become real rotations, when γ = δ = const), Aα and Bβ are generalized translations
along z and t respectively (in the case α = β = 1 real translations are obtained as
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their linear combinations), the symmetries GG and HH are generalized translations
along x and y respectively (real translations correspond to the case G = H = 1),
finally KK is the gauge by the trivial solution.

The Lie algebra structure of symmetries is described in Table 1.

Table 1. Commutation relations in the algebra of classical sym-
metries for the Kadomtsev–Pogutse equations

[ , ] Abα Bbβ Cbγ Dbδ G bG

Aα 2Abαα′−bα′α 0 −2Gbγ′α 0 −Gα( bGt+ bGz)

Bβ 0 2Bβ′ bβ−bβ′β 0 −2Dβbδ′ Gβ( bGt− bGz)

Cγ 2Cγ′bα 0 0 0 −2Hδ bG

Dδ 0 2Dδ′ bβ 0 0 −2GbδH

GG Gbα(Gt+Gz) −Gbβ(Gt−Gz) 2HbγG 2HbδG 0

HH Hbα(Ht+Hz) Hbβ(Ht−Hz) −2GbγH −2GbδH −K bGH

KK −cKbα(Kt+Kz) −cKbβ(Kt−Kz) 0 0 0

lL −lA(t+z)bα′−bα −lB(z−t)bβ′−bβ −lC(z+t)bγ′ −lD(z−t)bδ′ −lGt bGt+z bGz

mM 0 0 0 0 mH bH

[ , ] H bH −K bK l̂L m̂M
Aα −Hα( bHt+ bHz) Hα( bKt+ bKz) l̂A(t+x)α′−α 0

Bβ Hβ( bHt− bHz) Kβ( bKt− bKz) l̂B(z−t)β′−β 0

Cγ 2Gγ bH 0 l̂C(t+z)γ′ 0

Dδ 2Gγ bH 0 l̂D(z−t)δ′ 0

GG KG bH 0 l̂GzGz+tGt
−m̂GG

HH 0 0 l̂HtHt+zHz
−m̂HH

KK 0 0 l̂KtKt+zKz
−2m̂KK

lL −lHt bHt+z bHz
−lKt bKt+z bKz

0 0

mM mH bH 2mK bK 0 0

5.3.5. Invariant solutions.

Aα-invariant solutions. The invariance conditions are of the form

α′(ϕ + ψ) + α(ϕz + ϕt) = 0, α′(ϕ + ψ) + α(ψz + ψt) = 0.

Solving this system, we obtain

ϕ = (α(z + t))−1A(x, y, z − t) + B(x, y, z − t),

ψ = (α(z + t))−1A(x, y, z − t) + B(x, y, z − t),
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where the functions A and B satisfy the following conditions implied by (5.20) and
(5.21):

Aη = BxAy − AxBy,

∆⊥Aη = Bx∆⊥Ay + Ax∆⊥By − Ay∆⊥Bx − By∆⊥Ax,
(5.23)

where η = z − t. Note that equations (5.23) are the same for all α.
GG-invariant solutions. Invariance conditions in this case lead to the follow-

ing equations:

ϕ = −Gt

G
xy + A(y, z, t), ψ = −Gz

G
xy + B(y, z, t),

where A and B satisfy the linear system

−Bt + Az =
y

G
(GzA − GtB)y,

(At − Bz)y2 =
y

G
(GtA − GzB)y3 .

Cγ-invariant solutions. From the invariance conditions we obtain

ϕ = r2θγ′/2γ + A(r, z, t), ψ = r2θγ′/2γ + B(r, z, t),

where r are θ are the polar coordinates on the plane x, y. The functions A and B
satisfy the linear system

−Bt + Az = (rγ′/2γ)(A − B)r,

∆⊥(At − Bz) = [(rγ′/2γ)∆⊥ + (2γ′/rγ)](A − B)r.

It is interesting to note, that Cγ-invariant solutions are uniquely defined only
in the sector |θ − θ0| < π for some θ0. Discontinuous solutions can be constructed
of such pieces.

Let us consider examples of solutions invariant with respect to some two-di-
mensional subalgebras.

Aα,Bβ-invariant solutions. These solutions are of the form

ϕ = (α(z + t))−1A(x, y) + (β(z − t))−1B(x, y),

ψ = (α(z + t))−1A(x, y) − (β(z − t))−1B(x, y).
(5.24)

Thus these solutions represent an arbitrary (the so-called Alfvén) wave propagating
along the z-axis with the velocity cA = 1 and with the amplitude depending on x
and y. The functions A and B must satisfy the system of equations

{
AxBy − AyBx = 0,
Ax∆By − Ay∆Bx + Bx∆Ay − By∆Ax = 0.

From the first equation of the system it follows that B = f(A). From the second
one we obtain

f ′(A)(Ax∆Ay − Ay∆Ax) + f ′′(A)[Axy(A2
x − A2

y) − Axy(Ax2 − Ay2)] = 0.

In particular, for B = A we have

∆A = F (A). (5.25)

Other examples of invariant solutions for the Kadomtsev–Pogutse equations,
including the case of three-dimensional subalgebras, can be found in [37].
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5.4. Reproduction of solutions. Let (ϕ0, ψ0) be a solution of system (5.20),
(5.21) and Q = (Q1, Q2) be its symmetry. Recall that solving the system

∂

∂τ

(
ϕ
ψ

)
=

(
Q1

Q2

)

with the initial values (ϕ,ψ)|τ=0 = (ϕ0, ψ0), gives a family of solutions for equa-
tions (5.20), (5.21) depending on τ . Thus, the solution (ϕ0, ψ0) is “reproduced” or
“deformed” by the symmetry Q. Consider some examples.

Cγ-reproduction. In this case we need to solve the equations

ϕτ = γ′r2/2 + γϕθ, ϕ|τ=0 = ϕ0(r, θ, z, t),

ψτ = γ′r2/2 + γψθ, ψ|τ=0 = ϕ0(r, θ, z, t).
(5.26)

The solutions are

ϕτ = γ′r2τ/2 + ϕ0(r, θ + τγ, z, t), ψτ = γ′r2τ/2 + ψ0(r, θ + τγ, z, t).

It can be noticed that the obtained solutions are single-valued while invariant so-
lutions for this symmetry are multivalued (see above).

From the formulas for the family ϕ and ψ one can see that the phase θ can be
deviated from the axis z by means of the Alfvén wave propagation γ(z + t), but
this causes the correction γr2τ to the solution. Note that the Dδ-reproduction leads
to similar formulas (and to the deviation τδ(z − t) of the phase). If the solution
is periodic in z (for example, the TOKAMAK z-axis is closed and is of length l),
then the “quantization conditions” for the parameter τ arise. For example, taking
the phase deviation τz = τ [(z + t) + (z − t)]/2, we shall obtain that τ l = 2πn,
τ = 2πn/l. But this effect may not appear, if deviation is periodic (for example, if
one has the “phase trembling” of the form γ = sin[πN(z + t)/l]).

GG-reproduction. In this case

ϕ = yτGt + ϕ0(x + τG, y, z, t), ψ = yτGz + ψ0(x + τG, y, z, t).

Here the solution deviates from the x-axis and the correction (yτGt, yτGz) to the
initial solution arises. Quite similar, the HH -reproduction is a shift along the y-axis
by τH. Combining different shifts, one can bend the solution in a helical way.

Nevertheless, it should be noted that the indicated freedom in deformation
choice is in a sense illusive: from the physical point of view, strong deformation
seems to lead to necessity of taking into account the plasma pressure and conse-
quently of adding new terms to the initial equation.

Aα-reproduction. To solve the system

ϕτ = α(ϕz + ϕt) + α′(ϕ + ψ),

ψτ = α(ψz + ψt) + α′(ϕ + ψ),

let us add and subtract its equations:

(ϕ + ψ)τ = α[(ϕ + ψ)z + (ϕ + ψ)t] + 2α′(ϕ + ψ),

(ϕ − ψ)τ = α[(ϕ − ψ)z + (ϕ − ψ)t].
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The transformed system is easy to solve with respect to the new unknown
functions (ϕ + ψ), (ϕ − ψ). The answer is

ϕ =
α(Σ) + α(z + t)

2α(z + t)
ϕ0(x, y, Z, T ) +

α(Σ) − α(z + t)

2α(z + t)
ψ0(x, y, Z, T ),

ψ =
α(Σ) − α(z + t)

2α(z + t)
ϕ0(x, y, Z, T ) +

α(Σ) + α(z + t)

2α(z + t)
ψ0(x, y, Z, T ).

Here

Σ = Γ−1(τ + Γ(z + t)), Γ(z + t) =
1

2

∫ z+t dξ

α(ξ)
,

Z =
1

2
(z − t + Σ), T =

1

2
(t − z + Σ),

and Γ−1 is the inverse function. One can obtain explicit formulas for particular
values of α. For example, for ψ0 ≡ 0 and α = z + t we have the “rumpled” solution

ϕ = (1 + eτ )
ϕ0(x, y, eτ (z + t), z − t)

2
.

It is interesting to note that if one takes a discontinuous symmetry, then the
initially smooth solution includes in a family of discontinuous ones. For example,
if ψ0 ≡ 0, α = ξ−1, ξ = z + t, then

ϕ = 5(1 + |ξ|(τ + ξ2)−1/2)
ϕ0(x, y, sgn(ξ)

√
τ + ξ2, z − t)

2
.

For ξ = 0, τ 6= 0 a traveling break arises proportional to

ϕ0(x, y,
√

τ , z − t) − ϕ0(x, y,−
√

τ , z − t).

Though the break of the potential ϕ does not admit a straightforward physical
interpretation, when the function ϕ0 is even a gradient break arises and it makes
sense physically.

Consider another example of using invariant solutions for reproduction [37].
Choose an Aα,Bβ-invariant solution (5.24) taking α = 2, β = −2 and functions A
and B such that A = B and ∆A = expA (cf. (5.25)). For the solution, we shall
take the function

A(z, θ) = − ln

[
r4

2
sinh2

(
cos θ

r
+ 1

)]
.

Then the corresponding invariant solution is of the form
{

ϕ = 0,
ψ = A.

Thus obtained solution is static (independent of time) and constant along the
z-axis. Let us apply the Cα-deformation to it, with α(z + t) = exp(−(z + t))/2. For
τ = 1 from formulas (5.26) we obtain

ϕ = −r2

2
e−(z+t),

ψ =
r2

2
e−(z+t) − ln

{
r4

2
sinh2

[
cos θ − e−(z+t)

r
+ 1

]}
.

On Figure 3.11 one can see the magnetic level surface ψ(x, y, z, 0) = 5. The
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Figure 3.11

Figure 3.12

arrow shows the direction of Alfvén velocity along the z-axis. Thus, after defor-
mation the solution lost its static property and became inhomogeneous along the
z-axis.

On Figure 3.12 the same solution is exposed, first deformed by LG-deformation
and then by HH -deformation, where G = (sin 20z)/20 and H = (cos 20z)/20.

6. Factorization of equations by symmetries

The symmetry group of a differential equation consists of diffeomorphisms of
the jet space preserving the equation itself and taking solutions to solutions. What
will be the quotient object of this action, i.e., the orbit space? More general, what
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will be the orbit space when we consider the action of a subgroup of the symmetry
group?

Consider an equation E ⊂ Jk(π), whose symmetry group is a Lie group G, and
assume that H ⊂ G is a Lie subgroup. The Cartan distribution C = Ck is invariant
with respect to symmetries and the solutions are n-dimensional maximal integral
manifolds of the distribution Ck(E). Consider the orbit space of the group H and
denote by µ the factorization mapping8:

E → Jk(Rn)

E ′

µ|
E ↓

→ Jk(Rn)/H

µ↓

The quotient distribution C′ is defined on E ′ and almost everywhere it is of the
same dimension as C. In fact, let C′

a = µ∗(Cµ−1(a)) for a ∈ Jk(π)/H. It is a
well-defined construction, since the distribution C is invariant with respect to H.
Besides, vectors tangent to the orbits of H almost everywhere do not belong to the
distribution C. In fact, let b ∈ Jk(π) and Hb be the orbit of the point b under the
action of the group H. Then the mapping H → Hb, h ∈ H 7→ h(b) ∈ Hb, generates
an epimorphism of the corresponding Lie algebra H to the tangent space Tb(Hb).
Therefore, any vector Xb ∈ Tb(Hb) is of the form Xϕ|b, where ϕ is the generating
section of some symmetry from H. Let Xb ∈ Cb. This means, in particular, that

(Xϕ (duj −
n∑

i=1

pj
i dxi))b = ϕj(b) = 0.

Therefore, for almost all b ∈ Jk(π) one has Cb ∩ kerµ∗|b = 0 and consequently
dim C = dim C′.

Solutions of the equation E are maximal integral n-dimensional manifolds of
the distribution C and in general they project to n-dimensional manifolds of the
distribution C′ lying in E ′. It should be stressed that we are not interested in all
integral manifolds of C′, but in those ones which are images of solutions of the
initial equation (since this equation is the ultimate object of our study). Therefore,
the desired condition defining in E ′ the integral manifolds of C′ will be the quotient
equation9.

Let L′ ⊂ E ′ be the image of some solution L of the equation E . Then

µ−1(L′) = H(L) =
⋃

h∈H

h(L). (6.1)

Denote by iL′ the immersion µ−1(L′) → Jk(π). Then the restriction of the Cartan
distribution to µ−1(L′) is determined by the differential system DL′ = i∗L′D, where
D ⊂ Λ1(Jk(π)) is the differential system given by the Cartan forms and determining
C. It is easily seen that the distribution DL′ is completely integrable: any h(L) is
its integral manifold and the union of these manifolds is µ−1(L′). The Frobenius
complete integrability condition dDL′ ⊂ DL′ of the distribution DL′ is exactly
the condition defining those L′, which are the images of solutions of the initial

8We assume that the orbit space is a smooth manifold and µ is a smooth bundle.
9Of course, if it may be realized, at least locally, as a submanifold in the jet space Jk′

(π′)

for some π′ and k′.
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equation under the factorization with respect to H. Thus, precisely these conditions
constitute the quotient equation.

In the examples considered below such quotient equations are represented ex-
plicitly in coordinate form due to convenient relations between dimension of the
objects under consideration; in more general situations, it is often difficult to ob-
tain a coordinate description.

6.1. Second-order equations in two independent variables. Consider
a second order equation in two independent and one dependent variable, where
a two-dimensional Lie group H acts without fixed points. More exactly, let E ⊂
J2(2, 1) and q1, q2, u, p1, p2, p(2,0), p(1,1), p(0,2) be canonical coordinates in J2(2, 1).
Then dim E = 7, dim E/H = 5. In the same coordinates, a basis of the differential
system D determining the Cartan distribution is

ω0 = du − p1 dq1 − p2 dq2,

ω1 = dp1 − p(2,0) dq1 − p(1,1) dq2,

ω2 = dp2 − p(1,1) dq1 − p(0,2) dq2,

and consequently dimension of Cartan planes at generic points is 4.
As it was already explained, the vector fields forming the Lie algebra H of

the Lie group H does not intersect the Cartan distribution almost everywhere
and therefore the quotient Cartan distribution on the five-dimensional manifold
E/H is also four-dimensional. Hence, the differential system D′ determining this
distribution is one-dimensional (at least locally) and the distribution C′ can be
described by one differential form w. In the generic situation, a one-form on an
even-dimensional manifold determines a contact structure and by the Darboux
lemma it can be written as

w = dv − y1dx1 − y2dx2

in appropriate coordinates x1, x2, v, y1, y2 on E/H. Thus, the quotient manifold
E/H itself can be (locally) identified with J1(R2).

In these coordinates (also locally), “almost all” maximal integral manifolds of
the form w can be represented as 1-jets of the graphs of functions in two variables:

w = g(x1, x2), y1 =
∂g

∂x1
, y2 =

∂g

∂x2
.

Let us denote such a manifold by Vg. The Frobenius conditions dDVg
⊂ DVg

of
complete integrability are first-order partial differential equations for the functions
determining the graph of 1-jet j1(g). Hence, they are second order equations for the
function g. Actually, in the examples below a scalar second order equation arises
and this is the desired quotient equation. Its solutions, as it follows by construction,
correspond to two-parameter families of solutions of the initial equation.

Example 6.1. Consider the Laplace equation E = {p(2,0)+p(0,2) = 0}. Let the
group H be generated by translations along q1 and q2; respectively, its Lie algebra
H possesses the basis ∂/∂q1, ∂/∂q2.
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The form ω determining the contact structure on E/H is uniquely, up to a
factor, defined by the conditions

∂

∂q1
µ∗ω = 0,

∂

∂q2
µ∗ω = 0,

∂

∂q1
(µ∗ω) = 0,

∂

∂q2
(µ∗ω) = 0,

(6.2)

where µ∗ω = α0ω0 + α1ω1 + α2ω2.
By last condition, equations (6.2) imply

(α0p1 + α1p(2,0) + α2p(1,1))
∣∣
E = 0,

(α0p2 + α1p(1,1) + α2p(0,2))
∣∣
E = 0,

from where, up to a factor, one obtains

α0 = (p2
(1,1) − p(2,0)p(0,2))

∣∣∣
E

, α1 = (p1p(0,2) − p2p(1,1))
∣∣
E ,

α2 = (p2p(2,0) − p1p(1,1))
∣∣
E .

The second pair of conditions (6.2) means that µ∗ω is independent of q1, q2. There-
fore, the factorization mapping µ can be identified with the projection to the plane
{q1 = q2 = 0} ⊂ J2(R2). Thus,

µ∗ω = f · [(p2
(1,1) − p(2,0)p(0,2)) du + (p1p(0,2) − p2p(1,1)) dp1

+ (p2p(2,0) − p1p(1,1)) dp2]
∣∣
E

where f is a function (coefficient of proportionality).
Set f = (p2

(1,1) − p(2,0)p(0,2))
−1. Since the equality p(0,2) = −p(2,0) holds on the

equation, we have

ω = du −
p2p(1,1) + p1p(2,0)

p2
(2,0) + p2

(1,1)

dp1 −
p1p(1,1) − p2p(2,0)

p2
(2,0) + p2

(1,1)

dp2,

where ξ denotes the restriction of ξ to the equation. Taking into account that
ω = dv − y1 dx1 − y2 dx2, we obtain

v = u, xi = pi, y1 =
p2p(1,1) + p1p(2,0)

p2
(2,0) + p2

(1,1)

, y2 =
p1p(1,1) − p2p(2,0)

p2
(2,0) + p2

(1,1)

.

From here, in turn, one can see that

u = v, pi = xi, p(2,0) =
x1y1 − x2y2

y2
1 + y2

2

, p(1,1) =
x1y2 + x2y1

y2
1 + y2

2

.

In these new coordinates, restrictions of the Cartan forms to the equation are of
the form

ω0 = dv − x1 dq1 − x2 dq2,

ω1 = dx1 −
x1y1 − x2y2

y2
1 + y2

2

dq1 −
x1y2 + x2y1

y2
1 + y2

2

dq2,

ω2 = dx2 −
x1y2 + x2y1

y2
1 + y2

2

dq1 +
x1y1 − x2y2

y2
1 + y2

2

dq2.

(6.3)

Consider now in E/H a submanifold of the form Vg, which is the graph of the
1-jet of the function g(x1, x2):

v = g(x1, x2), yi =
∂g

∂xi
.
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The same equations describe the manifold Ṽg = µ−1Vg ⊂ J2(R2). Introduce the
notation ωg

i = ωi|eVg
. Since ω|Vg

= 0, we have

α0ω
g
0 + α1ω

g
1 + α2ω

g
2 = 0,

i.e., the forms {ωg
i } are linearly independent10. Therefore, one can assume, for

example, that in the domain α2 = −y2 6= 0 the restriction of the Cartan distribution

to Ṽg is determined by the forms ωg
0 , ωg

1 . Consequently, integrability conditions for
this distribution are

dωg
0 ∧ ωg

0 ∧ ωg
1 = 0, dωg

1 ∧ ωg
0 ∧ ωg

1 = 0. (6.4)

On the other hand, using (6.3), one can obtain the following expressions for
the basis forms ωg

0 , ωg
1 :

ωg
0 = gx1

dx1 + gx2
dx2 − x1 dq1 − x2 dq2,

ωg
1 = dx1 −

x1y1 − x2y2

y2
1 + y2

2

dq1 −
x1y2 + x2y1

y2
1 + y2

2

dq2.

Rather cumbersome computations show that when one substitutes these ex-
pressions to (6.4), the first condition in (6.4) fulfills identically while the second
one is equivalent to the equation y2(gx1x1

+gx2x2
) = 0. But in the domain we chose

one has y2 6= 0 and therefore the equality

gx1x1
+ gx2x2

= 0

coincides with the condition describing our functions. In other words, this is exactly
the quotient equation for the Laplace equation11.

Thus, the factorization procedure leads us to the Laplace equation again (note
that the Laplace equation is linear and consequently its total symmetry algebra is
infinite dimensional). From the above exposed theoretical reasons and from coinci-
dence of the initial equation with the quotient one it follows that to any solution of
the Laplace equation there corresponds a two-parameter family of solutions of the
same equation.

In fact, if g(x1, x2) is a solution of the Laplace equation, then the manifold Ṽg

is an integral manifold of the Cartan distribution and the restrictions Dg
qi

of the

total derivatives Dqi
to Ṽg are of the form

Dg
q1

=

(
∂

∂q1
+ p1

∂

∂u
+ p(2,0)

∂

∂p1
+ p(1,1)

∂

∂p2

)∣∣∣∣eVg

=
∂

∂q1
+

x1y1 − x2y2

y2
1 + y2

2

∂

∂x1
+

x1y2 + x2y1

y2
1 + y2

2

∂

∂x2
,

Dg
q2

=

(
∂

∂q2
+ p1

∂

∂u
+ p(1,1)

∂

∂p1
+ p(0,2)

∂

∂p2

)∣∣∣∣eVg

=
∂

∂q2
+

x1y2 + x2y1

y2
1 + y2

2

∂

∂x1
− x1y1 − x2y2

y2
1 + y2

2

∂

∂x2
,

(6.5)

where yi = ∂g/∂xi. We shall look for integral manifolds of the form

q1 = ϕ(x1, x2), q2 = ψ(x1, x2)

10It is easily seen that α0 = 1, α1 = −y1, α2 = −y2, since ω = dv − y1 dx1 − y2 dx2.
11Note that the result is independent of the choice of the domain y2 6= 0, which was convenient

for computations; for another domain the quotient equation will be the same.
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in Ṽg. The functions ϕ are ψ obtained from the conditions

Dg
qi

(q1 − ϕ) = 0, Dg
qi

(q2 − ψ) = 0, i = 1, 2.

The last system can be rewritten explicitly using formulas (6.5). Resolving it with
respect to ∂ϕ/∂xi, ∂ψ/∂xi, we obtain the following formulas

∂ϕ

∂x1
=

(
x1

∂g

∂x1
− x2

∂g

∂x2

)
r,

∂ϕ

∂x2
=

(
x1

∂g

∂x2
+ x2

∂g

∂x1

)
r,

∂ψ

∂x1
=

(
x1

∂g

∂x2
+ x2

∂g

∂x1

)
r,

∂ψ

∂x2
=

(
x2

∂g

∂x2
− x1

∂g

∂x1

)
r,

where r = (x2
1 + x2

2)
−1. Thus, when g is given, the functions ϕ, ψ are obtained by

straightforward integration.
For example, if g = x2, then ϕ = arctan(x2/x1) + C1, ψ = ln(x2

1 + x2
2)/2 + C2.

Coming back to the standard coordinates on J2(R2), we shall have the following

relations valid on Ṽg (where g = x2):

u = p2, p(2,0) = −p(0,2), p(2,0) = −p2, p(1,1) = p1,

C1 + q1 = arctan
p2

p1
, C2 + q2 =

ln(p2
1 + p2

2)

2
, C1, C2 ∈ R.

Expressing p2 = u via qi, we shall obtain the desired two-parameter family of the
Laplace equation solutions:

u = eq2+C2 sin(q1 + C1).

Example 6.2. Consider the Laplace equation E = {p(2,0) + p(0,2) = 0} again.
Let the group H correspond to the Lie algebra H generated by the fields Xq1

=
∂/∂p1 + q1∂/∂u and Xq2

= ∂/∂p2 + q2∂/∂u.
Acting in the same way as we did in Example 6.1, we shall see that the quotient

equation again coincides with the Laplace equation. To any solution g of the quo-
tient equation there corresponds a two-parameter family of the initial one. These
families can be found by solving the following system of equations:





u = g(q1, q2) + q1p1 + q2p2,
p(0,2) = −p(2,0),

p(2,0) = −q1gq1
− q2gq2

q2
1 + q2

2

,

p(1,1) = −q2gq1
+ q1gq2

q2
1 + q2

2

,

p1 = ϕ(q1, q2) + C1,

p2 = ψ(q1, q2) + C2,

where C1 and C2 are arbitrary constants. In turn, the functions ϕ and ψ are
determined by the following relations:

gq1
dq1 + gq2

dq2 + q1 dp1 + q2 dp2 = q1 d(p1 − ϕ) + q2 d(p2 − ψ),

(q2
1 + q2

2) dp1 + (gq1
q1 − gq2

q2) dq1 + (gq2
q1 + gq1

q2) dq2 = (q2
1 + q2

2) d(p1 − ϕ).

In particular, for g = q1 we obtain the following two-parameter family of the
Laplace equation solutions:

u = q1

(
C1 −

ln(q2
1 + q2

2)

2

)
+ q2

(
C2 + arctan

q2

q1

)
,
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Example 6.3. Consider the wave equation p(2,0) − p(0,2) = 0 and the group H
of translations along the independent variables. The corresponding Lie algebra H
is generated by the fields ∂/∂q1 and ∂/∂q2.

In this case, the quotient equation also coincides with the initial wave equation.
Any solution g of the quotient equation corresponds to a two-parameter family of
solutions of the initial equation. This family can be found from the relations





u = g(p1, p2),
p(2,0) = p(0,2),

p(2,0) =
p1gp1

− p2gp2

g2
p1

− g2
p2

,

p(1,1) =
p2gp1

− p1gp2

g2
p1

− g2
p2

,

q1 = C1 + ϕ(p1, p2),

q2 = C2 + ψ(p1, p2),

where C1 and C2 are arbitrary real constants. In turn, the functions ϕ and ψ are
determined from the relations

dϕ =
p2gp2

− p1gp1

p2
2 − p2

1

dp1 +
p2gp1

− p1gp2

p2
2 − p2

1

dp2,

dψ =
p2gp1

− p1gp2

p2
2 − p2

1

dp1 +
p2gp2

− p1gp1

p2
2 − p2

1

dp2.

In particular, for g = q1 we obtain the following two-parameter family of the
wave equation solutions:

u = eq1+C1 cosh(q2 + C2).

Example 6.4. Let us consider the heat equation p1 = p(0,2). Choose the group
H of translations along the independent variables with the Lie algebra H generated
by the fields ∂/∂q1 and ∂/∂q2.

In suitable coordinates x, y, v, the quotient equation is a quasilinear parabolic
equation of the form

(xvx)2vxx − 2(xvx)(y − xvy)vxy + (y − xvy)2vyy = 0.

Exercise 6.1. Show that the quotient equation of the heat equation over the
group of scale symmetries u 7→ τu coincides with the Burgers equation.

Example 6.5. Consider the Burgers equation p2 + up1 + p(2,0) = 0. Let H be
the group whose Lie algebra is generated by the fields ∂/∂q1 and −q2∂/∂q1 +∂/∂u,
i.e., by the translation along q1 and by the Galilean symmetry.

In suitable coordinates x, y, v the quotient equation is of the form

vxx − v2
x

2v
+ vx

x2

2v
+

vy

2v
− 3x = 0.

Example 6.6 (evolution equations in one spatial variable). We expose here the
results of the paper [116], where evolution equations with one space variable were
studied. Most part of examples considered in this paper are particular cases of
the above described general construction. But specifics of the equation ut =
F (t, x, u, ux, uxx, . . . ) allows one to obtain complete answers related to the fac-
torization procedure.

The functions constant on the orbits of the group H or of its action on higher
order jets are called scalar differential invariants [121, 138, 3]. In [116], it was
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proved that if dimH = m, then in the generic situation the number of independent
differential invariants on Jm(R2) equals 3.

These three invariants are chosen as one dependent and two independent vari-
ables (i.e., as coordinates in J0(R2)) for the quotient equation. For total derivatives
along new coordinates “invariant derivations” are chosen, i.e., linear combinations
pDt+qDx, such that [pDt+qDx, h] = 0 for an arbitrary generating function h ∈ H.
Naturally, the choice both of invariants and of invariant derivations is not unique,
but reasonable rules are given to obtain quotient equations of the simplest form.
In particular, using this approach, the following results were obtained.

1. Let a Lie algebra G0 consisting of symmetries of the equation E contain an
ideal G1. If µi denotes the factorization determined by the algebra Gi and Ei is the
corresponding quotient equation, then the algebra of all symmetries of the equation
E0 contains a subalgebra H ≃ G0/G1. For the factorization µ over the subalgebra
H one has µ0 = µ ◦ µ1.

2. The result of a second order evolution equation factorization is either an
evolution equation, or an equation, which can be transformed to the equation

vtt + 2vvxt + v2vxx + Φ(vt, vx, v, x, t) = 0.

by point transformations. In particular, it is always parabolic.
3. Equations ut = uxx + h(t, x)u always possess symmetries of the form

α(t, x)∂/∂u, where α(t, x) is a solution (gauge by a solution). Factorization over
any finite-dimensional algebra consisting of such symmetries leads to a linear equa-
tion of the same type, but, in general, with a different potential h. In particular,
when the algebra is one-dimensional, the quotient equation is of the form

vt = vxx + (h + 2(lnα)xx)v.

It turns out that factorization in this case coincides with the “dressing procedure”
used in the inverse scattering problem. The pass from h to h + 2(lnα)xx is exactly
the Darboux transformation.

7. Exterior and interior symmetries

Up to now, we understood symmetries as Lie transformations in Jk(π). Such
an approach correspond to studying equations as if from “outside”. Conceptually,
the other approach is more reasonable. It is based on study of the restriction C(E)
of the Cartan distribution to the equation E ⊂ Jk(π) and of diffeomorphisms of E
preserving C(E). This point of view corresponds to interior equation geometry and
seems to be more adequate to study individual equations, though far less convenient
with regards to computations. Luckily, for a very broad class of equations these
two approaches happen to be equivalent. In this section, we describe sufficient
conditions for this equivalence. We say that equations, for which the equivalence
holds, are rigid. The exposition below is based on the results from [60, 130].

Let us introduce some notions needed below. Recall that the distribution C(E)
is defined at each point as follows: C(E)θ = Ck ∩ Tθ(E).

Definition 7.1. A diffeomorphism of the manifold E is called an interior sym-

metry, if it preserves the distribution C(E). A vector field on E is called an infinites-

imal interior symmetry, if the corresponding one-parameter group preserves C(E).
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Denote by Syme(E) the group of exterior symmetries defined in §4 and by
Symi(E) the group of interior symmetries of the equation E . The restriction oper-
ation leads to the natural mapping

Syme E → Symi E .

Equations for which this mapping is an epimorphism, are called common. An
equation is rigid, if the mapping is bijective. Of course, rigid equations are common,
but the converse is not true (for example, first order equations in one dependent
variable, see below).

Definition 7.2. An equation E ⊂ Jk(π) is called C-general, if:

1. The set πk,k−1(E) is everywhere dense in Jk−1(π).
2. The fibers of the bundle πE = πk,k−1|E : E → πk,k−1(E) are connected and

they and only they are integral manifolds of maximal dimension for the
distribution C(E).

In fact, any interior symmetry of a C-general equation E ⊂ Jk(π) determines a
transformation in the space Jk−1(π). Namely, the following fact is valid:

Proposition 7.1. If E ⊂ Jk(π) is a C-general equation and A is its interior

symmetry, then there exists a diffeomorphism A′ of the space Jk−1(π) such that the

diagram

E A → E

Jk−1(π)

πE ↓
A′

→ Jk−1(π)

πE↓ (7.1)

is commutative.

Proof. Let θk−1 ∈ πk,k−1(E). Then by definition, the set π−1
k,k−1(θk−1) is an

integral manifold of maximal dimension for the distribution C(E). Since A is an
automorphism of the distribution C(E), the set A(π−1

k,k−1(θk−1)) is also an integral

manifold of maximal dimension and consequently is of the form π−1
k,k−1(θ

′
k−1) for

some point θ′k−1 ∈ πk,k−1(E). Let us set A′(θk−1) = θ′k−1. Commutativity of the
diagram is obvious.

Let us understand now, when the mapping A′ is a Lie transformation of the
space Jk−1(π). To this end, we shall need another two notions.

Definition 7.3. An equation E ⊂ Jk(π) is called C-complete, if for any point
θk−1 ∈ πk,k−1(E) the span of the set12

⋃

θk∈π−1
E

(θk−1)

Lθk
⊂ Tθk−1

Jk−1(π)

coincides with the Cartan plane Cθk−1
.

Thus, an equation is C-complete, if it completely determines Cartan planes at
the points of πk,k−1(E).

Denote by E(l) ⊂ Jk+l(π) the l-prolongation13 of the equation E , i.e., the
equation consisting of all differential consequences of order ≤ l of the equation E .

12Recall that by Lθk
we denote the R-plane in Jk−1(π) determined by the point θk ∈ Jk(π),

see §2.
13Geometric definition see in §3 of Ch. 4.
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Definition 7.4. An equation E ⊂ Jk(π) is called l-solvable (at a point θk ∈ E),
if the mapping πl+k,k : E(l) → E is a surjection (resp., if E(l) ∩ π−1

l+k,k(θk) 6= ∅).

Proposition 7.2. If a C-general equation is 1-solvable and C-complete, then

the above constructed mapping A′ is a Lie transformation. Moreover, the 1-lifting

of the mapping A′ restricted to E coincides with A.

Proof. Since the equation E is C-complete, to prove the first statement it
suffices to show that the conditions v ∈ Lθk

, θk ∈ π−1
E (θk−1), θk−1 ∈ πk,k−1(E)

imply that A′
∗(v) ∈ CA′(θk−1).

Let a point θk+1 ∈ E(1) be such that πk+1,k(θk+1) = θk. Then Lθk+1
⊂ Tθk

(E)
and (πk,k−1)∗(Lθk+1

) = Lθk
. Therefore, there exists a vector v1 ∈ Lθk+1

such
that (πE)∗(v1) = v. Then A′

∗(v) = A′
∗((πE)∗(v1)) = (πE)∗(A∗(v1)). But A is an

automorphism of the distribution C(E) and consequently A∗(v1) ∈ CA(θk)(E) ⊂
CA(θk).

On the other hand, (πk,k−1)∗(CA(θk)) = LA(θk), from where it follows that
A′

∗(v) ∈ LA(θk) ⊂ CA′(θk−1).
The diffeomorphism A coincides with the restriction of the lifting of the Lie

transformation A′ to E . This means that A′
∗(Lθk

) = LA(θk), where θk ∈ E . But the
above arguments show that A′

∗(Lθk
) ⊂ LA(θk). Since A′ is a diffeomorphism and

dimLθk
= dim LA(θk) = n, the second statement is also proved.

Equations satisfying the assumptions of Proposition 7.2 will be called normal.
Let us explain why normal equations are rigid. If an equation is 1-solvable, the

condition of C-completeness can be changed by the following one: the span of the
spaces (πk,k−1)∗(Cθk

(E)) ⊂ Cθk−1
, where θk ∈ π−1

E (θk−1), coincides with Cθk−1
. In

fact, in this case we have Lθk+1
⊂ Cθk

(E) for θk+1 ∈ E(1) and (πk,k−1)∗(Lθk+1
) =

Lθk
= (πk,k−1)∗(Cθk

). Therefore, (πk,k−1)∗(Cθk
(E)) = Lθk

.
The last remark shows that normality is an “interior” property, i.e., it can be

formulated only in terms of the manifold E and of the distribution C(E) on this
manifold. In fact, the integral manifolds of maximal dimension determine in this
case a bundle ν, whose base B can be endowed with the distribution

B ∋ b → Cb = span of the planes { ν∗(Cy(E)) | y ∈ ν−1(b) }.
In the situation under consideration, the base B = Jk−1(π) and the distribution
described is Jk−1(π) and the Cartan distribution respectively. If now one considers
the manifold B1 of all n-dimensional maximal integral planes of the distribution
constructed on B, then E ⊂ B1 and B1 = Jk(π). This procedure shows, that
normality allows one to reconstruct the “environment” of the equation, i.e., to
reconstruct the embedding E ⊂ Jk(π) using the distribution C(E) on E only. Thus
we proved the following theorem.

Theorem 7.3. Normal equations are rigid.

Let us now write down explicitly the conditions of 1-solvability and C-generality
constituting the normality property.

Let the equation E be given as the zero set of the vector function y = F (θ,u,pσ),
or E = {Fi(θ,u,pσ) = 0 | 1 ≤ i ≤ r }. Then locally F can be considered as the
mapping F : Jk(π) → J0(π′), where π′ is an r-dimensional bundle over the same
base. Let a point θk+1 ∈ Jk+1(π) be represented as a pair (θ, L), where L is
an R-plane at the point θk = πk+1,k(θk+1) ∈ Jk(π). Then for almost all θk+1
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the plane F ∗(L) will be an R-plane at the point G(θk). Consequently, setting

F (1)(θk+1) = (F (θk), F∗(L)), we obtain a mapping Jk+1(π) → J1(π′). By defini-
tions, the following diagram is commutative

Jk+1(π)
πk+1,k→ Jk(π)

πk→ M

J1(π′)

F (1)

↓
π′
1,0→ J0(π′)

F ↓
π′
0→ M

id↓ (7.2)

From commutativity of this diagram it follows that the intersection E(1)∩π−1
k+1,k(θk)

is not empty, if the restriction of F (1) to the fiber,

F (1) : π−1
k+1,k(θk) → (π′

1,0)
−1(F (θk)),

is surjective. But this restriction is exactly the leading symbol of the mapping
F . In coordinates, it is represented by the matrix ∂Gi/∂pj

σ, |σ| = k. Hence, the
equation is 1-solvable, if the senior symbol of the determining vector function is
surjective.

If the equation is determined, i.e., the number of equations coincides with
the number of dependent variables, then the dimension of fibers of the projection
Jk+1(π) → Jk(π) is greater than the dimension of fibers of the projection J1(π′) →
J0(π′). Therefore, in a generic situation the needed surjectivity always takes place.
If, for example, dimπ = dim π′ = 1 and E = {g = 0}, then the symbol is surjective
provided the equality ∂g/∂pσ 6= 0 holds at least for one multi-index σ, |σ| = k.
Thus, 1-solvability is a rather weak condition.

The C-generality condition relates to simple dimension reasons.

Proposition 7.4. Let E ⊂ Jk(π), dimπ = m, dimM = n, and fibers of the

projection πE be connected. Then E is a C-general equation, if the inequality

codim C ≤ m
(n + k − 2)!

(k − 1)!(n − 1)!
− 2

holds.

Proof. Indeed, the number

λ = m
(n + k − 2)!

(k − 1)! (n − 1)!
− 1

equals the difference between dimensions of integral manifolds projecting to Jk−1(π)
with dimensions r = 0 and 1 (see Proposition 2.5). Therefore, when restricting the
Cartan distribution to E , dimension of maximal integral manifolds with r = 0 will
be diminished at least by λ.

If E is a determined equation, then the assumptions of the previous proposition
are satisfied in all cases except for: (a) k = 1, (b) n = 1, (c) m = 1, k = n = 2.

Let us consider examples of equations, where exterior and interior symmetries
do not coincide.

Example 7.1. Let θk ∈ Jk(π), where k ≥ 0 for dimπ > 1 or k ≥ 1 for
dimπ = 1. Let further E = π−1

k+1,k(θk). Then E is not a rigid and even not a
common equation.

In fact, for any point θk+1 ∈ E the tangent plane Tθk+1
(E) lies in the Cartan

distribution and consequently Cθk+1
(E) = Tθk+1

(E). Therefore, the set of interior
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symmetries of this equation coincides with the group of its diffeomorphisms. But
any exterior symmetry of the equation E is determined by some Lie transformation
of the space Jk(π) leaving the point θk fixed.

Example 7.2. First order equations in one dependent variable are common,
but not rigid.

Let k = dimπ = 1. We confine ourselves with the case of determined equations,
i.e., when codim E = 1. Let us first recall some facts from Ch. 2.

The contact structure on J1(π) is determined by any 1-form ωλ = λU1(π),
where λ is a function from C∞(J1(π)) vanishing nowhere. To escape topological
problems, we shall assume that there exists a function λ such that the form d ωλ|E
is nondegenerate. This is always true locally. In what follows, we fix λ and set
ω = ωλ, ω̃ = ωλ|E .

It is not difficult now to describe the structure of interior symmetries of the
equation E . Obviously, X ∈ Symi E if and only if X(ω̃) = µω̃, where µ ∈ C∞(E).
Since X(ω̃) = X dω̃ + d(X ω̃), it can be easily seen that X ∈ Symi E if and only
if

µω̃ = X dω̃ + df̃ , (7.3)

where f̃ denotes X ω̃.
The form dω̃ is nondegenerate and therefore the mapping

G : D(E) → Λ1(E), G(Y ) = −Y dω̃,

is an isomorphism of C∞(E)-modules of vector fields and 1-forms on E . Applying
the mapping G−1 to equation (7.3), we find that X ∈ Symi E if and only if

µYeω = Yd ef − X,

where Yθ = G−1(θ), θ ∈ Λ1(E).
Note now that Yθ θ = −Yθ (Yθ dω̃) = 0. Therefore,

(µYeω)(ω̃) = (µYeω) dω̃ + d(µYeω ω̃) = −µω̃,

i.e., µYeω ∈ Symi E (as it is easily seen, the fields of the form µYeω are directed along
the characteristics of the equation E). Consequently, X ∈ Symi E if and only if
Yd ef ∈ Symi E . But

Yd ef (ω̃) = Yd ef dω̃ + d(Yd ef ω̃) = d((X + µYeω) ω̃) − df̃ = d(X ω̃) − df̃ = 0.

Hence, Yd ef ∈ Symi E if and only if Yd ef ω̃ = f̃ .

Let us rewrite the last condition in a more clear manner:

Yd ef ω̃ = −Yd ef Yeω dω̃ = Yeω Yd ef dω̃ = Yeω (−df̃) = −Yeω(f̃).

Thus, we have proved the following result:

Proposition 7.5. A field X ∈ D(E) is an interior symmetry of the equation

E if and only if it is of the form

X = µYeω + Yd ef ,

where µ is a function and Yeω(f̃) = −f̃ . We also have X(ω̃) = µω̃.
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Recall that the 2-form dω̃ determines a symplectic structure on E and the field
Ydh, h ∈ C∞(E), is a Hamiltonian vector field with the Hamiltonian h. Therefore,
a Hamiltonian field on E is an interior, if the Hamiltonian h satisfies the condition
Yeω(h) = −h.

Let us now describe the relations between the algebras Symi E and Syme E .
Recall that a contact field X on J1(π) is uniquely determined by its generating
function f = X ω and is a unique solution of the system consisting of the following
two equations:

X dω + df = X1(f)ω, f = X ω, (7.4)

where the field X1 = ∂/∂x1 is uniquely determined by the following conditions:

X1 ω = 1, X1 dω = 0.

Theorem 7.6. A contact field Xf is an exterior symmetry of a first order

equation E in one dependent variable if and only if Yeω(f̃) = −f̃ .

Proof. From (7.4) one obtains that

Xg(f) + Xg Xf dω = Xg(df + Xf dω) = Xg X1(f)ω = gX1(f).

In a similar way, the equality Xf (g) + Xf Xg dω = fX1(g) holds. Since
Xf Xg dω + Xg Xf dω = 0, we have

Xf (g) + Xg(f) = fX1(g) + gX1(f) = X1(fg).

Let locally E = {g = 0}, dgθ 6= 0, θ ∈ E . Then, if X is tangent to E , from the last
equality it follows that

Xf (g)|E = −X̃g(f̃) + f̃ X1(g)|E , (7.5)

where X̃ denotes the restriction of the field X to E (recall that the field Xg is
always tangent to the hypersurface {g = 0}). Restricting the equality −Xg dω =
dg − X1(g)ω to E , we obtain

−X̃g dω̃ = αω̃, α = − X1(g)|E .

Therefore, using the above introduced notation, one has

X̃g = αYeω

and consequently (7.5) can be rewritten in the form

Xf (g)|E = −αYeω(f̃) − αf̃.

Thus, the equality Xf (g)|E = 0 (i.e., the condition that Xf is tangent to the

manifold E) will hold if and only if Yeω(f̃) = −f̃ , since α = −X1(g)|E 6= 0. The
last fact is implied by X1|θ /∈ Tθ(E), since X1 ∈ ker dω|θ, while the form dω|E is
nondegenerate.

Corollary 7.7. For first order equations in one dependent variable, the map-

ping Syme E → Symi E is always epimorphic.

Proof. Consider the function h = f + λg, λ ∈ C∞(J1(π)), λ 6= 0, and let us

try to find the function λ to satisfy the equality X̃h = µY ew + Yd ef . By the theorem

proved, the field X̃f is an interior symmetry of the equation E and consequently,
by Proposition 7.5, the equality

X̃f = νYeω + Yd ef , ν ∈ C∞(E)
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holds. Further, as it was shown in Ch. 2, one has Xϕψ = ϕXψ + ψXϕ − ϕψX1.
From this equality and from (7.5) we obtain

X̃λg = λ̃X̃g = αλ̃Yeω, λ̃ = λ|E .

Therefore, choosing λ to satisfy

λ̃ =
µ − ν

α
, α = − X1(g)|E ,

we can assume that X̃h = µYeω + Yd ef .

Let X̃f = µYeω + Yd ef . Then, restricting the equality

Xf (ω) = Xf dω + df = X1(f)ω

to the equation E and taking into account that Xf is tangent to E , we obtain

X̃f (ω̃) = X̃f dω̃ + df̃ = βω̃, β = X1(f)|E .

On the other hand, as Proposition 7.5 shows, if Y = µYeω+Yd ef , then Y (ω̃) = µω̃.

Therefore, β = µ. Thus, the following result is valid:

Corollary 7.8. Let Y = µYeω + Yd ef ∈ Symi E. Then X̃f = Y if and only if

f |E = f̃ and X1(f)|E = −µ.

The last two corollaries imply the following result:

Corollary 7.9. First order equations in one dependent variable are common

but not rigid.
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CHAPTER 4

Higher Symmetries

In Ch. 3 we considered nonlinear partial differential equations as submanifolds
of spaces Jk(π) endowed with the Cartan distribution. Basing on this approach, we
constructed the symmetry theory. In fact, if one considers a differential equation
not “as is” but together with all its differential consequences1, the symmetry theory
can be naturally generalized. These differential consequences form the so-called
infinite prolongation of an equation, while the spaces of infinite jets are a natural
environment for these prolongations. The Cartan distribution exists on infinite
jets as well and, contrary to the finite case, is completely integrable. Studying
automorphisms of this distribution, one comes to the concept of a higher symmetry

of a differential equation. A widely known example of such symmetries is the series
of the higher Korteweg–de Vries equations and similar series for other integrable
nonlinear systems (see for example [22]).

Spaces of infinite jets and infinite prolongations of most equations are infinite-
dimensional manifolds. By this reason, we start our exposition with a descrip-
tion of basic differential geometric constructions (such as smooth functions, vector
fields, differential forms, etc.) on these manifolds (§1). In §2, the Cartan distri-
bution on the space of infinite jets is introduced and infinitesimal automorphisms
of this distribution are studied. A complete description of these automorphisms is
given in terms of evolutionary derivations (a generalization of Lie fields) and the
corresponding generating functions. The next section deals with the geometric def-
inition of infinite prolongations. Determining equations for higher symmetries are
also obtained here. Finally, in §4, some computational examples are considered.

1. Spaces of infinite jets and basic differential geometric structures on
them

The space of infinite jets of sections of a fiber bundle π : P → M is the inverse
limit of the tower of finite jets with respect to the projections πk+1,k : Jk+1(π) →
Jk(π). The aim of this section is to introduce the basic elements of calculus and
differential geometry on J∞(π) (smooth functions, vector fields, differential forms,
etc.) needed to construct the theory of higher symmetries. Solving this prob-
lem meets some methodological difficulties caused by infinite dimension of J∞(π).
To overcome these difficulties, we pass to a “dual”, algebraic language of smooth
function rings on these manifolds. The algebraic-geometrical dualism considerably
simplifies the definition of necessary concepts and makes all considerations suffi-
ciently transparent. A good way to check efficiency of the algebraic language is to
try to rewrite the material below using a purely geometrical approach.

1Note that in §7 of Ch. 3, when discussing exterior and interior symmetries, we had already

met with the necessity to consider differential consequences of an equation.
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1.1. The manifolds J∞(π). Let M be a smooth manifold of dimension n
and π : P → M be a smooth locally trivial vector bundle over M whose fiber is of
dimension m.

Let us consider the chain of projections (see Ch. 3)

M ←π
P ←π1,0

J1(π) ← · · · ← Jk(π) ←πk+1,k
Jk+1(π) ← · · · (1.1)

and for any point x ∈ M let us choose a sequence of points θl ∈ J l(π), l =
0, 1, . . . , k, . . . , such that the equalities πl+1,l(θl+1) = θl, π(θ0) = x take place.
Due to these equalities and by the Borel lemma [80], using the definition of the
spaces J l(π) one can choose a local section s of the bundle π such that θk = [s]lx
for any l. Thus any point θl is determined by the partial derivatives up to order
l of the section s at the point x, while the whole sequence of points {θl} contains
information on all partial derivatives of the section s at x. Denote by J∞(π) the
set of all such sequences. Points of the space J∞(π) may be obviously understood
as classes of sections of the bundle π tangent to each other with infinite order or,
which is the same, as infinite Taylor series of these sections.

For any point θ∞ = {x, θk}k∈N ∈ J∞(π), let us set π∞,k(θ∞) = θk and
π∞(θ∞) = x. Then for all k ≥ l ≥ 0 one has the following commutative diagrams

J∞(π)
π∞,k → Jk(π) J∞(π)

π∞,k → Jk(π)

M

πk←π∞ →
J l(π)

πk,l←π∞,l
→ (1.2)

i.e., the equalities πk ◦π∞,k = π∞ and πk,l ◦π∞,k = π∞,l are valid. In addition, if s
is a section of the bundle π, then the mapping j∞(s) : M → J∞(π) is defined by the
equality j∞(s)(x) = {x, [s]kx}k∈N. One has the following identities: π∞,k ◦ j∞(s) =
jk(s) and π∞ ◦ j∞(s) = idM , where idM is the identical diffeomorphism of the
manifold M .

Definition 1.1. The section j∞(s) of the bundle π∞ : J∞(π) → M is called
the infinite jet of the section s ∈ Γ(π).

Similar to the spaces Jk(π), k ≤ ∞, the set J∞(π) is endowed with a natu-
ral structure of a smooth manifold, but, in contrast to the former, it is infinite-
dimensional. Local coordinates arising in J∞(π) over a neighborhood U ⊂ M are
x1, . . . , xn together with all functions pj

σ, where |σ| is of an arbitrary (but finite)
value.

Definition 1.2. The bundle π∞ : J∞(π) → M is called the bundle of infinite

jets, while the space J∞(π) is called the manifold of infinite jets of the bundle π.

Our nearest aim is to construct on J∞(π) the analogs of the basic differential-
geometric concepts one meets in calculus over finite-dimensional manifolds. When
doing this, we shall use the following, yet informal, but highly important principle:
any natural construction on J∞(π) is to “remember” the fact that the manifold
of infinite jets is the inverse limit of the tower of projections of finite-dimensional
manifolds (1.1). Let us begin with the notion of a smooth function on J∞(π).

1.2. Smooth functions on J∞(π). Let M be a smooth manifold and C∞(M)
be the set of smooth functions on it. If M ′ is another smooth manifold and G : M ′ →
M is a smooth mapping, then the latter generates the mapping G∗ : C∞(M) →
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C∞(M ′) defined by G∗(f)(x′) = f(G(x′)), f ∈ C∞(M), x′ ∈ M ′, and satisfy-
ing the identities G∗(f1 + f2) = G∗(f1) + G∗(f2), G∗(f1f2) = G∗(f1)G

∗(f2), and
G∗(αf) = αG∗(f) for any f1, f2, f ∈ C∞(M) and α ∈ R. In other words, G∗ is an
homomorphism of R-algebras. If G is a submersion, then it is easily seen that G∗

is a monomorphism, i.e., kerG∗ = 0. Let us consider now the sequence of submer-
sions (1.1) and denote by Fk(π) the ring of smooth functions on the manifold Jk(π),
k ≥ 0, and by F−∞(π) the ring C∞(M). Then (1.1) determines the sequence of
R-algebra embeddings

F−∞(π)
ν→ F0(π)

ν1,0→ · · · → Fk(π)
νk+1,k→ Fk+1(π) → · · · ,

where ν = π∗ and νk+1,k = π∗
k+1,k.

Let us define now the algebra F = F(π) of smooth functions on J∞(π). From
the existence of the projections π∞,k : J∞(π) → Jk(π) it follows that any algebra
Fk = Fk(π) is embedded to the algebra F by some homomorphism νk. From the
equalities πl ◦πk,l = πk, k ≥ l (see Ch. 3), and from the commutative diagram (1.2)
it follows that the diagram

F−∞
ν→ F0 → · · · → Fk

νk+1,k→ Fk+1 → · · ·

F
νk+1

←

νk

←

ν0

→ν−∞ →

is also commutative. Consequently, the algebra F must contain the union of all
algebras Fk, k = −∞, 0, 1 . . . . On the other hand, since J∞(π) is completely
determined by its projections to the manifolds Jk(π), it is natural to assume that
F is exhausted by this union. Thus, let us set F(π) =

⋃
k Fk(π). From this

definition it follows that any function ϕ on J∞(π) is uniquely determined by its
restriction to some manifold Jk(π) with a sufficiently big k. This number k is called
the filtration degree of the function ϕ and is denoted by deg(ϕ). Obviously, the set
F is a commutative R-algebra, the operations in which are related to filtrations in
the following way:

deg(ϕ1 + ϕ2) ≤ max(deg(ϕ1),deg(ϕ2)),

deg(ϕ1ϕ2) = max(deg(ϕ1),deg(ϕ2)),

deg(αϕ) = deg(ϕ),

(1.3)

where ϕ1, ϕ2, ϕ ∈ F , α ∈ R, α 6= 0.
The algebras Fk are subalgebras of F determined by the conditions Fk = {ϕ ∈

F | deg(ϕ) ≤ k }. The algebra F , together with the function deg : F → Z taking
integer values (and, if necessary, the values ±∞) and possessing the properties
(1.3), is called filtered, or an algebra with filtration. Filtration of the algebra F is
the algebraic counterpart of the tower of projections (1.1). We can now revise the
above formulated informal principle:

All natural differential-geometric constructions on J∞(π) are to be

consistent with the structure of a filtered algebra in F(π).

Example 1.1. Let G : Jk(π) → Jk(π) be a Lie transformation of the space of
k-jets. Then, as it was shown in the previous chapter, G is the k-th lifting of some
diffeomorphism G0 of the space J0(π), if dim(π) > 1, and is the (k− 1)-st lifting of
some contact transformation G1 of the manifold J1(π), if dim(π) = 1. The family
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{
G

(l)
ε

}
of all liftings of the mapping Gε (ε equals 0 or 1 depending on dimension

of π) is in compatible with the projections πl,l−1 and determines an automorphism
G∗

ε of the algebra F . Moreover, if ϕ ∈ F and deg(ϕ) ≥ ε, then

deg G(ϕ) = deg(ϕ).

Therefore one can assume that any Lie transformation (together with all its liftings)
determines a diffeomorphism of the space J∞(π).

Definition 1.3. A mapping G : J∞(π) → J∞(ξ), where π : E → V and
ξ : Q → M are vector bundles, is called smooth, if for any smooth function ϕ ∈ F(ξ)
the element G∗(ϕ) = ϕ ◦ G ∈ F(π) is a smooth function on the space J∞(π) and
there exist integers l and l0 such that

deg G∗(ϕ) = deg(ϕ) + l

for all ϕ ∈ F(ξ), deg(ϕ) ≥ l0.

Below we shall describe a broad class of smooth mappings which, unlike the
mappings described in Example 1.1, raise filtration degree. To do this, we shall
need the following interpretation of elements ϕ ∈ F(π).

Let ϕ ∈ F = F(π) and deg(ϕ) = k, i.e., ϕ ∈ Fk. Consider an arbitrary section
s of the bundle π. Then, as we already know, the section jk(s) of the bundle πk

corresponds to s, while the composition ϕ◦jk(s) = ϕ(s) is a smooth function on the
manifold M . In other words, the function ϕ puts into correspondence to smooth
sections of the bundle π elements of C∞(M) and, since the points lying on the
graph of the section jk(s) are the Taylor expansions of order k for this section,
the values of the function ϕ(s) are determined by the partial derivatives of the
section s up to order k. Consequently, the function ϕ determines in a canonical
way a scalar nonlinear differential operator on the set of sections of the bundle π
and the order of this operator coincides with the filtration degree of the element
ϕ. This correspondence becomes even more clear when one passes to coordinate
representation: if U is a neighborhood in M and x1, . . . , xn, . . . , pj

σ, . . . are the
corresponding local coordinates in J∞(π), then ϕ is a function in the variables
xi, pj

σ, i = 1, . . . , n, j = 1, . . . ,m, |σ| ≤ k, and if s = (s1(x), . . . , sm(x)), then

ϕ(s) = ϕ(x1, . . . , xn, . . . , ∂|σ|sj/∂xi1
1 · · · ∂xin

n , . . . ). Sometimes it is convenient to
distinguish between functions ϕ ∈ F and the corresponding differential operators.
In this case, the operator determined by the function ϕ will be denoted by ∆ϕ,
while the function corresponding to the operator ∆ will be denoted by ϕ∆.

Let us construct now a similar correspondence for matrix differential operators.
Locally, over a neighborhood U ⊂ M , any matrix operator defined on sections of
the bundle π|U is to take its values in vector functions, i.e., in sections of the

direct product π′|U : U × Rm′ → U and these values should be compatible on
the intersection U ∩ U ′ of two such neighborhoods. Passing to the global point of
view, i.e., taking into consideration operators defined on the entire manifold M ,
one needs to consider a bundle π′ whose restriction to U coincides with the bundles
π′|U : U × Rm′ → U . In other words, global counterparts of matrix differential
operators are operators acting from sections of a locally trivial vector bundle π to
sections of another locally trivial vector bundle π′ over the same manifold M .

Let ∆ be a matrix differential operator of order k, s be a section of the bundle π
and x ∈ M . Then the value of the section ∆(s) at x is determined by the values of
partial derivatives of the section s, or by the k-th jet of s at x. In other words, the
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Figure 4.1. Construction of the section ϕ∆

operator ∆ makes it possible to put into correspondence to every point θk ∈ Jk(π) a
point of the fiber of the bundle π′ growing over x = πk(θk). This can be understood
in two ways.

First, this means that the operator ∆ determines a section ϕ∆ of the bundle
π∗

k(π′) over Jk(π). This bundle is the pullback of the bundle π′ with respect to
the projection πk. In fact, the total space of the pullpack π∗

k(π′) consists of points
(θk, θ′0) ∈ Jk(π) × J0(π′) such that πk(θk) = π′(θ′0) and we can set ϕ∆(θk) =
(θk, (∆(s))(x)), where θk = [s]kx, s ∈ Γ(π), see Figure 4.1.

Second, from the above said it follows that a mapping Φ∆ : Jk(π) → J0(π′)
corresponds to the operator ∆ and this mapping is compatible with the projections
to the manifold M , i.e., π′ ◦ Φ∆ = πk. If θk = [s]kx ∈ Jk(π), s ∈ Γ(π), then we set
Φ(θk) = [∆(s)]0x = (∆(s))(x). Thus the following commutative diagram takes place

Jk(π)
Φ∆ → J0(π′)

M

π′

←πk → (1.4)

i.e., Φ∆ is a morphism of the bundle πk to the bundle π′. Note that for any operator
∆: Γ(π) → Γ(π′) of order k the identity

∆ = Φ∗
∆ ◦ jk,

holds, and it can be taken for the definition. Here Φ∗
∆ : Γ(πk) → Γ(π′) is the

mapping induced by the morphism Φ∆.

Example 1.2. The operator jk constructed above is an operator of order k
acting from the bundle π to the bundle πk : Jk(π) → M . The corresponding section
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ϕjk
puts into correspondence to any point θk ∈ Jk(π) the same point considered as

an element of the fiber of the pullback π∗
k(πk) growing over θk. In other words, ϕjk

is
the diagonal. It is also easily seen that the mapping Φjk

: Jk(π) → Jk(π) = J0(πk)
is the identity.

1.3. Prolongations of differential operators. Let ∆: Γ(π) → Γ(π′) and
∆′ : Γ(π′) → Γ(π′′) be two differential operators of orders k and k′ respectively.
Then their composition ∆′ ◦ ∆ is a differential operator of order ≤ k + k′. To
establish this fact (which is obvious locally), let us note the following.

First, for any morphism Φ of the bundles π : P → M and ξ : Q → M its liftings

Φ(k) : Jk(π) → Jk(ξ), k ≥ 0, Φ(k)([s]kx) = [Φ ◦ s]kx

are defined and the following equalities are valid:

Φ(0) = Φ, Φ(l) ◦ πk,l = ξk,l ◦ Φ(k), ξk ◦ Φ(k) = πk, k ≥ l.

Second, for any k, k′ ≥ 0 one can construct the map

Φk,k′ : Jk+k′

(π) → Jk′

(πk), Φk,k′([s]k+k′

x ) = [jk(s)]k
′

θk
,

where θk = [s]kx. Then one has πk = Φk,k′ ◦ (πk)k′ and, as it is easily seen,
Φk,k′(jk+k′(s)) = jk′(jk(s)). Thus, Φk,k′ ◦ jk+k′ = jk′ ◦ jk. In other words,
Φk,k′ = Φjk′◦jk

, and it proves that the composition jk′ ◦ jk is a differential op-
erator of order k + k′.

Let us return back to the case of general operators ∆, ∆′ and consider the
diagram

Jk′

(πk)
Φ

(k′)
∆ → Jk′

(π′)

Jk+k′

(π)

Φk,k′
→

Jk(π)

(πk)k′,0

↓
Φ∆ → J0(π′)

π′

k′,0

↓
J0(π′′)

Φ∆′

→

M

π′′

←

π′

←

πk

→πk+k′ →

From commutativity of this diagram it follows that for any section s ∈ Γ(π) the
equality

∆′(∆(s)) = Φ∆′(Φ
(k′)
∆ (Φk,k′(jk+k′(s))))

holds, i.e.,

Φ∆′◦∆ = Φ∆′ ◦ Φ
(k′)
∆ ◦ Φk,k′ ,

which proves the desired result.
In particular, for any differential operator ∆ its composition ∆l with the op-

erator jl : Γ(π′) → Γ(π′
l), l ≥ 0 is defined. Let Φl

∆ = Φ∆l
: Jk+l(π) → J l(π′) be

the corresponding mapping of jet manifolds. Then, as it is easily seen, the diagram



1. SPACES OF INFINITE JETS 129

(1.4) can be extended to the following commutative diagram:

Jk(π) ← · · · ← Jk+l(π) ←πk+l+1,k+l
Jk+l+1(π) ← · · ·

M

πk

←

J0(π′)

Φ∆=Φ0
∆

↓
←

π′

←

· · · ← J l(π′)

Φl
∆

↓
←

π′
l+1,l

J l+1(π′)

Φl+1
∆

↓
← · · ·

The above introduced set of the mappings Φ∆ =
{
Φl

∆

}
l≥0

determines a homomor-

phism Φ∗
∆ : F(π′) → F(π) possessing the property

deg Φ∗
∆(ϕ) = deg(ϕ) + k, ϕ ∈ F(π′).

Thus, Φ∆ is a smooth mapping of the manifold J∞(π) to the manifold J∞(π′).

Definition 1.4. The operator ∆l is called the l-th prolongation of the nonlin-
ear differential operator ∆.

As we shall see below, this notion plays quite an important role in studying
differential equations.

Let U ⊂ M be a coordinate neighborhood in M , x1, . . . , xn, u1, . . . , um, . . . ,
pj

σ, . . . be the corresponding coordinates in π∞|U , and x1, . . . , xn, v1, . . . , vm′

, . . . ,

qj′

σ , . . . be the coordinates in π′
∞|U . If

(∆(s))j′

= ϕj′

(
x1, . . . , xn, s1(x), . . . , sm(x), . . . ,

∂|σ|sj

∂xi1
1 · · · ∂xin

n

, . . .

)
, (1.5)

where s ∈ Γ(π|U ), is the coordinate representation of the operator ∆ and

jk(s)(x1, . . . , xn) =

(
x1, . . . , xn, . . . ,

∂|σ|sj

∂xi1
1 · · · ∂xin

n

, . . .

)
(1.6)

is that of the operator jk, then, as it is easily checked, the first prolongation of the
operator ∆ is described by equality (1.5) together with the relations

(∆(s))j′

i =
∂

∂xi
ϕj′

(
x1, . . . , xn, . . . ,

∂|σ|sj

∂xi1
1 · · · ∂xin

n

, . . .

)

=
∂ϕj′

∂xi
+

∑

j,σ

∂ϕj′

∂pj
σ

∂

∂xi

∂|σ|sj

∂xi1
1 · · · ∂xin

n

,

i = 1, . . . , n, or, which is equivalent, by the relations
{

vj′

= ϕj′

(x, . . . , pj
σ, . . . ),

qj′

i = Diϕ
j′

, i = 1, . . . , n,

where Di = ∂/∂xi+
∑k

|σ|=0

∑m
j=1 pj

σ+1i
∂/∂pj

σ are the operators of total derivatives.

In a similar manner, the l-th prolongation of the operator ∆ is described by
the system of relations

qj′

τ = Dτϕj′

, j′ = 1, . . . ,m′, |τ | = 0, . . . , l, (1.7)

where Dτ = Dl1
1 ◦ · · · ◦ Dln

n , if τ = (l1, . . . , ln).
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Example 1.3. Let ∆ be the operator determining the Burgers equation (see
Ch. 3) and represented in coordinate form by

v = p(0,1) − up(1,0) − p(2,0). (1.8)

Then its first prolongation is of the form

v = p(0,1) − up(1,0) − p(2,0),

q(1,0) = p(1,1) − p2
(1,0) − up(2,0) − p(3,0),

q(0,1) = p(0,2) − p(1,0)p(0,1) − up(1,1) − p(2,1),

while the l-th prolongation is represented as

q(i,j) = Di
1D

j
2(p(0,1) − p(0,0)p(1,0) − p(2,0))

= p(i,j+1) − p(i+2,j) −
i∑

α=0

(
i

α

) j∑

β=0

(
j

β

)
p(α,β)p(i+1−α,j−β),

where i + j ≤ l.

Exercise 1.1. Describe the l-th prolongation of the operator jk.

When one considers matrix differential operators, mappings of the objects of a
more general nature than the algebras F(π) arise. Let us recall that any differential
operator ∇ : Γ(π) → Γ(ξ) of order k is identified with the section ϕ∇ of the bundle
π∗

k(ξ). Denote the set of such sections by Fk(π, ξ). Similar to the case of the
algebras F(π), the following chain of embeddings takes place:

F−∞(π, ξ) = Γ(ξ)
ν→ F0(π, ξ) → · · ·

→ Fk(π, ξ)
νk+1,k→ Fk+1(π, ξ) → · · ·

and consequently the set F(π, ξ) =
⋃∞

k=−∞ Fk(π, ξ) filtered by the subsets Fk(π, ξ)
is defined. The elements of F(π, ξ) can be added to each other and multiplied by
the elements of F(π), and these operations are compatible with the filtration, i.e.,
F(π, ξ) is a filtered module over the filtered algebra F(π). If now one considers an
operator ∆: Γ(π) → Γ(π′) of order l and its composition with another operator
∇′ : Γ(π′) → Γ(ξ) of order k, then one will obtain the operator of order k + l acting
from Γ(π) to Γ(ξ). Thus, we have the system of mappings Φk

∆,ξ : Fk(π′, ξ) →
Fk+l(π, ξ) or, which is the same, the mapping Φ∗

∆,ξ : F(π′, ξ) → F(π, ξ), raising
filtration degree by l. The following equalities are valid:

Φ∗
∆,ξ(ϕ1 + ϕ2) = Φ∗

∆,ξ(ϕ1) + Φ∗
∆,ξ(ϕ2),

Φ∗
∆,ξ(ϕϕ1) = Φ∗

∆(ϕ)Φ∗
∆,ξ(ϕ1),

where ϕ1, ϕ2 ∈ F(π′, ξ), ϕ ∈ F(π). In other words, for any fiber bundle ξ the map-
ping Φ∗

∆,ξ is a homomorphism of filtered modules acting over the homomorphism
Φ∗

∆ of filtered algebras.

Exercise 1.2. Construct the homomorphism Φ∗
∆,ξ starting from the smooth

mapping Φ∆ : J∞(π) → J∞(π′).
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Figure 4.2. A tangent vector to the manifold J∞(π)

1.4. Vector fields on J∞(π). Let us now analyze the concept of a vector field
on the manifold J∞(π). Let Xθ be a tangent vector at a point θ ∈ J∞(π). Then,
by natural reasons, the projections π∞,k and π∞ are to determine the sequence of
tangent vectors (π∞,k)∗(Xθ) at the points θk = π∞,k(θ) together with the tangent
vector π∞,∗(Xθ) ∈ Tx(M), x = π∞(θ). Now, using the already familiar reasons,
we shall define a tangent vector Xθ of the manifold J∞(π) at the point θ as the
set {Xx, Xθk

} of the tangent vectors to the manifolds M and Jk(π) at the points
x = π∞(θ) and θk = π∞,k(θ) respectively, such that (πk+1,k)∗(Xθk+1

) = Xθk
and

(πk)∗(Xθk
) = Xx (see Figure 4.2).

If U ⊂ M is a coordinate neighborhood of the point x ∈ M and x1, . . . , xn,
. . . , pj

σ, . . . are canonical coordinates in π−1
∞ (U), then any tangent to the manifold

J∞(π) vector Xθ at the point θ is represented in the form of infinite sum

Xθ =
n∑

i=1

ai
∂

∂xi
+

∑

|σ|≥0

m∑

j=1

bj
σ

∂

∂pj
σ

, (1.9)

in which the coefficients ai and bj
σ are real numbers. One also has

(π∞,k)∗(Xθ) =

n∑

i=1

ai
∂

∂xi
+

k∑

|σ|=0

m∑

j=1

bj
σ

∂

∂pj
σ

, (π∞)∗(Xθ) =

n∑

i=1

ai
∂

∂xi
.

Let Xθ be a tangent vector to J∞(π) at θ and Xθk
be its projection to Tθk

(Jk(π)).
Then the vector Xθk

can be understood as a derivation of the algebra of smooth
functions on Jk(π) with values in the field of constants R. In other words, Xθk

: Fk →
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R is a mapping possessing the property

Xθk
(ϕ1ϕ2) = ϕ1(θk)Xθk

(ϕ2) + ϕ2(θk)Xθk
(ϕ1),

where ϕ1, ϕ2 ∈ Fk. The condition of compatibility of the vectors Xθk
, Xx with the

projections π∞,k and πk means that Xθk+1
◦ νk+1,k = Xθk

and Xθ0
◦ ν = Xx, i.e.,

that the diagram

F−∞
ν→ F0 → · · · → Fk

νk+1,k→ Fk+1 → · · ·

R

Xθk+1

←

Xθk

←

Xθ0

→Xx

→

is commutative. In other words, similar to the case of finite-dimensional manifolds,
a tangent vector Xθ is interpreted as a derivation of the algebra F with the values
in the field of real numbers:

Xθ(ϕ1ϕ2) = ϕ1(θ)Xθ(ϕ2) + ϕ2(θ)Xθ(ϕ1), (1.10)

where ϕ1, ϕ2 ∈ F .
If we now take a family X = {Xθ} of tangent vectors on J∞(π) parametrized

by points of θ ∈ J∞(π), i.e., a vector field on J∞(π), then the formula (1.10) will
transform to the relation

X(ϕ1ϕ2) = ϕ1X(ϕ2) + ϕ2X(ϕ1) (1.11)

valid for all smooth functions ϕ1, ϕ2 on J∞(π). To complete our arguments, it
remains to recall that F(π) is a filtered and to define a vector field on the manifold
J∞(π) as a derivation of the algebra F(π) (i.e., an R-linear mapping X : F → F
satisfying the Leibniz rule (1.11)), such that

deg X(ϕ) = deg(ϕ) + k, ϕ ∈ F ,

where k is an integer independent of ϕ and denoted by deg(X). Denote by D(π)
the set of all vector fields on J∞(π).

Definition 1.5. A field X ∈ D(π) is called vertical (or π-vertical), if the
equality X(π∗

∞(ϕ)) = 0 holds for any function ϕ ∈ C∞(M) ⊂ F .

The set of all vertical fields is denoted by Dv(π).

Exercise 1.3. Show that if X,Y ∈ D(π) and ϕ ∈ F , then X + Y , ϕX and
[X,Y ] = X ◦Y −Y ◦X are also vector fields on J∞(π) and the following identities
fulfill:

[X,Y ] + [Y,X] = 0,

[X,ϕY ] = X(ϕ)Y + ϕ[X,Y ],

[X,Y + Z] = [X,Y ] + [X,Z],

[X, [Y,Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0,

where Z ∈ D(π), i.e., the set of vector fields on J∞(π) possesses the same algebraic
properties as vector fields on finite-dimensional manifolds. In particular, they form
a Lie algebra over R. Note that Dv(π) is a subalgebra of this Lie algebra.
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Example 1.4 (liftings of vector fields). Let X be a vector field on the manifold
M , ϕ be a smooth function on J∞(π) with deg(ϕ) = k, and ∆ = ∆ϕ : Γ(π) →
C∞(M) be the differential operator associated to this function. Then, since X is
a first order differential operator acting from C∞(M) to C∞(M), the composition
X ◦ ∆: Γ(π) → C∞(M) is defined and the latter is a differential operator of order

k+1. Denote by X̂(ϕ) the function on J∞(π) corresponding to the operator X ◦∆.

Exercise 1.4. Show that the correspondence X̂ : ϕ 7→ X̂(ϕ) is a vector field

on J∞(π) with deg(X̂) = 1.

Let us give a geometric version for the definition of the field X̂. Let x ∈ M be
a point in M and θk be a point of Jk(π) lying in the fiber of the bundle πk over
x. Then one has θk = [s]kx for a section s ∈ Γ(π). If ϕ is a smooth function on

Jk(π) in a neighborhood of the point θk, then we set X̂θk
(ϕ) = Xx(s∗(ϕ)). Clearly,

the right-hand side of the last expression is independent of the representative s of
the point θk. Consequently, Xθk

is a tangent vector to Jk(π) at the point θk. If
now {x, θk} is the sequence of points representing the point θ ∈ J∞(π), then it is

easily seen that (πk+1,k)∗(X̂θk+1
) = X̂θk

and (πk)∗(X̂θk
) = Xx, i.e., the sequence

of vectors
{

Xx, X̂θk

}
determines a tangent vector to the manifold J∞(π) at the

point θ.

Definition 1.6. The field X̂ on J∞(π) is called the lifting of the vector field

X ∈ D(M) to the space of infinite jets.

The following properties of the lifting operation are directly deduced from the
definition:

̂fX + gY = fX̂ + gŶ , (1.12a)

[̂X,Y ] = [X̂, Ŷ ], (1.12b)

X̂(fϕ) = X(f)ϕ + fX̂(ϕ), (1.12c)

where f, g ∈ C∞(M), ϕ ∈ F , X,Y ∈ D(M). Equalities (1.12a)–(1.12b) mean that
the lifting operation is an homomorphism of the Lie algebra of vector fields over
M to that on D(π), while from equality (1.12c) it follows that the projection of
the lifting to J∞(π) of any field X ∈ D(M) to M coincides with the initial field.

In other words, the correspondence X 7→ X̂ is a flat (integrable) connection in the
bundle π∞. This fact plays a fundamental role in geometry of manifolds J∞(π)
and we shall frequently refer to it in the sequel. By the reasons which will become
clear in §2, this connection is called the Cartan connection.

If x1, . . . , xn, u1, . . . , um, . . . , pj
σ, . . . are coordinates in J∞(π) over a neighbor-

hood U ⊂ M , then any field X ∈ D(M) is representable as the infinite sum

X = X1
∂

∂x1
+ · · · + Xn

∂

∂xn
+ · · · + Xj

σ

∂

∂pj
σ

+ · · · , (1.13)

where Xi, Xj
σ ∈ F

(
π|U

)
, and the equalities deg(Xj

σ) = |σ|+k, k = deg(X), fulfil for
all j and σ such that |σ| ≥ k0 ≥ 0. Vertical fields are characterized by the fact that
all their coefficients at ∂/∂xi vanish. Note that infinite number of summands in the
right-hand side of (1.13) does not cause computational difficulties (such as check of
convergence, etc.), since, by definition of the algebra F(π), any function ϕ ∈ F(π)
may depend on finite number of variables only and consequently the number of
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summands in the expression for X(ϕ) for a particular function ϕ is always finite as
well.

Let us now derive a coordinate representation for the liftings of vector fields
lying in D(M). As equality (1.12a) shows, it is sufficient to be done for the fields
of the form ∂/∂xi. Let ϕ = ϕ(x1, . . . , xn, . . . , pj

σ, . . . ) ∈ F and s = (s1, . . . , sm) ∈
Γ(π). Then

(
∂

∂xi
◦ ∆ϕ

)
(s) =

∂

∂xi
ϕ

(
x1, . . . , xn, . . . ,

∂|σ|sj

∂xσ
, . . .

)

=
∂ϕ

∂xi
+

∑

j,σ

∂|σ|+1sj

∂xi∂xσ

∂ϕ

∂pj
σ

.

Hence

∂̂

∂xi
= Di =

∂

∂xi
+

∞∑

|σ|=0

m∑

j=1

pj
σ+1i

∂

∂pj
σ

. (1.14)

Thus liftings of the basic vector fields ∂/∂xi coincide with the operators Di of the
total derivatives along xi. Equality (1.12b) shows that [Di1 , Di2 ] = 0 for all i1, i2 =
1, . . . , n. Note that the fields Di take functions on the k-th jets to those on (k +
1)-st jets and thus determine no vector field on manifolds of finite jets. It means that
treating “truncated” total derivatives as vector fields (see the preceding chapter)
is incorrect (though a deceptive appearance of their coordinate representation may
cause opposite conclusions). This is one of illustrations why it is useful to pass to
infinite jet manifolds.

Remark 1.1. The lifting construction takes place in a more general setting.
Let ∇ : Γ(ξ) → Γ(ξ′) be a linear differential operator and ϕ ∈ F(π, ξ). Consider
the operator ∆ = ∆ϕ : Γ(π) → Γ(ξ) and the composition ∇ ◦ ∆: Γ(π) → Γ(ξ′).

Then, setting ∇̂(ϕ) = ϕ∇◦∆, one obtains the map ∇̂ = ∇̂π : F(π, ξ) → F(π, ξ′)
which is an R-linear operator.

Exercise 1.5. Give a point-wise definition of the operator ∇̂ similar to the
one given above for liftings of vector fields. Deduce a coordinate representation of

the operator ∇̂.

1.5. Differential forms on J∞(π). Let us now discuss the concept of a dif-

ferential form on J∞(π). Let Λi(πk)
def
= Λi(Jk(π)) be the module of i-forms on

Jk(π). The projections π and πk+1,k generate the infinite sequence of embeddings

Λi(M)
ν→ Λi(π0)

ν1,0→ Λi(π1) → · · · → Λi(πk)
νk+1,k→ Λi(πk+1) → . . .

Skipping the already familiar motivations, we shall define the module Λi(π) of
i-forms on J∞(π) by setting Λi(π) =

⋃∞
k=0 Λi(πk). In particular, Λ0(π) = F(π).

Let us also set Λ∗(π) = big⊕∞
i=0 Λi(π). As above, the modules Λi(π) and Λ∗(π) are

filtered by their submodules Λi(πk) and Λ∗(πk) respectively2. By the above given
definition, any element of Λ∗(π) is in fact a form on some manifold of finite jets.

2To be more exact, the embeddings νk+1,k are module homomorphisms over the correspond-

ing algebra embeddings Fk → Fk+1. To obtain a filtration of the moduleΛ∗(π) by a system of
F-submodules, it needs to consider the submodules in Λ∗(π) generated by the elements of Λ∗(πk),

i.e., consisting of differential forms on Jk(π) whose coefficients may be arbitrary functions belong-

ing to F(π).
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Hence, the operation ∧ of the wedge product and the differential d are defined for
these elements and possess their usual properties.

Let X ∈ D(π) be a vector field and ω ∈ Λi(π) be a differential form on J∞(π).
Let us define the inner product operation which puts into correspondence to these
two objects the form X ω ∈ Λi−1(π). Let θ = {x, θk} ∈ J∞(π) be a point of
J∞(π) and Xθ = {Xx, Xθk

} be the vector of the field X at this point. Consider
a number k such that ω ∈ Λi(πk). This number always exists by the definition of
the module Λi(π). Let us set (X ω)θ = Xθk

ωθk
. For any k′ ≥ k the equality

(πk′,k)∗(Xθk′ ) = Xθk
is valid; hence, one has Xθk′ (π∗

k′kω)θk′ = Xθk
ωθk

which
means that the operation is well defined. If in addition deg(X) = l, then the
vector Xθk

is determined by the point θk+l ∈ Jk+l(π), i.e., X ω ∈ Λi−1(πk+l) ⊂
Λi−1(π). In particular, inner product of a vector field with a 1-form determines the
isomorphism

D(π) ≃ Hom0

F(π)(Λ
1(π),F(π)), (1.15)

where Hom0

F(π) denotes the set of homomorphism preserving filtration. This iso-

morphism puts into correspondence to any field X ∈ D(π) the F(π)-homomorphism
fX : Λ1(π) → F(π) acting as fX(dϕ) = X(ϕ), ϕ ∈ F(π).

Now we can define the Lie derivative LXω of a form ω ∈ Λ∗(π) along a vector
field X ∈ D(π). To do this, taking into account the infinitesimal Stokes formula,
let us set

LXω = X dω + d(X ω). (1.16)

Obviously, if ω ∈ Λi(πk) and deg(X) = l, then LXω ∈ Λi(πk+l). We shall also
use the notation X(ω) for the Lie derivative of a form ω along X.

The above introduced operations on the set Λ∗(π) (wedge product, the de Rham
differential, inner product, and Lie derivative) possess all properties they possess in
the finite-dimensional case. The same is valid for their coordinate representation.
If U is a coordinate neighborhood in the manifold M and (x1, . . . , xn, . . . , pj

σ, . . . )
are the corresponding coordinates in π−1

∞ (U), then any form ω ∈ Λi(π) can be
represented as

ω =
∑

α+β=i

ϕ
σ1,...,σβ

i1,...,iα,j1,...,jβ
dxi1 ∧ · · · ∧ dxiα

∧ dpj1
σ1

∧ · · · ∧ dp
jβ
σβ , (1.17)

where |σ1|, . . . , |σβ | ≤ k while ϕ
σ1,...,σβ

i1,...,iα,j1,...,jβ
are smooth functions on π−1

∞ (U).

Then the coordinate representation of the de Rham differential is of the form

dω =
∑

α+β=i

dϕ
σ1,...,σβ

i1,...,iα,j1,...,jβ
∧ dxi1 ∧ · · · ∧ dxiα

∧ dpj1
σ1

∧ · · · ∧ dp
jβ
σβ ,

where

dϕ
σ1,...,σβ

i1,...,iα,j1,...,jβ
=

∑

γ

∂ϕ
σ1,...,σβ

i1,...,iα,j1,...,jβ

∂xγ
dxγ +

∑

δ,τ

∂ϕ
σ1,...,σβ

i1,...,iα,j1,...,jβ

∂pδ
τ

dpδ
τ .

Exercise 1.6. Write down coordinate formulas for the operation of inner prod-
uct and for the Lie derivative on J∞(π).
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1.6. The horizontal de Rham complex. We shall now describe a special
class of forms on J∞(π) which will be denoted by Λ∗

0(π). Elements of this class will
be called horizontal forms.

Definition 1.7. A form ω ∈ Λ∗(π) is called horizontal, if X ω = 0 for any
vertical field X ∈ Dv(π).

Since any vertical field is locally of the form

X =
∑

j,σ

Xj
σ

∂

∂pj
σ

,

from the representation (1.17) it follows that a form ω is horizontal if and only if
it is representable in coordinates as

ω =
∑

ϕi1,...,iα
dxi1 ∧ · · · ∧ dxiα

, ϕi1,...,iα
∈ F(π). (1.18)

Hence locally any horizontal form is a linear combination of forms on the mani-
fold M with coefficients in F : ω = ϕ1ω1 + · · · + ϕlωl, where ϕ1, . . . , ϕl ∈ F(π),
ω1, . . . , ωl ∈ Λ∗(M). Let ∆1, . . . ,∆l be the nonlinear differential operators corre-
sponding to the functions ϕ1, . . . , ϕl and acting from sections of the bundle π to
C∞(M). Then one can put into correspondence to the form ω the operator ∆ω

acting as

∆ω(s) = ∆1(s)ω1 + · · · + ∆l(s)ωl, s ∈ Γ(π),

and taking sections of the bundle π to differential forms on the manifold M . Con-
versely, to any such an operator there corresponds a form (1.18). Consequently,
horizontal forms on J∞(π) coincide with nonlinear differential operators on the
bundle π with the values in differential forms on the manifold M . The module of
horizontal i-forms on J∞(π) is denoted by Λi

0(π).
If t∗ : T ∗(M) → M denotes the cotangent bundle of the manifold M and Λ∗(t∗)

denotes the bundle
⊕n

i=1

∧i
(t∗), then the following identifications are a corollary

of the above said:

Λi
0(π) = F(π,

∧i
(t∗)), Λ∗

0(π) = F(π,
∧∗

(t∗)).

Note now that the operator d = dM of exterior differentiation (the de Rham differ-
ential) on the manifold M is a linear differential operator of first order acting from

sections of the bundle
∧i

(t∗) to those of the bundle
∧i+1

(t∗), i = 0, . . . , n. Using the
definition of the lifting of differential operators (see Remark 1.1), we shall obtain the

operator d̂ : F(π,Λi(t∗)) → F(π,Λi+1(t∗)). Since d ◦ d = 0, one has d̂2(ω) = 0 for

any horizontal form ω ∈ Λ∗
0(π) as well. In fact, d̂2(ω) = (d̂◦ d̂)(ω) = (d̂ ◦ d)(ω) = 0.

Hence the sequence

0 → F(π)
bd→ Λ1

0(π) → · · ·

→ Λi
0(π)

bd→ Λi+1
0 (π) → · · · → Λn

0 (π) → 0

(1.19)

is defined in which the composition of any two adjacent operators is trivial.

Definition 1.8. The sequence (1.19) is called the horizontal de Rham complex

of the bundle π.
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Let us write down the operator d̂ in local coordinates. It is sufficient to be
done for horizontal 0-forms, i.e., for functions on J∞(π). Let us consider a function
ϕ = ϕ(x1, . . . , xn, . . . , pj

σ, . . . ) ∈ F(π|U ), where U is a coordinate neighborhood in
M , and a section s ∈ Γ(π). Then

(d̂ϕ)(s) = d(ϕ(s)) = dϕ

(
x1, . . . , xn, . . . ,

∂|σ|sj

∂xσ
, . . .

)

=

n∑

α=1

(
∂ϕ

∂xα
+

∑

σ,j

∂|σ|+1sj

∂xα∂xσ

∂ϕ

∂pj
σ

)
dxα =

n∑

α=1

Dα(ϕ) dxα.

Hence,

d̂(ϕ) =

n∑

α=1

Dα(ϕ) dxα, (1.20)

where Dα, α = 1, . . . , n, are the above introduced operators of total derivatives.

1.7. Distributions on J∞(π) and their automorphisms. The last prob-
lem we intend to discuss in this section is the definition of distributions on the man-
ifolds J∞(π). Similar to the finite-dimensional case (see §3 of Ch. 1), a distribution
P on J∞(π) is to be understood as a correspondence P : θ 7→ Pθ ⊂ Tθ(J

∞(π)),
which takes any point θ ∈ J∞(π) to a subspace of the tangent space “smoothly
depending” on θ. But by specifics of the manifold J∞(π) caused by its infinite
dimension, this definition needs to be clarified. Assume that for any k ≥ 0 a
distribution Pk : θk 7→ Pk

θk
⊂ Tθk

(Jk(π)) is given on the manifold Jk(π) and

(πk+1,k)∗(Pk+1
θk+1

) ⊂ Pk
πk+1,k(θk+1)

(1.21)

for all k ≥ 0 and all points θk+1 ∈ Jk+1(π).

Definition 1.9. A system of distributions P =
{
Pk

}
satisfying the condition

(1.21) will be called a predistribution on J∞(π). We shall say that two distributions
P and P̄ are equivalent, if there exists a k0 ≥ 0 such that Pk = P̄k for all k ≥ k0.
A class of equivalent predistributions will be called a distribution on J∞(π).

We shall say that a vector Xθ ∈ Tθ(J
∞(π)) lies in a distribution, if (π∞,k)∗(Xθ) ∈

Pk
π∞,k(θ) for all k, θ and some representative P of this distribution.

Exercise 1.7. Show that if a vector lies in some representative of a distribu-
tion, then it lies in any representative of the same distribution.

Consider the subset PkΛ1 in the module Λ1(πk) consisted of all 1-forms annihi-
lated by vectors of the distribution Pk; let us also set PkΛ∗ = Λ∗(πk)∧PkΛ1. The
elements of the last set are of the form ω =

∑
α Ωα ∧ ωα, where Ωα ∈ Λ∗(πk) and

ωα ∈ PkΛ1. The set PkΛ∗ is closed with respect to adding and to multiplication by
an arbitrary form from Λ∗(πk) and is called the ideal of the distribution Pk. From
the embeddings (1.21) it follows that the chain of embeddings

P0Λ∗ ⊂ P1Λ∗ ⊂ · · · ⊂ PkΛ∗ ⊂ Pk+1Λ∗ ⊂ · · · ,

takes place and this chain determines the ideal PΛ∗ =
⋃

k≥0 PkΛ∗ in Λ∗(π). This

ideal is called the ideal of the distribution P. Vice versa, any ideal in Λ∗(π) of the
above form determines a distribution on J∞(π). Using now the isomorphism (1.15),
we can give a dual definition for a distribution on J∞(π). Namely, a distribution
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P D(π) consists of vector fields X on J∞(π) such that X ω = 0 for any form
ω ∈ PΛ1(π).

Exercise 1.8. Prove that PΛ∗ and P D(π) do not depend on choice of a rep-
resentative in the distribution P.

Let us recall that a submanifold N of a finite-dimensional manifold M with
a distribution P ′ is called integral, if for any point x ∈ N one has an embedding
Tx(N) ⊂ P ′

x. It is called locally maximal, if it is not contained in any other integral
manifold of greater dimension. A distribution P ′ is called completely integrable,
if for any point there exists a unique locally maximal integral manifolds passing
through this point. The classical Frobenius theorem [115] says that a distribution
P ′ is completely integrable, if for any form ω ∈ P ′Λ1(N) the equality dω = Ω ∧ ω′

is valid for some ω′ ∈ P ′Λ1(N) and a form Ω on the manifold M . In other words,
the operator d takes the ideal P ′Λ∗ to itself, i.e., this ideal is differentially closed.
Using these considerations, we shall say that a distribution P on J∞(π) is completely

integrable, if its ideal PΛ∗ is differentially closed.

Exercise 1.9. Show that a distribution P on J∞(π) is completely integrable
if and only if the set P D(π) is closed with respect to the commutator of vector
fields, i.e. is a Lie subalgebra in D(π).

Example 1.5. Let P ′ be a distribution on M . Let us consider the submodule
P̂ ′ D(π) in D(π) consisting of linear combinations (with coefficients in F(π)) of the

fields X̂, X ∈ P ′ D(M). Then the set P ′ D(π) determines a distribution P = P̂ ′ on
J∞(π). If P ′ is a completely integrable distribution, then P is completely integrable
as well. In fact,

[ϕX̂, ψŶ ] = ϕX̂(ψ)Ŷ − ψŶ (ϕ)X̂ + ϕψ[X̂, Ŷ ].

But [X̂, Ŷ ] = [̂X,Y ] by (1.12) and consequently the right-hand side of the last
equality lies in P D(π), if X,Y ∈ P ′ D(M) and ϕ,ψ ∈ F .

Let now P be a completely integrable distribution on J∞(π). As in §3 of Ch. 1,
a vector field X ∈ D(π) will be called an (infinitesimal) automorphism of the
distribution P, if

LXPΛ∗(π) ⊂ PΛ∗(π).

In a dual way, automorphisms of the distribution P can be defined by the condition

[X,P D(π)] ⊂ P D(π). (1.22)

Denote by DP(π) the set of automorphisms of the distribution P.

Exercise 1.10. Prove that DP(π) is a Lie algebra while P D(π) ⊂ DP(π) is
its ideal.

The elements of the quotient Lie algebra

sym(P) = DP(π)/P D(π)

are called (infinitesimal) symmetries of the completely integrable distribution P.
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Figure 4.3. Construction of the element U1

2. The Cartan distribution on J∞(π) and its infinitesimal
automorphisms

In this section, we shall define the Cartan distribution on J∞(π) and study its
maximal integral manifolds, infinitesimal automorphisms, and symmetries. This
study will lead us to the concept of an evolutionary derivation on J∞(π), which
plays a key role in the theory of symmetries of nonlinear differential equations.

2.1. The Cartan distribution. Let, as above, π : P → M be a smooth
vector bundle and J∞(π) be the manifold of its infinite jets. Consider a point
θ = {x, θk} in J∞(π) and the Cartan planes Ck

θk
at every point θk ∈ Jk(π). Then,

if the point θ is represented as the infinite jet [s]∞x of a section s ∈ Γ(π) at the point

x ∈ M , the plane Ck+1
θk+1

projects to the R-plane Lθk+1
⊂ Ck

θk
⊂ Tθk

(Jk(π)) under

the mapping πk+1,k, where Lθk+1
is the tangent plane to the graph of the jet jk(s)

at the point θk. Thus we see that for all k the embeddings (πk+1,k)∗(Ck+1
θk+1

) ⊂ Ck
θk

take place, i.e., the system of distributions Ck determines the distribution C = C(π)
on J∞(π).

Definition 2.1. The distribution C(π) is called the Cartan distribution on the
manifold of infinite jets.

From the above said it follows that a vector Xθ tangent to the manifold J∞(π)
lies in the plane Cθ if and only if its projection Xθk

= (π∞,k)∗(Xθ) lies in the space
Lθk

. Using this remark, we shall give a more efficient description of the Cartan
distribution on J∞(π). Namely, if Xθ = {Xx, Xθk

} is an arbitrary tangent vector
and ϕ ∈ F(π) is a smooth function on J∞(π), we shall consider the projections Xv

θk

of every vector Xθk
along the plane Lθk+1

to the fiber of the bundle πk,k−1 : Jk(π) →
Jk−1(π) over the point θk−1 (see Figure 4.3). Then Xv

θ =
{
0, Xv

θk

}
is also a tangent

vector at the point θ and applying it to the function ϕ one will obtain a real number.
If now X ∈ D(π) is a vector field, one can repeat the described construction at every
point θ ∈ J∞(π) and obtain a vertical field Xv ∈ Dv(π), which can be applied to
the function ϕ ∈ F . Thus for any function ϕ ∈ F we obtain a 1-form on J∞(π)
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denoted by U1(ϕ) and defined by the equality

X U1(ϕ) = Xv(ϕ), X ∈ D(π), ϕ ∈ F(π). (2.1)

From (2.1) it is seen that the correspondence U1 : F(π) → Λ1(π) is a derivation of
the algebra F with the values in the F-module Λ1(π), i.e., U1(ϕ1ϕ2) = ϕ1U1(ϕ2)+
ϕ2U1(ϕ1) for any functions ϕ1, ϕ2 ∈ F .

Coming back to the starting point of our arguments, we see that the following
statement is valid.

Proposition 2.1. A field X ∈ D(π) lies in the Cartan distribution C on J∞(π)
if and only if

X U1(ϕ) = 0

for all functions ϕ ∈ F(π). In other words, the ideal CΛ∗(π) ⊂ Λ∗(π) of the Cartan

distribution is generated by the forms U1(ϕ).

The forms U1(ϕ) will be called the Cartan forms3.
In what follows, we shall need a more convenient, from the computational point

of view, description of the operator U1 and, as a consequence, of Cartan forms. To
obtain such a description, note the following. From the above constructions it
follows that any vector field X ∈ D(π) admits the canonical representation

X = Xv + Xh, (2.2)

where, as it was already said, the field Xv is vertical while the field Xh def
= X−Xv is

to all manifolds of the form j∞(s)(M), i.e., to the graphs of infinite jets of sections
s of the bundle π. By this reason, equality (2.1) can be rewritten in the form
X U1(ϕ) = (X − Xh)(ϕ) = X(ϕ) − Xh(ϕ). Note that the first summand in the
right-hand side of the last equality is X dϕ. To rewrite the second summand in
the form we need, let us compare the expression for Xh(ϕ) with the definition of

the form d̂ϕ. By the point-wise definition of the lifting (see §1.4), the restriction

of the form d̂ϕ to the graph of the infinite jet of a section s ∈ Γ(π) is represented

as d∆ϕ(s). Since the form d̂ϕ is horizontal, the equality X d̂ϕ = Xh d̂ϕ is
valid. Finally, since the field Xh is tangent to every submanifold j∞(s)(M) and
at least one such a manifold passes through any point θ ∈ J∞(π)4, the equality

Xh(d̂ϕ) = Xh(ϕ) holds. Thus we arrive to the following important equality:

U1 = d − d̂. (2.3)

Consequently, the operator U1 “measures” to what extent the de Rham differential
of a function ϕ ∈ F differs from the horizontal one.

We shall now describe the set CD(π), i.e., vector fields X ∈ D(π) annihilating
the Cartan forms on J∞(π) or, in other words, the ones which satisfy the equalities

X(ϕ) = X d̂ϕ for all smooth functions ϕ ∈ F . Consider a field X ∈ D(π) and
its restriction XM = X|F−∞(π) : C∞(M) → Fk(π), which is a derivation of the

ring C∞(M) with the values in the algebra Fk(π) (such a k exists, since X is a
derivation compatible with filtration of F(π)). Informally, the derivation XM may

3Below we shall see that this definition generalizes the coordinate representation of Cartan

forms considered in preceding chapters.
4It is a consequence of the Borel lemma [80].
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be understood as a vector field on M whose coefficients are functions from Fk.
More exactly, the field XM , at least locally, can be represented in the form

XM = ϕ1X1 + · · · + ϕlXl, (2.4)

where X1, . . . , Xl ∈ D(M) are “real” vector fields on the manifold M and the
functions ϕ1, . . . , ϕl lie in Fk(π). Using the representation (2.4), let us define the

field X̂M ∈ D(π) by setting X̂M = ϕ1X̂1 + · · · + ϕlX̂l. Since, by the point-wise

definition of the lifting operation, the vectors (X̂l)θ are tangent to the graph of the
infinite jet of a section s ∈ Γ(π) at any point θ = [s]∞x ∈ J∞(π), the same is true

for the vector (X̂M )θ = ϕ1(θ)(X̂1)θ + · · · + ϕl(θ)(X̂l)θ. Therefore, X̂v
M = 0 and

consequently X̂M U1(ϕ) = X̂v
M (ϕ) = 0 for any function ϕ ∈ F .

Let us consider (also locally) the field X ′ = X − X̂M . Since, by definition,

X̂M

∣∣
C∞(M)

= XM = X|F−∞(π), the field X ′ is vertical and consequently X ′

U1(ϕ) = X ′(ϕ) for any function ϕ ∈ F . On the other hand, as we established just

now, X̂M U1(ϕ) = 0 and if X ∈ CD(π), then X U1(ϕ) = 0 as well. Hence,

X ′(ϕ) = 0 for any function ϕ ∈ F . Therefore, X ′ = 0 and consequently X = X̂M .
Combining together the above said, we obtain the following result.

Proposition 2.2. The set CD(π) of vector fields lying in the Cartan distribu-

tion is generated by the liftings to J∞(π) of the fields on the manifold M :

CD(π) =
{

ϕ1X̂1 + · · · + ϕlX̂l | ϕi ∈ F(π), Xi ∈ D(M), l = 1, 2, . . .
}

.

2.2. Integral manifolds. From Proposition 2.2 and Example 1.5 it follows
that the Cartan distribution on J∞(π) is completely integrable. Let study its max-
imal integral manifolds. To do this, let us first stress two facts: (a) the Cartan
plane Cθ at a point θ ∈ J∞(π) does not contain nonzero vertical vectors—this fact
follows from the constructions used in the beginning of this section to define the
forms U1(ϕ); (b) dimension of the space Cθ coincides with that of the manifold
M , and this is a consequence of the proposition just proved. Let R∞ be a max-
imal integral manifold of the Cartan distribution. Then from (a) it follows that

the projections π∞,k|R∞ : R∞ → Rk def
= π∞,k(R∞) ⊂ Jk(π), k = 0, 1, . . . , and

π∞|R∞ : R∞ → R def
= π∞(R∞) ⊂ M are local diffeomorphisms. On the other

hand, as it follows from (b), one has dimRk = dimR∞ ≤ n. Consider the pro-
jection π|R0 : R0 → R. Since it is a local diffeomorphism, there exists a mapping
s′ : R → R0 such that the composition π|R0◦s′ is the identity on R. In other words,
s′ is a partially defined section of the bundle π. Obviously, there exists a section
s ∈ Γ(π) such that s|R = s′. Assume now that the embedding R ⊂ M is strict, i.e.,
that dimRk < n. Then the conditions that the manifolds Γk

s = jk(s)(M) ⊂ Jk(π),
k = 0, 1, . . . ,∞, contain the manifolds Rk for the corresponding values of k are the
conditions for the normal (with respect to R) derivatives of the section s. By the
Whitney theorem on extension for smooth functions [80], it follows that one can
always construct a section satisfying these conditions. This result contradicts to
maximality of R∞. Hence, the following statement is valid:

Proposition 2.3. Any maximal integral manifold of the Cartan distribution

on J∞(π) is locally the graph of the infinite jet of a section of the bundle π.

Thus, at least one maximal integral manifold of the Cartan distribution passes
through any point θ ∈ J∞(π) and we have a complete description of these manifolds.
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Figure 4.4. “Blowing-up” of an R-plane

Of course, such a manifold is not uniquely defined. For example, if π : R × R → R

is the trivial bundle, the graph of infinite jet of the function u = exp(−1/x2) passes
through the origin in J∞(π) together with the graph of the infinite jet of the zero
function. In general, if π is an arbitrary bundle and θ = [s]∞x ∈ J∞(π), then the
graphs of the infinite jets of all sections of the bundle π pass through the point θ
differing from s by a flat at the point x ∈ M section. It is useful to compare the
results obtained here with what we know about maximal integral manifolds in the
spaces of finite jets. As it was noted in the previous chapter, the Cartan distribution
on Jk(π), k < ∞, contains vertical vectors. Namely, any vector tangent to the fiber
of the bundle πk,k−1 lies in the Cartan plane Ck

θk
. This leads to the fact that the

set of integral manifolds passing through the point θk ∈ Jk(π) can be classified
by types and the type of a manifold describes the degree of its degeneracy under
the projection to Jk−1(π) (or dimension of the space of vertical vectors tangent
the integral manifold under consideration at the given point). In particular, the
graphs of jets of sections of the bundle π are the manifolds of type 0 and are
characterized by the fact that they project to Jk−1(π) locally diffeomorphically.
The reasons why the cases of finite and infinite jets are different become clear, if
one stands on the analytical point of view. In fact, fixing a point θk ∈ Jk(π) for
k < ∞, we obtain information on all partial derivatives of sections s ∈ Γ(π) at
the point x = πk(θk) ∈ M up to order k. Drawing through the point θk graphs of
different sections, we have freedom of choice which is measured infinitesimally by
vectors tangent to the fiber of the projection πk,k−1 (see Figure 4.4). This leads
to the fact that an R-plane at the point θk “blows-up” by the set πk,k−1-vertical
vectors. Unlike the situation described, the choice of a point θ ∈ J∞(π) fixes all
partial derivatives of a section s ∈ Γ(π) at the point x and, by obvious reasons, our
freedom is limited now by the class of flat functions. Note also that the picture we
observe on J∞(π) is related to existence of the Cartan connection on π∞ and to
integrability of this connection.

We now start to study automorphisms and symmetries of the Cartan distribu-
tion on the manifolds J∞(π). Before starting to discuss the facts of general nature,
we shall fulfil some coordinate computations useful to get a kind of intuition on the
results to be obtained.
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2.3. A computational experiment. We shall need here (as well as every-
where below) a coordinate representation of the Cartan forms U1(ϕ). Let x ∈ M
and U ∋ x be a coordinate neighborhood. Consider, as usual, local coordinates
x1, . . . , xn, . . . , pj

σ, . . . in the neighborhood π−1
∞ (U). Then, using formulas (1.20)

and (2.3) together with the fact that the operator U1 : F(π) → Λ1(π) is a deriva-
tion, it is easily seen that the Cartan module CΛ∗(π)|π−1(U) is generated by the

forms

ωj
σ = U1(p

j
σ) = dpj

σ −
n∑

α=1

pσ+1α
dxα, (2.5)

where j = 1, . . . ,m, |σ| = 0, 1, . . . , i.e., by the Cartan forms defined in Ch. 3. In
particular,

ωj
∅

= U1(u
j) = duj −

n∑

α=1

p1α
dxα. (2.6)

Consider the one-dimensional bundle π : R×R → R over the real line. Let x = x1 be
the coordinate in the base and set p(0) = u, . . . , p(k) = pk, . . . to be the coordinates
in J∞(π). By (2.5), the Cartan module CΛ∗(π) is generated by the forms

ωk = dpk − pk+1 dx (2.7)

in this case, where k = 0, 1, . . . . Let the field X = a∂/∂x +
∑∞

k=0 bk∂/∂pk ∈ D(π),
a, bk ∈ F(π), be an automorphism of the Cartan distribution. This is equivalent to
the fact that X(ωk) =

∑
i λi

kωi for all k or, which is the same, to

dbk − bk+1 dx − pk+1 da =
∑

i

λi
k(dpi − pi+1 dx). (2.8)

Writing down the differential at the left-hand side of (2.8) in an explicit form and
collecting similar terms, we obtain the following system of equations

(
∂bk

∂x
− bk+1 − pk+1

∂a

∂x

)
dx +

∑

i

(
∂bk

∂pi
− pk+1

∂a

∂pi

)
dpi

=
∑

i

λi
k(dpi − pi+1 dx),

which is equivalent to the system




∂bk

∂x
− bk+1 − pk+1

∂a

∂x
= −

∑

i

λi
kpi+1,

∂bk

∂pi
− pk+1

∂a

∂pi
= λi

k, i, k ≥ 0.

(2.9)

Substituting the expressions obtained for λi
k to the first equation in (2.9), we see

that

bk+1 =
∂bk

∂x
− pk+1

∂a

∂x
+

∑

i

pi+1

(
∂bk

∂pi
− pk+1

∂a

∂pi

)
= D(bk) − pk+1D(a), (2.10)

where D = D1 is the operator of the total derivative along x. As above, let us split

the field X into the horizontal and vertical components by setting Xh = a∂̂/∂x =
aD and Xv = X − Xh. Let Xv =

∑
k bv

k∂/∂pk; then bk = bv
k + apk+1 for all
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k ≥ 0. Substituting the expressions obtained to (2.10) and keeping in mind that
D(pk) = pk+1, we obtain the following expressions for the coefficients bv

k:

bv
k+1 = D(bv

k), k = 0, 1, . . . ,

or

bv
k = Dk(bv

0), k = 0, 1, . . .

Thus any infinitesimal automorphism of the Cartan distribution on J∞(π) is rep-
resentable in the form

X = aD +
∞∑

k=0

Dk(bv
0)

∂

∂pk
, (2.11)

where bv
0 = b0 − ap1, and consequently is uniquely determined by its restriction to

the subalgebra C∞(M) ⊂ F(π) (the first summand in the representation (2.11))
and by some function bv

0 ∈ F(π) (the second summand). It turns out that the
result obtained is of a general nature.

2.4. Evolutionary derivations. Let us again return back to an arbitrary
vector bundle π : P → M and consider an infinitesimal automorphism X ∈ DC(π)
of the Cartan distribution on J∞(π).

Proposition 2.4. Any vector field X ∈ DC(π) is uniquely determined by its

restriction to the subalgebra F0(π) = C∞(J0(π)) ⊂ F(π).

Proof. Since for any two fields X,X ′ ∈ DC(π) their difference lies in DC(π)
as well, it is sufficient to show that if X|F0

= 0, then X
∣∣
Fk

= 0 for all k ≥ 0. Let

us prove this fact by induction on k. The first step of induction is (k = 0) is the
assumptions of the proposition.

Let now k > 0 and X|Fk
= 0. We must prove that under this condition the

derivation X|Fk+1
is also trivial. Take ϕ ∈ Fk. Then

X(U1(ϕ)) = X(dϕ − d̂ϕ) = dX(ϕ) − X(d̂ϕ),

or, by the induction hypothesis,

X(U1(ϕ)) = −X(d̂ϕ).

On the other hand, since X ∈ DC(π), there exist functions fα, gα ∈ F , α = 1, . . . , l,
such that X(U1(ϕ)) =

∑
α fαU1(gα), i.e.,

X(d̂ϕ) = −
∑

α

fαU1(gα). (2.12)

The form at the right-hand side of equation (2.12) belongs to the Cartan module
and consequently its restriction to the graph of the jet of any section s ∈ Γ(π)
vanishes.

Let us use now the fact that for any function ϕ ∈ F(π) the form d̂ϕ is horizontal,

i.e., can be represented as d̂ϕ =
∑

i ϕi dhi, where ϕi ∈ F and hi ∈ C∞(M) ⊂ F0.
Consequently,

X(d̂ϕ) =
∑

i

(X(ϕi) dhi + ϕi dX(hi)) =
∑

i

X(ϕi) dhi,

since by the induction hypothesis one has X(hi) = 0. Thus X(d̂ϕ) is also a hori-
zontal form. From (2.12) and from the above said it follows that its restriction to



2. THE CARTAN DISTRIBUTION ON J∞(π) 145

Figure 4.5. Vertical field Xv
0

the graphs of jets of sections are trivial. Since horizontal forms are determined by
their restrictions on the graphs of jets (see §1), we obtain that

X(d̂ϕ) = 0 (2.13)

for any function ϕ ∈ Fk.
Consider an arbitrary coordinate neighborhood in M and the corresponding

local coordinates (x1, . . . , xn, . . . , pj
σ, . . . ) in J∞(π). Let us choose one of the coor-

dinate functions pj
σ, where |σ| ≤ k, for ϕ. Then by (2.13) one has

X(d̂pj
σ) = X

( n∑

i=1

pj
σ+1i

dxi

)
=

n∑

i=1

X(pj
σ+1i

) dxi = 0.

Hence, X(pj
σ+1i

) = 0 for all σ, |σ| ≤ k, i = 1, . . . , n, and j = 1, . . . ,m. In other

words, the action of the field X on all coordinate functions on the manifold Jk+1(π)
is trivial, i.e., X|Fk+1

= 0. This proves the induction step and consequently the

statement as a whole.

Let still X ∈ DC(π) be an automorphism of the Cartan distribution on J∞(π).
Consider the restriction XM of the field X to the subalgebra C∞(M) ⊂ F and

the corresponding lifting X̂M ∈ D(π). Since, as we already know, X̂M ∈ CD(π) ⊂
DC(π), the field Xv = X − X̂M is also an automorphism and, moreover, is vertical.
Then the restriction Xv

0 = Xv|F0
is a derivation of the algebra F0 with values in

the algebra Fk for some finite k. Since the field Xv is vertical, the derivation Xv
0

can be identified with a family of vectors parametrized by points of the space Jk(π)
and directed along the fibers of the pullback π∗

k(π) (see Figure 4.5). On the other
hand, since π is a linear bundle, tangent vectors to its fibers can be identified with
the points of these fibers. Combining together the above constructions, we obtain
the mapping

DC(π) → F(π, π), (2.14)

and, as Propositions 2.2 and 2.4 show, a field X maps to zero under this corre-
spondence if and only if X ∈ CD(π). Let us study the image of the mapping
(2.14).

Let ϕ be a section of the bundle π∗
k(π). Consider a coordinate neighborhood

U ⊂ M and the neighborhood Uk = π−1
k (U) ⊂ Jk(π). Similar to the results
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obtained in the computational experiment above, let us define in the neighborhood
Uk the field5

Зϕ,U =
∑

j,σ

Dσ(ϕj)
∂

∂pj
σ

, (2.15)

where ϕj is the j-th component of the restriction of the section ϕ to the neighbor-
hood Uk while Dσ is the composition of the total derivatives corresponding to the
multi-index σ. Let us show that the derivation (2.15) in the neighborhood under
consideration is an automorphism of the Cartan distribution. In fact, let ψ ∈ F .
Then

Зϕ,U (U1(ψ)) = Зϕ,U (dψ − d̂ψ) = d(Зϕ,U (ψ)) − Зϕ,U (d̂ψ). (2.16)

By relations (1.20) and (2.15), we have

Зϕ,U(dψ̂) =
∑

i,j,σ

Dσ(ψj)
∂

∂pj
σ

Di(ψ) dxi.

But as it is easily seen,

∂

∂pj
σ

Di(ψ) = δ(i, σ)
∂ψ

∂pj
σ−1i

+ Di

(
∂ψ

∂pj
σ

)
, (2.17)

where

δ(i, σ) =

{
1 if the i-th component of σ differs from 0,

0 otherwise.

Therefore

Зϕ,U (d̂ψ) =
∑

i,j,σ

Dσ(ϕj)
∂

∂pj
σ

Di(ψ) dxi

=
∑

i,j,σ

Dσ(ϕj)

(
δ(i, σ)

∂ψ

∂pj
σ−1i

+ Di

(
∂ψ

∂pj
σ

))
dxi

=
∑

i,j,σ

(
Dσ(ϕi)δ(i, σ)

∂ψ

∂pj
σ−1i

+ Di

(
Dσ(ϕj)

∂ψ

∂pj
σ

)
− Dσ+1i

(ϕj)
∂ψ

∂pj
σ

)
dxi.

In the expression obtained, the first and the last summands mutually annihilate
and thus

Зϕ,U(d̂ψ) =
∑

i,j,σ

Di

(
Dσ(ϕj)

∂ψ

∂pj
σ

)
dxi = d̂(Зϕ,U(ψ)).

Coming back to equality (2.16), we see that

Зϕ,U (U1(ψ)) = d(Зϕ,U (ψ)) − d̂(Зϕ,U (ψ)) = U1Зϕ,U (ψ). (2.18)

Equality (2.18) shows that the derivations of the form Зϕ,U commute with
the operator U1 and consequently are infinitesimal automorphisms of the Cartan
distribution. The restriction Зϕ,U to the subalgebra F0(π|U ) is identified with the
section ϕ. Thus we have a procedure (so far, local) to construct an automorphism
of the Cartan distribution determined by a section ϕ. Let now U , U ′ ⊂ M be two
coordinate neighborhoods in M . Then the restrictions of the fields Зϕ,U and Зϕ,U ′

to the algebra F0(π|U∩U ′) coincide, from where, by Proposition 2.4, it follows that

5In the notation below, we use the Cyrillic letter З , which is pronounced like “e” in “ten”.
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the fields coincide over the intersection U ∩ U ′ as well. Hence our constructions in
a well-defined way determine a vertical vector field Зϕ on the entire space J∞(π)
and this field is an infinitesimal automorphism of the Cartan distribution. In other
words, the mapping (2.14) is epimorphic and therefore the following theorem is
proved.

Theorem 2.5. Any infinitesimal automorphism X of the Cartan distribution

on J∞(π) is uniquely represented in the form

X = Зϕ + X̂M ,

where ϕ is a section from F(π, π). The algebra sym C(π) = DC(π)/ CD(π) of sym-

metries of the Cartan distribution is identified with the module F(π, π) of the sec-

tions of the pullback π∗
∞(π),

sym C(π) ≃ F(π, π).

Let us consider the fields Зϕ in more details. In the preceding chapter we saw
that Lie fields, being automorphisms of the Cartan distribution on the manifolds
Jk(π) of finite jets, generate flows on the set of sections of the bundle π. The
same is valid for the fields of the form Зϕ, though in general they do not possess
one-parameter groups of transformations (see below) on the infinite-dimensional
manifold J∞(π). In fact, let s ∈ Γ(π) be a section and ϕ ∈ Fk(π, π). Let us
restrict the field Зϕ to the graph of the k-th jet of the section s. Then, under
identification of the tangent spaces to the fibers of π with the fibers themselves,
the components of this restriction will be of the form (jk(s))∗(ϕα), α = 1, . . . ,m.
Therefore, the motion of the section s along the trajectories of the field Зϕ (provided
these trajectories exist) should be governed by the equations

∂sj

∂t
= ϕj

(
x, . . . ,

∂|σ|sl

∂xσ
, . . .

)
, j, l = 1, . . . ,m, |σ| ≤ k,

where t is the parameter along the trajectory. In other words, the derivation Зϕ

determines evolution of sections of the bundle π, while the “flow” corresponding to
Зϕ is determined by evolution equations of the form

∂uj

∂t
= ϕj

(
x, . . . ,

∂|σ|ul

∂xσ
, . . .

)
, j, l = 1, . . . ,m, |σ| ≤ k. (2.19)

Definition 2.2. The fields Зϕ are called evolutionary derivations; the corre-
sponding section ϕ ∈ F(π, π) is called the generating section of the evolutionary
derivation.

Note that a special form of coefficients of evolutionary derivations (see equation
(2.15)) guarantees mutual compatibility for evolution of derivatives of the functions
uj :

∂

∂t

∂|τ |u

∂xτ
= (Dτϕj)

(
x, . . . ,

∂|σ|u

∂xσ
, . . .

)
. (2.20)

Equation (2.20) is a coordinate expression of the fact that Зϕ is an automorphism
of the Cartan distribution.

It is interesting to note that if one treats evolutionary derivations as vector fields
on the “manifold” Γ(π) of sections of the bundle π, the operator U1 : F(π) → Λ1(π)
plays the role similar to that of the external differential d : C∞(M) → Λ1(M) in
classical differential geometry. In fact, if X is an evolutionary derivation, then one
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has (see the splitting (2.2)) Xv = X and therefore, by the definition of the operator
U1,

X U1(ϕ) = X(ϕ). (2.21)

Equation (2.21) is an exact counterpart of the equation

Y df = Y (f),

valid for fields Y and functions f on some finite-dimensional manifold. Therefore,
the operator U1 can be called the universal evolutionary differential.

2.5. Jacobi brackets. Above we showed that the mapping

З : F(π, π) → sym(π) = DC(π)/ CD(π),

putting into correspondence to any section ϕ ∈ F(π, π) the evolutionary derivation
Зϕ, is a bijection. On the other hand, since the set of evolutionary derivations is
identified with the Lie quotient algebra sym(π), the commutator of two evolutionary
derivations is an evolutionary derivation again. Therefore, for any two elements
ϕ,ψ ∈ F(π, π) one can define their commutator {ϕ,ψ} ∈ F(π, π) by setting

{ϕ,ψ} = З
−1 ([Зϕ,Зψ]) , (2.22)

or

З{ϕ,ψ} = [Зϕ,Зψ]. (2.23)

Definition 2.3. The element {ϕ,ψ} defined by equation (2.22) is called the
higher Jacobi bracket of the sections ϕ and ψ.

Since evolutionary derivations are vertical and form a Lie algebra with respect
to the commutator of vector fields, the module F(π, π) is a Lie R-algebra with
respect to the Jacobi bracket. In fact, let us show for example that the bracket
{·, ·} satisfies the Jacobi identity. By (2.23) we have

З{ϕ,{ψ,χ}} = [Зϕ,З{ψ,χ}] = [Зϕ, [Зψ,Зχ]] = [[Зϕ,Зψ],Зχ] + [Зψ, [Зϕ,Зχ]]

= З{{ϕ,ψ},χ} + З{ψ,{ϕ,χ}} = З{{ϕ,ψ},χ}+{ψ,{ϕ,χ}},

i.e.,

{ϕ, {ψ, χ}} + {ψ, {χ, ϕ}} + {χ, {ϕ,ψ}} = 0

for any sections ϕ,ψ, χ ∈ F(π, π). Other properties of Lie algebras can be checked
in a similar way.

In local coordinates, the Jacobi bracket of two sections ϕ and ψ, as it follows
from (2.15) and (2.23), is of the form

{ϕ,ψ}j =
∑

σ,α

(
Dσ(ϕα)

∂ψj

∂pα
σ

− Dσ(ψα)
∂ϕj

∂pα
σ

)
, j = 1, . . . ,m. (2.24)
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2.6. Comparison with Lie fields. In the preceding chapter, we defined Lie
fields as derivations Y ∈ D(Jk(π)) preserving the Cartan distribution on Jk(π).
Since any Lie field can be lifted to any space Jk+l(π) in a canonical way and this
lifting is also a Lie field, we obtain a field Y ∗ ∈ D(π). The condition that all the
liftings preserve the Cartan distribution on the corresponding spaces of finite jets
means that Y ∗ ∈ DC(π), i.e., the infinite lifting of a Lie field is an automorphism of
the Cartan distribution on J∞(π). A characteristic feature of the derivation Y ∗ is
that it preserves filtration degree of elements from F(π): deg(Y ∗) = 0. Conversely,
let an automorphism X ∈ DC(π) possess this property. Then there exists a k0 such
that for all k ≥ k0 the restrictions Xk = X|Fk

are derivations of the algebras Fk to

themselves and consequently these restrictions determine Lie fields on Jk(π). For
these fields one has

Xk+1 ◦ π∗
k+1,k = π∗

k+1,k ◦ Xk, (2.25)

i.e., they are compatible with the projections πk+1,k : Jk+1(π) → Jk(π). By the
theorem describing Lie fields and proved in the preceding chapter, for any field Xk

there exists a uniquely determined Lie field Xε
k ∈ D(Jε(π)) such that Xk is its

(k − ε)-lifting6. Using equations (2.25), we see that Xk+1 is the lifting of the field
Xk to Jk+1(π) and consequently X is of the form Y ∗, where Y is a Lie field. Hence,
the following statement is valid.

Proposition 2.6. An automorphism X ∈ DC(π) is of the form X = Y ∗, where

Y is a Lie field, if and only if deg(X) = 0.

Definition 2.4. Automorphisms of the Cartan distribution satisfying the as-
sumptions of Proposition 2.6 will be called Lie fields on the manifold J∞(π).

Let X be such a field. Then, by Theorem 2.5, one has the canonical decompo-
sition

X = Зϕ + X̂M . (2.26)

Note that due to coordinate representation of evolutionary derivations (see equation
(2.15)), the field Зϕ raises filtration of elements in F(π) by deg(ϕ). On the other

hand, deg(X̂M ) = 1 for any field X̂M ∈ CD(π). Therefore, from Proposition 2.6 it
follows that if X is a Lie field, then the section ϕ from the decomposition (2.26) lies
in the module F1(π, π), i.e., deg(ϕ) = 1. Recall now that any Lie field on Jk(π) is
determined by its generating section and let us compare the expression for Lie fields
in terms of generating sections (see §3 of Ch. 3) with the definition of the derivation
Зϕ (see (2.15)). Then it is easily seen that equation (2.26) can be written as

X∗
ϕ = Зϕ −

n∑

i=1

∂ϕj

∂pj
1i

Di, (2.27)

where X∗
ϕ is the lifting of the Lie field Xϕ with the generating section ϕ ∈ F(π, π)

to J∞(π) while ϕ1, . . . , ϕm are the components of this section. As we know, if
dimπ = 1, then ϕ is an arbitrary section, while for dimπ > 1 it is to be of the form

ϕj = a0 +

n∑

i=1

pj
1i

ai, j = 1, . . . ,m, a0, . . . , an ∈ F0(π).

6Recall that ε = 0 for dim π > 1 and ε = 1 for dim π = 1; in the first case, X0
k

is an arbitrary

vector field on J0(π) while in the second one X1
k

is a contact field on J1(π).
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Hence, generating functions of Lie fields defined in Ch. 3 coincide with those con-
sidered here.

Exercise 2.1. Show that if Xϕ and Xψ are two Lie fields, then

[X∗
ϕ, X∗

ψ] = [Xϕ, Xψ]∗ = З{ϕ,ψ} −
n∑

i=1

∂{ϕ,ψ}j

∂pj
1i

Di.

In other words, if ϕ and ψ are generating sections of Lie fields, then the Ja-
cobi bracket of these two sections defined earlier coincides with the Jacobi bracket
introduced in this section. Taking into account that by (2.27) one has Xϕ = 0 if
and only if the corresponding evolutionary derivation is trivial, we can formulate
the following statement.

Proposition 2.7. The mapping taking Lie fields to the corresponding evolu-

tionary derivations is a Lie algebra monomorphism. The set of generating sections

of Lie fields is a Lie subalgebra in the Lie algebra F(π, π) with respect to the Jacobi

bracket.

Thus, the theory of symmetries of the Cartan distribution on J∞(π) is a natural
generalization of the theory of Lie fields on the manifolds of finite jets.

Let X be a Lie field on J∞(π). Then, considering one-parameter groups of
transformations corresponding to the fields Xk = X|Jk(π), we shall see that a

one-parameter group of transformations also corresponds to the field X and it acts
on the manifold J∞(π). In fact, any automorphism of the Cartan distribution on
J∞(π) possessing a one-parameter group of transformations can be represented as
a Lie field, possibly in some new bundle [17]. Let us explain the above said using
somewhat informal reasoning.

Let π : P → M be a fiber bundle, X ∈ DC(π) be an integrable vector field, and
At be the corresponding one-parameter group of transformations. Then

At = exp(tX) = id + tX + · · · + tk

k!
Xk + · · · (2.28)

From (2.28) it follows that there exists an l such that Xk(F0) ⊂ Fl for all k. In
fact, if it were not the case, the transformation At could not transform the manifold
J0(π) to any finite manifold Jk(π) and it would contradict to the definition of a
smooth map of the manifold J∞(π).

Consider in the ring Fl the subring F(X) generated by the elements of the form
X(ϕ), ϕ ∈ F0, i.e., we consider the set of sums of the form

∑
X(ϕ1) · . . . · X(ϕr),

ϕi ∈ F0. From the above said it follows that the subring F(X) is invariant with
respect to the action of the field X: X(F(X)) ⊂ F(X). Let us pass to the dual
viewpoint and consider the maximal R-spectrum of the ring F(X), i.e., the space
whose points are the kernels of homomorphisms F(X) → R. Denote this space by
PX . Then locally, in a neighborhood of a generic point, the commutative diagram
takes place:

J l(π)
ϕX → PX

M

πX←πl →

where ϕX is the mapping dual to the embedding F(X) →֒ F . By invariance

of F(X) with respect to X, the field X determines on PX a field X̃0. The set
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of all possible prolongations of the mapping ϕX determines a smooth mapping
ϕ∗

X : J∞(π) → J∞(πX), for which the diagram

J∞(π)
ϕ∗

X → J∞(πX)

M
(πX)∞←π∞ →

is also commutative. Let X̃ be the lifting of the field X̃0 to J∞(πX). Then by the
construction of lifting and due to the fact that X is an integrable automorphism of
the Cartan distribution on J∞(π), the mapping ϕ∗

X takes X to the restriction of

the field X̃ to the submanifold EX = ϕ∗
X(J∞(π)) ⊂ J∞(πX). Hence, the structure

of the fields X and X̃
∣∣
EX

is locally the same, and this is what we wanted to show.

2.7. Linearizations. Let us note that the correspondence between evolution-
ary derivations and generating section makes it possible, having a pair (ϕ,ψ),
ϕ ∈ F(π, π), ψ ∈ F(π), to construct a new section Зϕ(ψ) ∈ F(π). When ϕ is
fixed while ψ is an arbitrary section, we obtain an evolutionary derivation in the
algebra F(π). Passing to the “adjoint” point of view, i.e., by fixing a section ψ and
making ϕ “free”, we shall obtain a new operator ℓψ acting from the module F(π, π)
to the algebra F(π) by the rule

ℓψ(ϕ) = Зϕ(ψ). (2.29)

To understand the meaning of this operator, let us consider equations (2.15) and
using them rewrite the definition (2.29) in the form

ℓψ(ϕ) =
∑

j,σ

∂ψ

∂pj
σ

Dσ(ϕj),

or

ℓψ =
∑

j,σ

∂ψ

∂pj
σ

D(j)
σ , (2.30)

where the symbol D
(j)
σ means that the operator Dσ is applied to the j-th component

of the corresponding section. Let us study equation (2.30) in more details.
Let s be a section of the bundle π. Since every field Di is tangent to all maximal

integral manifolds of the Cartan distribution on J∞(π) and consequently admits
restrictions to the graphs of infinite jets, the operator ℓψ, by (2.30), admits such a
restriction as well. To be more precise, one has the commutative diagram

F(π, π)
ℓψ→ F(π)

F(π)

j∞(s)∗↓
ℓψ|

s→ Γ(π)

j∞(s)∗↓ (2.31)

where ℓψ|s is the restriction under consideration. Combining the diagram (2.31)
with the equality (2.30), we see that for any section ϕ ∈ Γ(π) the equality

ℓψ|s (ϕ) =
∑

j,σ

∂ψ

∂pj
σ

∣∣∣∣
s

∂|σ|ϕj

∂xσ
. (2.32)

holds. Formula (2.32) shows that the operator ℓψ|s is the linearization of the
operator ∆ψ corresponding to the function ψ taken at the section s ∈ Γ(π). All
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such linearizations are obtained by restricting the operator ℓψ to the corresponding
section.

Definition 2.5. The operator ℓψ is called the operator of the universal lin-

earization of the nonlinear differential operator ∆ψ.

Let us list the main properties of universal linearizations:

1. The operator ℓψ : F(π, π) → F(π), ψ ∈ F(π), is linear.
2. It admits restriction to the graphs of infinite jets.
3. The operator ℓψ is dual to evolutionary derivations: ℓψ(ϕ) = Зϕ(ψ).

Note also that if ψ is linear with respect to all variables pj
σ (i.e., the operator

∆ψ is linear), then the equality

ℓψ = ∆̂ψ (2.33)

holds.
The above constructed operator ℓψ was defined for nonlinear differential op-

erators of the form ∆ψ : Γ(π) → C∞(M). Let us generalize the construction of
the universal linearization to arbitrary operators ∆: Γ(π) → Γ(π′), where both π′

and π are locally trivial vector bundles over the manifold M , dim(π′) = m′. Let
ψ ∈ F(π, π′) be the representing section of the operator ∆. Consider an arbitrary
element ϕ ∈ F(π, π) and a family of elements ϕt ∈ F(π, π) smoothly depending on
t ∈ R, such that ∂ϕt/∂t|t=0 = ϕ. Let ∇t = ∇ϕt

: Γ(π) → Γ(π) be the corresponding
family of operators and ϕ̄t = ϕ∆◦∇t

. Let us set

ℓψ(ϕ) =

(
∂

∂t
ϕ̄t

)∣∣∣∣
t=0

. (2.34)

Exercise 2.2. Show that ℓψ(ϕ) is well defined by (2.34), i.e., does not depend
on the choice of the family ϕt satisfying the condition ∂ϕt/∂t|t=0 = ϕ.

The operator ℓψ : F(π, π) → F(π, π′) is called the operator of the universal

linearization of the nonlinear differential operator ∆ψ and in local coordinates is

represented in the form ℓψ = ‖ℓαβ
ψ ‖, where ‖ℓαβ

ψ ‖ is the m′ × m matrix whose
elements are

ℓαβ
ψ =

∑

σ

∂ψα

∂pβ
σ

Dσ, α = 1, . . . ,m′, β = 1, . . . ,m. (2.35)

Obviously, in the case m′ = 1 this operator coincides with the operator introduced
above. Moreover, it possesses the above listed properties 1–3, with the only differ-
ence that the operator З π′

ϕ defined by the equality З π′

ϕ (ψ) = ℓψ(ϕ) acts now not in
the algebra F(π), but in the module F(π, π′). If ψ ∈ F(π, π′) and f ∈ F(π), then

the operators З π′

ϕ and Зϕ are related to each other by the equalities

З
π′

ϕ (fψ) = Зϕ(f)ψ + fЗ
π′

ϕ (ψ). (2.36)

Thus we see that every section ϕ ∈ F(π, π) determines a family of derivations

З π′

ϕ : F(π, π′) → F(π, π′) and, as it follows from (2.36), every operator З π′

ϕ is a
derivation of the module F(π, π) over the derivation Зϕ of the algebra F(π).

Remark 2.1. Relation between evolutionary derivations and linearizations be-
comes more clear, if we again use a parallel with classical differential geometry. In
fact, if M and M ′ are smooth finite-dimensional manifolds and G : M → M ′ is a
smooth mapping, then the linearization (i.e., the differential) G∗ of the mapping
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G at a point x ∈ M is constructed as follows: one takes a curve xt in M passing
through the point x, x0 = x, considers the tangent vector v = dxt/dt|t=0 to this
curve at the point x and shows that the equality G∗(v) = dG(xt)/dt determines a
tangent vector to M ′ at the point G(x) depending on the choice of v only. If X
is a vector field on M , then, in general, this construction does not allow to obtain
the corresponding vector field G∗(X) on M ′. If nevertheless one understands vec-
tor fields as sections of the tangent bundle, one can put into correspondence, in
a canonical way, to any field X ∈ D(M) a section G∗(X) of the bundle over M ,
which is the pullback of the tangent bundle over M ′ by the mapping G.

In our situation, the role of points of “manifolds” under consideration is played
by sections of the bundles π and π′ respectively while a nonlinear differential op-
erator ∆ = ∆ψ (or, more exactly, the mapping Φ∆ : J∞(π) → J∞(π′), see §1.3)
plays the role of G. Taking a curve in Γ(π), we have to consider a family of sec-
tions s(t) ∈ Γ(π). As we know, “tangent vectors” to such curves are determined by
evolutionary derivations in F(π), which play the role of vector fields on Γ(π), i.e.,
by sections ϕ ∈ F(π, π). If ∇ is the operator corresponding to the section ϕ, then
the curve s(t) is determined by the evolution equation

∂s

∂t
= ∇(s),

while the “tangent vector” to the image of this curve can be found from the equality

∂

∂t
∆(s) = j∞(s(0))∗(ℓψ(ϕ)).

Thus, similar to the finite-dimensional, the linearization is defined on vector fields,
i.e., on evolutionary derivations. Arising ambiguity can be eliminated, if one con-
siders the pullback of the bundle (π′

∞)∗(π′) (i.e., of a tangent bundle analog) to
J∞(π) by the mapping G = Φ∆ : J∞(π) → J∞(π′) (defined by all prolongations of
the operator ∆); see Figure 4.6. One can easily see that

(Φ∆)
∗
(π′

∞)∗(π′) = (π′
∞ ◦ Φ∆)

∗
(π′) = π∗

∞(π′).

The operators ℓψ and evolutionary derivations of the form З π′

ϕ make it possible
to rewrite in a convenient form some relations obtained in this section. First of all,
let us note that if id : Γ(π) → Γ(π) is the identical operator, then its linearization
ℓid : F(π, π) → F(π, π) is the identity as well. Hence, for any section ϕ ∈ F(π, π)
the equality

З
π
ϕ (ϕid) = ℓid(ϕ) = ϕ. (2.37)

fulfills. Comparing (2.37) with the definition of the Jacobi bracket, we see that
[
З

π
ϕ ,З π

ψ

]
(ϕid) = З

π
ϕ

(
З

π
ψ (ϕid)

)
− З

π
ψ

(
З

π
ϕ (ϕid)

)
= З

π
ϕ (ψ) − З

π
ψ (ϕ),

i.e.,

{ϕ,ψ} = З
π
ϕ (ψ) − З

π
ψ (ϕ). (2.38)

Another expression for the Jacobi bracket immediately follows from (2.38) and is
of the form

{ϕ,ψ} = З
π
ϕ (ψ) − ℓϕ(ψ),

or

{ϕ, ·} = З
π
ϕ − ℓϕ. (2.39)
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Figure 4.6. Action of the linearization on evolutionary vector fields

Comparing equation (2.27) with the coordinate representation of the universal lin-
earization, one can also see that if π is a trivial bundle, then the Lie field X∗

ϕ on
J∞(π) can be represented in the form

X∗
ϕ = Зϕ − ℓϕ + ℓϕ(1) = {ϕ, ·} + ℓϕ(1), (2.40)

where 1 is the section of the bundle π∗
∞(π) : J∞(π)×R → J∞(π) identically equal

to 1 at any point of the manifold J∞(π).
Evolutionary derivations and universal linearizations play an important role in

the theory of higher symmetries for nonlinear differential equation. We now begin
to study this theory.

3. Infinitely prolonged equations and the theory of higher symmetries

In the preceding section, studying infinitesimal automorphisms of the Car-
tan distribution on J∞(π), we arrived to the concept of evolutionary derivations.
These derivations can be informally understood as vector fields on the “manifold”
of sections Γ(π). Our next step consists of extending this approach to arbitrary
differential equations E ⊂ Jk(π). Trying to understand what a vector field on the
“manifold” Sol(E) of solutions to E is, we shall construct the theory of higher sym-
metries for nonlinear differential equations. This theory in a natural way generalizes
the theory of classical symmetries constructed before.

Since solutions of the equation E are sections s ∈ Γ(π) satisfying the condition
Γk

s = jk(s)(M) ⊂ E , it seems natural to assume that at least some of the fields we
seek for on Sol(E) are to be obtained by restricting the fields from the enveloping
space Γ(π), i.e., by restricting evolutionary derivations. Nevertheless, if we take
an arbitrary evolutionary derivation Зϕ on J∞(π) and try restrict it to E (i.e., to
apply it to functions from C∞(E)), then, in the case deg(ϕ) 6= 0, our efforts will
be unsuccessful: the function Зϕ(ψ), ψ ∈ C∞(E), will cease to be an element of

the algebra C∞(E). Using corrections to Зϕ by the fields of the form X̂M , leads to
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the situation when all “fields” on Sol(E) obtained in this way are exhausted by the
already known classical symmetries of the equation E . The reasons of this are clear:
it suffices to remember that evolutionary derivations aroused, when we passed from
manifolds Jk(π) of finite jets to the tower

· · · ← Jk(π) ← Jk+1(π) ← · · ·
and considered the Cartan distribution on J∞(π). An analog of this construction
for the equation E is the chain of its prolongations E(l), l = 0, 1. . ., leading to the
infinitely prolonged equation E∞ ⊂ J∞(π). Note that the concept of prolongation
plays an important role in many aspects of differential equations, such as the theory
of formal integrability, singularities of solutions (discontinuities, shock waves), etc.

3.1. Prolongations. Let E ⊂ Jk(π) be an equation of order k locally given
by the conditions

E =
{

θk ∈ Jk(π) | F1(θk) = · · · = Fr(θk) = 0, F1, · · · , Fr ∈ Fk(π)
}

.

If s ∈ Γ(π) is a solution of the equation E , i.e., if

Fα

(
x, . . . ,

∂|σ|sj

∂xσ
, . . .

)
= 0, α = 1, . . . , r, j = 1, . . . ,m, |σ| ≤ k, (3.1)

then s must satisfy all differential consequences of the system (3.1)7. In particular,

∂Fα

∂xi
+

∑ ∂Fα

∂pj
σ

∂|σ|+1sj

∂xi∂xσ
= 0, α = 1, . . . , r, j = 1, . . . ,m, |σ| ≤ k, (3.2)

for all i = 1, . . . , n, or

(jk+1(s))
∗Di(Fα) = 0, i = 1, . . . , n, α = 1, . . . , r, (3.3)

where Di are the operators of total derivatives. Combining the systems (3.1) and
(3.2), we obtain a differential consequence of (3.1) of order ≤ 1 and thus an equation
E(1) ⊂ Jk+1(π) of order k + 1 which is called the first prolongation of E .

To define the concept of the first prolongation in a coordinate-free manner,
let us find out what are the conditions for the point θk+1 ∈ Jk+1(π) to belong
to the set E(1). First, it is obvious that the point θk = πk+1,k(θk+1) needs to lie

on the equation E . Further, let us represent the point θk+1 ∈ E(1) in the form
θk+1 = [s]k+1

x , s ∈ Γ(π), and substitute the Taylor expansion of length k + 1 of the
section s to equation (3.1). Expanding the result to the Taylor series and comparing
the expression obtained with equations (3.2), we see that the point θk+1 lies on E(1)

if and only if the corresponding section s ∈ Γ(π) satisfies the equation E at the point
θk up to infinitesimals of second order. In other words, the point θk+1 = [s]k+1

x lies
on E(1) if and only if the manifold jk(s)(M) is tangent to E at the point θk = [s]kx.
This is the desired invariant definition of the first prolongation. Generalizing it in
a natural way, we arrive to the following definition:

Definition 3.1. The set E(l) ⊂ Jk+l(π), consisting of the points θk+l = [s]k+l
x ,

such that the graph jk(s)(M) of the k-th jet of the section s ∈ Γ(π) is tangent to
the equation E at the point θk = [s]kx with order ≥ l, is called the l-th prolongation

of the equation E ⊂ Jk(π).

7I.e., they satisfy all equations obtained by differentiation of the system at hand.



156 4. HIGHER SYMMETRIES

Obviously, the conditions describing the l-th prolongation of the equation E are
differential consequences of the conditions (3.1) up to order l, i.e., they are of the
form

Dτ (Fα) = 0, |τ | ≤ l, α = 1, . . . , r, (3.4)

where τ is a multi-index and Dτ is the corresponding composition of total deriva-
tives.

Let now ξ be a bundle of dimension r over M and ∆: Γ(π) → Γ(ξ) be an
operator of order k defining the equation, i.e., possessing the property θk ∈ E if and
only if ϕ∆(θk) = 0. Comparing expressions (1.7) obtained in §1 for prolongations
of nonlinear differential operators with equations (3.4), we get the following result:

Proposition 3.1. If the equation E ⊂ Jk(π) is given by a differential operator

∆: Γ(π) → Γ(ξ), then its l-th prolongation E(l) ⊂ Jk+l(π) is given by the operator

∆l = jl ◦ ∆: Γ(π) → Γ(ξl).

Exercise 3.1. Let the equation E be such that its l-th prolongation is a smooth
submanifold in Jk+l(π). Show that in this case the equality (E(l))(t) = E(l+t) holds
for all t ≥ 0. In particular, this means that in this situation the (l + 1)-st prolon-

gation can be defined by induction: E(l+1) def
= (E(l))(1).

Exercise 3.2. Construct examples when E(1) is not a smooth submanifold in
Jk+1(π).

3.2. Infinitely prolonged equations. Thus, for any k ≥ 0 we constructed
the set E(l) ⊂ Jk+l(π), the l-th prolongation of the equation E . Since tangency of
order l+1 leads to tangency with all less orders, the natural mappings E(l+1) → E(l)

compatible with the projections of the corresponding jet spaces take place,

Jk+l+1(π) ⊃ E(l+1)

Jk+l(π)

πk+l+1,k+l↓
⊃ E(l)

↓ (3.5)

also denoted by πk+l+1,k+l. It should be noted that unlike the projections of jet

spaces, the mappings πk+l+1,k+l : E(l+1) → E(l) may not be surjective.

Exercise 3.3. Construct examples of differential equations for which the map-
ping πk+1,k : E(1) → E is not surjective.

The chain of mappings

E = E(0) ←πk+1,k E(1) ← · · · ← E(l) ←πk+l+1,k+l E(l+1) ← · · · (3.6)

allows one to define the inverse limit E∞ = proj liml→∞ E(l) of prolongations of the
equation E which is called the infinite prolongation of this equation. The set E∞

lies in the manifold J∞(π) of infinite jets and its points can be interpreted in a
quite obvious manner.

As we know, a point on E(l) is the Taylor expansion of length k + l of a section
of the bundle π satisfying E up to infinitesimals of order l + 1. On the other hand,
the points of the manifold J∞(π) are total Taylor series of sections of the bundle
π. Therefore, a point θ = [s]∞x ∈ J∞(π) belongs to the set E∞ if and only if the
Taylor expansion of the section s at the point x ∈ M satisfies the equation E . In
other words, the points of E∞ are formal solutions of the equation E . In particular,
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from here it follows that a necessary condition for solvability of the equation E at
a point x ∈ M is that set E∞ ∩ π−1

∞ (x) is not empty.
Let us define the algebra of smooth functions on E(l) as the set of restrictions

of smooth functions from the manifold Jk+l(π):

Fl(E) =
{

ϕ : E(l) → R | ∃ϕ̄ ∈ Fk+l(π) : ϕ̄|E(l) = ϕ
}

.

In the case when E(l) is a smooth submanifold in Jk+l(π), the equality Fl(E) =
C∞(E(l)) holds. The commutativity of the diagram (3.5) makes it possible, us-
ing the chain of mappings (3.6), to construct the chain of commutative algebra
homomorphisms

F0(E) = C∞(E)
π∗

k+1,k→ F1(E) → · · · → Fl(E)
π∗

k+l+1,k+l→ Fl+1(E) → · · · ,

whose direct limit F(E) = inj liml→∞ Fl(E) is called the algebra of smooth func-

tions on the infinite prolongation E∞. For any l ≥ 0, the natural homomorphisms
of algebras π∗

∞,k+l : Fl(E) → F(E) are defined; since im(π∗
∞,k+l) ⊂ imπ∗

∞,k+l+1,
the algebra is filtered by the images of these homomorphisms. The image of the
homomorphism π∗

∞,k+l in F(E) can be identified with the ring of smooth functions

on the set El = π∞,k+l(E∞) ⊂ E(l) ⊂ Jk+l(π). Therefore, if all the mappings

E∞ → E(l) are surjective, one can consider the algebra F(E) to be filtered by the
subalgebras Fl(E). As it is easily seen, the equation for which the above said is
valid possess the following important property: any solution of such an equation
constructed up to infinitesimals of order l can be continued up to a formal solution.

If π′ : P ′ → M is another bundle over M , one can introduce the Fl(E)-modules

Fl(E , π′) =
{

ϕ ∈ Γ(ε∗l (π
′)) | ∃ϕ̄ ∈ Γ(π∗

k+l(π
′)) : ϕ̄|E(l) = ϕ

}
,

where εl : E(l) →֒ Jk+l(π) is the canonical embedding, and to construct the filtered
F(E)-module F(E , π′) = inj liml→∞ Fl(E , π′).

From the definition of the algebras Fl(E) it follows that for all l ≥ 0 one has

the epimorphisms ε∗l : Fk+l(π) → Fl(E). Setting formally E(l) def
= El = πk,k+l(E)

for l < 0 and defining the algebras Fl(E) in an appropriate way, we arrive to the
commutative diagram

F−∞(E) → · · · → Fk−1(π) → Fk(π) → · · · → Fk+l(π) → · · ·

F−∞(E)

ε∗
−∞↓

→ · · · → F−1(π)

ε∗
−1↓

→ F0(π)

ε∗
0↓

→ · · · → Fl(π)

ε∗
l ↓

→ · · ·

(3.7)

where F−∞(E)
def
= C∞(π∞(E∞)). Let us denote by Il(E) the kernel of the epimor-

phism ε∗l . Then Il(E) is the ideal of the algebra Fk+l(E) possessing the property

that the function ϕ lies in this ideal if and only if ϕ(θ) = 0 for all points θ ∈ E(l).
From commutativity of the diagram (3.7) it follows that for all l ∈ Z the embeddings
Il(E) ⊂ Il+1(E) take place. Therefore, the system of ideals {Il(E)} determines the
ideal I(E) =

⋃
l∈Z

Il(E) of the filtered algebra F(E) called the ideal of the equation

E .
Let X ∈ D(π) be a vector field on J∞(π) possessing the property that the ideal

I(E) is closed with respect to the derivation X: X(I(E)) ⊂ I(E). Then X generates
the derivation X|E of the quotient algebra F(π)/I(E), i.e., a vector field on E∞. We
say in this case that the field X is tangent to the manifold E∞ or admits restriction
to this manifold.
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Note that without loss of generality we may assume that the homomorphism

ε∗−∞ is an isomorphism, i.e., E(−∞) def
= π∞(E∞) = M . In fact, if the projection

π∞|E∞ : E∞ → M is not surjective, we can restrict the bundle π to the submanifold
π∞(E∞) ⊂ M (or, if necessary, to its nonsingular part) and later on consider all
constructions on this restriction. Moreover, by similar reasons one may assume
that E(−k) = π∞,0(E∞) = J0(π). Thus, in what follows we consider E∞ to be
surjectively projected to the manifold J0(π).

Let Fα = 0, α = 1, . . . , r, be the relations defining the equation E . Then the
ideal I0(E) is generated by the elements Fα ∈ Fk(π), i.e., any element ϕ ∈ I0(E)
is of the form ϕ = ϕ1F1 + · · · + ϕrFr, ϕα ∈ Fk(E). Adding to these generators
the elements of the form DiFα, i = 1, . . . , n, we obtain, as it easily follows from
(3.2), the ideal I1(E), etc. Finally, the ideal I(E) is generated by all elements of
the form Dτ (Fα), |τ | ≥ 0, α = 1, . . . , r, and Il(E) = I(E) ∩ Fk+l(π). In particu-
lar, the ideal I0(E) is trivial (and its triviality is equivalent to surjectivity of the
mapping π∞,0|E∞) if and only if there are no equations of the form f(x, u) = 0
in consequences of equations Dτ (Fα) = 0. This means that the equation E does
not contain (even in implicit form) functional relations. If such relations exist, we
can locally choose a subsystem of maximal rank among them and express other
variables xi, u

j via the chosen ones. This procedure is a coordinate formulation of
the above described procedure of reduction an arbitrary equation E to an equation
for which π∞,0(E∞) = J0(π).

The above given description of the ideals Il(E) shows that the ideal I(E) of the
equation E possesses the following two important properties:

(a) It is an ideal of the filtered algebra, i.e.,

I(E) ∩ Fk+l(E) = Il(E), I(E) =
⋃

l∈Z

Il(E).

(b) For any vector field X ∈ D(M), the ideal I(E) is closed with respect to the

lifting X̂ ∈ D(π): X̂I(E) ⊂ I(E).8

Conversely, let in the algebra F(π) a filtered differentially closed ideal I be
given, which is differentially generated9 by a finite number of elements F1, . . . , Fr ∈
Fk(π), where Fα are functions in variables x1, . . . , xn, . . . , pj

σ, . . . , |σ| ≤ k. Let us
define the set EI,l ⊂ Jk+l(π) as the zero manifold of the ideal Il = I ∩ Fk+l(π):

EI,l =
{

θ ∈ Jk+l(π) | ϕ(θ) = 0 ∀ϕ ∈ Il

}
.

Then, as it is easily seen, EI,l = E(l)
I , where l ≥ 0 and EI = EI,0, while I = I(EI).

Thus there exists a one-to-one correspondence between submanifolds of the form
E∞ in J∞(π) and finitely generated differentially closed filtered ideals of the algebra
F(π). Note a parallel between this correspondence and duality between algebraic
manifolds and ideals of commutative algebras known in algebraic geometry (see,
e.g., [108]).

3.3. Higher symmetries. Let E ⊂ Jk(π) be an equation, π∞,0(E∞) = J0(π),
and I(E) ⊂ F(π) be its ideal. Then the quotient algebra F(π)/I(E) = F(E) is
a filtered algebra and is identified with the algebra of smooth functions on the
manifold E∞. The theory of “differential objects” (vector fields, forms, etc.) is

8When this property holds, the ideal I(E) is called differentially closed.
9We say that an ideal I is differentially generated by elements F1, . . . , Fr, if it is algebraically

generated by the elements Dτ Fj , |τ | ≥ 0, j = 1, . . . , r.
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constructed over E∞ exactly in the same way as it was done in §1 for the case
J∞(π). For example, a vector field on E∞ is a derivation of the algebra F(E)
compatible with filtration, the module Λi(E) = Λi(E∞) of differential i-forms is the
direct limit of the modules Λi(E(l)), etc.

Let us define the Cartan distribution C(E) on E∞ by setting10

Cθ(E) = Tθ(E∞) ∩ Cθ, θ ∈ E∞,

where Cθ is the corresponding element of the Cartan distribution on the manifold
J∞(π). By the definition of the infinite prolongation, the distribution C(E) is
nontrivial. From the description of integral manifolds of the Cartan distribution on
J∞(π) given in §2 and from the definition of the distribution C(E) it follows that the
maximal integral manifolds of the latter are manifolds of the form Γ∞

s = j∞(s)(M),
s ∈ Γ(π), lying in E∞, and they only. Note that if Γ∞

s ⊂ E∞, then the manifold
π∞,k(Γ∞

s ) = Γk
s lies in E , i.e., s is a solution of the equation E . Conversely, for

any solution s of the equation E the corresponding manifold Γ∞
s lies in E∞ and

is naturally a maximal integral manifold of the distribution C(E). Thus maximal
integral manifolds of the Cartan distribution on E∞ are solutions of the equation
E .

Remark 3.1. It may seem more natural to define the Cartan plane Cθ(E) at
the point θ ∈ E∞ as the span of tangent planes to solutions of the equation E
passing through this point. But this approach is seriously deficient: first, to use it,
one needs to know solutions of the equation E , and secondly, the theory obtained
becomes much more poor than exposed here. Our approach, if one may say so,
consists of constructing the Cartan distribution on E∞ using “tangent planes to
formal solutions of the equation”.

Let us define the module of Cartan forms on E∞ as the set CΛ1(E∞) ⊂ Λ1(E∞)
of one-forms such that at every point θ ∈ E∞ they are annihilated by vectors of the
distribution C(E).

Exercise 3.4. Show that the equality CΛ1(E∞) = CΛ1(π)
∣∣
E∞ holds, i.e., any

form ω ∈ CΛ1(E∞) may be represented as a restriction to E∞ of a Cartan form
from J∞(π).

From §2 and from the above said it follows that the ideal CΛ1(E∞)∧Λ∗(E∞) is
differentially closed with respect to the de Rham differential d : Λ∗(E∞) → Λ∗(E∞),
i.e.,

d
(
CΛ1(E∞) ∧ Λ∗(E∞)

)
⊂ CΛ1(E∞) ∧ Λ∗(E∞). (3.8)

Further, following the already known motivations of the preceding section, let us
introduce the sets

CD(E∞) =
{

X ∈ D(E∞) | X ω = 0, ∀ω ∈ CΛ1(E∞)
}

and

DC(E∞) = {X ∈ D(E∞) | [X, CD(E∞)] ⊂ CD(E∞) } .

10We use the same notation for the Cartan distribution on E∞ as was used for that on E. It

will not cause ambiguity, because everywhere below we deal with infinite prolongations only.
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From the definition it follows that the set DC(E∞) is a Lie subalgebra of the Lie
algebra of vector fields on E∞ while CD(E∞) is an ideal in DC(E∞). Literally
repeating the reasoning from §2, we shall introduce the Lie R-algebra

sym E = DC(E∞)/ CD(E∞)

of symmetries of the Cartan distribution on E∞ and informally identify elements
of this algebra with vector fields on the set of maximal integral manifolds of this
distribution, i.e., on the “manifold” Sol(E) of solutions of the equation E .

Definition 3.2. Elements of the Lie algebra sym E are called higher (infini-

tesimal) symmetries of the equation E .

Our nearest goal is to describe the algebra sym E . To do this, let us first note
the following.

Let X ∈ D(M) be a vector field on the manifold M . Then, since the ideal

I(E) of the equation E is differentially closed, i.e., the embedding X̂(I(E)) ⊂ I(E)

holds, the derivation X̂ : F(π) → F(π) determines a derivation X̂
∣∣
E∞ of the filtered

algebra F(E) = F(π)/I(E), i.e., a vector field on E∞. In other words, any field of

the form X̂, X ∈ D(M) admits restriction to E∞. The above said is obviously
valid for all operators generated by such fields, i.e., for operators of the form ∆ =∑

ϕi1,...,ih
X̂i1 ◦ · · · ◦ X̂ih

: F(π) → F(π), ϕi1,...,ih
∈ F(π). In particular, as it is

seen from the geometric definition of the fields X̂, this is valid for the fields from
CD(π). Thus, the following homomorphism of Lie algebras takes place:

CD(π) → CD(E∞). (3.9)

Below we shall need the following lemma.

Lemma 3.2. Assume that the equation E ⊂ Jk(π) is such that E∞ is surjectively

projected to some manifold J l0(π), l0 < k. Then for any l ≤ l0 and any derivation

X : Fl−k(E) → F(E) there exists a derivation X ′ : Fl(π) → F(π) such that the

diagram

Fl(π)
X′

→ F(π)

Fl−k(E)

ε∗
l−k↓

X→ F(E)

ε∗

↓

is commutative.

Proof. The lemma assumptions mean that for l ≤ l0 the mapping ε∗k−l is an
isomorphism, i.e., Fl(π) = Fl−k(E). Let us (locally) represent X in the form X =∑n

i=1 ϕi∂/∂xi +
∑m

j=1

∑
|σ|≤l ϕ

j
σ∂/∂pj

σ. In this representation, ϕi, ϕ
j
σ are functions

on some finite prolongation E(r) of the equation E and they can be continued to
smooth functions on the enveloping manifold Jk+r(π).

Let us recall that we reduced study of arbitrary equations E ⊂ Jk(π) to equa-
tions such that E∞ is surjectively projected to J0(π). In this situation, from
the lemma proved it follows that the mapping (3.9) is epimorphic, i.e., any field
X ∈ CD(E∞) is a restriction to E∞ of some field X ′ ∈ CD(π). Using Proposi-

tion 2.2, we see that X is represented in the form X =
∑

i ϕiX̂i in this case, where
ϕi ∈ F(E), while Xi ∈ D(M).
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Let now X ∈ DC(E∞). Restricting X to π∞(E∞) = M , we shall obtain
the derivation XM : C∞(M) → F(E), which can be continued to a derivation
X ′

M : C∞(M) → F(π), since the mapping (3.9) is epimorphic. Considering its

lifting X̂ ′
M : F(π) → F(π), X̂ ′

M ∈ CD(π) and restricting the latter to E∞, we shall
obtain the derivation CX, which lies in CD(E∞).

Exercise 3.5. Show that CX is uniquely determined by the field X ∈ DC(E∞),
i.e., is independent of extension of the derivation XM up to X ′

M .

Let us denote by Dv
C(E∞) ⊂ DC(E∞) the set of vertical automorphisms of the

Cartan distribution on E∞, i.e., of elements X ∈ DC(E∞) such that X|C∞(M) = 0.

From the construction of the field CX it follows that the correspondence v : X 7→
Xv = X − CX determines the mapping

v : DC(E∞) → Dv
C(E∞). (3.10)

Lemma 3.3. The mapping (3.10) is a projector, i.e., Xv = X for all X ∈
Dv

C(E∞).

Proof. In fact, if X is a vertical field, then the derivation XM = X|C∞(M) is

trivial. Hence, from the definition of the field CX it follows that it is also trivial.

From the lemma proved it follows that the splitting

DC(E∞) = Dv
C(E∞) ⊕ ker(v)

takes place. It is also obvious that ker(v) = CD(E∞). Therefore, the following
statement is valid.

Proposition 3.4. If the projection of the manifold E∞ to M is surjective,
then the Lie algebra DC(E∞) splits to the semidirect product of the Lie subalgebra

Dv
C(E∞) of vertical fields and of the ideal CD(E∞):

DC(E∞) = Dv
C(E∞) ⊕̃ CD(E∞). (3.11)

Corollary 3.5. The splitting (3.11) induces an isomorphism of Lie algebras

sym E ≃ Dv
C(E∞).

3.4. Exterior and interior higher symmetries. Let us return back to the
algebra sym C(π) = DC(π)/ CD(π) of symmetries of the Cartan distribution on
J∞(π) and let us note the following. Since elements of a coset χ ∈ sym C(π) differ
by derivations from CD(π), then either all of them are tangent to the manifold E∞,
or, on the contrary, neither of them is tangent to this manifold. In the first case,
the element χ generates a symmetry of the equation E and is called an exterior

(higher) symmetry of this equation. Therefore, like in the case of classical symme-
tries (§7 of Ch. 3) the problem of comparison of exterior and interior approaches
to definition of higher symmetries arises.

Denote the set of exterior symmetries by syme E . Obviously, there is a Lie
algebra homomorphism

syme E → sym E , (3.12)

determined by the restriction operation. From the results of §2 we know that
in every coset χ ∈ sym C(π) there is a canonical representative, i.e., the vertical
field which is an evolutionary derivation. Therefore, to check whether an element
χ ∈ sym C(π) is an exterior symmetry of the equation E , it suffices to verify whether
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the corresponding representative is tangent to E∞. Using these remarks, we shall
now show that the mapping (3.12) is epimorphic. To do this, we shall need the
following lemma.

Lemma 3.6. Higher symmetries commute with all fields of the form Ŷ , Y ∈
D(M). More exactly, for any element X ∈ Dv

C(E∞) the equality [X, Ŷ ] = 0 is valid.

Proof. Since the field Ŷ (in fact, its restriction to E∞) lies in the set CD(E∞),

which is an ideal of the Lie algebra DC(E∞), the commutator [X, Ŷ ] also lies in

CD(E∞). Let now f ∈ C∞(M) be a function on the manifold M . Then Ŷ (f) =
Y (f) also lies in C∞(M). Consequently, by verticality of the field X, the equalities

X(f) = 0 and X(Y (f)) = 0 hold. This means that [X, Ŷ ](f) = X(Ŷ (f)) −
Ŷ (X(f)) = 0, i.e., the field [X, Ŷ ] is vertical. Using the decomposition (3.11), we

can state now that [X, Ŷ ] = 0.

Consider a symmetry X ∈ Dv
C(E∞) of the equation E and let us restrict it

to the manifold π∞,0(E∞) = J0(π). By Lemma 3.6, thus obtained derivation
X0 : F0(π) → F(E) can be continued to a derivation X ′

0 : F0(π) → F(π). Further,
from the results obtained in the preceding section it follows that there exists a
uniquely defined vertical automorphism X ′ ∈ Dv

C(π) of the Cartan distribution
on J∞(π) such that X ′|F0(π) = X ′

0. Moreover, one has X ′|F0(π) = X|F0(π), i.e.,

X ′(ϕ) = X(ϕ) for any function ϕ ∈ F0(π).

Let Y1, . . . , Yl be arbitrary vector fields on M and Ŷ∗ = Ŷ1 ◦ · · · ◦ Ŷl be the
composition of their liftings to J∞(π). Then, by Lemma 3.6, one has the equality

[X, Ŷ∗] =
l∑

i=1

Ŷ1 ◦ · · · ◦ [X, Ŷi] ◦ · · · ◦ Ŷl = 0,

from where it follows that

X(Ŷ∗(ϕ)) = Ŷ∗(X(ϕ)) = Ŷ∗(X
′(ϕ)) = X ′(Ŷ∗(ϕ)). (3.13)

Thus we showed that X ′(ψ) = X(ψ) for any function ψ of the form ψ = Ŷ∗(ϕ),

ϕ ∈ F0(π). Let us locally choose for ϕ the coordinate functions pj
0

= uj and for
Y∗ the composition of total derivatives Dσ. Since Dσ(uj) = pj

σ, from (3.13) it
follows that X ′(pj

σ) = X(pj
σ

∣∣
E∞) for all σ and j = 1, . . . ,m. Since any smooth

function ψ on J∞(π) is locally a function in the variables x1, . . . , xn, pj
σ, we obtain

the equality X ′(ψ) = X(ψ|E∞) for all ψ ∈ F(π). In other words, we proved the
following theorem.

Theorem 3.7. If the equation E ⊂ Jk(π) is such that the mapping (3.12) is

epimorphic, then any interior higher symmetry of the equation E can be represented

as a restriction to E∞ of some exterior symmetry. More exactly, for any field

X ∈ Dv
C(E∞) there exists a field X ′ ∈ Dv

C(π) such that X ′|E∞ = X.

Recall that in the classical theory a similar statement is not valid in general
(see §7 of Ch. 3).

3.5. Defining equations for higher symmetries. Now, using Theorem 3.7,
we shall give an analytical description of the algebra symE needed in practical
computational applications. Let E ⊂ Jk(π) be an arbitrary equation of order k
whose infinite prolongation surjectively projects to J0(π). By the above obtained
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results, any higher symmetry of the equation E may be obtained by restricting to E∞

some evolutionary derivation Зϕ ∈ Dv
C(π), ϕ ∈ F(π, π). In turn, all evolutionary

derivations admitting restriction to E∞ are determined by the condition

Зϕ(I(E)) ⊂ I(E), (3.14)

where I(E) ⊂ F(π) is the ideal of the equation E . Let the equation E be given by
the relations Fα = 0, Fα ∈ Fk(π), α = 1, . . . , r, and assume that at any point θ ∈ E
the differentials dθFα are linear independent. This means that the set {F1, . . . , Fr}
is a system of differential generators for the ideal I(E):

I(E) =

{
ψ ∈ F(π) | ψ =

∑

α,σ

ψα,σDσ(Fα), ψα ∈ F(π)

}
.

Hence, condition (3.14) are equivalent to the fact that for any smooth functions
ψ1, . . . , ψr ∈ F(π) there exist functions ψ′

1, . . . , ψ
′
r ∈ F(π), such that

Зϕ

(∑

α,σ

ψα,σDσ(Fα)

)
=

∑

α,σ

ψ′
α,σDσ(Fα). (3.15)

But Зϕ is a derivation commuting with the operators of total derivatives and con-
sequently

Зϕ

(∑

α,σ

ψα,σDσ(Fα)

)
=

∑

α,σ

Зϕ(ψα,σ)Dσ(Fα) +
∑

α,σ

ψα,σDσ(Зϕ(Fα)).

Hence, the conditions (3.15) are sufficient to be checked for the generators of the
ideal I(E) only, i.e., equation (3.14) is equivalent to the system





Зϕ(F1) =
∑

α,σ

ψ1
α,σDσ(Fα),

Зϕ(F2) =
∑

α,σ

ψ2
α,σDσ(Fα),

. . . . . . . . . . . . . . . . . . . . . . . . . .

Зϕ(Fr) =
∑

α,σ

ψr
α,σDσ(Fα),

(3.16)

where ϕ ∈ F(π, π) is the unknown section and

ψβ
α,σ ∈ F(π), α, β = 1, . . . , r, |σ| ≤ k + deg(ϕ).

Applying the definition of the universal linearization operator given in §2, let
us rewrite the system (3.16) in the form

ℓFβ
(ϕ) =

∑

α,σ

ψβ
α,σDσ(Fα), β = 1, . . . , r. (3.17)

Among solutions of the system (3.17) there are trivial ones corresponding to the
kernel of the epimorphism (3.12) and characterized by the condition that the re-
striction of the derivation Зϕ to E∞ for these solutions leads to the trivial vector
field on E∞.

Exercise 3.6. Show that the set formed by the components ϕj of trivial solu-
tions of the system (3.17) coincides with the ideal I(E) of the equation E .
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To eliminate trivial solutions, let us recall that by the representation (2.23)
the operator of the universal linearization is expressed in total derivatives and

consequently admits restriction to manifolds of the form E∞. Set ℓF |E∞

def
= ℓEF and

let us restrict equation (3.17) to E∞. Then, since the right-hand side consists of
the elements of the ideal I(E), we arrive to the system of equations

ℓEFα
(ϕ̄) = 0, ϕ̄ = ϕ|E∞ ,

whose solutions are in one-to-one correspondence with higher symmetries of the
equation E . Moreover, under this correspondence the commutator of two symme-
tries is taken to the element

{ϕ̄, ψ̄}E def
= ℓEψ(ϕ̄) − ℓEϕ(ψ̄) = {ϕ,ψ}|E∞ , ψ̄ = ψ|E∞ .

Combining together the results obtained, we see that the following theorem takes
place:

Theorem 3.8. If E ⊂ Jk(π) is an equation such that π∞,0(E∞) = J0(π),
and F1, . . . , Fr are the generators of the ideal I(E), then the Lie algebra sym E is

isomorphic to the Lie algebra of solutions of the system of equations

ℓEFα
(ϕ) = 0, α = 1, . . . , r, ϕ ∈ F(E , π), (3.18)

where the Lie algebra structure is given by the bracket {·, ·}E .

It is easily seen that if ∆: Γ(π) → Γ(π′) is the operator determining the equa-
tion E and chosen in such a way that the corresponding section F = ϕ∆ ∈ F(π, π′)
is transversal to the base of the bundle π∗(π′) (more exactly, such that the images
of the zero section and of F are transversal at the points of their intersection), then
the system (3.18) can be rewritten in the form

ℓEF (ϕ) = 0, ϕ ∈ F(E , π), F ∈ F(π, π′). (3.19)

Equations (3.18) and (3.19) are called the defining equations for higher symmetries.

4. Examples of computation

In this section, we illustrate the techniques of higher symmetries computations
for some equations of mathematical physics. Other examples one can find, e.g.,
in the collection [137]. A theoretical base for the computations below is given by
Theorem 3.8. Both parts of the theorem are essential for the techniques. Repre-
sentation of symmetries as solutions of the linear system (3.18) makes it possible
to obtain “upper and lower estimates” for the Lie algebra symE while closure with
respect to the higher Jacobi bracket {·, ·}E allows one to make these estimates more
precise and, in some cases, to obtain a complete description for the symmetry al-
gebra. We also rely on the fact that exterior and interior symmetries coincide and
use internal coordinates for the manifold E∞.

Exercise 4.1. To obtain “upper estimate” for the algebra symE it is also
useful to apply the commutator relation

[З̄ϕ − ℓ̄ϕ, ℓEF ] = D ◦ ℓEF , (4.1)

where ϕ is a symmetry, З̄ϕ and ℓ̄ϕ are restrictions of the corresponding operators
to E∞, while D is an operator of the form D =

∑
σ aσD̄σ. Prove this equality.
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Let us start with specifying general constructions for scalar evolution equations
of second order.

4.1. Preparatory remarks. Consider an equation of the form

ut = Φ(x, t, u, ux, uxx). (4.2)

Its infinite prolongation E∞ is a submanifold in the space J∞(π) of infinite jets of
the trivial one-dimensional bundle over the plane M = R2 of independent variables
x = x1 and t = x2 while a coordinate in the fiber of the bundle π is the dependent
variable u. The standard coordinates p(α,β), α, β ≥ 0 arise in J∞(π) uniquely
determined by the equalities

p(α,β)

∣∣
j∞(s)

=
∂α+βs

∂xα∂tβ
, (4.3)

where s = s(x, t) is an arbitrary section of the bundle π, i.e., a smooth function on
R2. From (4.3), by the definition of the total derivative, it follows that p(α,β) =

Dα
1 Dβ

2 (u), where

D1 =
∂̂

∂x
=

∂

∂x
+ p(1,0)

∂

∂p(0,0)
+ · · · + p(α+1,β)

∂

∂p(α,β)
+ · · · ,

D2 =
∂̂

∂t
=

∂

∂t
+ p(0,1)

∂

∂p(0,0)
+ · · · + p(α,β+1)

∂

∂p(α,β)
+ · · ·

Therefore, by (4.2), the equalities

p(α,β+1) = Dα
1 Dβ

2 (Φ), α, β ≥ 0,

hold on E∞ and we can take the functions x, t, and p(α,0)

∣∣
E∞

def
= pα for internal

coordinates on E∞. In these coordinates, the restrictions of the total derivatives to
E∞ are of the form

Dx
def
= D1|E∞ =

∂

∂x
+

∑

α≥0

pα+1
∂

∂pα
,

Dt
def
= D2|E∞ =

∂

∂t
+

∑

α≥0

Dα
x (Φ)

∂

∂pα
,

(4.4)

while the system (3.18) determining higher symmetries of the equation E reduces
to the equation

Dtϕ = Φ0ϕ + Φ1Dxϕ + Φ2D
2
xϕ, (4.5)

where ϕ = ϕ(x, t, p0, . . . , pk) is the restriction of the generating function of the

symmetry we seek for to E∞, while Φi
def
= ∂Φ/∂pi. The maximal k for which

ϕk = ∂ϕ/∂pk 6= 0 will be called the order of the symmetry ϕ and will be denoted
by deg ϕ.

Below we shall need:

(a) To determine for which Φ (inside some chosen class) equation (4.5) possesses
solutions of arbitrary high order.

(b) To describe such solutions, if possible.
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To obtain answers to these questions, it is more convenient technically to pass

from equation (4.5) to a new system of equations for functions ϕi
def
= ∂ϕ/∂pi, where

ϕ is a solution of the system (4.5). To do this, let us introduce the operators

Rα
β

def
=





∂

∂pβ
◦ Dα

x if α, β ≥ 0,

0 otherwise,

acting in the ring of functions on E∞.

Lemma 4.1. For any function ϕ = ϕ(x, t, p0, . . . , pk) and for all α, β the equal-

ity

Rα
β (ϕ) =

k∑

i=0

(
α

α − β + i

)
Dα−β+i

x (ϕi), (4.6)

holds, where, by definition,
(
a
b

)
= 0, if at least one of the numbers a, b is negative.

Proof. Induction on α. For α = 0 the statement is obvious. Let α > 0 and
assume that for α − 1 the identity (4.6) is valid. Note that from (4.4) and from
(2.17) it follow that

Rα
β = Rα−1

β−1 + Dx ◦ Rα−1
β .

Therefore

Rα
β (ϕ) = Rα−1

β−1(ϕ) + DxRα−1
β (ϕ)

=

k∑

i=0

(
α − 1

α − β + i

)
Dα−β+i

x (ϕi) + Dx

k∑

i=0

(
α − 1

α − β + i − 1

)
Dα−β+i−1

x (ϕi)

=

k∑

i=0

[(
α − 1

α − β + i

)
+

(
α − 1

α − β + i − 1

)]
Dα−β+i

x (ϕi) =

=
k∑

α=0

(
α

α − β + i

)
Dα−β+i

x (ϕi).

Remark 4.1. From equation (4.6) one can obtain “asymptotic expansion” of
Dα

x ϕ with respect to the variables pi of higher order, useful in particular computa-
tions. Namely, since deg Dα−β+i

x (ϕ) ≤ α − β + i + k, the order of the right-hand
side in (4.6) is not greater than α − β + 2k. Therefore, for even α the estimate

D2r
x ϕ =

2r+k∑

β=r+k+1

pβ

k∑

i=0

(
2r

2r − β + i

)
D2r−β+i

x ϕi

+
1

2
p2

r+k

k∑

i=0

(
2r

r − k + i

)
Dr−k+i

x ϕi + O(r + k − 1),

is valid while for odd ones one has

D2r+1
x ϕ =

2r+k+1∑

β=r+k

pβ

k∑

i=0

(
2r + 1

2r − β + i + 1

)
D2r−β+i+1

x ϕi + O(r + k − 1),

where O(i) is a function on E∞ independent of pβ for β > i.
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Let us continue the study of the equation ℓF (ϕ) = 0 and apply the operators
∂/∂pβ , β > 2 to this equation. From (4.5) one has

Dtϕβ +
∑

α≥0

Rα
βϕ = Φ0ϕβ + Φ1R

1
βϕ + Φ2R

2
βϕ.

Using the results of the lemma proved and taking into consideration the above
agreement on binomial coefficients, the last relation can be rewritten as

ℓF (ϕβ) +

k∑

i=β

[(
i

i − β

)
Di−β

x (Φ0) +

(
i

i − β + 1

)
Di−β+1

x (Φ1)

+

(
i

i − β + 2

)
Di−β+2

x (Φ2)

]
ϕi + (β − 1)Dx(Φ2)ϕβ−1 = 2Φ2Dx(ϕβ−1).

Thus, we have the following statement.

Proposition 4.2. If a function ϕ = ϕ(x, t, p0, . . . , pk), k ≥ 3, is a solution of

the equation ℓF (ϕ) ≡ Dt(ϕ) − Φ0ϕ − Φ1Dx(ϕ) − Φ2D
2
x(ϕ) = 0, i.e., is a higher

symmetry of order k for the equation ut = Φ(x, t, u, ux, uxx), then the functions

ϕβ = ∂ϕ/∂pβ , β = 2, . . . , k, satisfy the following system of equations:




kDx(Φ2)ϕk = 2Φ2Dx(ϕk),

ℓF (ϕk) +

[
Φ0 +

(
k

1

)
Dx(Φ1) +

(
k

2

)
D2

x(Φ2)

]
ϕk

+ (k − 1)Dx(Φ2)ϕk−1 = 2Φ2Dx(ϕk−1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ℓF (ϕβ) +
k∑

i=β

[(
i

i−β

)
Di−β

x (Φ0) +

(
i

i−β+1

)
Di−β+1

x (Φ1)

+

(
i

i − β + 2

)
Di−β+2

x (Φ2)

]
ϕi + (β − 1)Dx(Φ2)ϕβ−1

= 2Φ2Dx(ϕβ−1),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ℓF (ϕ3) +
k∑

i=3

[(
i

i − 3

)
Di−3

x (Φ0) +

(
i

i − 2

)
Di−2

x (Φ1)

+

(
i

i − 1

)
Di−1

x (Φ2)

]
ϕi + 2Dx(Φ2)ϕ2 = 2Φ2Dx(ϕ2).

(4.7)

System (4.7) is of a diagonal form and is easier to study than the initial equation
ℓF (ϕ) = 0. Let us illustrate the procedure using one class of evolution equations.

4.2. The Burgers and heat equations. Let us describe equations of the
form

ut = uxx + f(u, ux), (4.8)

possessing symmetries of arbitrary high order. We are also going to compute the
corresponding symmetry algebras.
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In the case of equation (4.8) the system (4.7) acquires the form





Dx(ϕk) = 0,

2Dx(ϕk−1) = ℓF (ϕk) +

[
f0 +

(
k

1

)
Dx(f1)

]
ϕk,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2Dx(ϕβ−1) = ℓF (ϕβ)

+

k∑

i=β

[(
i

i − β

)
Di−β

x (f0) +

(
i

i − β + 1

)
Di−β+1

x (f1)

]
ϕi,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2Dx(ϕ2) = ℓF (ϕ3) +
k∑

i=3

[(
i

i − 3

)
Di−3

x (f0) +

(
i

i − 2

)
Di−2

x (f1)

]
ϕi.

(4.9)

Looking at the system (4.9), one can see what can be obstructions for equation (4.8)
to possess higher symmetries. Assume that we managed to solve the first i equations
of the system (4.9); then the condition for solvability of the next equation is that
its right-hand side (which is expressed in terms of the already obtained solutions)
belongs to the image of the operator Dx. This condition is determined by the
function f . Let us show how this technique works. To simplify computations, we
shall make the change of variables ϕα = 2α−kψα.

From the first equation of the system (4.9) it follows that

ψk = ak(t). (4.10)

Substituting ψk to the second equation, we obtain

Dx(ψk−1) = ℓF (ψk) +

[
f0 +

(
k

1

)
Dx(f1)

]
ψk = ȧk + kDx(f1)ψk,

where ȧk = dak/dt. Thus, we obtain the expression

ψk−1 = ȧkx + kf1ak + ak−1(t). (4.11)

Substituting expressions (4.10) and (4.11) to the third equation of the system (4.9)
and making necessary transformations, we obtain

Dx(ψk−2) = äkx + (k − 1)ȧk [f1 + xDx(f1)]

+ kak

[
2Dx(f0) + (k − 2)f1Dx(f1) + (k − 2)D2

x(f1) + Dt(f1)
]

+ Dx

[
1

2
äkx2 + (k − 1)ȧkxf1 + kak

(
2f0 +

1

2
(k − 2)f2

1 + (k − 2)Dx(f1)

)

+ ȧk−1x + (k − 1)ak−1f1

]
+ kakDt(f1).

Thus, if deg(ϕ) = k, then the third equation is solvable if and only if

Dt(f1) ∈ im Dx (4.12)

(note that this means that f1 is a conservation law for equation (4.8), see Ch. 5).
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Let us describe the functions f for which the condition (4.12) fulfills. We have11

Dt(f1) = (p2 + f)f01 + (p3 + Dx(f))f11

= (p2 + f)(f01 − Dx(f11)) + Dx((p2 + f)f11).

In other words, Dt(f1) ∈ im Dx if and only if

(p2 + f)(f01 − Dx(f11)) ∈ imDx. (4.13)

From (4.4) it is obvious that any element lying in the image of the operator Dx is
linear with respect to the variable pα of highest order; on the other hand, expression
(4.13) is of the form f111p

2
2 + O(1). Therefore, the conditions (4.12) hold if and

only if the third derivative f111 vanishes. Hence,

f = Ap2
1 + Bp1 + C, (4.14)

where A,B,C are functions in p0, x, and t. Substituting the expression obtained
to (4.13) and making similar computations, one can see that the condition (4.12)
holds if and only if the functions A,B and C in (4.14) satisfy the equations

AB0 = B00, CB0 = const. (4.15)

Note now that any equation

ut = uxx + A(u)u2
x + B(u)ux + C(u)

by change of variables u 7→ Ψ(u), where the function Ψ, Ψu 6= 0, satisfies the
differential equation

Ψuu + A(Ψ)Ψ2
u = 0,

can be transformed to the form

ut = uxx + B̃(u)ux + C̃(u).

Therefore, without loss of generality, we may put A = 0 in (4.15) and take B =
β1u + β0, β0, β1 = const, and β1C = const. We have now two options: β1 6= 0 and
β1 = 0. In the first case the initial equation transforms to the form

ut = uxx + (β1u + β0)ux + γ, γ = const, β1 6= 0,

while in the second one it transforms to

ut = uxx + β0ux + C(u). (4.16)

The first of these equations by change of variables

x → x − γt2

2
, t → t, u → u + γt − β0

β1

transforms to

ut = uxx + uux, (4.17)

i.e., is equivalent to the Burgers equation.
If we now come back to system (4.9), we shall see that12 for (4.17) the fourth

equation is solvable, while in the case (4.16) linearity of the function C(u) is nec-
essary. In other words, equation (4.16) has to be of the form

ut = uxx + β0ux + γ1u + γ0.

11Below by fij the partial derivative ∂f/∂pi∂pj is denoted. A similar meaning has the

notation fijk.
12We omit the corresponding computations which are simple and not instructive already.
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The last equation, by change of variables

u 7→ u exp

[(
γ1 −

β2
0

4

)
t − β0

2
x

]
+ u0,

where u0 is an arbitrary solution of the corresponding homogeneous equation, re-
duces to the form

ut = uxx.

Thus, we proved the following result:

Proposition 4.3. Any equation

ut = uxx + f(u, ux),

possessing symmetries of arbitrary high order is equivalent either to the Burgers

equation

ut = uxx + uux,

or to the heat equation

ut = uxx.

Our next aim is to show that these equations really possess infinite algebras
of higher symmetries and to describe these algebras. In doing this we follow pa-
per [141]. First of all, we shall need some information on algebraic structure of
symmetries we are looking for.

From equations (4.10) and (4.11) it follows that any symmetry of order k, if it
exists, is of the form

ϕk[a] = apk +

(
1

2
ȧx +

k

2
f1a + a′

)
pk−1 + O(k − 2), (4.18)

where a, a′ are functions in t. It is easily seen that any symmetry is uniquely (up
to symmetries of lower order) determined by the function a (here f1 = p0 for the
Burgers equation and f1 = 0 for the heat equation). Let ϕl[b] be also a function
of the form (4.18). Let us compute the Jacobi bracket of functions ϕk[a] and ϕl[b].
For any functions ϕ,ψ ∈ F(E), deg(ϕ) = k,deg(ψ) = l, one has (see (2.24))

{ϕ,ψ}E =
l∑

i=0

Di
x(ϕ)ψi −

k∑

j=0

Dj
x(ψ)ϕj .

Among summands at the right-hand side of this equality, the summands Dl
x(ϕ)ψl

and −Dk
x(ψ)ϕk are of the maximal (being equal to k + l) order. But by remark to

the above proved lemma, one has

Dl
x(ϕ)ψl = (ϕkpk+l + O(k + l − 1))ψl, Dk

x(ψ)ϕk = (ψlpk+l + O(k + l − 1))ϕk.
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Therefore, deg{ϕ,ψ}E = k + l − 1. In particular, for functions ϕk[a] and ϕl[b], up
to elements of order k + l − 3, one has

{ϕk[a], ϕl[b]}E = {apk, bpl}E +

{
apk,

(
1

2
ḃx +

l

2
f1b + b′

)
pl−1

}

E

+

{(
1

2
ȧx +

k

2
f1a + a′

)
pk−1, bpl

}

E
+ O(k + l − 3)

= Dl
x(apk)b − Dk

x(bpl)a + Dl−1
x (apk)

(
1

2
ḃx +

l

2
f1b + b′

)

− Dk
x

[(
1

2
ḃx +

l

2
f1b + b′

)
pl−1

]
a + Dl

x

[(
1

2
ȧx +

l

2
f1a + a′

)
pk−1

]
b

− Dk−1
x (bpl)

(
1

2
ȧx +

k

2
f1a + a′

)
+ O(k + l − 3)

=
1

2
(lȧb − kḃa)pk+l−2 + O(k + l − 3).

Hence, since the algebra of higher symmetries is closed with respect to the Jacobi
bracket and by the fact that the functions ϕk[a] and ϕl[b] are symmetries, we obtain
that the function ϕk+l−2[c], where

c =
1

2
(lȧb − kḃa), (4.19)

is also a symmetry of the equation E .
Let us recall that in the preceding chapter we computed classical symmetries

of the Burgers equation an they were of the form

ϕ0
1 = p1,

ϕ1
1 = tp1 + 1,

ϕ0
2 = p2 + p0p1,

ϕ1
2 = tp2 + (tp0 +

1

2
x)p1 +

1

2
p0,

ϕ2
2 = t2p2 + (t2p0 + tx)p1 + tp0 + x.

Similar computations show that for the heat equation the classical symmetries are

ϕ−∞ = ϕ−∞(x, t),

ϕ0
0 = p0,

ϕ0
1 = p1,

ϕ1
1 = tp1 +

1

2
xp0,

ϕ0
2 = p2,

ϕ1
2 = tp2 +

1

2
xp1,

ϕ2
2 = t2p2 + txp1 +

(
1

4
x2 +

1

2
t

)
p0,

where ϕ−∞ is an arbitrary solution of the heat equation.
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Let ϕk[a], k > 2, be a symmetry; then {ϕk[a], ϕ0
1}E is a symmetry as well and

by the above computations it is to be of the form

{ϕk[a], ϕ0
1}E =

1

2
ȧpk−1 + O(k − 2).

Applying the operator {·, ϕ0
1}E to the function ϕk[a] k − 2 times, we shall obtain a

classical symmetry of the form

2−k+2 dk−2a

dtk−2
p2 + O(1).

But classical symmetries of the equations under consideration have the polynomial
coefficient in t of order ≤ 2 at p2. Therefore, a is also a polynomial in t and its
order is not greater than k.

Let us show that any such a polynomial determines some symmetry. To do this,
note that the equation at hand possesses a symmetry of the form ϕ3[t]. Namely,
by direct computations we can find that the Burgers equation has the symmetry

ϕ1
3 = tp3 +

1

2
(x + 3tp0)p2 +

3

2
tp2

1 +

(
1

2
x +

3

4
tp0

)
p0p1 +

1

4
p2
0,

while

ϕ1
3 = tp3 +

1

2
xp2

is a symmetry of the heat equation. By (4.19), the symmetry ϕ1
3 acts on the

functions ϕk[a] as follows:

{ϕk[a], ϕ1
3}E =

1

2
(3ȧt − ka)pk+1 + O(k).

In particular, applying the operator {·, ϕ1
3}E to the function ϕ0

1 = p1 k times, we
obtain a symmetry of the form

(−2)kk!pk+1 + O(k),

which proves existence of symmetries

ϕk[1]
def
= ϕ0

k = pk + O(k − 1), k = 1, 2, . . .

Finally, consider the symmetry ϕ2
2, which acts on functions ϕk[a] as follows:

{ϕk[a], ϕ2
2}E = t(tȧ − ka)pk + O(k − 1).

Consequently, applying the operator {·, ϕ2
2}E to the symmetry ϕ0

k i times, i ≤ k,
we obtain the symmetry, which up to a constant factor equals

ϕk[ti]
def
= ϕi

k = tipk + O(k − 1).

The above said is equally valid both for the Burgers equation and for the heat
equation. Let us make some remarks specific for the latter. First note that any
symmetry of the heat equation is linear with respect to all variables p0, p1, . . . , pk,
i.e., is of the form

ϕ = A(x, t) +

k∑

i=0

Ai(x, t)pi,

where ∂A/∂t = ∂2A/∂x2. This fact easily follows either from straightforward
analysis of the equation ℓF (ϕ) = 0, or from study of the system (4.7). Since A(x, t)
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is also a symmetry, the functions ϕi
k can be considered to be linear homogeneous

functions of the variables p0, . . . , pk. Hence

{p0, ϕ
i
k}E = (Зp0

− ℓp0
)ϕi

k =

(∑

α≥0

∂

∂pα
− 1

)
ϕi

k = 0,

and the bracket

{ϕi
k, ϕ−∞}E = Зϕi

k
(ϕ−∞) − ℓϕi

k
(ϕ−∞) = −ℓϕi

k
(ϕ−∞)

= −
k∑

α=0

∂ϕi
k

∂pα
Dα

x (ϕ−∞) = −
k∑

α=0

∂ϕi
k

∂pα

∂αϕ−∞
∂xα

depends on x and t only and thus is a solution of the heat equation. Note also that

{p0, ϕ−∞}E = ϕ−∞, {ϕ′
−∞, ϕ′′

−∞}E = 0.

As a result of all preceding considerations, we have the following theorem:

Theorem 4.4. 1. Any equation of the form ut = uxx + f(u, ux) possessing

symmetries of arbitrary high order is equivalent either to the Burgers equation ut =
uxx + uux, or to the heat equation ut = uxx.

2. For any k > 0, these equations possess k + 1 symmetries of order k of the

form

ϕi
k = tipk + O(k − 1), i = 1, . . . , k.

3. Symmetries ϕi
k form a Lie R-algebra A+(E) and

{ϕi
k, ϕj

l }E =
1

2
(li − kj)ϕi+j−1

k+l−2 + S<k+l−2,

where S<k+l−2 are symmetries of order < k + l − 2. The algebra A+(E) has three

generators ϕ0
1, ϕ2

2, and ϕ1
3, where ϕ0

1 = p1, while

ϕ2
2 = t2p2 + (t2p0 + tx) + p1 + tp0 + x,

ϕ1
3 = tp3 +

1

2
(x + 3tp0)p2 +

3

2
tp2

1 +

(
1

2
x +

3

4
tp0

)
p0p1 +

1

4
p2
0

for the Burgers equation and

ϕ2
2 = t2p2 + txp1 +

(
1

4
x2 +

1

2
t

)
p0,

ϕ1
3 = tp3 +

1

2
xp2

for the heat equation.

4. In the case of the Burgers equation, the algebra sym E of higher symmetries

coincides with the algebra A+(E). For the heat equation, the algebra sym E is a

semi-direct product of A+(E) with the ideal A0(E) consisting of functions of the

form ap0 + ϕ−∞(x, t), where a = const and ϕ−∞ is an arbitrary solution of the

heat equation. The functions ϕi
k are linear with respect to all variables pα, α =

0, 1, . . . , k,

{ϕi
k, ap0 + ϕ−∞}E = −

k∑

α=1

∂ϕi
k

∂pα

∂αϕ−∞
∂xα
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and

{a′p0 + ϕ′
−∞, a′′p0 + ϕ′′

−∞}E = a′′ϕ′
−∞ − a′ϕ′′

−∞.

Remark 4.2. All above constructed symmetries ϕi
k are determined up to sym-

metries of lower order. The corresponding ambiguity arises in commutation rela-
tions between ϕi

k as well (see Theorem 4.4 (3)). For the Burgers equation, this
ambiguity can essentially diminished using the following trick.

Let us assign to the variables x, t, and u weights in the following way

gr x = 1, gr t = 2, gr u = −1.

The Burgers equation becomes homogeneous with respect to this system of weights.
Let us also set gr pk = −k− 1 and for any monomial M = xαtβpγ0

0 pγ1

1 · · · pγk

k define
its weight as the sum of weights of all factors

grM = α + 2β −
k∑

i=0

γi(i + 1).

In the ring F(E) of smooth functions on the infinitely prolonged Burgers equation,
consider the subring P(E) consisting of functions polynomial with respect to all
variables. Then, as it is easily seen, P(E) is closed with respect to the operators
ℓEF and {·, ·}E and restrictions of these operators to P(E) are homogeneous with
respect to the weighting. Moreover, if ϕ,ψ ∈ P(E) are homogeneous polynomials,
then

gr ℓEF (ϕ) = grϕ − 2, gr{ϕ,ψ}E = gr ϕ + gr ψ + 1.

Consequently, if ϕ ∈ P(E) is a solution of the equation ℓEF (ϕ) = 0, then any
homogeneous component of the polynomial ϕ is also a solution of this equation.

Further, the symmetries ϕ0
1, ϕ2

2, and ϕ1
3 are polynomials and are generators of

the Lie algebra sym E ; therefore, sym E ⊂ P(E). Thus from the above said it follows
that the functions ϕi

k can be considered to be homogeneous and grϕi
k = 2i− k− 1.

From here it is seen that the homogeneity condition uniquely determines classical
symmetry of the Burgers equation as well as the symmetries of the form ϕ0

k and
ϕk

k.
Let ϕ0

k, ϕ0
l be two homogeneous symmetries. Then, since the order of the

symmetry {ϕ0
k, ϕ0

l }E , if it is not equal to 0, is less than k + l − 2, its weight is not
greater than k + l − 3 and not less than 1 − k − l. But on the other hand,

gr{ϕ0
k, ϕ0

l }E = grϕ0
k + grϕ0

l = −1 − k − l.

The contradiction obtained shows that {ϕ0
k, ϕ0

l }E = 0, i.e., the symmetries of the
form ϕ0

k, k = 1, 2, . . . , commute with each other.
Let us consider the action of the operators {ϕ0

1, ·}E and {ϕ0
2, ·}E in more details.

One has

{ϕ0
1, ·}E = Зϕ0

1
− ℓϕ0

1
=

∑

α≥0

pα+1
∂

∂pα
− Dx = − ∂

∂x

and

{ϕ0
2, ·}E = Зϕ0

2
− ℓϕ0

2
=

∑

α≥0

[
Dα(p2 + p0p1)

∂

∂pα

]
− p1 − p0Dx − D2

x = ℓEF − ∂

∂t
.
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Since the action {ϕ0
2, ·}E is considered on symmetries of the Burgers equation, i.e.,

on solutions of the equation ℓEF (ϕ) = 0, we eventually obtain

{ϕ0
2, ·}E =

∂

∂t
.

Hence, the symmetries of the form ϕ0
k do not depend on x and t. Further, for

homogenous components one has obvious equalities

{ϕ0
1, ϕ

1
k}E = −1

2
ϕ0

k−1, {ϕ0
2, ϕ

1
k}E = −ϕ1

k.

Therefore, the symmetries ϕ1
k are linear in x and t. In the same way, by elementary

induction it is proved that ϕi
k is a polynomial of i-th degree in t and x.

Remark 4.3. Let us return back to the heat equation and show a simple way
to construct its higher symmetries. In this case, the operator ℓF is of the form
Dt − D2

x and consequently commutes with the operator Dx. Therefore, if ϕ is a
symmetry, then

ℓF (Dxϕ) = Dx(ℓF (ϕ)) = 0,

i.e., Dxϕ is also a symmetry of the heat equation. This fact is a particular case of
a more general result.

Let E = {F = 0} be a linear equation and ∆ = ∆F be the corresponding linear

differential operator. Then (see formula (2.33)) ℓF = ∆̂. Let ∂ another linear
operator for which

∆ ◦ ∂ = ∂′ ◦ ∆,

where ∂′ is also a linear differential operator. Let us set R = ∂̂. Then

ℓF ◦ R = ∆̂ ◦ ∂̂ = ∆̂ ◦ ∂ = ∂̂′ ◦ ∆ = ∂̂′ ◦ ℓF

and thus the operator R acts on the algebra sym E . Such operators are called
recursion operators and are widely used for constructing higher symmetries [59].
In particular, applications of recursion operators will be shown in the next example.
Nevertheless, for nonlinear equations the situation is more complicated and we shall
discuss it in Ch. 6.

4.3. The plasticity equations. Consider the system of equations E{
σx = 2k(θx cos 2θ + θy sin 2θ),

σy = 2k(θx sin 2θ − θy cos 2θ),
(4.20)

describing the plane strained state of the medium with von Mises conditions, where
σ is hydrostatic pressure, θ is the angle between the x-axis and the first main
direction of stress tensor, k 6= 0 is the plasticity constant. Describing symmetries
of this equation13 we follow paper the [104].

By the change of variables




σ = k(ξ + η),

θ =
1

2
(η − ξ),





x = u cos
1

2
(η − ξ) − v sin

1

2
(η − ξ),

y = u sin
1

2
(η − ξ) + v cos

1

2
(η − ξ),

(4.21)

13In what follows, we do not stress technical details, but pay main attention to the structure

of proofs and to most interesting specific features. To reconstruct omitted details is a useful
exercise in symmetry computations.
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where u, v are new dependent and ξ, η are new independent variables, the system
(4.20) is transformed to the system





uξ +
1

2
v = 0,

vη +
1

2
u = 0,

(4.22)

which will also denoted by E . Its universal linearization operator is of the form

ℓF =

(
Dξ 1/2
1/2 Dη

)
.

Choose on E∞ internal coordinates ξ, η, uk, vk in such a way that uk corresponds
to the partial derivative ∂ku/∂ηk and vk corresponds to ∂kv/∂ξk. Then restrictions
of total derivatives to E∞ will be written in these coordinates in the form

Dξ =
∂

∂ξ
− 1

2
v0

∂

∂u0
+

1

4

∑

k≥1

uk−1
∂

∂uk
+

∑

k≥0

vk+1
∂

∂vk
,

Dη =
∂

∂η
− 1

2
u0

∂

∂v0
+

∑

k≥0

uk+1
∂

∂uk
+

1

4

∑

k≥1

vk−1
∂

∂vk
,

and if Φ =
(

ϕ
ψ

)
is a symmetry of order k, then the corresponding defining equations

will be




∂ϕ

∂ξ
− 1

2
v0

∂ϕ

∂u0
+ v1

∂ϕ

∂v0
+

k∑

α=1

(
1

4
uα−1

∂ϕ

∂uα
+ vα+1

∂ϕ

∂vα

)
+

1

2
ψ = 0,

∂ψ

∂η
+ u1

∂ψ

∂u0
− 1

2
u0

∂ψ

∂v0
+

k∑

α=1

(
uα+1

∂ψ

∂uα
+

1

4
vα−1

∂ψ

∂vα

)
+

1

2
ϕ = 0.

(4.23)

Solving system (4.23) for k ≤ 1, we shall obtain classical symmetries of equation
(4.22); any such a symmetry is a linear combination of the following ones:

S0 =

(
u0

v0

)
, f0

1 =

(
u1

−u0

2

)
, g0

1 =

(
−v0

2
v1

)
, S1 =




ηu1 +
u0

3
+ ξ

v0

2

−ξv1 −
v0

2
− η

u0

2


 ,

and of the symmetry of the form H =
(
f
g

)
, where u = f , v = g is an arbitrary

solution of equation (4.22).
For “large” k, the solutions of (4.23), if any, have the following “asymptotics”




Auk − 1

2
Bvk−1 + auk−1 +

1

2
(B′ − b)vk−2 +

(
α − 1

4
ξA′

)
uk−2 + O(k − 3)

Bvk − 1

2
Auk−1 + bvk−1 +

1

2
(A′ − a)uk−2 +

(
β − 1

4
ηB′

)
vk−2 + O(k − 3)


 ,

where A, a, α are functions in η, B, b, β are functions in ξ, while the “prime”
denotes the derivatives with respect to ξ or η. Let us denote this solution by
Φk(A,B).
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Following Remark 4.3, let us construct first order recursion operators for equa-
tion (4.22). As it is easily seen, such operators exist and are of the form

R =

(
a11Dξ + b11Dη + c11 b12Dη + c12

a21Dξ + c21 a22Dξ + b22Dη + c22

)
, (4.24)

where a11, c11, b22, c22 are arbitrary functions in ξ and η,

a21 = 2c11 + α1, b12 = 2c22 + α2, α1, α2 = const,

a22 =
1

2
(α1 − α2)ξ + β1, b11 =

1

2
(α2 − α1)η + β2, β1, β2 = const,

c12 =
1

2
(a11 − a22), c21 =

1

2
(b22 − b11).

In particular, among operators (4.24) one has the operator

R1 =

(
Dξ 0
0 Dξ

)
,

application of which to the functions of the form Φk(A,B) gives the following
expression:

R1Φk(A,B) = Φk+1(0, B) + Φk(0, B′) +
1

4
Φk−1(A, 0) + O(k − 2).

On the other hand, if one acts on the function Φk(A,B) by the symmetry f0
1 , one

obtains

{Φk(A,B), f0
1 }E =

∂

∂η
Φk(A,B) = Φk(A′, 0) − 1

4
Φk−2(0, B

′) + O(k − 3).

Therefore,

R1{Φk(A,B), f0
1 }E =

1

4
Φk−1(A

′,−B′) + O(k − 2). (4.25)

Now, by induction on k (the base of induction is the above given representation
of classical symmetries (4.22) while the induction step consists in using equation
(4.25)) it is easily shown that any symmetry of order k > 0, if it exists, is a linear
combination of the following symmetries:

Sk = Φk(ηk, (−ξ)k), f i
k = Φk(ηi, 0), gi

k = Φk(0, ξi), 0 ≤ i ≤ k.

To prove existence of these symmetries, let us note that among the recursion oper-
ators of the form (4.24) one has the operator

R2 =



−ηDξ + ηDη +

1

2

1

2
(ξ − η)

1

2
(ξ − η) ξDξ − ξDη − 1

2


 .

Application of this operator to the symmetry S0 k times gives, up to a constant
factor, the symmetry Sk. Further, application of the operator {·, f0

1 }E to the sym-
metry Sk k − i times leads to the symmetry f i

k. Finally, applying k − i times the
operator {·, g0

1}E to the symmetry Sk, we shall prove existence of gi
k.

The above said can be combined in the following result.

Theorem 4.5. The algebra of higher symmetries of the system (4.22) is a semi-

direct product of the commutative ideal sym0 E consisting of symmetries H =
(
f
g

)
,

where f , g is an arbitrary solution of (4.22), with the algebra sym+ E. The latter,

as a vector space is spanned by the elements Sk, f i
k, gi

k, 0 ≤ i < k, k = 0, 1, . . . ,
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and as a Lie algebra is generated by the elements f0
1 , g0

1 , S0, S1, . . . , Sk, . . . Any

symmetry Sk is of the form Sk = Rk
2(S0).

4.4. Transformation of symmetries under change of variables. Let us
rewrite the results obtained in terms of the initial equation (4.20). To this end, it
is necessary to find out how generating sections and recursion operators transform
under change of variables. To do it, let us note the following.

Let S = (x1, . . . , xn, u1, . . . , um, p1
1, . . . , p

m
n ) be a local canonical coordinate sys-

tem in J1(π), where pj
i

def
= pj

1i
. Consider in the same neighborhood another canon-

ical coordinate system S̃ = (x̃1, . . . , x̃n, ũ1, . . . , ũm, p̃1
1, . . . , p̃

m
n ) compatible with the

contact structure in J1(π)14. The Cartan distribution on J1(π) is determined by
the system of the Cartan forms

ω1 = du1 −
∑

α

p1
α dxα, . . . , ωm = dum −

∑

α

pm
α dxα,

which will be represented as a column Ω = (ω1, . . . , ωm)t. On the other hand, in

the coordinate system S̃ the set of forms Ω̃ determines, by the above said, the same
distribution and consequently the equality

Ω̃ = ΛΩ, (4.26)

holds, where Λ = ‖λα
β‖ is a nondegenerate transformation matrix: ω̃α =

∑
β λα

βωβ .

Let X be a Lie field on J1(π). Then its generating section in the coordinate
system S, also represented as a column ϕ = (ϕ1, . . . , ϕm)t, is determined by the
equality ϕ = X Ω = (X ω1, . . . , X ωm)t (see Ch. 3). By the same reason, the
generating section of the field X in the new coordinate system is represented in the

form ϕ̃ = X Ω̃. Hence, using (4.26), we obtain

ϕ̃ = X Ω̃ = X ΛΩ = Λϕ, (4.27)

and it gives us the desired transformation rule for generating sections.
Let now R be an operator acting in the space of generating sections and rep-

resented in the coordinate system S. Then from (4.27) it follows that its represen-

tation in the system S̃ is of the form

R̃ = ΛRΛ−1. (4.28)

Since we are interested in recursion operators of the form R = ‖∑α aα
ijDα + bij‖,

we also need to find out how the operators of total derivatives transform under
change of coordinates.

Let Di = Dxi
and D̃i = Dexi

, i = 1, . . . , n. Since the fields Di, as well as

the fields D̃i, form a basis of the Cartan distribution in J∞(π), the equalities

D̃i =
∑

α µα
i Dα must hold, and since Di(xα) = δiα, where δiα are the Kronecker

symbols, we have µα
i = D̃i(xα) and consequently

D̃i =
n∑

α=1

D̃i(xα)Dα, i = 1, . . . , n. (4.29)

14This means that the change of coordinates ex = ex(x, u), eu = eu(x, u), ep = ep(x, u, p) is a Lie

transformation (see Ch. 3).
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Let us come back to equation (4.20). For the transformation (4.21), the trans-
formation matrix is of the form

Λ =

(
−σx cos θ − σy sin θ, σx sin θ − σy cos θ
−θx cos θ − θy sin θ, θx sin θ − θy cos θ

)
,

while the total derivative operators are represented as

Dξ =
k

I

[
(
σy

2k
+ θy)Dx − (

σx

2k
+ θx)Dy

]
,

Dη =
k

I

[
(θy − σy

2k
)Dx − (θx − σx

2k
)Dy

]
,

where I = σxθy−σyθx. Therefore, to the symmetries H, S0, f0
1 , and g0

1 of the trans-
formed equation there correspond the following symmetries of the initial equation:

H̃ = D

(
(−σx cos θ − σy sin θ)f, (σx sin θ − σy cos θ)g
(−θx cos θ − θy sin θ)f, (θx sin θ − θy cos θ)g

)
,

where f = f(σ/2k − θ, σ/2k + θ), g = g(σ/2k − θ, σ/2k + θ), and

S̃0 =

(
−xσx − yσy

−xθx − yθy

)
,

f̃0
1 =




k +
1

2
(yσx − xσy)

−1

2
+

1

2
(yθx − xθy)


 , g̃0

1 =




k − 1

2
(yσx − xσy)

1

2
− 1

2
(yθx − xθy)




and to the recursion operator R2 there corresponds the operator

R̃2 =

(
r11, r12

r21, r22,

)

where

r11 =
σ

k
∆ +

2kθ

I
(θ2

x + θ2
y + c∆(d) − d∆(c)) − ∆(I)

I
,

r12 = 2k2θ∆ +
2k

I
(c2 − d2 − ∆(I)) + 4k(c∆(d) − d∆(c)),

r21 =
θ

4k
∆ +

θ

I
(c∆(d) − d∆(c) + c2 − d2) +

k

4
,

r22 =
σ

k
∆ +

2kθ

I
(c∆(d) − d∆(c) − θ2

x − θ2
y) − ∆(I)

I

and

c = −θx cos θ − θy sin θ, d = θx sin θ − θy cos θ, ∆ = σxDy − σyDx.

Applying the operator R̃k
2 to the symmetry S̃0, we shall obtain the symmetries

S̃k, and applying (k − i) times the operators {·, f̃0
1 }E and {·, g̃0

1}E to S̃k, we shall

obtain (up to constant factors) the corresponding symmetries f̃ i
k and g̃i

k. Thus
we can efficiently compute any symmetry of equation (4.20) (though the explicit
expressions will certainly be quite cumbersome).
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4.5. Ordinary differential equations. To finish this section, we shall study
higher symmetries of ordinary differential equations. Besides the facts concerning
higher symmetries, we also mention some results on classical symmetries of these
equations.

Let M = R and π : Rm × R → R be a trivial bundle. Consider a deter-
mined system of ordinary differential equations E ⊂ Jk(π), i.e., a system such
that codim E = dim π = m. Since the base of the bundle π is one-dimensional,
this means that dimension of the manifold E coincides with dimension of the space
Jk−1(π) which equals m(k−1)+1. Let us call a point θ ∈ E generic, if the projection
πk,k−1|E at this point is of the maximal rank m(k−1)+1. We shall confine ourselves
with equations such that all their points are generic (otherwise all considerations
below will be valid in a neighborhood of such a point). This means that E is pro-
jected to Jk−1(π) diffeomorphically or, which is the same, that the equation under
consideration is resolvable with respect to all derivatives dku1/dxk, . . . , dkum/dxk

of highest order, where x = x1 is the sole independent variable. Hence, E can be
represented in the form

E = s(Jk−1(π)), (4.30)

where s = s0 : Jk−1(π) → Jk(π) is a section of the bundle πk,k−1. Representation
(4.30) allows one to obtain a convenient description of the manifold E∞ and of the
Cartan distribution on this manifold.

Namely, consider an arbitrary point θ ∈ E and some R-plane L (in our case such
a plane is one-dimensional) lying in the space Tθ(E). Let L′ be another R-plane
and v ∈ L, v′ ∈ L′ be vectors such that πk,k−1(v) = πk,k−1(v

′). Then v − v′ is a
πk,k−1-vertical vector lying in Tθ(E). But by (4.30), the intersection of Tθ(E) with
the tangent space to the fiber of the bundle πk,k−1 at θ is trivial. Hence, v = v′

and L = L′, i.e., the Cartan distribution on E at every point contains one R-plane
at most. Let us show that such a plane always exists. In fact, let us represent the
point θ ∈ E as a pair (θ′, Lθ), where θ′ = πk,k−1(θ) and Lθ is the R-plane at the
point θ′ determined by the point θ. Then obviously the R-plane L0

θ = s∗(Lθ) lies
in Tθ(E). Thus the Cartan distribution on E coincides with the field of directions
L0 = {L0

θ | θ ∈ E }. Note that the section s is an isomorphism between the manifold
Jk−1(π) endowed with the field of directions L = {Lθ | θ ∈ E } and the pair (E ,L0).

Further, a pair (θ, L0
θ), θ ∈ E , determines a point θ1 ∈ Jk+1(π), and the set

of such points coincides with the manifold E(1). It is obvious that E(1) represents
as s1(J

k−1(π)), where s1 is a section of the bundle πk+1,k−1, while the Cartan

distribution on E(1) coincides with the field of directions

L(1) = {L1
θ1

| L1
θ1

= (s1)∗(Lθ), θ1 = s1(θ), θ ∈ E }.

Proceeding with this construction, we shall come to the following statement:

Proposition 4.6. Let E ⊂ Jk(π), dim(M) = 1, codim(E) = dim(π), be an

ordinary differential equation resolvable with respect to derivatives of highest degree.

Then for any l = 0, 1, . . . ,∞ the manifold E(l) is representable in the form E(l) =
sl(J

k−1(π)), where sl ∈ Γ(πk+l,k−1) and sl = πk+l+1,k+l ◦ sl+1, while the Cartan

distribution on E(l) coincides with the field of directions

L(l) = {Ll
θl
| Ll

θl
= (sl)∗(Lθ), θl = sl(θ), θ ∈ E }.
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Thus, all E(l) (E∞ included) as manifolds with distributions are mutually isomor-

phic and are isomorphic to the manifold Jk−1(π) endowed with the field of directions

L.

Suppose that the equation E satisfies the assumptions of Proposition 4.6 and
consider a higher symmetry X ∈ sym E of this equation. By Proposition 4.6, for
any l the field X projects to the vector field Xl on E(l) and the field preserves the
corresponding Cartan distribution. In particular, X0 ∈ D(E) is a classical interior
symmetry of the equation E . Taking the set Symi E of such symmetries, we thus
obtain the Lie algebra homomorphism

sL: sym E → Symi E . (4.31)

Let us study this homomorphism in more details and note the following. Since in the
situation under consideration E∞ is a finite-dimensional manifold, the symmetry
X determines a one-parameter group of transformations {At} on this manifold.
Applying the transformation At to a solution f ∈ Γ(π) of the equation E , we
again obtain a solution ft = A∗

t (f) of this equation. By the theorem on smooth
dependence of solutions of ordinary differential equations on initial values, the set
Sol(E) of solutions of the equation E is a smooth (possibly, with singularities)
manifold, while At is a one-parameter group of its diffeomorphisms. Denoting
by X∗ the corresponding vector field, we obtain the mapping X 7→ X∗ which
determines the Lie algebra homomorphism

sD: sym E → D(Sol(E)). (4.32)

Exactly in the same way one can construct the homomorphism

LD: Symi(E) → D(Sol(E)). (4.33)

Conversely, let Y ∈ D(Sol(E)) and {Bt} be the corresponding one-parameter group
of transformations. Consider a point θ ∈ E∞ and a solution fθ passing through this
point (such a solution exists and is unique). Let us put into correspondence to the
point θ the point B′

t(θ) = [Bt(fθ)]
∞
x , x = π∞(θ). Then {B′

t} is a one-parameter
group of transformations of the manifold E∞ and these transformations preserve
the Cartan distribution. The corresponding vector field is vertical and determines
a symmetry of the equation E . Thus we constructed the homomorphism

Ds: D(Sol(E)) → sym E , (4.34)

inverse to the homomorphism (4.32) in an obvious way. It is easily seen that the
homomorphisms constructed are mutually compatible in the following sense.

Proposition 4.7. Let E be an equation satisfying the assumptions of Proposi-

tion 4.6. Then the above constructed mappings sD, Ds, sL, and LD are Lie algebra

isomorphisms with sD ◦Ds = id and LD ◦ sL = sD. In other words, in the situation

under consideration the Lie algebras of higher symmetries, of internal symmetries

and of vector fields on the manifold of solutions are isomorphic.

Proof. The equalities sD ◦ Ds = id and LD ◦ sL = sD follow by construction.
Hence sL is a monomorphism while LD is an epimorphism. Consequently, to con-
clude the proof it suffices, for example, to show that the kernel of LD is trivial.
From the definition of the homomorphism LD it follows that its kernel consists of
symmetries such that all solutions are invariant with respect to them. On the other
hand, from the above given description of the Cartan distribution on E it can be
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Figure 4.7. The field of directions Lθ on Jk−1(π)

seen that these symmetries must lie in the Cartan distribution. But the Cartan
distribution on E∞ does not contain vertical fields.

Thus, in the situation considered, the analogy between symmetries and vector
field on the manifold Sol(E) acquires exact sense.

Note that Proposition 4.6 gives an obvious way to show that the algebras of
exterior and interior symmetries do not coincide in the case of ordinary differential
equations (see §7 of Ch. 3). In fact, interior symmetries are identified with vector
fields on Jk−1(π) preserving the field of directions L = {Lθ}, which contains in
the Cartan distribution on Jk−1(π) (see Figure 4.7). On the other hand, exterior
symmetries must preserve both this field of directions and the Cartan distribution
on Jk−1(π) itself. Therefore, if the order of the equation is greater than 1, exterior
symmetries form a proper subalgebra in the Lie algebra of interior ones.

Let us now pass to coordinate computations and consider an equation of the
form

Lf(x) ≡
[(

d

dx

)n

+
n−1∑

0

Ai(x) ·
(

d

dx

)i]
f(x) = g(x), (4.35)

where Ai are m × m matrices and f , g are m-vectors. By a symmetry below we
mean a higher infinitesimal symmetry.

Equation (4.35) is equivalent to the equation

Lf(x) =

[(
d

dx

)n

+
n−1∑

0

Ai(x) ·
(

d

dx

)i]
f(x) = 0. (4.36)

This equivalence is given by the transformation

f(x) 7→ f(x) − f∗(x),
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where f∗(x) is a solution of (4.35). Equation (4.36) determines a submanifold E in
Jn(R, Rm) of the form

E =

{
y ∈ Jn(R, Rm) | pn +

n−1∑

i=0

Ai(x) · pi = 0

}

Prolongations of E denoted by E(N) ⊂ Jn+N (R, Rm) are given by the equations

pn+k + Dk

(n−1∑

i=0

Ai(x) · pi

)
= 0, 0 ≤ k ≤ N < ∞,

where

Dx =
∂

∂x
+

∞∑

i=0

m∑

k=1

pk
i+1

∂

∂pk
i

is the total derivative along x. The space of solutions of (4.36) is isomorphic to Rd,

d = m · n, since n initial values for m-vectors f (0), . . . ,f (n−1) uniquely determine
a solution. Let us fix a basis {Ri | 1 ≤ i ≤ m · n } in the space kerL of solutions
of (4.36). Then for any solution f of equation (4.36) we shall have

f =
d∑

i=1

ci · Ri, (4.37)

where ci = ci(f) ∈ R are constants. Dependence of c on f is explicitly given by
the Wronskians:

ci =
Wi(f)

W
. (4.38)

Here W = W (R1, . . . ,Ri, . . . ,Rd),

W = det




R1 . . . Ri . . . Rd

R′
1 . . . R′

i . . . R′
d

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

R
(n−1)
1 . . . R

(n−1)
i . . . R

(n−1)
d


 (4.39)

and Wi(f) = W (R1, . . . ,f(x), . . . ,Rd),

Wi(f) = det




R1 . . . f(x) . . . Rd

R′
1 . . . f ′(x) . . . R′

d

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

R
(n−1)
1 . . . f (n−1)(x) . . . R

(n−1)
d


 . (4.40)

The correspondences f 7→ Wi(f) or f 7→ ci(f) are linear differential operators
of order n−1. We shall understand them as functions on the jet space Jn−1(R, Rm).
Let us define

W̃i = det




R1 . . . p0 . . . Rd

R′
1 . . . p1 . . . R′

d

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

R
(n−1)
1 . . . pn−1 . . . R

(n−1)
d


 . (4.41)

Then Wi(f) = W̃
∣∣∣
jn−1(f)

.
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The defining equation for symmetries in this case is of the form
[
Dn +

n−1∑

i=0

Ai(x) · Di

]
G|E(∞) = 0, (4.42)

where D is the restriction of the operator Dx to E∞.
Any point symmetry is to be of the form

β(x,p0) + ξ(x,p0) · p1 (4.43)

and has to satisfy (4.42). Here x, ξ are scalars, p0, p1 and β are m-vectors.
A coordinate version of Proposition 3.4 is the following statement:

Proposition 4.8. The complete symmetry algebra sym E is isomorphic to the

Lie algebra of vector fields on the space Sol(E) of solutions of (4.36). This isomor-

phism is given by the formula

d∑

i=1

Fi(c1, . . . , cd) ·
∂

∂ci
→

d∑

i=1

Fi

(
W1

W
, . . . ,

Wd

W

)
· Ri.

The following fact specifying the structure of the Lie algebra symE also takes
place.

Theorem 4.9. Let d = dim Sol(E). Then the sets of functions

p0, Rk,
W̃l

W
Rk,

W̃l

W
p0, l , k = 1, . . . , d

and

W̃l

W
Rk, i , k = 1, . . . , d,

generate in sym E subalgebras isomorphic to gl(d+1, R) and to gl(d, R) respectively.

The following result describes the subalgebra of point symmetries in symE15.

Theorem 4.10. Any point symmetry of equation (4.36) is of the form

G =

(
−n − 1

2
· ξ′(x) + M

)
p0 + ξ(x) · p1 + b(x), (4.44)

where ξ is a scalar function, b is an arbitrary solution of (4.36) and M is a constant

m × m matrix commuting with all matrices Ai(x) (coefficients of (4.36)).

Corollary 4.11. Dimension N of the algebra of point symmetries of the equa-

tion (4.35) satisfies the inequality

m · n + 1 ≤ N ≤ (m + n) · m + 3.

15Detailed computation can be found in [99].



CHAPTER 5

Conservation Laws

This chapter is concerned with the theory of conservation laws of differential
equations. We begin with the analysis of the concept itself. It turns out that the
most natural and efficient way to study the space of conservation laws is to identify
it with a term of the so-called C-spectral sequence [125, 127, 132]. This spectral
sequence arises from the filtration in the de Rham complex on E∞ by powers of the
ideal of Cartan forms. The theory of the C-spectral sequence, set forth in §2, makes
it possible to represent any conservation law by a generating function. The space
of generating functions is essentially the kernel of a differential operator and so is
accessible for computing. In §3, we illustrate the generating function method for
computing conservation laws by several examples. In §4, we discuss the connection
between symmetries and conservation laws (the Noether theorem) and Hamiltonian
formalism on infinite jet spaces.

For the convenience of the reader with primary interests in results and examples
we repeat in §§3 and 4 the relevant material from §2 without proofs, so that he could
jump ahead to §3 immediately after §1.

1. Introduction: What are conservation laws?

Let us take the equation of continuity of fluid dynamics as a prototypical con-
servation law. If ρ(x, t) is the density of the fluid at the point x = (x1, x2, x3) at
the time t and v(x, t) = (v1(x, t), v2(x, t), v3(x, t)) is the vector of fluid velocity,
then this equation reads

∂ρ

∂t
+

∂(ρv1)

∂x1
+

∂(ρv2)

∂x2
+

∂(ρv3)

∂x3
= 0. (1.1)

Using the Gauss theorem, we can rewrite the equation of continuity in the
integral form

− d

dt

∫

V

ρ(x, t) dx =

∫

∂V

(ρv · n) dσ, (1.2)

where V ⊂ R3 is a space domain, ∂V is its boundary, n is a unit external vector
normal to ∂V , and dσ is a surface area element. The surface integral equals the
flow of the fluid from the region V , thus equation (1.2) states that the time rate
of fluid mass decrease within the volume V is equal to the net outflow of the fluid
through the boundary ∂V . In particular, when the normal velocity component v ·n
vanishes, the mass is conserved:

∫

V

ρ(x, t) dx = const.

All usually considered conservation laws can be described in the same man-
ner. Let S be the density of some conserved quantity, e.g., the energy density, a

185
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component of the linear or angular momentum density, etc. In the example just
mentioned, S = ρ. Then there exists a flux S̄ = (S1, . . . , Sn−1) of S, where (n−1) is
the number of spatial variables. In our example, S̄ = ρv. The equation describing
conservation of S and generalizing (1.1) has the form

∂S

∂t
+

n−1∑

i=1

∂Si

∂xi
= 0, (1.3)

or, in the integral form,

− d

dt

∫

V

S dx =

∫

∂V

S̄ · n dσ.

A conserved current is an n-dimensional vector function (S1, . . . , Sn−1, S) satisfying
(1.3).

Consider now equation (1.3) in terms of the theory of differential equations.
Suppose that we study a physical system described by an equation E = {F = 0} ⊂
Jk(π). Then S and Si can be thought of as functions on E∞, and equation (1.3)
takes the form

n∑

i=1

D̄i(Si) = 0, (1.4)

where Sn = S, D̄i is the restriction of the total derivative Di to E∞, n is the number
of independent variables. This observation makes it possible to define a conserved

current for the equation E as a vector function (S1, . . . , Sn), Si ∈ F(E), satisfying
equation (1.4) on E∞.

In the case when one of independent variables is chosen to be the time t =
xn and the other variables (x1, . . . , xn−1) are considered as spatial variables, the
component Sn is said to be a conserved density (or charge density), while the vector
function (S1, . . . , Sn−1), as it was mentioned already, is called the flux of S.

There is one very simple method of constructing conserved currents. Take some
set of functions Lij ∈ F(π) and put

Si =
∑

j<i

Dj(Lji) −
∑

i<j

Dj(Lij).

It is clear that such conserved currents, called trivial (or identically conserved), are
in no way related to the equation under consideration1. To get rid of them, let us
say that two conserved currents are equivalent, if they differ by a trivial current,
and define conservation laws for an equation E as equivalence classes of conserved
currents of this equation. (The term “integral of motion” is also used in the same
sense.)

Exercise 1.1. Let E be a system of ordinary differential equations. Check
that the notion of a conservation law is identical to the notion of a first integral.

1This does not necessarily imply that trivial currents are not interesting from the physical

point of view. E.g., for gauge theories the conserved currents associated by the Noether theorem
with gauge symmetries are trivial and, thus, do not relate to the field equations. Nevertheless,

they carry some information on the gauge group and, therefore, are physically relevant (see, e.g.,

[90, 56, 11, 10]).
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Remark 1.1. Unlike ordinary equations, nonlinear partial differential equa-
tions do not have (even in a small neighborhood) a complete set of conservation
laws2. The question whether there is a remedy, remains an interesting and in-
triguing problem. Here we just mention a conjecture proposed in [134, 136]: each
regular equation has a complete set of nonlocal conservation laws, at least in a
sufficiently small neighborhood (see §1.8 of Ch. 6 for the definition of nonlocal
conservation laws).

The definition of conservation laws (as it was formulated) is unusable for finding
conservation laws for a given differential equation. To this end, we need the means
to describe entire classes of conserved currents. One solves this problem by reformu-
lating the definition of conservation laws in terms of horizontal de Rham cohomology

(i.e., the cohomology of the horizontal de Rham complex, see §1.6 of Ch. 4), which
permits the use of homological algebra. In §2, we discuss this cohomological theory.
(The reader with the prime interest in practical aspects of finding conservation laws
may skip this section.)

2. The C-spectral sequence

The C-spectral sequence, introduced in [125, 127], is of the fundamental im-
portance in the theory of conservation laws. For a more detailed discussion of this
and related subjects see, e.g., [132, 138, 139, 126, 8, 117, 118, 119, 32, 120,
82, 16, 4, 5, 148, 21, 24, 81, 64, 91].

2.1. The definition of the C-spectral sequence. Let E∞ ⊂ J∞(π) be
an infinitely prolonged equation and Λ∗(E) =

∑
i≥0 Λi(E) be the exterior algebra

of differential forms on E∞. Consider the ideal CΛ∗(E) =
∑

i≥0 CΛi(E) of the

algebra Λ∗(E) consisting of the Cartan forms (i.e., forms vanishing on the Cartan
distribution: ω ∈ CΛi(E) if and only if ω(X1, . . . , Xi) = 0 for all X1, . . . , Xi ∈
CD(E); see §2.1 of Ch. 4). Denote by CkΛ∗(E) the k-th power of the ideal CΛ∗(E),
i.e., the submodule of Λ∗(E) generated by forms ω1 ∧ · · · ∧ ωk, where ωi ∈ CΛ∗(E).
It is obvious that the ideal CΛ∗(E) is stable with respect to the operator d, and,
hence, all ideals CkΛ∗(E) have the same property:

d(CkΛ∗(E)) ⊂ CkΛ∗(E).

Thus, we get the filtration

Λ∗(E) ⊃ CΛ∗(E) ⊃ C2Λ∗(E) ⊃ · · · ⊃ CkΛ∗(E) ⊃ · · · , (2.1)

in the de Rham complex on E∞. The spectral sequence3 (Ep,q
r (E), dp,q

r ) determined
by this filtration is called the C-spectral sequence for the equation E .

The filtration involved is finite in each degree, i.e.,

Λk(E) ⊃ C1Λk(E) ⊃ C2Λk(E) ⊃ · · · ⊃ CkΛk(E) ⊃ Ck+1Λk(E) = 0.

Therefore the C-spectral sequence converges to the de Rham cohomology H∗(E∞)
of the infinite prolonged equation E∞.

As usual, p + q denotes the degree and p is the filtration degree.

2A set of conservation laws is called complete, if the values of the corresponding conserved

quantities at a solution of the equation in question completely determine this solution.
3For the theory of spectral sequences consult, e.g., [79, 84, 31, 35].
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Figure 5.1

2.2. The term E0. Consider the term E0(E) =
∑

p,q Ep,q
0 (E) of the C-spectral

sequence.
By definition we have

Ep,q
0 (E) = CpΛp+q(E)

/
Cp+1Λp+q(E).

The differential dp,q
0 : Ep,q

0 (E) → Ep,q+1
0 (E) is induced by the exterior differential d.

As usual when dealing with spectral sequences, we depict the spaces Ep,q
r as integer

points on the plane with coordinates (p, q). Then the differential d0 is represented
by arrows pointing upwards (see Figure 5.1).

Thus, E0(E) is the direct sum of complexes

0 → Ep,0
0 (E) → Ep,1

0 (E) → · · · → Ep,q
0 (E) → Ep,q+1

0 (E) → · · · ,

which corresponds to columns. The zero column of the term E0 is the horizontal

de Rham complex (see §1.6 of Ch. 4):

E0,q
0 (E) = Λq(E)

/
CΛq(E) = Λq

0(E), d0,q
0 = d̂.

The cohomology H̄q(E) of the horizontal de Rham complex is intimately related
to the conservation laws of the equation E . Indeed, let us assign to each conserved
current S = (S1, . . . , Sn) the horizontal (n − 1)-form

ωS =

n∑

i=1

(−1)i−1Si dx1 ∧ · · · ∧ dxi−1 ∧ dxi+1 ∧ · · · ∧ dxn.

Then condition (1.4) means that d̂ωS = 0, with the current S being trivial if and

only if the form ωS is exact: ωS = d̂ω′.

Definition 2.1. A conservation law for the equation E is an (n− 1)-cohomol-
ogy class of the horizontal de Rham complex on E∞.

Thus, H̄n−1(E) is the group of conservation laws for the equation E . Some-
times elements of the groups H̄q(E) for q < n − 1 are also said to be conservation
laws, although for the majority of equations of mathematical physics they are of
pure topological nature4. The group H̄n(E) should be interpreted as the set of

4One encounters physically relevant “conservation laws” belonging to H̄q(E), q < n − 1, in

gauge theories (see, e.g., [11, 10, 42]).
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Lagrangians (see §§2.5 and 4.1) in variational problems constrained by the equa-
tion E5.

To complete the description of the term E0(E), note that from the obvious
decomposition Λ1(E) = CΛ1(E)⊕Λ1

0(E) it follows that Ep,q
0 (E) = CpΛp(E)⊗Λq

0(E),
with the differential dp,q

0 being the composition

CpΛp(E) ⊗ Λq
0(E)

d→ Cp+1Λp+1(E) ⊗ Λq
0(E) ⊕ CpΛp(E) ⊗ Λq+1

0 (E)

α→ CpΛp(E) ⊗ Λq+1
0 (E),

where α is the projection onto the second summand. In particular, all nontrivial
terms Ep,q

0 (E) are situated in the domain 0 ≤ q ≤ n.

Exercise 2.1. Using the direct decomposition d = d̂ + U1 and the properties
of the operator U1 (see §2.1 of Ch. 4), show that the following inclusion takes place:

d(CpΛp(E) ⊗ Λq
0(E)) ⊂

(
Cp+1Λp+1(E) ⊗ Λq

0(E)
)
⊕

(
CpΛp(E) ⊗ Λq+1

0 (E)
)
.

2.3. The term E1: preparatory results. Now we prove some facts needed
to describe the term E1 of the C-spectral sequence.

Let us begin with the following definition. An F(E)-module P is called hori-

zontal, if it is isomorphic to the module of sections F(E , ξ) for a finite-dimensional
vector bundle ξ : Nξ → M . For instance, as it was shown in §1.6 of Ch. 4, Λq

0(E) is
a horizontal module.

Exercise 2.2. Show that P = Γ(ξ) ⊗C∞(M) F(E).

Note also that a horizontal module P is filtered by its submodules Pk =
Fk(E , ξ) = Γ(ξ) ⊗C∞(M) Fk(E).

Consider now two vector bundles ξ : Nξ → M and η : Nη → M and introduce
the notation P = F(E , ξ) and Q = F(E , η). A differential operator ∆: P → Q is

called C-differential (or horizontal), if it is of the form ∆ = f1¤̂1+f2¤̂2+· · ·+fr¤̂r,

where ¤̂i are the liftings (see Remark 1.1 of Ch. 4) of some differential operators
¤i : Γ(ξ) → Γ(η), fi ∈ F(E), i = 1, . . . , r. In particular, operators of the form ℓϕ

(universal linearizations) are C-differential. We shall denote the F(E)-module of
all C-differential operators acting from P to Q by CDiff(P,Q). For its submodules
consisting of operators of order ≤ k, we shall use the notation CDiffk(P,Q).

Exercise 2.3. Check that in local coordinates scalar C-differential operators
of order ≤ k are written as follows

∆ =
k∑

|σ|=0

aσD̄σ,

where D̄σ = D̄σ1
1 ◦ · · · ◦ D̄σn

n , σ = (σ1, . . . , σn), aσ ∈ F(E).

Exercise 2.4. Show that CDiff(P,Q) is a horizontal module.

Let P1, P2, . . . , Pl, Q be horizontal modules. Set

CDiff(P1, P2, . . . , Pl;Q) = CDiff(P1, CDiff(P2, . . . , CDiff(Pl, Q) . . . ))

5There is a number of nonequivalent formulations of the Lagrangian formalism with con-

strains. We consider here the case when the sections subject to variation satisfy the “constraint

equation” E. This implies, in particular, that the Euler–Lagrange equations are determined by
the restriction of the Lagrangian to E∞.
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and consider the complex

0 → CDiff(P1, P2, . . . , Pl;F(E))
w→ CDiff(P1, P2, . . . , Pl; Λ

1
0(E))

w→ · · ·
w→ CDiff(P1, P2, . . . , Pl; Λ

n
0 (E)) → 0, (2.2)

where w(∇) = d̂ ◦ ∇, ∇ ∈ CDiff(P1, P2, . . . , Pl; Λ
q
0(E)).

Theorem 2.1. The cohomology of complex (2.2) is equal to zero at the terms

CDiff(P1, P2, . . . , Pl; Λ
q
0(E)) for q < n while at the term CDiff(P1, P2, . . . , Pl; Λ

n
0 (E))

its cohomology is CDiff(P1, P2, . . . , Pl−1; P̂l), where P̂l = HomF(E)(Pl,Λ
n
0 (E)).

Proof. Let CDiffk(P1, P2, . . . , Pl;Q) ⊂ CDiff(P1, P2, . . . , Pl;Q) be the module
consisting of operators ∇ such that the operator ∇(p1, p2, . . . , pl−1) : Pl → Q is of
order ≤ k for all p1 ∈ P1, p2 ∈ P2, . . . , pl−1 ∈ Pl−1 (here and subsequently,
∇(p1, p2, . . . , pl−1) stands for ∇(p1)(p2) . . . (pl−1)). Thus,

CDiffk(P1, . . . , Pl;Q) = CDiff(P1, . . . , Pl−1; CDiffk(Pl, Q))

and the embeddings CDiffk(Pl, Q) ⊂ CDiffk+1(Pl, Q) induce the homomorphisms
of complexes (• denotes “P1, . . . , Pl”)

· · · → CDiffk−n+i( • ; Λi
0(E))

w→ CDiffk−n+i+1( • ; Λi+1
0 (E)) → · · ·

· · · → CDiffk−n+i−1( • ; Λi
0(E))

↑

w→ CDiffk−n+i( • ; Λi+1
0 (E))

↑

→ · · ·

(2.3)

Hence, there exists the quotient complex

0 → CDiff( • ;Sk−n(Pl))
δ→ CDiff( • ;Sk−n+1(Pl) ⊗ Λ1

0(E))
δ→ · · ·

δ→ CDiff( • ;Sk(Pl) ⊗ Λn
0 (E)) → 0, (2.4)

where • stands for “P1, . . . , Pl−1” and

Sr(P ) = CDiffr(P,F(E))
/
CDiffr−1(P,F(E)).

The proof will be accomplished if we prove that complex (2.4) is exact for k > 0.
Indeed, the cohomologies of complexes (2.3) for k > 0 coincide in this case and,
hence, the cohomology of (2.2) equals to the cohomology of the complex

0 → CDiff0(P1, . . . , Pl; Λ
n
0 (E)) → 0.

The differentials δ of complex (2.4) are F(E)-linear. Therefore, it suffices to
check its exactness at every point θ ∈ E . Since the functor CDiff(P, · ) is exact, we
can take l = 1. Thus, we are to prove that the complexes

0 → Sk−n(P )θ → Sk−n+1(P )θ ⊗R Λ1
0(E)θ → · · · → Sk(P )θ ⊗R Λn

0 (E)θ → 0

are acyclic for k > 0.
Let {eξ} be a basis of (Pθ)

∗. Pick the elements eξ ⊗ Dσ|θ, |σ| = i, as a basis of

the space Si(P )θ and the elements dxi1 ∧ · · · ∧ dxiq

∣∣
θ
, 1 ≤ i1 < · · · < iq ≤ n, as a

basis of Λq
0(E)θ. Then the differential δ takes the form

δ(eξ ⊗ Dσ ⊗ dxi1 ∧ · · · ∧ dxiq

∣∣
θ
) =

n∑

i=1

eξ ⊗ Dσ+1i
⊗ dxi ∧ dxi1 ∧ · · · ∧ dxiq

∣∣
θ
.

Consequently, complex (2.4) is the Koszul complex of the polynomial algebra (see,
e.g., [15]) and, consequently, is exact for k > 0.
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Exercise 2.5. Prove that the embedding

il : CDiff(P1, . . . , Pl−1; P̂l) → CDiff(P1, . . . , Pl; Λ
n
0 (E))

induced by the embedding P̂l = HomF(E)(Pl,Λ
n
0 (E)) → CDiff(Pl,Λ

n
0 (E)) splits the

natural projection

µl : CDiff(P1, . . . , Pl; Λ
n
0 (E)) → CDiff(P1, . . . , Pl; Λ

n
0 (E))

/
im w

= CDiff(P1, . . . , Pl−1; P̂l).

Thus the module CDiff(P1, . . . , Pl−1; P̂l) = im il is a direct summand in the module
CDiff(P1, . . . , Pl; Λ

n
0 (E)).

Take a C-differential operator ∆: P → Q. It induces the cochain map of
complexes (2.2)

0 → CDiff(P,F(E))
w→ CDiff(P,Λ1

0(E))
w→ · · · w→ CDiff(P,Λn

0 (E)) → 0

0 → CDiff(Q,F(E))

∆′
↑

w→ CDiff(Q,Λ1
0(E))

∆′
↑

w→ · · · w→ CDiff(Q,Λn
0 (E))

∆′
↑

→ 0

where ∆′(∇) = ∇ ◦ ∆ for any ∇ ∈ CDiff(Q,Λq
0(E)). Theorem 2.1 implies that the

map ∆′ gives rise to the cohomology map ∆∗ : Q̂ → P̂ . The operator ∆∗ is called
adjoint to the operator ∆.

Exercise 2.6. Show that:

1. If ∆ =
∑

σ aσDσ is a scalar C-differential operator, then

∆∗ =
∑

σ

(−1)|σ|Dσ ◦ aσ.

2. If ∆ = ‖∆ij‖ is a matrix C-differential operator, then ∆∗ = ‖∆∗
ji‖.

In particular, this exercise implies that ∆∗ is a C-differential operator of the
same order as ∆.

Exercise 2.7. Prove that for all ∆ ∈ CDiff(P,Q), p ∈ P , and q̂ ∈ Q̂ there
exists a form ωp,bq(∆) ∈ Λn−1

0 (E) such that

q̂(∆(p)) − (∆∗(q̂))(p) = d̂ωp,bq(∆). (2.5)

Exercise 2.8. Check that for any two C-differential operators ∆1 : P → Q and
∆2 : Q → R one has (∆2 ◦ ∆1)

∗ = ∆∗
1 ◦ ∆∗

2.

Exercise 2.9. Consider X ∈ CDiff1(F(E),Λn
0 (E)). Show that X + X∗ ∈

Λn
0 (E), i.e., X + X∗ is an operator of zero order.

Exercise 2.10. Show that the natural projection

µl : CDiff(P1, . . . , Pl; Λ
n
0 (E)) → CDiff(P1, . . . , Pl; Λ

n
0 (E))

/
im w

= CDiff(P1, . . . , Pl−1; P̂l).

is given by the formula

µl(∇)(p1, . . . , pl−1) = (∇(p1, . . . , pl−1))
∗(1).
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Let CDiff(l)(P ;Q) denote CDiff(P, . . . , P︸ ︷︷ ︸
l times

;Q) and CDiffalt(l)(P ;Q) denote the

submodule of CDiff(l)(P ;Q) consisting of skew-symmetric operators, i.e., of opera-
tors ∇ ∈ CDiff(l)(P ;Q) such that

∇(p1, . . . , pi, pi+1, . . . , pl) = −∇(p1, . . . , pi+1, pi, . . . , pl)

for all p1, . . . , pl ∈ P , i = 1, . . . , l − 1.
Consider complex (2.2) for P1 = P2 = · · · = Pl = P :

0 → CDiff(l)(P ;F(E))
w→ CDiff(l)(P ; Λ1

0(E))
w→ · · ·

w→ CDiff(l)(P ; Λn
0 (E)) → 0. (2.6)

The permutation group Sl acts in this complex as follows:

τ(∇)(p1, . . . , pl) = ∇(pτ(1), . . . , pτ(l)), τ ∈ Sl.

It is obvious that this action commutes with the differential w. Hence from Theo-
rem 2.1 it follows that the skew-symmetric part of complex (2.6), i.e., the subcom-
plex

0 → CDiffalt(l)(P ;F(E)))
w→ CDiffalt(l)(P ; Λ1

0(E))
w→ · · ·

w→ CDiffalt(l)(P ; Λn
0 (E)) → 0, (2.7)

is exact in all degrees different from n while its n-th cohomology group is isomorphic

to a submodule of CDiff(l−1)(P ; P̂ ), which shall be denoted by Kl(P ).
An explicit description of the module Kl(P ) can be obtained in the following

manner. First, observe that the embedding (see Exercise 2.5)

il : CDiff(P1, . . . , Pl−1; P̂l) → CDiff(P1, . . . , Pl; Λ
n
0 (E))

commutes with the action of the subgroup Sl−1 ⊂ Sl which preserves the l-th index.
For this reason

Kl(P ) ⊂ CDiffalt(l−1)(P ; P̂ ).

Consider the transposition τ ∈ Sl interchanging the j-th and the l-th indices, j < l,

and let us describe its action on an operator ∆ ∈ CDiff(l−1)(P, P̂ ). Let us fix the
elements p1, . . . , pj−1, pj+1, . . . , pl−1 ∈ P and consider the operator

¤(p) = ∆(p1, . . . , pj−1, p, pj+1, . . . , pl−1).

From (2.5) it follows that

¤(p)(p′) − ¤
∗(p′)(p) ∈ im d̂

for all p, p′ ∈ P . Thus the operator τ(∆) has the form τ(∆)(p1, . . . , pl−1) = ¤
∗(pj).

This proves the following

Theorem 2.2. Complex (2.7) is acyclic in the terms CDiffalt(l)(P ; Λq
0(E)) for

q < n. The cohomology group in the term CDiffalt(l)(P ; Λn
0 (E)) is isomorphic to

the module Kl(P ) ⊂ CDiffalt(l−1)(P ; P̂ ) consisting of all operators ∇ satisfying the

condition

(∇(p1, . . . , pl−2))
∗ = −∇(p1, . . . , pl−2)

for all p1, . . . , pl−2 ∈ P .
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2.4. Generalizations. We shall need to generalize Theorems 2.1 and 2.2. To
do this, we use the following result:

Exercise 2.11. To each C-differential operator ∆: P1 → P2 assign the family
of operators ∆(p1, p

∗
2) ∈ CDiff(F(E),F(E))

∆(p1, p
∗
2)(f) = p∗2(∆(fp1)), p1 ∈ P1, p∗2 ∈ HomF(E)(P2,F(E)).

Prove that the family ∆(p1, p
∗
2) uniquely determines the operator ∆ and that for any

family ∆
[
p1, p

∗
2

]
∈ CDiff(F(E),F(E)), p1 ∈ P1, p∗2 ∈ HomF(E)(P2,F(E)) satisfying

∆
[
p1,

∑
i fip

∗i
2

]
=

∑
i fi∆

[
p1, p

∗i
2

]
, ∆

[∑
i fip

i
1, p

∗
2

]
=

∑
i ∆

[
pi
1, p

∗
2

]
◦ fi,

there exists an operator ∆ ∈ CDiff(P1, P2) such that ∆
[
p1, p

∗
2

]
= ∆(p1, p

∗
2).

Let Q be a left module over the ring CDiff(F(E),F(E)). Since

F(E) = CDiff0(F(E),F(E)) ⊂ CDiff(F(E),F(E)),

the module Q is an F(E)-module as well. Suppose that it is a horizontal F(E)-
module. By Exercise 2.11, for any operator ∆ ∈ CDiff(P1, P2) there exists a unique
operator ∆Q ∈ CDiff(P1 ⊗ Q,P2 ⊗ Q) such that

∆Q(p1 ⊗ q, p∗2 ⊗ q∗) = q∗(∆(p1, p
∗
2)q).

Note that operators ∆ and ∆Q are of the same order.
It is easy to see that (∆1 ◦ ∆2)Q = (∆1)Q ◦ (∆2)Q, thus any complex of C-dif-

ferential operators

· · · → Pk
∆k→ Pk+1 → · · ·

can be multiplied by Q:

· · · → Pk ⊗ Q
(∆k)Q→ Pk+1 ⊗ Q → · · · .

In particular, multiplying complex (2.2) by Q, we get

0 → CDiff(P1, . . . , Pl;F(E))⊗Q → CDiff(P1, . . . , Pl; Λ
1
0(E))⊗Q → · · ·

→ CDiff(P1, . . . , Pl; Λ
n
0 (E)) ⊗ Q → 0. (2.8)

Literally repeating the proof of Theorem 2.1, we obtain the following

Theorem 2.3. The cohomology of complex (2.8) in the term

CDiff(P1, P2, . . . , Pl; Λ
i
0(E)) ⊗ Q

has the form Hi =

{
0 for i < n,

CDiff(P1, P2, . . . , P̂l) ⊗ Q for i = n.

Theorem 2.2 can be generalized in the same way.

Exercise 2.12. Show that the set CpΛp(E) can be supplied with a unique left
CDiff(F(E),F(E))-module structure such that

f · ω = fω, f ∈ F(E),

X · ω = LX(ω), X ∈ CD(E).
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2.5. The term E1 for J∞(π). Consider now the term E1 of the C-spectral
sequence for the “empty equation”, i.e., for the case E∞ = J∞(π). We shall
follow the notation of §2.1, but abbreviate “J0(π)” to “π”, e.g., CkΛq(π) stands for
CkΛq(J0(π)), etc.

By definition, the first term E1 of a spectral sequence is the cohomology of
its zero term E0. So the zero column of E1 consists of the horizontal cohomology
groups of the space J∞(π): E0,q

1 (π) = H̄q(π). To describe the terms Ep,q
1 (π)

for p > 0, we need to compute the cohomology of complexes (see §2.3)

0 → CpΛp(π)
bd→ CpΛp(π) ⊗ Λ1

0(π)
bd→ · · ·

bd→ CpΛp(π) ⊗ Λ1
0(π) → 0. (2.9)

Let κ(π) = F(π, π) be the F(π)-module of evolutionary derivations. To each
form ω ∈ CpΛp(π), we assign the operator ∇ω ∈ CDiffalt(p)(κ(π);F(π)) by

∇ω(χ1, . . . , χp) = Зχp
(. . . (Зχ1

ω) . . . ), (2.10)

where χi ∈ κ(π).

Lemma 2.4. Operation (2.10) establishes an isomorphism of the F(E)-modules

CpΛp(π) and CDiffalt(p)(κ(π);F(π)).

Proof. Let us construct the map inverse to the given map ω 7→ ∇ω. Take ∇ ∈
CDiffalt(p)(κ(π);F(E)). Any vertical tangent vector ξ at the point θ ∈ J∞(π) may
be realized in the form Зχ|θ for some χ (this can be seen, e.g., from the coordinate
expression for Зχ (see equality (2.15) of Ch. 4)). Define the form ω∇ ∈ CpΛp(π) by
putting

ω∇|θ (ξ1, . . . , ξp) = ∇(χ1, . . . , χp)(θ),

where ξi = Зχi
|θ. It is clear that the map ∇ 7→ ω∇ is the desired inverse map.

Other details of the proof are left to the reader as an exercise.

Thus, we can rewrite complex (2.9) in the form

0 → CDiffalt(p)(κ(π);F(π))
w→ CDiffalt(p)(κ(π); Λ1

0(π))
w→ · · ·

w→ CDiffalt(p)(κ(π); Λn
0 (π)) → 0. (2.11)

Exercise 2.13. Prove that the differential w corresponds to the differential d̂
in complex (2.9).

Computing the cohomology of complex (2.11) by Theorem 2.2, we get the
following result:

Theorem 2.5. Let π be a smooth vector bundle over a manifold M , dimM =
n. Then:

E0,q
1 (π) = H̄q(π) for all q ≥ 0;

Ep,q
1 (π) = 0 for p > 0, q 6= n;

Ep,n
1 (π) = Kp(κ(π)) for p > 0.

Since the C-spectral sequence converges to the de Rham cohomology of the
manifold J∞(π) in the case under consideration, Theorem 2.5 has the following
obvious corollary:

Corollary 2.6. Under the assumptions of Theorem 2.5, we have
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1. Ep,q
r (π) = 0, for all 1 ≤ r ≤ ∞ if p > 0, q 6= n, or p = 0, q > n.

2. E0,q
1 (π) = E0,q

∞ (π) = Hq(J∞(π)) = Hq(J0(π)) for q < n.

3. Ep,n
2 (π) = Ep,n

∞ (π) = Hp+n(J∞(π)) = Hp+n(J0(π)) for p ≥ 0.

Exercise 2.14. Prove the equality Hq(J∞(π)) = Hq(J0(π)).

Let us now consider the differentials dp,n
1 .

Exercise 2.15. a. Show that the operator

E0,n
1 (π) = H̄n(π)

d0,n
1→ E1,n

1 (π) = κ̂(π)

is given by the formula d0,n
1 ([ω]) = ℓ∗ω(1), where ω ∈ Λn

0 (π) and [ω] is the horizontal
cohomology class of ω. (Note that the expression ℓω makes sense, because ω is a
horizontal n-form, i.e., a nonlinear differential operator acting from Γ(π) to Λn(M).)

b. Write down the coordinate expression for the operator d0,n
1 and check that

this operator is the standard Euler operator (i.e., the operator that takes each
Lagrangian to the corresponding Euler–Lagrange equation (see §4.1 below)).

Now let us describe the differentials dp,n
1 , p > 0.

Consider an operator ∇ ∈ Kp(κ(π)). Define ¤ ∈ CDiff(p+1)(κ(π),Λn
0 (π)) by

putting

¤(χ1, . . . , χp+1) =

p+1∑

i=1

(−1)i+1
Зχi

(∇(χ1, . . . , χ̂i, . . . , χp+1))

+
∑

1≤i<j≤p+1

(−1)i+j∇({χi, χj}, χ1, . . . , χ̂i, . . . , χ̂j , . . . , χp+1). (2.12)

Exercise 2.16. Prove that dp,n
1 (∇) = µp+1(¤).

Remark 2.1. It is needless to say that this fact follows from the standard
formula for the exterior differential. However, it is necessary to prove that one
may use this formula even though ∇, as an element of CDiff(p)(κ(π); Λn

0 (π)), is not
skew-symmetric.
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From (2.12) we get

¤(χ1, . . . , χp+1) =

p∑

i=1

(−1)i+1
Зχi

(∇(χ1, . . . , χ̂i, . . . , χp))(χp+1)

+

p∑

i=1

(−1)i+1∇(χ1, . . . , χ̂i, . . . , χp,Зχi
(χp+1)) + (−1)p

Зχp+1
(∇(χ1, . . . , χp))

+
∑

1≤i<j≤p

(−1)i+j∇({χi, χj}, χ1, . . . , χ̂i, . . . , χ̂j , . . . , χp+1)

+

p∑

i=1

(−1)i+p+1∇({χi, χp+1}, χ1, . . . , χ̂i, . . . , χp)

=

p∑

i=1

(−1)i+1
Зχi

(∇(χ1, . . . , χ̂i, . . . , χp))(χp+1)

+
∑

1≤i<j≤p

(−1)i+j∇({χi, χj}, χ1, . . . , χ̂i, . . . , χ̂j , . . . , χp+1)

+

p∑

i=1

(−1)i+1∇(χ1, . . . , χ̂i, . . . , χp, ℓχi
(χp+1)) + (−1)pℓ∇(χ1,...,χp)(χp+1).

Therefore

dp,n
1 (∇)(χ1, . . . , χp) = µp+1(¤)(χ1, . . . , χp)

=

p∑

i=1

(−1)i+1
Зχi

(∇(χ1, . . . , χ̂i, . . . , χp))

+
∑

i<j

(−1)i+j∇({χi, χj}, χ1, . . . , χ̂i, . . . , χ̂j , . . . , χp)

+

p∑

i=1

(−1)i+1ℓ∗χi
(∇(χ1, . . . , χ̂i, . . . , χp)) + (−1)pℓ∗∇(χ1,...,χp)(1). (2.13)

Using the obvious equality

ℓ∗ψ(ϕ)(1) = ℓ∗ψ(ϕ) + ℓ∗ϕ(ψ), ϕ ∈ κ(π), ψ ∈ κ̂(π),

(cf. Exercise 2.17), let us rewrite the last term of (2.13) in the following way:

(−1)pℓ∗(∇(χ1,...,χp))(1) =
1

p

p∑

i=1

(−1)iℓ∗(∇(χ1,...,bχi,...,χp,χi))
(1)

=
1

p

p∑

i=1

(−1)i(ℓ∗∇(χ1,...,bχi,...,χp)(χi) + ℓ∗χi
(∇(χ1, . . . , χ̂i, . . . , χp))).
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Finally, we obtain

(dp,n
1 (∇))(χ1, . . . , χp) =

p∑

i=1

(−1)i+1
Зχi

(∇(χ1, . . . , χ̂i, . . . , χp))

+
∑

i<j

(−1)i+j∇({χi, χj}, χ1, . . . , χ̂i, . . . , χ̂j , . . . , χp)

+
1

p

p∑

i=1

(−1)i+1((p − 1)ℓ∗χi
(∇(χ1, . . . , χ̂i, . . . , χp)) − ℓ∗∇(χ1,...,bχi,...,χp)(χi)).

In particular, for p = 1 we have d1,n
1 (ψ)(ϕ) = Зϕ(ψ) − ℓ∗ψ(ϕ) = ℓψ(ϕ) − ℓ∗ψ(ϕ),

ψ ∈ κ̂(π), ϕ ∈ κ(π), that is,

d1,n
1 (ψ) = ℓψ − ℓ∗ψ. (2.14)

Note that the horizontal de Rham complex on J∞(π) can be combined with
the complex (Ep,n

1 (π), dp,n
1 ) to give the complex

0 → F(E)
bd→ Λ1

0(π)
bd→ · · ·

bd→ Λn
0 (π)

E→ E1,n
1 (π)

d1,n
1→ E2,n

1 (π)
d2,n
1→ · · · ,

(2.15)

where E is the composition of the natural projection Λn
0 (π) → H̄n(π) and the

differential d0,n
1 : H̄n(π) → E1,n

1 (π)6.
In view of Corollary 2.6, the i-th cohomology group of this complex coincides

with Hi(J0(π)). The operator E is the Euler operator (see Exercise 2.15b). It
takes each Lagrangian density ω ∈ Λn

0 (π) to the left-hand side of the corresponding
Euler–Lagrange equation E(ω) = 0. Thus the action functional

s 7→
∫

M

j∞(s)∗(ω), s ∈ Γ(π),

is stationary on a section s if and only if j∞(s)∗(E(ω)) = 0.
Complex (2.15) is often called the (global) variational complex of the bundle π.

If the cohomology of the space J0(π) is trivial then this complex is exact. This
immediately implies a number of consequences. The three most important ones
are:

1. kerE = im d̂ (variationally trivial Lagrangians are total divergences).

2. d̂ω = 0 if and only if ω is of the form ω = d̂η, ω ∈ Λn−1
0 (π) (null total

divergences are total curls).
3. ℓψ = ℓ∗ψ if and only if ψ is of the form ψ = E(ω), ψ ∈ κ̂(π) (this solves the

inverse problem of the calculus of variations).

Exercise 2.17. Let P be a horizontal module, ∆ ∈ CDiff(P,Λn
0 (π)), and p ∈

P . Show that

E(∆(p)) = ℓ∗p(∆
∗(1)) + ℓ∗∆∗(1)(p).

Use this fact to prove the formula

E(Зϕ(ω)) = Зϕ(E(ω)) + ℓ∗ϕ(E(ω))

for all ϕ ∈ κ(π) and ω ∈ Λn
0 (π).

6Below we use the same notation E for the operator d0,n
1 : H̄n(π) → E1,n

1 (π) as well.
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2.6. The term E1 in the general case. Let us compute the term E1(E) of
the C-spectral sequence of a differential equation E .

Let I(E) ⊂ F(E) be the ideal of the equation E . Recall that if the equation
E ⊂ Jk(π) has the form E = {F = 0}, where F ∈ Pk = Fk(π, ξ), ξ : Nξ → M is a
vector bundle over M , and the projection E → M is surjective, then

I(E) = CDiff(P,F(π))(F ),

where P = F(π, ξ) (i.e., the components of the vector function F are differential
generators of the ideal I(E)). We call such equations regular. As it was mentioned
in Ch. 4, the regularity condition is not restrictive, and equations encountered in
mathematical physics, as a rule, satisfy it.

For regular equations, the module CΛ1(E) can be described as follows. Let
κ = κ(π)

/
(I(E) · κ(π)) be the restriction of the module κ(π) to E∞. Consider

the submodule L of CDiff(κ,F(E)) consisting of operators of the form ¤ ◦ ℓEF ,
where ¤ ∈ CDiff(P,F(E)), ℓEF = ℓF |E∞ . Here P = F(E , ξ) is the restriction of the
module F(π, ξ) to E∞. (In the sequel, we shall not distinguish between notation
for a module and its restriction to E∞.) Next two results are generalizations of
Lemma 2.4.

Lemma 2.7. To each form ω ∈ CΛ1(E), we assign the C-differential operator

∇ω ∈ CDiff(κ,F(E)) by setting

∇ω(χ) = ω(Зχ), χ ∈ κ. (2.16)

If the equation E is regular, then correspondence (2.16) establishes an isomorphism

of the F(E)-modules CΛ1(E) and CDiff(κ,F(E))
/
L.

Proof. It is obvious that CΛ1 = CDiff(κ,F(E)), where CΛ1 is the restriction
of CΛ1(π) to E∞. The kernel L′ of the natural projection CΛ1 → CΛ1(E) is generated
by the forms dvf , where f ∈ I(E) and dv : F(π) → CΛ1 is the composition of
the differential d : F(π) → Λ1(π) and the projection Λ1(π) → CΛ1. In terms of
C-differential operators this means that L′ is generated by the operators of the
form ℓEf , where f ∈ I(E). Since E is regular, f ∈ I(E) can be represented in

the form f = ∇(F ), ∇ ∈ CDiff(P,F(π)). Thus ℓEf = ∇ ◦ ℓEF and, consequently,

L′ = L.

Exercise 2.18. Show that

CpΛp(E) = CDiffalt(p)(κ;F(E))
/
Lp,

where Lp = alt(CDiffalt(p−1)(κ;F(E)) ⊗ L) and

alt : CDiff(p)(κ;F(E)) → CDiffalt(p)(κ;F(E))

is the alternation operation.

Thus, for a regular equation E there exists the exact sequence of F(E)-modules

CDiff(P,F(E)) → CDiff(κ,F(E)) → CΛ1(E) → 0.

Generally speaking, the left-hand arrow is not injective: in other words, an operator
of the form ¤ ◦ ℓEF , ¤ ∈ CDiff(P,F(E)), may be trivial for a nontrivial operator ¤.

A regular equation is called ℓ-normal, if the sequence

0 → CDiff(P,F(E)) → CDiff(κ,F(E)) → CΛ1(E) → 0 (2.17)

is exact.
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The next proposition gives a way to find out whether a given equation is ℓ-nor-
mal.

Proposition 2.8. Let E be a regular equation in n independent variables. As-

sume that in each coordinate neighborhood on E∞ one can choose internal coordi-

nates θ such that the functions Di(θ), i = 1, . . . , n − 1, can be expressed in terms

of these coordinates. Then the equation E is ℓ-normal.

Proof. Locally, the equation at hand can be written in the form

pir

(0,...,0,kr) = fr, ir ∈ A ⊂ {1, . . . ,m}, r = 1, . . . , l, kr > 0,

where fr are functions of the coordinates x1, . . . , xn and pi
σ, where σ = (σ1, . . . , σn),

σn < kr, if i ∈ A. We take these coordinates as internal coordinates on E∞.
Consequently the operator ℓEF has the form ℓEF = ∆ − ℓf , where f = (f1, . . . , fl),
∆ = ‖∆ij‖ is the l × m matrix such that ∆rir

= D̄kr
n , r = 1, . . . , l, and the other

elements of ∆ are trivial. It follows in the standard way now that if ¤ ◦ ℓEF = 0,
¤ ∈ CDiff(P,F(E)), then ¤ = 0.

Thus, if the equation under consideration is not overdetermined, i.e., the num-
ber of equations is not greater than the number of unknowns (l ≤ m), it is almost
always ℓ-normal. Nevertheless, let us give an example of a determined but not
ℓ-normal equation.

Example 2.1. Consider the system




p3
2 − p2

3 + u2p3
4 − u3p2

4 = 0,

p1
3 − p3

1 + u3p1
4 − u1p3

4 = 0,

p2
1 − p1

2 + u1p2
4 − u2p1

4 = 0,

(2.18)

which is the condition for integrability of a three-dimensional distribution in R4

with coordinates (x1, x2, x3, x4) given by the form ω = dx4 −
∑3

i=1 ui dxi.

Exercise 2.19. Find an operator ¤ such that ¤ ◦ ℓEF = 0, where F is the left-
hand part of (2.18).

(The answer : ¤ = (D̄1 + u1D̄4 − p1
4, D̄2 + u2D̄4 − p2

4, D̄3 + u3D̄4 − p3
4)).

Remark 2.2. The Maxwell, Yang–Mills, and Einstein equations provide exam-
ples of equations which are not ℓ-normal. Roughly speaking, this can be explained
as follows. All these equations are invariant under the action of a pseudogroup, i.e.,
there exists a nontrivial C-differential operator R : Q → κ, where Q is a horizontal
module, such that ℓEF ◦ R = 0. Hence R∗ ◦

(
ℓEF

)∗
= 0 and, since the equations at

hand are Euler–Lagrange equations (that is,
(
ℓEF

)∗
= ℓEF ), we get R∗ ◦ℓEF = 0. Thus

the operator R∗ disobeys the condition of ℓ-normality.
In spite of these examples, it is important to stress that the majority of equa-

tions of mathematical physics are ℓ-normal.

From now on we consider only ℓ-normal equations7.
For such an equation E , sequence (2.17) is exact, and hence there exists the

exact sequence of complexes

0 → CDiff(P,Λq
0(E)) → CDiff(κ,Λq

0(E)) → Λq
0(E) ⊗ CΛ1(E) → 0.

7Closer examination of the C-spectral sequence makes it possible to compute of conservation

laws for equations which are not ℓ-normal (see [132, 120]).
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Let us multiply each of these complexes by Cp−1Λp−1(E) (see Exercise 2.12):

0 → CDiff(P,Λq
0(E)) ⊗ Cp−1Λp−1(E) → CDiff(κ,Λq

0(E)) ⊗ Cp−1Λp−1(E)

→ Λq
0(E) ⊗ CΛ1(E) ⊗ Cp−1Λp−1(E) → 0. (2.19)

Using the long exact sequence corresponding to (2.19) and Theorem 2.3, we get the
following

Proposition 2.9. Let E be an ℓ-normal equation. Then the cohomology of the

complex

0 → CΛ1(E) ⊗ Cp−1Λp−1(E) → CΛ1(E) ⊗ Cp−1Λp−1(E) ⊗ Λ1
0(E) → · · ·

→ CΛ1(E) ⊗ Cp−1Λp−1(E) ⊗ Λn
0 (E) → 0 (2.20)

is trivial in all degrees different from n − 1 and n. The cohomology groups in

degrees n − 1 and n are isomorphic to the kernel and cokernel of the operator

(
ℓEF

)∗
(p−1)

def
=

(
ℓEF

)∗
Cp−1Λp−1(E)

: P̂ ⊗ Cp−1Λp−1(E) → κ̂ ⊗ Cp−1Λp−1(E)

respectively.

Exercise 2.20. Let ∇ω ∈ CDiffalt(p)(κ;P ) be the operator that corresponds to
a P -valued form ω ∈ CpΛp(E)⊗P (see Lemma 2.7). Show that if ∆ ∈ CDiff(P, P1),
then the operator

∆CpΛp(E) : CpΛp(E) ⊗ P → CpΛp(E) ⊗ P1

takes ∇ω to ∆ ◦ ∇ω.

The complex

0 → CpΛp(E) → Λ1
0(E) ⊗ CpΛp(E) → · · · → Λn

0 (E) ⊗ CpΛp(E) → 0

is obviously a direct summand in the complex (2.20). Hence its cohomology is trivial
in all degrees different from n − 1 and n. The cohomology groups in degrees n − 1
and n are isomorphic to the skew-symmetric parts of the kernel and cokernel of the
operator

(
ℓEF

)∗
(p−1)

respectively.

Exercise 2.21. If ω ∈ ker
(
ℓEF

)∗
(p−1)

⊂ P̂ ⊗ Cp−1Λp−1(E), then, as it follows

from the previous exercise, the corresponding operator ∇ω ∈ CDiffalt(p−1)(κ; P̂ )
satisfies the equality

(
ℓEF

)∗
(∇ω(χ1, . . . , χp−1)) =

p−1∑

i=1

∆i(χ1, . . . , χ̂i, . . . , χp−1)(ℓ
E
F (χi)),

where ∆i ∈ CDiffalt(p−2)(κ; CDiff(P, κ̂)). Prove that ω lies in the skew-symmetric

part of ker
(
ℓEF

)∗
(p−1)

if and only if

∇ω = (−1)p−i∆∗
i mod Lp−1 ⊗ P̂ , 1 ≤ i ≤ p − 1,

where ∆∗
i is the adjoint operator to ∆i with respect to the last argument (i.e., to

that belonging to P ) and Lp−1 is the module defined in Exercise 2.18.
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Exercise 2.22. Show that ω ∈ coker
(
ℓEF

)∗
(p−1)

⊂ κ̂ ⊗ Cp−1Λp−1(E) lies in the

skew-symmetric part of coker
(
ℓEF

)∗
(p−1)

if and only if

∇ω = −∇∗i
ω mod Lp−1 ⊗ κ̂, 1 ≤ i ≤ p − 1,

where ∇ω ∈ CDiffalt(p−1)(κ; κ̂) is the operator corresponding to ω and ∇∗i denotes
the operator adjoint to ∇ with respect to the i-th argument.

Exercise 2.23. a. Show that the operator

d0,n−1
1 : E0,n−1

1 (E) = H̄n−1(E) → E1,n−1
1 (E) = ker

(
ℓEF

)∗ ⊂ P̂

has the form

d0,n−1
1 (h) = ¤

∗(1),

where h = [ω] ∈ H̄n−1(E), ω ∈ Λn−1
0 (E), and ¤ ∈ CDiff(P,Λn

0 (E)) is an operator

satisfying d̂ω = ¤(F ).

b. Check that the term E2,n−1
1 (E) can be described as the quotient set

{∇ ∈ CDiff(κ, P̂ ) |
(
ℓEF

)∗ ◦ ∇ = ∇∗ ◦ ℓEF }
/
θ,

where θ = {¤ ◦ ℓEF | ¤ ∈ CDiff(P, P̂ ), ¤
∗ = ¤ }.

c. Show that the operator d1,n−1
1 : E1,n−1

1 (E) = ker
(
ℓEF

)∗ → E2,n−1
1 (E) has the

form

d1,n−1
1 (ψ) = (ℓEψ + ∆∗) mod θ,

where ∆ ∈ CDiff(P, κ̂) is an operator satisfying ℓ∗F (ψ) = ∆(F ).

d. Describe the operators dp,n
1 and dp,n−1

1 for all p ≥ 0.

Bringing together the above results, we get the following description of the
term E1(E) of the C-spectral sequence:

The Two-Line Theorem. Let E be an ℓ-normal equation. Then:

1. Ep,q
1 (E) = 0, if p ≥ 1 and q 6= n − 1, n.

2. Ep,n−1
1 (E) (resp., Ep,n

1 (E)) coincides with the skew-symmetric part (see Ex-

ercises 2.21 and 2.22) of the kernel (resp., cokernel) of the operator

(
ℓEF

)∗
(p−1)

: P̂ ⊗ Cp−1Λp−1(E) → κ̂ ⊗ Cp−1Λp−1(E).

The following result is an obvious consequence of this theorem:

Corollary 2.10. Under the assumptions of the two-line theorem we have:

1. Ep,q
r (E) = 0 if p ≥ 1, q 6= n − 1, n, 1 ≤ r ≤ ∞.

2. Ep,q
3 (E) = Ep,q

∞ (E).

3. E0,q
1 (E) = E0,q

∞ (E) = Hq(E∞), q ≤ n − 2.

4. E0,n−1
2 (E) = E0,n−1

∞ (E) = Hn−1(E∞).

5. E1,n−1
2 (E) = E1,n−1

∞ (E).
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2.7. Conservation laws and generating functions. Now we apply the
results of the previous subsection to the problem of computing conservation laws
of an ℓ-normal equation E .

First of all, note that for a formally integrable equation E the projections
E(k+1) → E(k) are affine bundles, therefore E(k+1) and E(k) are of the same ho-
motopy type. Hence, H∗(E∞) = H∗(E).

Further, from the two-line theorem it follows that there exists the following
exact sequence:

0 → Hn−1(E) → H̄n−1(E)
d0,n−1
1 → ker

(
ℓEF

)∗
.

Recall that the group H̄n−1(E) was interpreted as the group of conservation laws
of the equation E (see Definition 2.1). Conservation laws ω ∈ Hn−1(E) ⊂ H̄n−1(E)
are called topological (or rigid), since they are determined only by the topology of
the equation E . In particular, the corresponding conserved quantities do not change
under deformations of solutions of the equation E . Thus topological conservation
laws8 are not very interesting for us and we consider the quotient group cl(E) =
H̄n−1(E)

/
Hn−1(E) called the group of proper conservation laws of the equation E .

The two-line theorem implies immediately the following

Theorem 2.11. If E is an ℓ-normal equation, then

cl(E) ⊂ ker
(
ℓEF

)∗
.

If, moreover, Hn(E) ⊂ H̄n(E) (in particular, if Hn(E) = 0), then

cl(E) = ker d1,n−1
1 .

The element ψ ∈ ker
(
ℓEF

)∗
corresponding to a conservation law [ω] ∈ cl(E) is

called its generating function.
Theorem 2.11 gives an effective method for computing the group of (proper)

conservation laws cl(E). In §3 we demonstrate this method in action.

Exercise 2.24. Show that the generating function of any conservation law can
be extended to the entire space J∞(π) such that the following equality holds:

l∗F (ψ) + l∗ψ(F ) = 0. (2.21)

Prove that:
a. Equality (2.21) holds identically, if ψ = ¤(F ) and ¤ = −¤

∗.
b. The solutions to (2.21) of the form ψ = ¤(F ) for a self-adjoint operator ¤,

¤ = ¤
∗, correspond to topological conservation laws of E .

c. Two different topological conservation laws correspond to the same solution
of the above described form if and only if they differ by an element belonging to
the image of the natural mapping Hn−1(J∞(π)) = H̄n−1(π) → H̄n−1(E).

To conclude this subsection, note yet another important result. Let ϕ ∈ ker ℓEF
be a symmetry and [ω] ∈ H̄n−1(E) be a conservation law of E . Then [Зϕ(ω)] is
obviously a conservation law of E as well.

Exercise 2.25. Prove that if ψ ∈ ker
(
ℓEF

)∗
is the generating function of a

conservation law [ω] of an ℓ-normal equation E , then the generating function of
the conservation law [Зϕ(ω)] has the form Зϕ(ψ) + ∆∗(ψ), where the operator
∆ ∈ CDiff(P, P ) is defined by Зϕ(F ) = ∆(F ).

8They are discussed, e.g., in the book [103].
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2.8. Euler–Lagrange equations. Consider a Lagrangian L = [ω] ∈ H̄n(π)
and the corresponding Euler–Lagrange equation E = {E(L) = 0}. Let ϕ ∈ κ(π) be
a Noether symmetry of L, i.e., Зϕ(L) = 0 on J∞(π).

Exercise 2.26. Check that a Noether symmetry of L is a symmetry of the
corresponding equation E as well, i.e., symL ⊂ sym E .

Exercise 2.27. Show that if E0,n
2 (E) = 0, then finding of Noether symme-

tries of the Lagrangian L = [ω] amounts to solution of the equation E(ℓω(ϕ)) =
ℓE(L)(ϕ) + ℓ∗ϕ(E(L)) = 0. (Thus, to compute Noether symmetries of an Euler–
Lagrange equation one has no need to know the Lagrangian.)

Let Зϕ(ω) = d̂ν, where ν ∈ Λn−1
0 (π). By (2.5), we have

Зϕ(ω) − d̂ν = ℓω(ϕ) − d̂ν = ℓ∗ω(1)(ϕ) + d̂ωϕ,1(ℓω) − d̂ν

= E(L)(ϕ) + d̂(ωϕ,1(ℓω) − ν) = 0.

Set

η = (ν − ωϕ,1(ℓω))|E∞ ∈ Λn−1
0 (E).

Thus, d̂η
∣∣∣
E∞

= 0, i.e., [η] ∈ H̄n−1(E) is a conservation law for E . The map

symL → H̄n−1(E), ϕ → [η],

is said to be the Noether map.

Exercise 2.28. Check that the Noether map is well defined up to the image
of the natural homomorphism Hn−1(J∞(π)) = H̄n−1(π) → H̄n−1(E).

Remark 2.3. The definition of the Noether map implies that it is defined for
all Euler–Lagrange equations and not just for ℓ-normal ones.

Exercise 2.29. Prove that if the Euler–Lagrange equation E corresponding to
a Lagrangian L is ℓ-normal, then the Noether map restricted to the set of Noether
symmetries of L is inverse to the differential d0,n−1

1 :

d0,n−1
1 ([η]) = ϕ. (2.22)

Remark 2.4. The Noether map can be understood as a procedure for finding
a conserved current to a given generating function.

Exercise 2.30. Given an ℓ-normal Euler–Lagrange equation E∞, describe the
map inverse to the embedding d0,n−1

1 : cl(E) → ker ℓ
(
ℓEF

)∗
= ker ℓEF = symL. (In

view of the previous exercise, the required inverse map is an extension of the Noether
map.)

2.9. Hamiltonian formalism on J∞(π). Let A ∈ CDiff(κ̂(π), κ(π)) be a
C-differential operator. Define the Poisson bracket on H̄n(π) corresponding to the
operator A by the formula

{ω1, ω2}A = 〈A(E(ω1)),E(ω2)〉,

where 〈 , 〉 denotes the natural paring κ(π) × κ̂(π) → H̄n(π).
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Exercise 2.31. a. Consider an operator A ∈ CDiff(κ̂(π), P ), where P is a
module over F(π). Prove that A ◦ E = 0 implies A = 0.

b. Consider an operator A ∈ CDiff(l)(κ̂(π),Λn
0 (π)). Prove that if for all

ω1, . . . , ωl ∈ H̄n(π) the element A(E(ω1), . . . ,E(ωl)) belongs to the image of the

operator d̂, then imA ⊂ im d̂, i.e., µl(A) = 0 (see Exercises 2.5 and 2.10). In par-
ticular, if for any ω ∈ H̄n(π) one has Зϕ(ω) = 〈ϕ,E(ω)〉 = 0, ϕ ∈ κ(π), then ϕ = 0.
Note that the equality Зϕ(ω) = 〈ϕ,E(ω)〉 follows from

〈ϕ,E(ω)〉 = 〈ϕ, ℓ∗ω(1)〉 = 〈ℓω(ϕ), 1〉 = 〈Зϕ(ω), 1〉.
c. Using the above said, check that if the Poisson bracket {ω1, ω2}A is trivial

for any ω1 and ω2, then A = 0.

An operator A is called Hamiltonian, if the corresponding Poisson bracket
defines a Lie algebra structure (over R) on H̄n(π), i.e., if

{ω1, ω2}A = −{ω2, ω1}A, (2.23)

{{ω1, ω2}A, ω3}A + {{ω2, ω3}A, ω1}A + {{ω3, ω1}A, ω2}A = 0. (2.24)

The bracket { , }A is said to be a Hamiltonian structure.

Exercise 2.32. Prove that the Poisson bracket corresponding to an operator A
is skew-symmetric, i.e., condition (2.23) holds, if and only if the operator A is skew-
adjoint, i.e., A∗ = −A.

Now we derive criteria for a skew-adjoint operator A ∈ CDiff(κ̂(π), κ(π)) to
be Hamiltonian. For this, we use the following observation. Let P = F(π, ξ) and
P ′ = F(π, ξ′) be horizontal modules and ∆: P → P ′ be a C-differential operator.
Set Dσ = Dσ1

1 ◦ · · · ◦ Dσn
n . One has j∞(s)∗(Dσf) = ∂|σ|/∂xσ(j∞(s)∗f) for any

section s ∈ Γ(π) (see Ch. 4). Therefore ∆ can be considered as a nonlinear operator
acting from the sections of π to the set of linear operators Γ(ξ) → Γ(ξ′). Thus,
the universal linearization of this operator, which we denote by ℓ∆, belongs to
CDiff(κ, CDiff(P, P ′)) = CDiff(κ, P ;P ′).

For a C-differential operator A : κ̂(π) → κ(π) and an element ψ ∈ κ̂(π), we
can define the C-differential operator ℓA,ψ : κ(π) → κ(π) by

ℓA,ψ(ϕ) = (ℓA(ϕ))(ψ).

Exercise 2.33. Prove that

ℓ∗A,ψ1
(ψ2) = ℓ∗A∗,ψ2

(ψ1).

Theorem 2.12. Let A ∈ CDiff(κ̂(π), κ(π)) be a skew-adjoint operator ; then

the following conditions are equivalent :

1. A is a Hamiltonian operator.

2. 〈ℓA(A(ψ1))(ψ2), ψ3〉+ 〈ℓA(A(ψ2))(ψ3), ψ1〉+ 〈ℓA(A(ψ3))(ψ1), ψ2〉 = 0 for all

ψ1, ψ2, ψ3 ∈ κ̂(π).
3. ℓA,ψ1

(A(ψ2)) − ℓA,ψ2
(A(ψ1)) = A(ℓ∗A,ψ2

(ψ1)) for all ψ1, ψ2 ∈ κ̂(π).

4. The expression ℓA,ψ1
(A(ψ2)) + 1

2A(ℓ∗A,ψ1
(ψ2)) is symmetric with respect to

ψ1, ψ2 ∈ κ̂(π).
5. [ЗA(ψ), A] = ℓA(ψ) ◦ A + A ◦ ℓ∗A(ψ) for all ψ ∈ im E ⊂ κ̂(π)9.

9Let P = F(π, ξ) and P ′ = F(π, ξ′) be horizontal modules and F : P → P ′ be a map. Then

for any ϕ ∈ F(π, π) one can define the commutator [Зϕ, F ]
def
= З

ξ′

ϕ ◦ F − F ◦ З
ξ

ϕ , since each

field Зϕ defines the family of derivations З
ξ

ϕ : F(π, ξ) → F(π, ξ) (see Ch. 4).
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Moreover, it is sufficient to verify conditions 2–4 for elements ψi ∈ im E only.

Proof. Let ω1, ω2, ω3 ∈ H̄n(π) and ψi = E(ωi). The Jacobi identity (2.24)
has the form

{{ω1, ω2}A, ω3}A + (cyclic) = −ЗA(ψ3)〈A(ψ1), ψ2〉 + (cyclic)

= −〈ЗA(ψ3)(A)(ψ1), ψ2〉 − 〈A(ℓψ1
(A(ψ3))), ψ2〉 − 〈A(ψ1), ℓψ2

(A(ψ3))〉 + (cyclic)

= −〈ℓA(A(ψ3))(ψ1), ψ2〉 + 〈A(ψ2), ℓψ1
(A(ψ3))〉 − 〈A(ψ1), ℓψ2

(A(ψ3))〉 + (cyclic)

= −〈ℓA(A(ψ3))(ψ1), ψ2〉 + (cyclic) = 0, (2.25)

where “(cyclic)” denotes terms obtained by the cyclic permutation of indices. It
follows from Exercise 2.31 that equality (2.25) holds for all ψi ∈ κ̂(π). Criterion 2
is proved.

Rewrite now the Jacobi identity in the form

〈ℓA,ψ1
(A(ψ2)), ψ3〉 + 〈A(ψ1), ℓ

∗
A,ψ3

(ψ2)〉 − 〈A(ℓ∗A,ψ2
(ψ1)), ψ3〉 = 0.

Using Exercise 2.33, we obtain

〈ℓA,ψ1
(A(ψ2)), ψ3〉 − 〈ℓA,ψ2

(A(ψ1)), ψ3〉 − 〈A
(
ℓ∗A,ψ2

(ψ1)
)
, ψ3〉 = 0.

In view of Exercise 2.31, this implies criterion 3.
Equivalence of criteria 3 and 4 follows from Exercise 2.33.
Finally, criterion 5 is equivalent to criterion 3 by virtue of the following obvious

equalities:

[ЗA(ψ2), A](ψ1) = ℓA,ψ1
(A(ψ2)),

ℓA,ψ ◦ A = ℓA(ψ) ◦ A − A ◦ ℓψ ◦ A.

This concludes the proof.

Let A : κ̂(π) → κ(π) be a Hamiltonian operator. For any ω ∈ H̄n(π), evolution-
ary derivation Xω = ЗA(E(ω)) is called the Hamiltonian vector field corresponding
to the Hamiltonian ω. Obviously,

Xω1
(ω2) = 〈AE(ω1),E(ω2)〉 = {ω1, ω2}A.

This yields

X{ω1,ω2}A
(ω) = {{ω1, ω2}A, ω}A = {ω1, {ω2, ω}A}A − {ω2, {ω1, ω}A}A

= (Xω1
◦ Xω2

− Xω2
◦ Xω1

)(ω) = [Xω1
, Xω2

](ω)

for all ω ∈ H̄n(π). Thus,

X{ω1,ω2}A
= [Xω1

, Xω2
]. (2.26)

Similar to the finite-dimensional case, (2.26) implies a result similar to the
Noether theorem.

For each H ∈ H̄n(π), evolution equation

ut = A(E(H)), (2.27)

corresponding to the Hamiltonian H is called Hamiltonian evolution equation.

Theorem 2.13. Hamiltonian operators take generating functions of conserva-

tion laws of equation (2.27) to symmetries of this equation.



206 5. CONSERVATION LAWS

Proof. Let A be a Hamiltonian operator and

ω̃0(t) + ω̃1(t) ∧ dt ∈ Λn
0 (π) ⊕ Λn−1

0 (π) ∧ dt

be a conserved current of equation (2.27). This means that D̄t(ω0(t)) = 0, where
ω0(t) ∈ H̄n(π) is the horizontal cohomology class corresponding to the form ω̃0(t),
and D̄t is the restriction of the total derivative in t to the infinite prolongation of
the equation at hand. Further,

D̄t(ω0) =
∂ω0

∂t
+ ЗA(E(H))(ω0) =

∂ω0

∂t
+ {H, ω0}.

This yields

∂

∂t
Xω0

+ [XH, Xω0
] = 0.

Hence the field Xω0
= ЗA(E(ω0)) is a symmetry of (2.27). It remains to observe

that E(ω0) is the generating function of the conservation law under consideration
(cf. Exercise 3.2).

Exercise 2.34. a. A skew-symmetric operator

B ∈ E2,n
1 (π) ⊂ CDiff(κ(π), κ̂(π))

is called symplectic if d2,n
1 (B) = 0. Prove that the following conditions are equiva-

lent:

1. B is a symplectic operator.
2. 〈ℓB(ϕ1)(ϕ2), ϕ3〉 + 〈ℓB(ϕ2)(ϕ3), ϕ1〉 + 〈ℓB(ϕ3)(ϕ1), ϕ2〉 = 0 for all elements

ϕ1, ϕ2, ϕ3 ∈ κ(π).
3. ℓB,ϕ1

(ϕ2) − ℓB,ϕ2
(ϕ1) = ℓ∗B,ϕ1

(ϕ2) for all ϕ1, ϕ2,∈ κ(π).

4. The expression ℓB,ϕ1
(ϕ)− 1

2ℓ∗B,ϕ1
(ϕ2) is symmetric with respect to ϕ1, ϕ2,∈

κ(π).
5. ℓB(ϕ) = ℓB,ϕ−ℓ∗B,ϕ, where, as above, the operator ℓB,ϕ ∈ CDiff(κ(π), κ̂(π)),

ϕ ∈ κ(π), is defined by ℓB,ϕ1
(ϕ2) = ℓB(ϕ2)(ϕ1).

b. Evolution equation ut = ϕ, ϕ ∈ κ(π), is called Hamiltonian (with respect
to a symplectic operator B), if B(ϕ) = E(H) for a Hamiltonian H ∈ Λn

0 (π). Study
the relationship between symmetries and conservation laws of such an equation.

3. Computation of conservation laws

In this section, we discuss applications of the C-spectral sequence. To begin
with, we show how one computes the space of conservation laws by the method
of generating functions based on Theorem 2.11. Generating functions establishes
an efficient means for describing conservation laws, i.e., conserved currents mod-
ulo trivial ones, and allow one to find all conservation laws of equation at hand.
Thereupon we present concrete results, to illustrate the technique of computations
for conservation laws.

3.1. Basic results. In this subsection, we present the basic results from the
theory of conservation laws in coordinate form, suitable to the computations. This
material can be read independently of §2.
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Let S = (S1, . . . , Sn) be a conserved current for the equation E = {F = 0}
with n independent and m dependent variables. Equality (1.4), which is satisfied
on E∞, is equivalent to

n∑

i=1

Di(Si) =
l∑

j=1

¤j(Fj), (3.1)

where l is the number of equations, ¤j =
∑

σ aj
σDσ are scalar differential operators,

F = (F1, . . . , Fl).
Recall that operators of the form

∑
σ aσDσ are called C-differential or horizon-

tal. If ∆ =
∑

σ aσDσ is a scalar C-differential operator, then ∆∗ =
∑

σ(−1)|σ|Dσ ◦
aσ is the operator (formally) adjoint to ∆. If ∆ = ‖∆ij‖ is a matrix C-differential
operator, then ∆∗ = ‖∆∗

ji‖.
The following fundamental result holds (see Theorem 2.11):

Theorem 3.1. Suppose that operators ¤1, . . . ,¤l satisfy (3.1). Then the re-

striction ψ = (¤∗
1(1), . . . ,¤∗

l (1))|E∞ of the vector function (¤∗
1(1), . . . ,¤∗

l (1)) to

the infinite prolonged equation E∞ satisfies the equation
(
ℓEF

)∗
(ψ) = 0.

Note that, generally speaking, the vector function ψ is not uniquely defined by
the conserved current S.

Exercise 3.1. Check that such an ambiguity takes place for equation (2.18).

If any conserved current S defines a unique vector function ψ for the equation
at hand, then ψ is the same for all conserved currents equivalent to S and thus
characterizes the corresponding conservation law. Such a vector function is called
the generating function of this conservation law.

Exercise 3.2. Prove that for evolution equations

ut = f(x, u, ux, uxx, . . . )

the generating function corresponding to a conserved current (S0, S1, . . . , Sn), where
S0 is the t-component, has the form ψ = ℓ∗S0

(1). In other words, ψ is the left-hand
side of the Euler–Lagrange equations for the Lagrangian S0 which is understood as
a function of x, u, ux, uxx, . . . .

One can prove that for regular and determined (l = m) equations generat-
ing functions are uniquely defined by conservation laws. Such equations are called
ℓ-normal (see §2.6). The majority of equations of mathematical physics are ℓ-nor-
mal.

Now the following natural question arises. Given an ℓ-normal equation, is a
conservation law uniquely defined by its generating function? To give the answer,
note that every de Rham cohomology class ξ ∈ Hn−1(E) can be understood as
a conservation law for the equation E . Such topological conservation laws are, of
course, not very interesting (see, however, [103]), since they do not change under
continuous deformations of solutions of E . The results of §2.7 imply the following

Theorem 3.2. Let E be an ℓ-normal equation. Two conservation laws of the

equation E have the same generating function if and only if they differ by a topo-

logical conservation law.
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The quotient group of all conservation laws by topological ones is called the
group of proper conservation laws.

Thus, the problem of finding all the conservation laws for a given ℓ-normal
equation reduces to the problem of finding the corresponding generating functions,
i.e., the solutions of the following equation:

(
ℓEF

)∗
(ψ) = 0. (3.2)

Not every solution of (3.2) corresponds to a conservation law. The redundant
solutions can be removed by using the following fact.

Let ψ be a solution of (3.2). This means that ℓ∗F (ψ) = ∆(F ), where ∆ is an
m× l matrix C-differential operator. The solution ψ corresponds to a conservation
law if and only if there exists an l × l matrix C-differential operator ∇ such that

ℓEψ + (∆|E∞)∗ = ∇|E∞ ◦ ℓEF ,

∇∗ = ∇.

This was proved in §2.6 (see Exercise 2.23c and Corollary 2.10).
To conclude, let us describe the action of symmetries of the equation E = {F =

0} on its conservation laws in terms of generating functions. Let ϕ ∈ sym E be a

symmetry of E and ψ ∈ ker
(
ℓEF

)∗
be the generating function of a conservation law

of E . Then Зϕ(F ) = ∆(F ), where ∆ is a C-differential operator. From Exercise 2.25
it follows that Зϕ acts on the space of generating functions by the formula ψ 7→
Зϕ(ψ) + ∆∗(ψ).

Exercise 3.3. Work out an analog of the commutator relation (4.1) of Ch. 4
for conservation laws.

3.2. Examples. Now we give several examples to illustrate the above-de-
scribed algorithm of computing conservation laws10.

Example 3.1. Let us first consider the Burgers equation:

F = uxx + uux − ut = 0.

The operator ℓEF , E = {F = 0}, has the form ℓEF = D2
x + uDx + p1 −Dt (we use the

notation of §4.1 of Ch. 4), therefore,
(
ℓEF

)∗
= D2

x − Dx ◦ u + p1 + Dt = D2
x − uDx + Dt.

Let us look for a generating function ψ in the form ψ(x, t, u, . . . , pk), where k ≥ 0
and ∂ψ/∂pk 6= 0. Then, using the formulas for Dx and Dt from §4.1 of Ch. 4, we
find that

D2
x(ψ) =pk+2

∂ψ

∂pk
+ O(k + 1),

Dt(ψ) =pk+2
∂ψ

∂pk
+ O(k + 1).

Thus,

(
ℓEF

)∗
(ψ) = 2pk+2

∂ψ

∂pk
+ O(k + 1),

10The technique of computation of conservation laws is much the same as that of symmetries.

Since the latter is fully considered in Ch. 4, we shall restrict ourselves to brief descriptions of the
computations. For details on Examples 3.2, 3.7, 3.9–3.11 see [137]
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and the equality
(
ℓEF

)∗
(ψ) = 0 implies that ∂ψ/∂pk = 0. The contradiction ob-

tained proves that ψ = ψ(x, t) and, hence,
(
ℓEF

)∗
(ψ) = ψxx + ψt − uψx = 0.

Since ψ does not depend on u, then ψx = 0. Consequently, ψt = 0, i.e., ψ = const.
It is readily seen that the conserved current (−u, ux + u2/2) corresponds to the
generating function ψ = 1. Thus, we have proved that the group of conservation
laws of the Burgers equation is one-dimensional and is generated by the conserved
current (−u, ux + u2/2).

Example 3.2. Consider the n-dimensional quasi-linear isotropic heat equation:

ut = ∆(uα) + f(u), ∆ =

n∑

i=1

∂2

∂x2
i

, α 6= 0.

In this case, equation (3.2) immediately implies that ψ depends on the variables t,
x only and satisfies the equation

(
∂

∂t
+ αuα−1∆

)
ψ + f ′(u)ψ = 0. (3.3)

It is easily shown that equation (3.3) has a nontrivial solution only if

f(u) = auα + bu + c.

Now, if α 6= 1, then ψ = v(x)e−bt, with v = v(x) satisfying the equation ∆v+av = 0.
If α = 1, then f(u) = bu + c and the function ψ = ψ(x, t) satisfies the equation
ψt + ∆ψ + bψ = 0.

It can easily be checked that the vector function
(

ψu, ψx1
uα − αψuα−1ux1

− c

∫
ψ dx1, ψx2

uα − αψuα−1ux2
, . . . ,

ψxn
uα − αψuα−1uxn

)
.

is a conserved current corresponding to the generating function ψ.

Example 3.3. If E = {∆ = 0} is an arbitrary linear system of equations
defined by an operator ∆, then each solution of the adjoint system E∗ = {∆∗ = 0}
is the generating function of a conservation law of E (cf. Example 3.2 for α = 1).

Exercise 3.4. Do the linear conservation laws from Example 3.3 form a com-
plete set of conservation laws (see §1) for an ℓ-normal linear equation?

Example 3.4 ([110]). The equation

ut − ∆ut = ∆u, ∆ =
n∑

j=1

∂2

∂x2
j

, (3.4)

which describes the filtration of fluid in crack-porous media, has a complete set
of conservation laws. Let us demonstrate this with the example of the following
boundary value problem:

u(x, 0) = ϕ(x), x ∈ V̄ ,

u(x, t) = h(x, t), x ∈ ∂V, t ≥ 0,
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where V ⊂ Rn is a bounded domain with piecewise smooth boundary ∂V , ϕ(x) =
h(x, 0) if x ∈ ∂V . Let us look for generating functions v(x, t) of linear conservation
laws of equation (3.4), i.e., solutions of the equation

vt − ∆vt + ∆v = 0 (3.5)

satisfying the homogeneous boundary conditions

v(x, t)|∂V = 0, t ≥ 0. (3.6)

Using the standard Fourier method of separation of variables, we obtain the follow-
ing complete and orthogonal in L2(V ) system of functions satisfying (3.5) and (3.6):

vk(x, t) = eλktXk(x), λk =
λ̄k

1 + λ̄k
, k = 1, 2, 3, . . . ,

where λ̄k and Xk(x) are eigenvalues and eigenfunctions of the Sturm–Liouville
problem

{
∆X + λ̄X = 0,

X|∂V = 0

respectively. The conservation law corresponding the generating function v(x, t) in
the integral form reads:

− d

dt

∫

V

(v − ∆v)u dx =

∫

∂V

(
(ut + u)

∂v

∂n
−

(
∂ut

∂n
+

∂u

∂n

)
v

)
dσ, (3.7)

where n is a unit external vector normal to ∂V and dσ is a surface area element.
Given v(x, t), one can compute the right-hand side of (3.7), so that the value of the
integral

∫
V

(v − ∆v)u dx at the initial moment t = 0 uniquely determines its value
at each instant of time. This makes it possible to find the Fourier coefficients ck(t)
of u(x, t) with respect to the orthogonal system {vk}, since

ck(t) =
1

‖vk‖2

∫

V

vku dx =
1

(1 + λ̄k)‖vk‖2

∫

V

(vk − ∆vk)u dx.

Thus, completeness of the system of functions in the space L2(V ) implies complete-
ness of the set of conservation laws with generating functions vk(x, t).

Example 3.5. It is well known that the Korteweg–de Vries equation

ut = 6uux − uxxx

possesses an infinite series of conservation laws (see e.g., [81, 1, 89, 91, 21, 24]),
which starts with the conservation laws of mass, momentum, and energy:

ut + (−3u2 + uxx)x = 0,

(u2)t + (−4u3 + 2uuxx − u2
x)x = 0,

(u3 + u2
x/2)t + (−9u4/2 + 3u2uxx − 6uu2

x + uxuxxx − u2
xx/2)x = 0.

This infinite series of conservation laws has been constructed in various ways by
many authors. The solution of this problem gave birth to the famous inverse scat-
tering method (which today is dealt with in an extensive literature, see, e.g., the
books [1, 89, 22, 21, 24, 28] and the references given there). The computation
technique described above allows us not only to obtain easily the infinite series of
conservation laws, but also to prove that the Korteweg–de Vries equation has no
other conservation laws.
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Exercise 3.5. Prove that an evolution equation ut = f(x, ux, uxx, . . . ) of even

order cannot have an infinite number of conservation laws that depend on deriva-
tives of arbitrarily high order.

Example 3.6. The nonlinear Schrödinger equation

iψt = ∆ψ + |ψ|2ψ, ∆ =

n∑

j=1

∂2

∂x2
j

,

has two physically obvious conservation laws:

(|ψ|2)t + i∇(ψ̄∇ψ − ψ∇ψ̄) = 0, ∇ =

(
∂

∂x1
, . . . ,

∂

∂xn

)
;

(|∇ψ|2 − 1

2
|ψ|4)t + i∇((∆ψ + |ψ|2ψ)∇ψ̄ − (∆ψ̄ + |ψ|2ψ̄)∇ψ) = 0.

If the number of spatial variables equals 1, then, like the Korteweg–de Vries equa-
tion, this equation possesses a well-known infinite series of conservation laws. For
n > 1, there are no other conservation laws of the nonlinear Schrödinger equation.

Remark 3.1. The explosion of interest to the Korteweg–de Vries equation and
the nonlinear Schrödinger equation in the late 60s–early 70s has led to the discovery
of a great deal of “integrable” equations. Such an equation possesses a complete
set of conservation laws and is solvable by the inverse scattering method. The
Boussinesq, Kadomtsev–Petviashvili, Harry Dym, sine-Gordon, etc., equations are
the examples.

Example 3.7. Consider the Zakharov equations describing the nonlinear in-
teraction of high-frequency and low-frequency waves:





iψt + ψxx − nψ = 0,

nt + ux = 0,

ut + nx + (|ψ|2)x = 0.

(3.8)

Though this system has soliton-like solutions, it is not integrable by the inverse scat-
tering method. The computation of conservation laws by direct solving of (3.2) is
hardly possible in this case. In fact, one needs the Hamiltonian technique (see §4.2)
to prove that (3.8) is not integrable.
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Equation (3.8) has eight conservation laws:

(1/2i(ψψ̄x − ψ̄ψx) − nu, 1/2(|ψ|2)xx − 2|ψx|2 − n|ψ|2 − n2/2 − u2/2)

(conservation law of quasi-momentum).

(|ψx|2 + n|ψ|2 + n2/2 + u2/2,

1/i(ψxxψ̄x − ψ̄xxψx) + n/i(ψ̄ψx − ψ̄xψ)x + nu − u|ψ|2)
(conservation law of quasi-energy).

(|ψ|2, i(ψ̄xψ − ψ̄ψx)) (conservation law of quasi-particle number).

(t|ψ|2 + tn − xu, t/i(ψ̄ψx − ψψ̄x) − x|ψ|2 − xn + tu).

(t2|ψ|2 + (x2 + t2)n − 2txu, t2/i(ψ̄ψx − ψψ̄x) − 2tx|ψ|2 − 2txn + (x2 + t2)u).

(tu − xn, tn − xu + t|ψ|2).
(n, u).

(u, n + |ψ|2).

Example 3.8 ([104]). The plasticity equations (see §4.3 of Ch. 4)




uξ +
1

2
v = 0,

vη +
1

2
u = 0,

possess an infinite series of conservation laws obtained from the conservation law
with the generating function

T0 =

(
u

−v

)

by using the action of the symmetries f i
2k, gi

2k, 0 ≤ i ≤ 2k, and the operators(
R2k

2

)∗
, k = 0, 1, 2, . . . (see Theorem 4.5 of Ch. 4). This series, together with the

conservation laws corresponding to generating functions (B1(ξ, η), B2(ξ, η)) which
are the solutions of the system





∂B1

∂ξ
− 1

2
B2 = 0,

∂B2

∂η
− 1

2
B1 = 0,

generate the whole space of conservation laws of the plasticity equations.

Exercise 3.6. Check that (uψ1, vψ2) is a conserved current corresponding to
the generating function (ψ1, ψ2).

Example 3.9. The Khokhlov–Zabolotskaya equation encountered in the non-
linear acoustics of bounded beams (see §5.3 of Ch. 3) has the form

− ∂2u

∂q1∂q2
+

1

2

∂2(u2)

∂q2
1

+
∂2u

∂q2
3

+
∂2u

∂q2
4

= 0.

It has a large group of conservation laws, with the corresponding generating func-
tions being of the form:

ψ = q1A(q2, q3, q4) + B(q2, q3, q4),
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where A and B are arbitrary solutions of the system
{Aq3q3

+ Aq4q4
= 0,

Bq3q3
+ Bq4q4

= Aq2
.

The conserved current

((q1A− B)(uuq1
− uq2

) −Au2/2,Au, (q1A + B)uq3
− (q1Aq3

+ Bq3
)u,

(q1A + B)uq4
− (q1Aq4

+ Bq4
)u).

corresponds to the generating function ψ.
The two-dimensional analog of the Khokhlov–Zabolotskaya equation is of the

form:

− ∂2u

∂q1∂q2
+

1

2

∂2(u2)

∂q2
1

+
∂2u

∂q2
3

= 0.

The generating functions of conservation laws for this equation are

ψ = q1a(q2)q3 + a′(q2)q
3
3/6 + q1b(q2) + b′(q2)q

2
3/2 + c(q2)q3 + d(q2), (3.9)

where a, b, c, and d are arbitrary functions of q2.
For the axially symmetric Khokhlov–Zabolotskaya equation

− ∂2u

∂q1∂q2
+

1

2

∂2(u2)

∂q2
1

+
∂2u

∂q2
3

+
1

q3

∂u

∂q3
= 0

the generating functions of conservation laws have the form:

ψ = q1a(q2)q3 ln q3 +
1

4
a′(q2)q

3
3(ln q3 − 1)

+ q1b(q2)q3 +
1

4
b′(q2)q

3
3 + c(q2)q3 ln q3 + d(q2)q3, (3.10)

where a, b, c, and d are again arbitrary functions of q2.

Exercise 3.7. Find conserved currents corresponding to generating functions
(3.9) and (3.10).

Example 3.10. The Navier–Stokes equations of viscous incompressible fluid
motion in a three-dimensional domain{

∂u

∂t
+ u · ∇u = −∇p + ν∆u,

∇ · u = 0,

where u = (u1, u2, u3) is the vector of fluid velocity and p is the pressure, has a
7-dimensional space of conservation laws. The basis generating functions are of the
form:

ψ1 = (x2,−x1, 0, u1x2 − u2x1),

ψ2 = (x3, 0,−x1, u
1x3 − u3x1),

ψ3 = (0, x3,−x2, u
2x3 − u3x2),

ψ4 = (a1(t), 0, 0, u1a1(t) − a′
1(t)x1),

ψ5 = (0, a2(t), 0, u2a2(t) − a′
2(t)x2),

ψ6 = (0, 0, a3(t), u
3a3(t) − a′

3(t)x3),

ψ7 = (0, 0, 0, f(t)),
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where a1, a2, a3, and f are arbitrary functions of t.

Exercise 3.8. Find conserved currents for these generating functions and ex-
plain their physical meaning.

Example 3.11. The Kadomtsev–Pogutse equations (see §5.3.3 of Ch. 3), de-
scribing nonlinear processes in high-temperature plasma, are written as follows:




∂ψ

∂t
+ [∇⊥ϕ,∇⊥ψ]z =

∂ϕ

∂z
,

∂

∂t
∆⊥ϕ + [∇⊥ϕ,∇⊥∆⊥ϕ]z =

∂

∂t
∆⊥ψ + [∇⊥ψ,∇⊥∆⊥ψ]z,

where ∇⊥ = (∂/∂x, ∂/∂y), ∆⊥ = ∂2/∂x2+∂2/∂y2, [u, v]z = uxvy−uyvx, (x, y, z, t)
are the standard coordinates in the space-time, ϕ and ψ are the potentials of the
velocity and the cross-component of the magnetic field respectively.

Here are the generating functions of conservation laws for this equation de-
pending on the derivatives of order no greater than three11:

θ1 = ((ax + by + c)G(z, t), 0),

θ2 = (α(x2 + y2),−4α),

θ3 = (β(x2 + y2), 4β),

θ4 = (γ(ϕ − ψ), γ(∆⊥ψ − ∆⊥ϕ)),

θ5 = (δ(ϕ + ψ), δ(∆⊥ϕ + ∆⊥ψ)),

where G = G(z, t), α = α(z − t), β = β(z + t), γ = γ(z − t), δ = δ(z + t), a, b, c
are arbitrary constant.

Exercise 3.9. Find conserved currents for the functions θ1, . . . , θ5. What is
the physical meaning of the conservation law corresponding to θ4?

Exercise 3.10. Show that the transformation t 7→ −z, ϕ 7→ −ψ, which is
a discrete symmetry of the Kadomtsev–Pogutse equations, takes the conservation
laws with generating functions θ2 and θ4 to the conservation laws with generating
functions θ3 and θ5 respectively.

4. Symmetries and conservation laws

4.1. The Noether theorem. It is well known that for equations derived from
a variational principle the conservation laws are produced by the symmetries of the
action. This is the Noether theorem [90]. Since prior to the works [125, 127, 132]
on the C-spectral sequence this theorem had remained the only general method
of finding conservation laws, until the present time it is widely believed that the
existence of conserved quantities are always caused by symmetry properties of the
equation at hand. However, the examples of §3 demonstrate that, in general, this is
not true. For instance, the Burgers equation has only one conservation law, whereas
its symmetry algebra is infinite-dimensional (see Theorem 4.4 of Ch. 4).

On the other hand, symmetries and conservation laws cannot be treated as
totally independent concepts, since the generating functions of symmetries and
of conservation laws satisfy the mutually adjoint equations (3.19) of Ch. 4 and
(3.2). This fact clarifies the nature of the Noether theorem. Recall (see §2.5) that
an equation F = 0 is derived (locally) from a variational principle if and only if

11The Kadomtsev–Pogutse equations do not supposedly have other conservation law.
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ℓF = ℓ∗F . Therefore, in this case equations (3.19) of Ch. 4 and (3.2) coincide and,
consequently, to every conservation law there corresponds a symmetry. It follows
from equality (2.22) that this correspondence is inverse to the Noether map that
takes each Noether symmetry of the action to a conservation law of the equation
at hand.

Recall that a Lagrangian (or an action, or a variational functional) L =∫
L(x, u, pi

σ) dx, where dx = dx1 ∧ · · · ∧ dxn, is a functional on the set of sections
of a bundle π and is of the form

s 7→
∫

M

L

(
x, s(x), . . . ,

∂|σ|si

∂xσ
, . . .

)
dx1 ∧ · · · ∧ dxn, s ∈ Γ(π).

The function L ∈ F(π) (or the form Ldx ∈ Λn
0 (π)) is called the density of the

Lagrangian. The Lagrangian (or variational) derivative of the Lagrangian L =∫
Ldx is the function

δL

δui
=

∑

σ

(−1)|σ|Dσ

(
∂L

∂pi
σ

)
∈ F(π).

Exercise 4.1. Check that the Lagrangian derivative δL/δui is uniquely de-
termined by the functional L =

∫
Ldx and does not depend on the choice of the

density L.

The operator E(L) = (δL/δu1, . . . , δL/δum) is called the Euler operator, while
the equation E(L) = 0 is called the Euler–Lagrange equation corresponding to the
Lagrangian L. In §2.5 we have proved that an Euler–Lagrange equation is trivial
if and only if the corresponding density L is a total divergence, i.e., if for some
functions P1, P2, . . . , Pn ∈ F(π) one has

L = D1(P1) + D2(P2) + · · · + Dn(Pn).

Furthermore, it was shown in §2.5 that an equation F = 0 is an Euler–Lagrange
equation if and only if

ℓF = ℓ∗F .

An evolutionary derivation Зϕ is called a Noether symmetry of a Lagrangian L,
if Зϕ(L) = 0, i.e., if there exist functions P1, P2, . . . , Pn ∈ F(π) such that

Зϕ(L) = D1(P1) + D2(P2) + · · · + Dn(Pn).

If F = 0 is an Euler–Lagrange equation corresponding to a Lagrangian L, i.e.,
F = E(L), then Зϕ is a Noether symmetry of L if and only if

Зϕ(F ) + ℓ∗ϕ(F ) = 0 (4.1)

(see Exercise 2.30). In particular, ϕ is a symmetry of the equation F = 0 (the
converse statement is not true!).

The results of §2.8 imply the following fundamental theorem:

The Noether Theorem. Suppose that E = {E(L) = 0} is an ℓ-normal Euler–

Lagrange equation corresponding to a Lagrangian L. Then an evolutionary deriva-

tion Зϕ is a Noether symmetry of L if and only if ϕ is a generating function of a

conservation law for E12.

12As noted above, equations encountered in gauge theories, like the Maxwell, Yang–Mills,

and Einstein equations, make up an important class of Euler–Lagrange equations which are not
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Example 4.1. Consider the sine-Gordon equation

uxy = sin u.

It is an Euler–Lagrange equation (check the condition ℓF = ℓ∗F !), the corresponding
Lagrangian density being equal to

L =
1

2
uxuy − cos u.

Exercise 4.2. Using (4.1), show that

ϕ1 = ux,

ϕ2 = uxxx +
1

2
u3

x,

ϕ3 = uxxxxx +
5

2
u2

xuxxx +
5

2
uxu2

xx +
3

8
u5

x

are Noether symmetries of the Lagrangian under consideration.

Remark 4.1. The symmetries ϕ2 and ϕ3 are produced from ϕ1 by means of the
recursion operator R = D2

x +u2
x−uxD−1

x ·uxx: ϕ2 = R(ϕ1), ϕ3 = R(ϕ2) = R2(ϕ1).

By the Noether theorem, the function ϕ1, ϕ2, and ϕ3 are the generating func-
tions of conservation laws for the sine-Gordon equation.

Example 4.2. Consider the problem on the motion of r particles of masses
m1, . . . ,mr in a potential field. Let xj = (xj

1, x
j
2, x

j
3) be the coordinates of j-th par-

ticle. It is well-known that the Newton equations of motion

mjx
j
tt = − gradj U =

(
− ∂U

∂xj
1

,− ∂U

∂xj
2

,− ∂U

∂xj
3

)
, j = 1, . . . , r,

where U(t, xj
i ) is the potential energy, are Euler–Lagrange equations with the La-

grangian density

L =

r∑

j=1

1

2
mj((ẋ

j
1)

2 + (ẋj
2)

2 + (ẋj
3)

2) − U.

In this example, we consider the classical Noether symmetries with generating func-
tions

ϕk
l = bk

l (t, xj
i ) − a(t, xj

i )ẋ
k
l , k = 1, . . . , r, l = 1, 2, 3.

Moreover, we restrict ourselves to symmetries satisfying the condition

X(1)(Ldt) = 0,

where X = a(t, xj
i )∂/∂t +

∑
k,l b

k
l (t, xj

i )∂/∂xk
l and X(1) is the lifting of X to the

space of 1-jets (see Ch. 3).
By the Noether theorem, this symmetry gives rise to the first integral

∑

i,j

mjb
j
i ẋ

j
i − aE = const,

where E =
∑r

j=1 m/2((ẋj
1)

2 + (ẋj
2)

2 + (ẋj
3)

2) + U is the total energy (check this).

ℓ-normal. For such an equation the kernel of the Noether map, i.e., the set of Noether symmetries
that produce trivial conservation laws, coincides with the set of gauge symmetries.
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If the potential energy U does not explicitly depend on the time, i.e., ∂U/∂t = 0,

then, as is easy to see, ϕj
i = ẋj

i is a Noether symmetry. The resulting first integral
is the energy E = const. Here we have a commonly encountered situation: the
conservation of energy manifests of symmetry under time translations.

If the function U is invariant under spatial shifts in a fixed direction l =
(l1, l2, l3) ∈ R3, then ϕj

i = li is a Noether symmetry. The corresponding first
integral is the momentum

∑

i,j

mj liẋ
j
i = const.

We see that conservation of momentum follows from invariance under spatial trans-
lations.

Yet another example of this kind: invariance of U under rotations implies
conservation of angular momentum. Take, e.g., the z-axis. The corresponding
Noether symmetry has the form ϕj

1 = −xj
2, ϕj

2 = xj
1, ϕj

3 = 0. It implies conservation
of the z-component of angular momentum:

∑

j

mj(x
j
1ẋ

j
2 − ẋj

1x
j
2) = const.

Remark 4.2. From our discussion of the Noether theorem it is readily seen
that the connection between symmetries and conservation laws, given by the inverse
Noether theorem, can be generalized to equations E = {F = 0} satisfying the
condition

(
ℓEF

)∗
= λℓEF

for a function λ ∈ F(E). The simplest example of this kind is the equation ux = uy.

It is skew-adjoint:
(
ℓEF

)∗
= −ℓEF .

4.2. Hamiltonian equations. In this subsection we discuss Hamiltonian dif-
ferential equations. Further details are available, for example, in [126, 8, 21, 24,
64, 91, 81].

An m × m matrix C-differential operator A = ‖Aij‖ is called Hamiltonian if
the corresponding Poisson bracket

{L1,L2}A =

∫ ∑

i,j

Aij

(
δL1

δuj

)
δL2

δui
dx,

where L1 and L2 are Lagrangians, defines a Lie algebra structure on the space
of Lagrangians. The skew-symmetry of the Poisson bracket is equivalent to the
skew-adjointness of the operator A, i.e., to the equality A∗ = −A. To check the
Jacobi identity one uses the following equivalent criteria (see §2):

1. 〈ℓA(A(ψ1))(ψ2), ψ3〉+ 〈ℓA(A(ψ2))(ψ3), ψ1〉+ 〈ℓA(A(ψ3))(ψ1), ψ2〉 = 0 for all
ψ1, ψ2, ψ3 ∈ κ̂(π).

2. ℓA,ψ1
(A(ψ2)) − ℓA,ψ2

(A(ψ1)) = A(ℓ∗A,ψ2
(ψ1)) for all ψ1, ψ2 ∈ κ̂(π).

3. The expression ℓA,ψ1
(A(ψ2)) + 1

2A(ℓ∗A,ψ1
(ψ2)) is symmetric with respect to

ψ1, ψ2 ∈ κ̂(π).
4. [ЗA(ψ), A] = ℓA(ψ) ◦ A + A ◦ ℓ∗A(ψ) for all ψ ∈ imE.
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Here ψi = (ψ1
i , . . . , ψn

i ) are vector functions, ℓA,ψ is n × n matrix C-differential
operator defined by the formula

(ℓA,ψ)
ij
τ =

∑

k,σ

∂Aik
σ

∂pj
τ

Dσ(ψk)Dτ .

Moreover, it is sufficient to verify conditions 1–3 for elements ψi ∈ im E only.

Exercise 4.3. a. Write down the Hamiltonian criteria in coordinate form.
b. Show that ℓ∗A,ψ1

(ψ2) = ℓ∗A∗,ψ2
(ψ1) (see Exercise 2.33).

Example 4.3. Consider the case of one dependent and one independent vari-
able n = m = 1. The simplest Hamiltonian operator of order one is the operator
Dx.

Exercise 4.4. Describe all Hamiltonian operators of order one in this case.

Example 4.4. It is clear that any skew-adjoint operator with coefficients de-
pendent on x only is a Hamiltonian operator.

Exercise 4.5. Prove that in the case n = 1 the operator of the form A =
2LDx + Dx(L), where L is a symmetric matrix with elements dependent on x
and ui only, is Hamiltonian.

Exercise 4.6. Prove that in the case n = m = 1 there are two-parametric
family of Hamiltonian operators of order three

Γα,β = D3
x + (α + βu)Dx +

1

2
βux. (4.2)

An evolution differential equation is said to be Hamiltonian (with respect to a
Hamiltonian operator A), if it has the form

ui
t = Aij δH

δuj

for some action functional H, called the Hamiltonian. One can prove (see Theo-
rem 2.13) that the operator A takes the generating functions of conservation laws
of a Hamiltonian equation to its symmetries.

Example 4.5. The Zakharov equations (3.8)




iψt + ψxx − nψ = 0,
nt + ux = 0,

ut + nx +
(
|ψ|2

)
x

= 0

are Hamiltonian with respect to the operator

A =




0 1/2 0 0
−1/2 0 0 0

0 0 0 −Dx

0 0 −Dx 0




with the energy functional

H =

∫ (
|ψx|2 + n|ψ|2 +

n2

2
+

u2

2

)
dx

being the Hamiltonian.
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Exercise 4.7. Using Example 3.7, find all Hamiltonian symmetries of the Za-
kharov equations13.

Example 4.6. The Korteweg–de Vries equation

ut = 6uux − uxxx

can be written in the Hamiltonian form in two different ways. The first Hamiltonian
structure is quite obvious:

ut = Dx(3u2 − uxx) = Dx

(
δ

δu

(
u3 +

1

2
u2

x

))
= A1

δ

δu
H1,

where A1 = Dx is the Hamiltonian operator, H1 =
∫

(u3 + 1/2u2
x) dx is the Hamil-

tonian.
The second Hamiltonian structure is written as follows:

ut = (D3
x − 4uDx − 2ux)

(
δ

δu

(
−u2

2

))
= A2

δ

δu
H0.

Here A2 = D3
x − 4uDx − 2ux, H0 =

∫
(−u2/2) dx. The Hamiltonian operator A2

belongs to the family (4.2) with A2 = Γ0,4.
We know (see §5.2 of Ch. 3) that the basis of the space of classical symmetries

for the Korteweg–de Vries equation has the form:

ϕ1 = ux (translation along x),

ϕ2 = ut (translation along t),

ϕ3 = 6tux + 1 (Galilean boost),

ϕ4 = xux + 3tut + 2u (scale symmetry).

The first three symmetries are Hamiltonian with respect to the operator A1 = Dx,
i.e., they are of the form

ϕi = A1
δ

δu
Qi, i = 1, 2, 3, (4.3)

where

Q1 =

∫
u2

2
dx,

Q2 =

∫ (
u3 +

u2
x

2

)
dx,

Q3 =

∫
(xu + 3tu2) dx.

Thus, Qi are conserved quantities (ψi = δQi/δu are the corresponding generating
functions). The fourth symmetry ϕ4 is not of the form (4.3) and does not corre-
spond to a conservation law. Note that the Hamiltonian operator A1 = Dx has
a one-dimensional kernel, so that there exists one more conservation law with the
generating function ψ = 1 (which is the conservation law of mass Q0 =

∫
u dx).

Let us turn to the second Hamiltonian operator A2 = D3
x − 4uDx − 2ux. In

this case, the symmetries ϕ1, ϕ2, and ϕ4 are Hamiltonian:

ϕi = A2
δ

δu
Pi, i = 1, 2, 4,

13In fact, the Zakharov equations have no other symmetries.
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where

P1 =

∫
−u

2
dx = −Q0

2
,

P2 =

∫
−u2

2
dx = −Q1,

P4 =

∫ (
−xu

2
− 3tu2

2

)
dx = −Q3

2
.

The symmetry ϕ3 is not Hamiltonian.
None of the classical symmetries corresponds to the conservation law of en-

ergy Q2. Therefore this conservation law is produced by a higher symmetry, the
corresponding generating function being of the form

ϕ5 = A2
δ

δu
Q2 = −uxxxxx + 10uuxxx + 20uxuxx − 30u2ux.

It turns out that the symmetry ϕ5 satisfies the Hamiltonian condition (4.3) for the
operator A1, and the corresponding functional

Q5 =

∫ (
−u2

xx

2
− 5uu2

x − 5u4

2

)
dx

is one more conservation law for the Korteweg–de Vries equation. The procedure
whereby the conserved quantity Q5 is obtained from the conserved quantity Q2 can
be applied to Q5 to give a new conservation law, and so on. In other words, we
have the following

Proposition 4.1. There exists an infinite series of conserved quantities of the

Korteweg–de Vries equation H0, H1, H2, . . . , such that

1. H0 =
∫
−u2/2 dx.

2. A1δ/δu(Hi) = A2δ/δu(Hi−1).
3. The functionals Hi are mutually in involution with respect to both the Pois-

son brackets:

{Hk,Hl}A1
= {Hk,Hl}A2

= 0 for all k, l ≥ 0.

4. The symmetries ϕi = A1δ/δu(Hi) = A2δ/δu(Hi−1), i > 0, corresponding to

the Hamiltonians Hi mutually commute:

{ϕk, ϕl} = 0 for all k, l > 0.

Proof. The proof is left to the reader as an exercise.

Note that the operator R = A2 ◦ A−1
1 = D2

x − 4u − 2uxD−1
x takes the symme-

try ϕk to the symmetry ϕk+1.

Exercise 4.8. Prove that R is a recursion operator (see Remark 4.3 of Ch. 4)
for the Korteweg–de Vries equation (the Lenard recursion operator).

Exercise 4.9. The Harry Dym equation has the form

ut =

(
1√
u

)

xxx

.

Show that this equation possesses two Hamiltonian structures:

ut = A1
δ

δu
H1 = A2

δ

δu
H0,
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where A1 = 2uDx + ux, H1 =
∫ (

uxx

2
√

u3
− 5u2

x

8
√

u5

)
dx, A2 = D3

x = Γ0,0, H0 =
∫

2
√

u dx. Study the symmetries and conservation laws of this equation and prove
the analog of Proposition 4.1 for it.
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CHAPTER 6

Nonlocal symmetries

1. Coverings

In preceding chapters we dealt with local objects (symmetries, conservation
laws, etc.), i.e., with the objects depending on unknown functions u1, . . . , um in
a differential way. For example, generating functions of symmetries, being the
elements of the module F(π, π), are differential operators in the bundle π. A natural
way of generalization is to consider “integro-differential” dependencies, similar to
extension of the base field in the theory of algebraic equation. This formal, at
first glance, step leads to rather general geometric constructions, which are called
coverings over infinitely prolonged differential equations [142, 61, 62]. Translating
to the language of coverings the main elements of the above constructed theory, we
arrive to the theory of nonlocal symmetries and nonlocal conservation laws for
differential equations. It so happens that many well-known constructions (various
differential substitutions, Bäcklund transformations, recursion operators, etc.) are
elements of the covering theory [62].

1.1. First examples. Consider several examples clarifying how nonlocal ob-
jects arise.

Example 1.1. Consider the Burgers equation E = {ut = uux + uxx}. The
algebra sym E of local symmetries for this equation is identified with the kernel of
the operator ℓ̄F = D̄2

x + p0D̄x + p1 − D̄t (see Ch. 4), where

D̄x =
∂

∂x
+

∑

k

pk+1
∂

∂pk
, D̄t =

∂

∂t
+

∑

k

D̄k
x(p0p1 + p2)

∂

∂pk
.

Let us try to find a simplest “integro-differential” symmetry of the Burgers equation,
whose generating function depends on the “integral” variable p−1 =

∫
p0 dx =

D̄−1
x (p0). From formal point of view, this means that we must extend the manifold

E∞ up to a manifold Ẽ by adding a new coordinate to internal coordinates on E∞.
The total derivative of this new coordinate functions along x should be equal to p0.
The total derivative along t is natural to be defined as follows:

D̄t(p−1) = D̄t(D̄
−1
x (p0)) = D̄−1

x (D̄t(p0)) = D̄−1
x (p2 + p0p1) = p1 +

1

2
p2
0 + c,

where c = c(t) is the “constant of integration”, which may be set to be equal to
zero. In other words, simultaneously with extending the manifold E∞ we have to
extend the total derivatives operators D̄x and D̄t by setting

D̃x = D̄x + p0
∂

∂p−1
, D̃t = D̄t +

(
p1 +

1

2
p2
0

)
∂

∂p−1
.

Obviously, the integrability condition [D̃x, D̃t] = 0 must be preserved.

223
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The operator ℓ̄F is naturally extended up to the operator

ℓ̃F = D̃2
x + p0D̃x + p1 − D̃t.

in this case. It is natural to call a solution of the equation ℓ̃F (ϕ) = 0, a nonlocal

symmetry of the Burgers equation depending on p−1.
If the function ϕ depends on the variables x, t, p−1, and p0 only, then the

equation ℓ̃F (ϕ) = 0 is easily to solve explicitly and to obtain the solution

ϕa =

(
ap0 − 2

∂a

∂x

)
e−

1
2 p−1 ,

where a = a(x, t) is an arbitrary solution of the heat equation at = axx.
To show possible applications of the above computations, let us find the solu-

tions of the Burgers equation invariant with respect to some symmetry of the form
ϕa. By general theory (see Ch. 4), such solutions are determined by the following
system of equations:





ut = uxx + uux,(
au − 2

∂a

∂x

)
e−

1
2

R
u dx = 0.

From this system we obtain, in particular, that u = 2ax/a, i.e., we obtain the
Cole–Hopf transformation reducing the Burgers equation to the heat equation.

“Integro-differential” symmetries naturally arise in studies of equation admit-
ting recursion operator.

Example 1.2. Consider the Korteweg–de Vries equation1

E = {ut = uxxx + uux}.

The operator

R = D̄2
x +

2

3
p0 +

1

3
p1D̄

−1
x

commutes with the universal linearization operator

ℓ̄F = D̄3
x + p0D̄x + p1 − D̄t.

Consequently, if ℓ̄F (ϕ) = 0, then ℓ̄F (R(ϕ)) = R(ℓ̄F (ϕ)) = 0. This means that if
ϕ ∈ sym E and R(ϕ) ∈ F(E∞), then R(ϕ) is also a local symmetry of the equation
E . Such operators are called recursion operators (cf. Ch. 4; see also, e.g., [91]).

The Korteweg–de Vries equation possesses an infinite series of local symmetries
ϕk = Rk(p1), where p1 is the translation along x. It also possesses another two
symmetries, Galilean and scale ones, and the recursion operator takes the former
to the latter. These two symmetries can be considered as the starting point for the
second series. But one can easily see that applying the recursion operator to the

1We use here a representation of the KdV equation different from that considered in Ch. 3

and 5. Evidently, both forms are equivalent and reduce to each other by the scale transformation.
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scale symmetry, we shall obtain the expression containing the term D̄−1
x (p0).

...
...

•

↑

◦

↑

?

ϕ2=p5+p0p3+p1p2+p2
0p1 •

R

↑

◦

↑

tϕ2+xϕ1+
4
3 p2+

4
9 p2

0+
1
9 p1D̄−1

x p0 ?

ϕ1=p3+p0p1 •

R

↑

•

R

↑

tϕ1+
1
3 xp1+

2
3 p0

ϕ0=p1 •

R

↑

•

R

↑

tp1+1

Nevertheless, introducing the additional variable p−1 and extending the operators
D̄x, D̄t, and ℓ̄F to the operators

D̃x = D̄x + p0
∂

∂p−1
, D̃t = D̄t +

(
p2 +

1

2
p2
0

)
∂

∂p−1
, ℓ̃F = D̃3

x + p0D̃x + p1 − D̃t

respectively, we shall see that the function tϕ2 + xϕ1 + 4
3 p2 + 4

9 p2
0 + 1

9 p1p−1 is

a solution of the equation ℓ̄F (ϕ) = 0 and consequently may be called a nonlocal
symmetry of the Korteweg–de Vries equation.

Exercise 1.1. Show that the operator R = D̄x + 1
2 p0 + 1

2 p1D̄
−1
x is a recursion

operator for the Burgers equation.

Example 1.3. Consider the potential Korteweg–de Vries equation

E =

{
ut = uxxx +

1

2
u2

x

}
.

The procedure of introducing a new variable p−1 = D̄−1(p0) to this equation
is more complicated. Namely, let us try to compute D̄t(p−1):

D̄t(p−1) = D̄t(D̄
−1
x (p0)) = D̄−1

x (D̄t(p0)) = D̄−1
x

(
p3 +

1

2
p2
1

)
= p2 +

1

2
D̄−1

x (p2
1).

Here we meet the necessity to introduce another variable w whose total derivative
along x equals p2

1. Then

D̄t(w) = D̄t(D̄
−1
x (p2

1)) = D̄−1
x (D̄t(p

2
1)) = 2D̄−1

x (p1(p4 + p1p2))

= 2

(
p1p3 −

1

2
p2
2 +

1

3
p3
1

)
.

Thus the operators D̄x and D̄t are to be extended to the operators

D̃x = D̄x + p0
∂

∂p−1
+ p2

1

∂

∂w
,

D̃t = D̄t +

(
p2 +

1

2
w

)
∂

∂p−1
+ 2

(
p1p3 −

1

2
p2
2 +

1

3
p3
1

)
∂

∂w
.
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Exercise 1.2. Try to introduce the variable p−1 for the equation E = {ut =
uxxx + u3

x}.

The last two examples show that attempts to apply the above constructions
in a general situation may meet technical difficulties. In fact, we have no reasons,
except for a formal parallel with the local picture, to treat “nonlocal” solutions of
the equation ℓ̄F (ϕ) = 0 as nonlocal symmetries (see, e.g., [50, 30]). Obviously,
we need a conceptual analysis of the notion of a nonlocal symmetry itself. By this
reasons, it seems to be natural to analyze a definition of nonlocal symmetries by

studying geometrical structures on manifolds Ẽ : a similar way has led us to the
definition of local symmetries of equations E∞.

1.2. Definition of coverings. Let E be a differential equation in the bundle
π : En+m → Mn, E∞ be its infinite prolongation. Recall that at any point θ ∈ E∞

the n-dimensional plane Cθ ⊂ Tθ(E∞) is defined (the Cartan plane). The Cartan
distribution C = {Cθ}θ∈E∞ on E∞ is completely integrable, i.e., it satisfies the
assumptions of the classical Frobenius theorem. In local coordinates, the Cartan
distribution on E∞ is given by the system of n vector fields D̄1, . . . , D̄n, where D̄i

is the restriction to E∞ of the total derivative operator along the i-th independent
variable. The extension procedure of the manifold E∞ considered in the previous
examples may be formalized by introducing the concept of a covering.

Definition 1.1. We shall say that a covering τ : Ẽ → E∞ of the equation E is
given, if the following objects are fixed:

1. A smooth manifold Ẽ , infinite-dimensional in general2.

2. An n-dimensional integrable distribution C̃ on Ẽ .

3. A regular mapping τ of the manifold Ẽ onto E∞ such that for any point

θ ∈ Ẽ the tangent mapping τ∗,θ is an isomorphism of the plane C̃θ to the
Cartan plane Cτ(θ) of the equation E∞ at the point τ(θ).

The dimension of the bundle τ is called the dimension of the corresponding

covering. Below by F(Ẽ) the ring of smooth functions on Ẽ is denoted.
From the definition of coverings it follows that the mapping τ takes any n-di-

mensional integral manifold Ũ ⊂ Ẽ of the distribution C̃ = {C̃θ}θ∈eE to an n-dimen-

sional integral manifold U = τ(Ũ) ⊂ E∞ of the Cartan distribution on E∞, i.e., to
a solution of the equation E . Conversely, if U ⊂ E∞ is a solution of the equation

E , then the restriction of the distribution C̃ to the inverse image Ũ = τ−1(U) ⊂ Ẽ ,
as it is easily seen, is an integrable n-dimensional distribution. If, in particular,

dim τ−1(θ) = N < ∞, θ ∈ U , then the manifold Ũ is locally fibered by N -parame-

ter family of integral manifolds of the distribution C̃
∣∣eU .

Thus, to any solution of the equation E there corresponds a family of integral

manifolds lying in Ẽ . The elements of this family are convenient to be understood
as solutions of the equation E parametrized by some nonlocal quantities. In Exam-
ples 1.1 and 1.2 the integration constant can be taken for such a parameter.

2All infinite-dimensional manifolds considered below are inverse limits of chains of finite-

dimensional ones. Differential geometry for such manifolds is constructed in the same way as it

was done for the manifolds of the form E∞ (see Ch. 4); this allows to overcome usual topological
difficulties.
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1.3. Coverings in the category of differential equations. To explain
the term “covering” for the above introduced objects, we use a parallel between the
category of differential equation (called the DE category below) and the category
of smooth manifolds.

In what follows, we take a very simple approach to the DE category suitable for
our purposes, though it should be noted that there exists a more thorough approach
to definition of this category (see, for example, [60]).

The objects of the DE category are (infinite-dimensional) manifolds O endowed
with completely integrable finite-dimensional distributions P. Obviously, infinitely
prolonged equations E∞ together with the Cartan distribution C are objects of this
category. The morphisms in the DE category are smooth mappings ϕ : O → O′

such that ϕ∗(Pθ) ⊂ P ′
ϕ(θ) at all points θ ∈ O, where P and P ′ are the distributions

on O and O′ respectively. Dimension of the object (O,P) is the dimension of the
distribution P.

Using as an analogy the notion of a covering in the category of smooth mani-
folds, we can give the following definition:

Definition 1.2. A surjective map ϕ : O → O′ is called a covering in the DE
category, if it preserves dimensions, i.e., if DimO = DimO′ and for any point θ ∈ O
one has ϕ∗(Pθ) = P ′

ϕ(θ).

1.4. Examples of coverings. Let us consider some examples of coverings
arising in various situations.

Example 1.4 (the covering associated to a differential operator). Let us con-
sider a differential operator ∆: Γ(π) → Γ(π′) of order k acting from sections of the
bundle π : E → M to sections of π′ : E′ → M . The operator ∆ and its prolongations
∆s = js◦∆ determine the family of smooth mappings ϕs = Φ∆s

: Jk+s(π) → Js(π′)
(see §§1.2 and 1.3 of Ch. 4), which can be included in the following commutative
diagram:

· · · → Jk+s+1(π)
πk+s+1,k+s→ Jk+s(π) → · · · → Jk(π)

· · · → Js+1(π′)

ϕs+1↓
π′

s+1,s → Js(π′)

ϕs↓
→ · · · → J0(π′) = E′

ϕ0↓
π′

→ M

πk

→

It is easily seen that if the operator ∆ is regular (i.e., if all the mappings ϕs

are surjections), then the system of mappings ϕ = {ϕs} determines the covering
ϕ : J∞(π) → J∞(π′). We shall say that this is the covering associated to the

operator ∆.

If an equation E ⊂ Jk(π′) is given, then, using the above construction, one can
construct the covering ϕ : ϕ−1(E∞) → E∞. Such coverings correspond to differen-
tial changes of variables

vi = ϕi(x, u1, . . . , um, . . . , uj
σ),

where vi and uj are dependent variables in the bundles π′ and π respectively. We
shall consider this type of coverings in the next two examples.

Example 1.5 (Laplace transformation). Consider an equation of the form

uxy + Aux + Buy + Cu = 0. (1.1)
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Recall (see [92]) that the functions h = ∂A/∂x + AB − C and l = ∂B/∂y +
AB − C are called Laplace invariants of the equation (1.1).

Assume that h, l 6= 0 and consider one-dimensional coverings over the equation
E∞ determined by the operators

τh : u =
w1

x + w1

h
(x Laplace transformation),

τl : u =
w2

y + w2

l
(y Laplace transformation).

It is easily checked that the spaces of these coverings are isomorphic to an equation
(E ′)∞, where E ′ is of the form (1.1) for some new functions A, B, and C. Let us
denote thus obtained equations by Eh and El respectively. If the Laplace invariant l
of the equation Eh does not vanish, one can consider the equation (Eh)l (or, similarly,
the equation (El)h), and this equation, as it happens, is equivalent to the equation
E . In such a way, we obtain a two-dimensional covering of the equation E∞ over
itself. If, at some step of this procedure, we obtain an equation, for which either h
or l vanishes, we shall be able to construct the formula for general solution of the
equation under consideration (further details can be found in [92]).

Example 1.6 (the covering associated to a local symmetry). Let an equation
E ⊂ Jk(π) be given and suppose that ϕ is the generating function of some symmetry
of this equation. Then, as it was shown in Example 1.4, the covering ϕ : ϕ−1(E∞) →
E∞ arises. If the equation E is determined by an operator ∆, i.e., E = {ϕ∆ = 0},
then the function ϕ satisfies the equation ℓ̄∆(ϕ) = 0, where ℓ̄∆ is the universal
linearization operator for ∆ restricted to E∞. Thus the space of the covering under
consideration is determined by the system of equations

{
ℓ̄∆(ϕ) = 0,

ϕj = uj , j = 1, . . . ,dim π.

If E is a linear equation, we may assume that ℓ̄∆ = ∆. This means that the
covering space is the equation E∞ itself.

Example 1.7 (factorization of differential equations). Let us consider a differ-
ential equation E ⊂ Jk(π) and let F be a finite-dimensional subgroup in the group of
its classical symmetries. It is clear that the factorization mapping (see §6 of Ch. 3)
πF : E∞ → E∞/F is a covering.

For example, the heat equation ut = uxx admits the one-parameter group of
scale symmetries u 7→ εu, ε ∈ R. The corresponding quotient equation is the
Burgers equation. Thus the covering of the Burgers equation by the heat equation
arises.

1.5. Coordinates. Consider a coordinate interpretation of the covering con-
cept.

The manifold Ẽ and the mapping τ : Ẽ → E∞, by regularity of τ , can be locally
realized as the direct product E∞×W , where W ⊆ RN is an open set, 0 < N ≤ ∞,
and as the natural projection E∞ × W → E∞ respectively. Then the distribution

C̃ on Ẽ = E∞ ×W can be described by the system of vector fields (see Figure 6.1)

D̃i = D̄i +
N∑

j=1

Xij
∂

∂wj
, i = 1, . . . , n, (1.2)



1. COVERINGS 229

Figure 6.1

where Xi =
∑N

j=1 Xij∂/∂wj , Xij ∈ F(Ẽ) are τ -vertical fields on Ẽ and w1, w2, . . .

are standard coordinates in RN . In these terms, the Frobenius condition is equiv-

alent to the equations [D̃i, D̃j ] = 0, i, j = 1, . . . , n, or, which is the same, to

D̃i(Xjk) = D̃j(Xik) (1.3)

for all i, j = 1, . . . , n, 0 ≤ k ≤ N (since [D̄i, D̄j ] = 0).
Relations (1.3) constitute a system of differential equations in functions Xij

describing all possible N -dimensional coverings over the equation E .
The coordinates wi will be called nonlocal.

1.6. Basic concepts of the covering theory. In this subsection, we intro-
duce some concepts of the covering theory needed below.

Definition 1.3. Two coverings τi : Ẽi → E∞, i = 1, 2, are called equivalent, if

there exists a diffeomorphism α : Ẽ1 → Ẽ2 such that the diagram

Ẽ1
α → Ẽ2

E∞
τ2←τ1 →

is commutative and α∗(C̃ 1
y ) = C̃ 2

α(y) for all points y ∈ Ẽ1.

Exercise 1.3. Show that if a diffeomorphism α constitutes an equivalence of
coverings τ1 and τ2 over the equation E∞ and the coverings are given by the fields

D̃
(1)
i = D̄i +

∑

k

X
(1)
ik

∂

∂w
(1)
k

, D̃
(2)
i = D̄i +

∑

l

X
(2)
ik

∂

∂w
(2)
k

,

respectively, i = 1, . . . , n, then α∗D̃
(1)
i = D̃

(2)
i , i.e.,

α∗D̃
(1)
i = D̄i +

∑

k

(α−1)∗(D̃(1)
i (αk))

∂

∂w
(2)
k

, i = 1, . . . , n, (1.4)

where w
(i)
k are nonlocal variables in the covering τi, i = 1, 2, and

α(xi, p
j
σ, w

(1)
1 , w

(1)
2 , . . . )

= (xi, p
j
σ, α1(xi, p

j
σ, w

(1)
1 , w

(1)
2 , . . . ), α2(xi, p

j
σ, w

(1)
1 , w

(1)
2 , . . . ), . . . ).
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Relations (1.4) can be also rewritten in the form

D̃
(1)
i (αk) = α∗(X(2)

ik ). (1.5)

Let now E∞ be a differential equation with the Cartan distribution determined
by the fields D̄1, . . . , D̄n. Consider one particular covering over E∞. Let us set

Ẽ = E∞ × RN and let τ = prN : Ẽ = E∞ × RN → E∞ be the projection to the first

factor. Assume that the distribution on Ẽ is determined by the fields D̄1, . . . , D̄n.

Definition 1.4. A covering τ : Ẽ → E∞ is called trivial, if it is equivalent to
the covering prN for some 0 < N ≤ ∞.

Exercise 1.4. Show that if a covering τ : Ẽ → E∞ is trivial, then the covering

space Ẽ is fibered by integral submanifolds isomorphic to E∞.

Example 1.8. Let E = {ut = uxx + uux} be the Burgers equation. Consider

the one-dimensional covering τ : Ẽ → E∞, where Ẽ = E∞ × R1, τ is the projection

to the first factor, v is a nonlocal variable, while the distribution on Ẽ is given by
the fields

D̃x = D̄x + p1
∂

∂v
, D̃t = D̄t + (p2 + p0p1)

∂

∂v
.

Let us show that this covering is equivalent to the one-dimensional trivial covering

of the Burgers equation. Define the mapping α : E∞ × R1 → E∞ × R1 = Ẽ , by
setting α(x, t, pk, w) = (x, t, pk, w + p0). Then α is a fiber-wise diffeomorphism and

α∗D̄x = D̄x + D̄x(w + p0)
∂

∂v
= D̄x + p1

∂

∂v
= D̃x,

α∗D̄t = D̄t + D̄t(w + p0)
∂

∂v
= D̄x + (p2 + p0p1)

∂

∂v
= D̃t.

Thus the mapping α establishes equivalence of the coverings pr1 and τ .

Let us now describe another construction playing an important role in the

theory of coverings. Let τi : Ẽi → E∞, i = 1, 2, be two coverings over the equation

E∞. Consider the direct product Ẽ1 × Ẽ2 and take the subset Ẽ1 ⊕ Ẽ2 consisting of

the points (y1, y2), y1 ∈ Ẽ1, y2 ∈ Ẽ2, such that τ1(y1) = τ2(y2). Then the projection

τ1 ⊕ τ2 : Ẽ1 ⊕ Ẽ2 → E∞ is defined, for which (τ1 ⊕ τ2)(y1, y2) = τ1(y1) = τ2(y2).
Obviously, we have the commutative diagram

Ẽ1 ⊕ Ẽ2

Ẽ1

τ1(τ2)

←
Ẽ2

τ2(τ1)

→

E∞

τ1⊕τ2

↓ τ2←τ1 →

where the mappings τ1(τ2) and τ2(τ1) are induced by the projections to the left

and right factors respectively. In other words, τ1 ⊕ τ2 : Ẽ1 ⊕ Ẽ2 → E∞ is the

Whitney product of the bundles τi : Ẽi → E∞, i = 1, 2. Let us now define a

distribution C⊕ on the manifold Ẽ1 ⊕ Ẽ2 by setting C⊕
(y1,y2)

= (τ1(τ2))
−1
∗ (C(1)

y1 ) ∩
(τ2(τ1))

−1
∗ (C(2)

y2 ), (y1, y2) ∈ Ẽ1 ⊕ Ẽ2. Obviously, this is an integrable distribution
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and (τ1 ⊕ τ2)∗(C⊕
(y1,y2)

) = C(τ1⊕τ2)(y1,y2), i.e., the projection τ1 ⊕ τ2 and the distri-

bution C⊕ determine a covering structure over E∞ on the manifold Ẽ1 ⊕ Ẽ2. This
covering is called the Whitney product of the coverings τ1 and τ2. Note also that the

projections τ1(τ2) and τ2(τ1) are coverings over the objects Ẽ1 and Ẽ2 respectively.
A coordinate interpretation of the covering τ1 ⊕ τ2 is as follows. Let RNα be

the fiber of the bundle τα; w
(1)
1 , w

(1)
2 , . . . be the coordinates in the fiber of the

projection τ1; w
(2)
1 , w

(2)
2 , . . . be the coordinates in the fiber of the projection τ2.

Let the coverings τ1 and τ2 be locally determined by the fields D̃
(1)
i = D̄i + X

(1)
i

and D̃
(2)
i = D̄i+X

(2)
i , i = 1, . . . , n, respectively, X

(α)
i =

∑
k X

(α)
ik ∂/∂w

(α)
k , α = 1, 2.

Then the space RN1 ⊕ RN2 is the fiber of the bundle τ1 ⊕ τ2 with the coordinates

w
(1)
1 , w

(1)
2 , . . . , w

(2)
1 , w

(2)
2 , . . . , while the distribution on Ẽ1 ⊕ Ẽ2 is determined by the

fields

D̃⊕
i = D̄i +

∑

k

X
(1)
ik

∂

∂w
(1)
k

+
∑

l

X
(2)
il

∂

∂w
(2)
l

, i = 1, . . . , n.

The Whitney product of an arbitrary number of coverings is defined in an
obvious way.

The Whitney product construction is convenient to analyze equivalence of cov-
erings. Namely, the following proposition is valid:

Proposition 1.1. Let τ1 and τ2 be two coverings of finite dimension N =
dim τ1 = dim τ2 over the equation E∞. These coverings are equivalent if and only

if there exists a manifold X ⊂ Ẽ1 ⊕ Ẽ2, codimX = N , invariant3 of the distribution

C̃⊕ such that the restrictions τ1(τ2)|X and τ2(τ1)|X are surjective.

Proof. The proof consists in a straightforward check of definitions. Indeed,
let the coverings τ1 be τ2 equivalent and α be a diffeomorphism realizing this equiv-

alence. Let us set X = { (y, α(y)) | y ∈ Ẽ1 } ⊂ Ẽ1⊕Ẽ2. Obviously, codimX = N and
τ1(τ2)|X and τ2(τ1)|X are surjections. Since the mapping α∗ takes the distribution

C̃1 to C̃2, the submanifold X is invariant with respect to the distribution C̃⊕.

Conversely, let X ⊂ Ẽ1 ⊕ Ẽ2 be a submanifold satisfying the assumptions of

the proposition. Then the correspondence y 7→ τ2(τ1)
(
(τ1(τ2))

−1(y) ∩ X
)
, y ∈ Ẽ1,

determines an isomorphism of the bundles τ1 and τ2. By invariance of X , this is
an equivalence of coverings.

Let us introduce another notion.

Definition 1.5. A covering τ : Ẽ → E∞ over the equation E∞ is called re-

ducible, if it is equivalent to a covering of the form τ1 ⊕ prN , where τ1 is some
covering over the equation E∞ and N > 0. Otherwise, the covering is called irre-

ducible.

A local analog of this definition is obvious.

If τ : Ẽ → E∞ is a reducible covering, then for any point θ ∈ Ẽ there exists an

invariant manifold X of the distribution C̃ passing through this point and such that
the restriction τ |X : X → E∞ of the projection τ is surjective and this restriction,

together with the restriction of the distribution C̃ to X , determine in X a covering
structure over E∞.

3A manifold X ⊂ eE is called invariant with respect for the distribution eC on eE, if at any

point x ∈ X one has the embedding TxX ⊃ eCx.
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Using Proposition 1.1, one can easily prove the following result:

Proposition 1.2. Let τ1 and τ2 be irreducible coverings of finite dimension

N = dim τ1 = dim τ2 over the equation E∞. Then, if the Whitney product Ẽ1 ⊕
Ẽ2 of these coverings is reducible and codimension of invariant manifolds of the

distribution C̃⊕ equals N , then almost at all points θ ∈ Ẽ the covering τ1 is equivalent

to the covering τ2.

Proof. Consider invariant manifolds of the distribution C̃⊕. Almost all of
them project surjectively to Ẽ1 and Ẽ2 under the mappings τ1(τ2) and τ2(τ1) re-
spectively. In fact, otherwise their images under projections τ1(τ2) and τ2(τ1) would

be invariant manifolds of the distributions C̃1 and C̃2 respectively and it contradicts
to irreducibility of the coverings τ1 and τ2. Choosing one of these manifolds, we
arrive to Proposition 1.1, and this concludes the proof.

Corollary 1.3. If τ1 and τ2 are one-dimensional coverings over the equation

E and their Whitney product is reducible, then almost at all points θ ∈ Ẽ the covering

τ1 is equivalent to the covering τ2.

In local coordinates, the problem of reducibility is equivalent to studying a
certain system of linear differential equations. Namely, the following statement is
valid:

Proposition 1.4. Let U ⊆ E∞ be a domain such that the manifold Ũ = τ−1(U)
is representable in the form of the direct product U × RN , N = 1, 2, . . . ,∞, the

mapping τ |eU : Ũ → U is the projection to the first factor, and the fields D̃1, . . . , D̃n

determine the distribution C̃ on Ũ . Then the covering τ is locally irreducible if and

only if the system

D̃1(ϕ) = 0, . . . , D̃n(ϕ) = 0, (1.6)

where ϕ ∈ F(Ẽ), possesses constant solutions only.

Proof. Assume that there exists a solution ϕ 6= const of system (1.6). Then,
since the only solutions of the system

D̄1(ϕ) = 0, . . . , D̄n(ϕ) = 0

are constants, the function ϕ depends at least on one nonlocal variable. Without
loss of generality, we may assume that ∂ϕ/∂w1 6= 0 in some neighborhood U ′ ×W ,
U ′ ⊆ U , W ⊆ RN . Let us define the diffeomorphism α : U ′ × W → α(U ′ × W )

by the formula α(xi, p
j
σ, w1, . . . , wN ) = (xi, p

j
σ, ϕ, w2, . . . , wN ). Since α∗D̃i = D̄i +∑

j>1 Xij∂/∂wj , the covering τ is locally equivalent to the covering pr1 ⊕ τ1 for
some covering τ1. In other words, τ is a reducible covering.

Assume now that the covering τ is locally reducible, i.e., is locally equivalent to
a covering of the form τ1⊕prN ′ . Let a mapping α be the corresponding equivalence.
Then, if f is a smooth function on the space of the covering prN ′ , the function

α∗ ((prN ′(τ1))
∗(f)) = f∗ ∈ F(Ẽ) is a solution of system (1.6). Obviously, there

exists a function f on the space of the covering prN ′ such that the function f∗ ∈
F(Ẽ) is not constant.
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1.7. Coverings and connections. Let τ : Ẽ → E∞ be an arbitrary covering

and let v ∈ Cθ. Then for any point θ̃ ∈ Ẽ projecting to θ by the mapping ϕ, a
vector ṽ ∈ Ceθ satisfying τ∗ṽ = v is uniquely determined.

Let E ⊂ Jk(π). Recall that there exists the Cartan connection in the bundle
π∞ : J∞(π) → M . This connection takes a vector field X ∈ D(M) to the vector field

X̂ ∈ D(J∞(π)) (see §1.4 of Ch. 4). All vector fields X̂ constructed in such a way are
tangent to E∞ and span the Cartan distribution on this manifold. Consequently,
one can put into correspondence to any field X ∈ D(M) a uniquely defined field

X̃ ∈ D(Ẽ), such that τ∗(X̃) = X̂. Besides, it is obvious that if the fields X̃, Ỹ ∈
D(Ẽ) are the liftings of the fields X,Y ∈ D(M) respectively, then [X̃, Ỹ ] = [X̃, Y ].

Thus the covering τ : Ẽ → E∞ determines a flat connection in the bundle π̃ =

π∞ ◦ τ : Ẽ → M compatible with the Cartan connection. One can easily see that
the converse statement is also valid. More precisely, the following theorem takes
place:

Theorem 1.5. Let E ⊂ Jk(π) be an equation and τ : Ẽ → E∞ be a fiber bundle.

Then the following statements are equivalent :

1. A covering structure exists in τ .

2. A connection ∇τ : D(M) → D(Ẽ), ∇τ (X) = X̃, exists in the bundle π̃ =

π∞ ◦ τ : Ẽ → M possessing the following properties:

(a) [X̃, Ỹ ] = [X̃, Y ] for any vector fields X,Y ∈ D(M), i.e., the connec-

tion ∇τ is flat ;

(b) τ∗(X̃) = X̂, i.e., ∇τ is compatible with the Cartan connection.

Note that for any point θ̃ ∈ Ẽ the plane C̃eθ is spanned by vectors of the form

X̃eθ, X ∈ D(M).
In local coordinates, the above considered connection is determined in the cov-

ering τ : Ẽ → E∞ by the correspondence D̄i 7→ D̃i, i = 1, . . . , n, which makes

it possible to lift C-differential operators ∆: F(E∞) → F(E∞) to Ẽ . Namely, if
∆ =

∑
σ aσD̄σ : F(E∞) → F(E∞) is a C-differential operator, then it can be ex-

tended up to an operator ∆̃ : F(Ẽ) → F(Ẽ) by setting

∆̃ =
∑

σ

aσD̃σ.

In particular, if E∞ = J∞(π) and π′ : E′ → M is another vector bundle,

then for any element F ∈ F(π, π′) the lifting ℓ̃F of the corresponding universal

linearization operator exists. Similar to Ch. 4, let us set З̃ϕ(F ) = ℓ̃F (ϕ), where ϕ

is a section of the pullback π∗(π). In coordinates, the field З̃ϕ is of the form

З̃ϕ =
∑′

σ,j

D̃σ(ϕj)
∂

∂pi
σ

,

where ϕi ∈ F(Ẽ) and
∑′

denotes summation over internal coordinates.

1.8. The horizontal de Rham complex and nonlocal conservation

laws. Let a covering τ : Ẽ → E∞ over the equation E∞ be given. Then the hor-

izontal de Rham complex on E∞ can also be lifted to Ẽ , since the corresponding
differentials are C-differential operators. Locally this is described in the following
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way. Horizontal k-forms on Ẽ are represented as

ω =
∑

i1<···<ik

ai1...ik
dxi1 ∧ · · · ∧ dxik

, ai1...ik
∈ F(Ẽ). (1.7)

The differential d̃ acts in the following way:

d̃ω =
∑

i1<···<ik

( n∑

j=1

D̃j(ai1...ik
) dxj

)
∧ dxi1 ∧ · · · ∧ dxik

. (1.8)

The cohomology of the horizontal de Rham complex on Ẽ will be denoted by

H̃k(Ẽ). The group H̃n−1(Ẽ), similar to the local situation, will be called the group

of nonlocal conservation laws of the equation E∞.

Note that the horizontal de Rham complex on Ẽ can be introduced directly,
as it was done with the horizontal de Rham complex on E∞ (i.e., skipping the
procedure of lifting of C-differential operators to the covering). To do this, let us
introduce two notions.

A vector field X on Ẽ is called vertical, if X((τ ◦ π∞)∗f) = 0 for any function

f ∈ C∞(Mn). A differential form ω ∈ Λk(Ẽ) is called horizontal, if ω(X) = 0

for any vertical vector field X on Ẽ . Horizontal forms of degree k constitute a

submodule in Λk(Ẽ), which will be denoted by Λk
0(Ẽ).

Exercise 1.5. Show that in local coordinates a form ω ∈ Λk
0(Ẽ) is written

down as (1.7).

A differential form ω ∈ Λk(Ẽ) is called a Cartan form, if ω(X) = 0 for any

vector field X lying in the distribution C̃. Cartan forms of degree k constitute a

submodule in Λk(Ẽ), which will be denoted by CΛk(Ẽ). One has the decomposition

Λk(Ẽ) =
∑

α+β=k

Λα
0 (Ẽ) ∧ CΛβ(Ẽ). (1.9)

The de Rham differential d : Λk(Ẽ) → Λk+1(Ẽ) acts on the form ω ∈ Λα
0 (Ẽ) ∧

CΛβ(Ẽ) as follows:

dω = ω0 + ωC ,

where ω0 ∈ Λα+1
0 (Ẽ) ∧ CΛβ(Ẽ), ωC ∈ Λα

0 (Ẽ) ∧ CΛβ+1
0 (Ẽ). Using the decomposition

(1.9), one can introduce the mapping

d̂ : Λα
0 (Ẽ) ∧ CΛβ(Ẽ) → Λα+1

0 (Ẽ) ∧ CΛβ(Ẽ),

by setting d̂ω = ω0.

It is easily checked that d̂2
h = 0 and that in local coordinates the operator d̂

∣∣
Λ∗

0(eE)

act by the formula (1.8), i.e., the complex {Λ∗
0(Ẽ), d̂} is the horizontal de Rham

complex on Ẽ .

1.9. Covering equations. Consider a covering τ : Ẽ → E∞. Let us find out

when the covering manifold Ẽ is of the form (E ′)∞ for some equation E ′ ⊂ J l(π′).
To answer this question, we shall restrict ourselves with the following situation.
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Assume that two bundles, π : E → M and ξ : W → M , over the manifold M
are given. Then the following commutative diagram takes place

W∞ → · · · → W 1 → W 0 → W

J∞(π)

π∗
∞(ξ)=τ ↓

→ · · · → J1(π)

π∗
1 (ξ)↓

→ E

π∗(ξ)↓
→ M

ξ↓

where π∗
i (ξ) : W i → Jk(π), i = 1, 2, . . . ,∞, denote the pullbacks. Let us denote by

τ the projection π∗
∞(ξ) and assume that a covering structure exists in the bundle

τ : W∞ → J∞(π). Then, as it was proved in Theorem 1.5, it is equivalent to
existence of a flat connection ∇τ in the bundle π∞ ◦ τ . The coefficients of this
connection are functions on J∞(π), i.e., differential operators acting from Γ(π) to
C∞(M). Let f ∈ Γ(π) be a section of the bundle π. Then a flat connection is
induced in the bundle j∞(f)∗(τ) ≈ ξ in a natural way. Denote this connection
by ∇τ (f). In other words, the covering structure in τ determines a differential
operator, which takes a section of the bundle π to a flat connection in the bundle
ξ. Let us denote by deg τ the order of this operator and call this number the order

of the covering τ .
Consider now a point θ ∈ W k, θ = ([f ]kx, w0), where x ∈ M , f ∈ Γ(π), and

w0 ∈ ξ−1(x) ⊂ W . Since the bundle ξ : W → M possesses the flat connection
∇τ (f), we can locally consider its integral section g passing through the point w0.
The pair (f, g) determines the local section π ⊕ ξ of the Whitney product of the
bundles π and ξ. Let us set

ρk(θ) = [(f, g)]kx ∈ Jk(π ⊕ ξ).

The family ρ = {ρk} of the mappings ρk : W k → Jk(π ⊕ ξ) possesses the
following properties:

1. The mapping ρk is an immersion for any k.
2. For any k, there exists the following commutative diagram:

W k+1 ρk+1→ Jk+1(π ⊕ ξ)

W k

↓
ρk → Jk(π ⊕ ξ)

(π⊕ξ)k+1,k↓

3. If k0 = max(1,deg τ) and Eτ = ρk0
(W k0) ⊂ Jk0(π ⊕ ξ), then for all k > k0

the equality ρk(W k) = (Eτ )(k−k0) holds.

4. The mapping ρ∞,∗ takes the distribution C̃ on W∞ to the Cartan distribu-
tion of the equation (Eτ )∞.

In other words, the space of the covering τ : W∞ → J∞(π), as a manifold with
distribution, is isomorphic to the infinitely prolonged equation (Eτ )∞. In the case,
when the base of the covering is an equation E∞ ⊂ J∞(π), we can show by similar

reasoning that the space of the covering Ẽ is isomorphic to the infinitely prolonged
equation (E ∩ Eτ )∞ = E∞ ∩ (Eτ )∞. We shall say that the equation Eτ covers the
equation E . The equation Eτ will also be called a covering equation for E .

If in local coordinates, the distribution C̃ on Ẽ is determined by the fields

D̃i = D̄i +
∑N

j=1 Xij(xα, pβ
σ, wγ)∂/∂wj , i = 1, . . . , n, then the covering equation Eτ
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is locally described by the relations

∂wj

∂xi
= Xij(xα, uβ

σ, wγ), i = 1, . . . , n, j = 1, . . . , N. (1.10)

The fact that the connection ∇τ in the bundle τ : Ẽ → E∞ is flat means that
the compatibility conditions for system (1.10) are differential consequences of the
equation E . To any solution of this equation, there corresponds an N -parameter
family of solutions of the covering equation and the parameters for this family are
analogs of integration constants for system (1.10).

Example 1.9. Consider the one-dimensional covering of the Korteweg–de Vries
equation E = {ut = uux + uxxx} determined by the fields





D̃x = D̄x +

(
p0 +

1

6
w2

)
∂

∂w
,

D̃t = D̄t +

(
p2 +

1

3
wp1 +

1

3
p2
0 +

1

18
w2p0

)
∂

∂w
.

Eliminating u from the system




wx = u +
1

6
w2,

wt = uxx +
1

3
wux +

1

3
u2 +

1

18
w2u,

we shall see that the covering equation for the Korteweg–de Vries equation is the
modified Korteweg–de Vries equation

wt = wxxx − 1

6
w2wx.

The relation between the variables u and w given by the equation wx = u+ 1
6w2,

is exactly the Miura–Gardner transformation [86, 88].

Exercise 1.6. Show that if the one-dimensional covering over the Korteweg–
de Vries equation is given by the fields





D̃x = D̄x + p0
∂

∂w
,

D̃t = D̄t +

(
p2 +

1

2
p2
0

)
∂

∂w
,

then the covering equation is the potential Korteweg–de Vries equation wt = wxxx+
1
2w2

x.

1.10. Horizontal de Rham cohomology and coverings. In this subsec-
tion, we shall establish relation between the group H̄1(E∞) of (n − 1)-dimensional
horizontal de Rham cohomology and special coverings over the equation E∞.

Let first τ : Ẽ → E∞ be a one-dimensional covering over the equation E∞, Ẽ =

E∞ × R, τ be the projection to the first factor and the distribution on Ẽ be given
by the fields

D̃i = D̄i + Xi
∂

∂w
, Xi ∈ F(E∞). (1.11)
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Let us put into correspondence the horizontal form

ω =

n∑

i=1

Xi dxi.

to this covering. The conditions (1.3) acquire the form D̄i(Xj) = D̄j(Xi) in this

case, or d̂(ω) = 0, i.e., the form ω is closed in the horizontal de Rham complex.
Conversely, to any closed horizontal 1-form ω =

∑n
i=1 Xi dxi there corresponds a

covering over E∞ locally described by the fields (1.11).
The following two statements are easily proved:

Proposition 1.6. Let τ : Ẽ → E∞ be a one-dimensional covering given by equa-

tions (1.11) and ω be the corresponding 1-form. The covering τ is trivial if and only

if the form ω is exact, i.e., it generates the trivial element in the cohomology group

H̄1(E∞).

Proposition 1.7. Let τi : Ẽi → E∞, i = 1, 2, be two one-dimensional coverings

over E∞ given by (1.11) and let the forms ω1 and ω2 correspond to these coverings.

The coverings τ1 and τ2 are equivalent if and only if the corresponding cohomology

classes [ω1] and [ω2] coincide.

Exercise 1.7. Prove Propositions 1.6 and 1.7.

Thus, we have a one-to-one correspondence between the elements of the group
H̄1(E∞) and classes of equivalence of one-dimensional coverings (1.11) over E∞.

Let now τ : Ẽ → E∞ be an N -dimensional covering over the equation E∞, where

Ẽ = E∞ × RN , τ is the projection to the first factor, and the distribution on Ẽ is
determined by the fields

D̃i = D̄i +

N∑

j=1

Xij
∂

∂wj
, Xij ∈ F(E∞), i = 1, . . . , n.

It is easily seen that the horizontal 1-forms

ωj =
n∑

i=1

Xijdxi, j = 1, . . . , N

are closed. Therefore, they generate some elements [ω1], . . . , [ωN ] of the group
H̄1(E∞). Let V (τ) be the subspace of the linear space H̄1(E∞) spanned by the
classes [ω1], . . . , [ωN ]. The following statement is valid:

Proposition 1.8. Let τi : Ẽi → E∞, i = 1, 2, be a locally irreducible N -dimen-

sional, N < ∞, covering over the equation E∞. Let Ẽi = E∞ × RN , τi be the

projections to the first factor, while the distribution Ẽi be described by the fields

D̃
(i)
j = D̄j +

∑

k

X
(i)
jk

∂

∂w
(i)
k

, X
(i)
jk ∈ F(E∞), j = 1, . . . , n, i = 1, 2.

Then the coverings τ1 and τ2 are equivalent if and only if V (τ1) = V (τ2).

Proof. Let the coverings τ1 and τ2 be equivalent and let a fiber-wise diffeo-

morphism α : Ẽ1 → Ẽ2 establish their equivalence. Then α∗(D̃
(1)
j ) = D̃

(2)
j , i.e.,

α∗(X(2)
jk ) = D̃

(1)
j (αk), where

α(xi, p
j
σ, w

(1)
k ) = (xi, p

j
σ, α1(xi, p

j
σ, w

(1)
k ), α2(xi, p

j
σ, w

(1)
k ), . . . )
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(see equation (1.5)). Since X
(i)
jk ∈ F(E∞), we have the identities [D̃

(1)
j , ∂/∂w

(1)
s ] = 0

and D̃
(1)
j (∂αk/∂w

(1)
s ) = 0 for any j, k, s. Since the covering τ1 is irreducible, from

Proposition 1.4 it follows that ∂αk/∂w
(1)
s = cks = const, i.e., αk =

∑N
s=1 cksw

(1)
s +

ϕk(x, pi
σ). From here we obtain that

α∗(X(2)
jk ) = D̃

(1)
j (αk) =

N∑

s=1

cksX
(1)
js + D̄j(ϕk)

and

ω
(2)
k =

n∑

j=1

X
(2)
jk dxj =

N∑

s=1

cksω
(1)
s + d̂(ϕk).

Thus ω
(2)
k ∈ V (τ1) for all k = 1, . . . , N . Similar calculations for the diffeomorphism

α−1 show that ω
(1)
k ∈ V (τ2) for all k = 1, . . . , N . Consequently, V (τ1) = V (τ2).

Let now V (τ1) = V (τ2) = V . Since the covering τ1 is irreducible, we can

consider the forms ω
(1)
1 , . . . , ω

(1)
N , determining the covering τ1, to constitute a basis

of the space V . Then the representation

[ω
(2)
k ] =

N∑

s=1

cks[ω
(1)
s ], cks ∈ R,

is valid, or

ω
(2)
k =

N∑

s=1

cksω
(1)
s + d̂(ϕk), ϕk ∈ F(E∞).

It is easily seen that the submanifold in the space Ẽ1 ⊕ Ẽ2 determined by the
equations

w
(2)
k −

N∑

s=1

cksw
(1)
s − ϕk = 0, k = 1, . . . , N,

is an invariant submanifold of the distribution C̃⊕ and is of codimension N . From
Proposition 1.2 it follows that the coverings τ1 and τ2 are equivalent.

Exercise 1.8. Prove that a finite-dimensional covering τ of the form under
consideration is irreducible if and only if dimV (τ) = dim τ .

Remark 1.1. From the above said it follows that in the case dimM = 2 (i.e.,
when the equation E is in two independent variables), there exists a one-to-one
correspondence between one-dimensional coverings of the above considered form
and conservation laws of the equation E .

1.11. Bäcklund transformations. The above considered examples show that
the theory of coverings is a convenient and adequate language to describe various
nonlocal effects arising in studies of differential equations. In particular, it was
shown that the constructions such as the Cole–Hopf substitution and the Miura–
Gardner transformation are of a common nature and can be interpreted in terms
of coverings in a natural way. In §2 we shall see that the Wahlquist–Estabrook
prolongation structures are particular cases of coverings, while in this subsection
we give a definition of Bäcklund transformations using the language of coverings.
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Let us recall [65, 93] that a Bäcklund transformation between equations E and
E ′ is a system of differential relations in unknown functions u and u′ possessing
the following property: if a function u is a solution of the equation E and u and u′

satisfy the relations at hand, then the function u′ is a solution of E ′.
Using the language of coverings, this definition reads as follows [62].

Definition 1.6. A Bäcklund transformation between equations E and E ′ is the
diagram

Ẽ

E∞

τ

←
(E ′)∞

τ ′

→

in which the mappings τ and τ ′ are coverings.

If E∞ = (E ′)∞, then the Bäcklund transformation of the equation E is some-
times called a Bäcklund autotransformation.

Example 1.10. Consider the following system Ẽ of equations

w̃x = a sin w, wy =
1

a
sin w̃, a ∈ R, a 6= 0,

in the two-dimensional bundle π : R2 × R2 → R2. Then the zero order opera-
tor (i.e., a morphism of vector bundles) ∆+ : v = w + w̃ determines the covering
τ+ : J∞(π) → J∞(ξ), where ξ : R × R2 → R2 (see §1.4). The restriction of this

covering to Ẽ∞ determines a covering of the equation E = {vxy = sin(v)} by the

equation Ẽ∞. In a similar way, the operator ∆− : v = w − w̃ determines another

covering τ− : Ẽ∞ → E∞. Thus we obtain the Bäcklund autotransformation of the
sine-Gordon equation

Ẽ∞

E∞

τ+

←
E∞

τ−

→

coinciding with the one discovered by Bäcklund [87].

Let us describe a natural way to construct Bäcklund transformations. Consider
the diagram

Ẽ1
ϕ→ Ẽ2

E∞
1

τ1↓
E∞
2

τ2↓

where the vertical arrows are coverings and the mapping ϕ is an isomorphism. Then

obviously τ2 ◦ϕ : Ẽ → E∞
2 is a covering and thus we see that the equations E∞

1 and
E∞
2 are related by the Bäcklund transformation.

The next examples show that some known Bäcklund transformation can be
obtained in the this way.

Example 1.11. Consider the modified Korteweg–de Vries equation

ut = uxxx + 6u2ux (1.12)
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The vector fields D̃x = D̄x + X, D̃t = D̄t + T , where

X = p0
∂

∂w
+ (p0 + α sin(w + w̃))

∂

∂w̃
,

T = (p2 + p3
0)

∂

∂w
+ (p2 + 2αp1 cos(w + w̃) + 2p3

0

+ 2αp2
0 sin(w + w̃) + 2α2p0 + α3 sin(w + w̃))

∂

∂w̃
,

determine the two-dimensional covering τ : Ẽ∞ = R2×E∞ → E∞. Using the change
of coordinates w 7→ w̃, w̃ 7→ w, we obtain a new covering. Consequently, if u(t, x)
is a solution of equation (1.12) and the functions w(t, x) and w̃(t, x) satisfy the
equations

u = wx, w̃x − wx = α sin(w + w̃),

then the function ũ = w̃x is also a solution of equation (1.12). This is a well-known
Bäcklund transformations for the modified Korteweg–de Vries equation [70].

Example 1.12. Consider the Korteweg–de Vries equation

ut = uxxx + 12uux

There exists a two-dimensional covering over this equation determined by the field
X of the form

X = p0
∂

∂w
+ (α − p0 − (w − w̃)2)

∂

∂w̃

(we leave to the reader as an exercise computation of the field T ). As in the
preceding example, by the change of variables w 7→ w̃, w̃ 7→ w [70] we obtain the
Bäcklund transformation

u = wx, w̃x + wx = α − (w − w̃)2, ũ = w̃x.

2. Examples of computations: coverings

In this section, we shall find coverings of a special type for some well-known
equations of mathematical physics in two independent variables.

The process of constructing coverings for particular differential equations is a
computational procedure similar to that used to compute symmetries. Namely,

the covering space Ẽ of any covering is locally diffeomorphic to the direct product

E∞ × RN while the mapping τ : Ẽ = E∞ × RN → E∞ is the projection to the

first factor. Therefore, a covering is locally determined by a distribution C̃, which,

in the case of two independent variables, is given by two fields D̃1 = D̄1 + X1

and D̃2 = D̄2 + X2, where Xi =
∑N

j=1 Xij∂/∂wj , Xij ∈ F(Ẽ), i = 1, 2. Here

w1, w2, . . . , wN are coordinates in the fiber RN (nonlocal variables) and 0 < N ≤ ∞.

The integrability condition [D̃1, D̃2] = 0 for this distribution is of the form

[D̄1, X2] + [X1, D̄2] + [X1, X2] = 0. (2.1)

This relation is a system of differential equations for the functions Xij ∈ F(Ẽ)
describing all N -dimensional coverings over the equation E∞. Solving this system,
we shall find all coverings over the equation under consideration. Establishing
equivalence of coverings, we use Corollary 1.3.
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2.1. Coverings over the Burgers equation. Let us consider the Burgers
equation (see also [62])

E = {ut = uux + uxx}.
Let us choose the functions x, t, p1, . . . , pk, . . . for internal coordinates on E∞

(see §4.1 of Ch. 4).
The total derivatives D̄x = D̄1 and D̄t = D̄2 are of the form

D̄x =
∂

∂x
+

∑

k

pk+1
∂

∂pk
, D̄t =

∂

∂t
+

∑

k

D̄k
x(p0p1 + p2)

∂

∂pk
.

Let the distribution on Ẽ be given by the fields

D̃x = D̄x + X, D̃t = D̄t + T,

where

X =
∑

j

Xj
∂

∂wj
, T =

∑

k

Tk
∂

∂wk
, Xj , Tk ∈ F(Ẽ).

Then the integrability condition (2.1) acquires the form

∂T

∂x
+

∑

i≥0

pi+1
∂T

∂pi
− ∂X

∂t
−

∑

j≥0

D̄j
x(p0p1 + p2)

∂X

∂pj
+ [X,T ] = 0, (2.2)

where the operators ∂/∂pk act on the fields X and T component-wise (the coeffi-
cients of the fields X and T depend on x, t, p1, . . . , pk, . . . , w1, . . . , wN ). We restrict
ourselves with the case when all functions Xj , Tk are independent of the variables
x, t, and pi, i > 1. In this case, equation (2.2) is written down in the form

p1
∂T

∂p0
+ p2

∂T

∂p1
− (p0p1 + p2)

∂X

∂p0
−−(p2

1 + p0p2 + p3)
∂X

∂p1
+ [X,T ] = 0. (2.3)

The left-hand side of (2.3) is polynomial in p2 and p3. Therefore, the coefficients
at p2 and p3 vanish, from where it follows that the function X is independent of p1

while ∂T/∂p1 = ∂X/∂p0, i.e.,

T = p1
∂X

∂p0
+ R, (2.4)

where the coefficients of the field R are independent of p1. Substituting now rela-
tions (2.4) to equation (2.3), we obtain

p2
1

∂2X

∂p2
0

+ p1

(
∂R

∂p0
− p0

∂X

∂p0
+

[
X,

∂X

∂p0

])
+ [X,R] = 0.

Since the fields X and R are independent of p1, the last equation is equivalent to
the system

∂2X

∂p2
0

= 0,
∂R

∂p0
= p0

∂X

∂p0
+

[
X,

∂X

∂p0

]
, [X,R] = 0. (2.5)

From the first equation of this system it follows that

X = p0A + B, (2.6)

where the coefficients of the fields A and B now depend on the variables wk only.
In other words, A and B are the fields in the fiber RN of the covering. Using (2.6),
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we see that the second equation of system (2.5) acquires the form ∂R/∂p0 = p0A+
[A,B], or

R =
1

2
p2
0A + p0[A,B] + C, (2.7)

where C is a field on RN . Finally, substituting expressions (2.6) and (2.7) to the
last equation of system (2.5), we obtain the equation

p2
0

(
[A, [A,B]] +

1

2
[B,A]

)
+ p0([A,C] + [B, [A,B]]) + [B,C] = 0,

which is equivalent to the relations

[A, [A,B]] =
1

2
[A,B], [B, [B,A]] = [A,C], [B,C] = 0. (2.8)

Thus, we proved the following result

Theorem 2.1. Any covering of the Burgers equation, where the coefficients

of the fields X and T are independent of the variables t, x, and pk, k > 1, are

determined by the fields of the form

D̃x = D̄x + p0A + B,

D̃t = D̄t +

(
p1 +

1

2
p2
0

)
A + p0[A,B] + C,

where A, B, and C are arbitrary fields in the fiber of the covering satisfying rela-

tions (2.8).

Remark 2.1. Let us stress here a remarkable fact. Consider the free Lie alge-
bra G with generators a, b, and c, satisfying the relations

[a, [a, b]] =
1

2
[a, b], [b, [b, a]] = [a, c], [b, c] = 0.

Then the Lie algebra generated by the fields A, B, and C is the image of the
algebra G when it is represented in the Lie algebra of vector fields on the manifold
RN . Thus, Theorem 2.1 shows that coverings over the Burgers equation satisfying
the above formulated conditions are uniquely determined by representations of the
algebra G in vector fields. By this reason, we shall call the Lie algebra G universal.

Remark 2.2. Universal algebras first aroused in the context of the so-called
prolongation structures of Wahlquist–Estabrook [145, 51]. Examples of universal
algebras for various evolution equations, as well as some particular representations
of these algebras, can be found in [23]. Note that Wahlquist–Estabrook prolonga-
tion structures are particular cases of coverings.

Let us now describe one-dimensional coverings of the type under consideration
over the Burgers equation. Let w be a nonlocal variable. Then A = α∂/∂w,
B = β∂/∂w, C = γ∂/∂w, where α, β, γ ∈ C∞(R) and(2.8) reduces to a system of
ordinary differential equations in α, β, and γ.

Consider the case A = 0 first. Then system (2.8) reduces to the relation
[B,C] = 0, or β′γ−βγ′ = 0, where the “prime” denotes the derivative with respect
to w. If the field B does not vanish, the coordinate w in R can be chosen in such
a way that B = ∂/∂w, from where it follows that γ = const. Note that choosing
another coordinate in the fiber, we pass to a new covering equivalent to the initial
one. If B = 0, then C 6= 0 and this case is considered in a similar way. Thus,
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the coordinate w can be always locally be chosen in such a way that β, γ = const.
Therefore, the system of fields

D̃x = D̄x + β
∂

∂w
, D̃t = D̄t + γ

∂

∂w

possesses a nontrivial kernel consisting of functions ψ(w−βx−γt). In other words,

the manifold Ẽ is fibered by invariant manifolds Xλ = {w − βx − γt = λ}, λ ∈ R,
isomorphic to the manifold E∞, i.e., the covering under consideration is trivial.

Let us pass now to the case A 6= 0 and study the structure of the coverings in
a neighborhood of a generic point of the field A. Let choose a coordinate w in this
neighborhood such that A = ∂/∂w. Then system (2.8) acquires the form

β′′ =
1

2
β′, (β′)2 − ββ′′ = γ′, β′γ = γ′β

and possesses solutions of two types:

β = const, γ = const

and

β = µew/2 + ν, γ = −ν

2
(µew/2 + ν), µ = const 6= 0, ν = const. (2.9)

All coverings of this type are pair-wise nonequivalent and by the coordinate change
w 7→ w − βx − γt reduce to the form

D̃x = D̄x + p0
∂

∂w
, D̃t = D̄t +

(
p1 +

1

2
p2
0

)
∂

∂w
.

Consider coverings of the second type and denote by τµ,ν the covering, deter-
mined by equation (2.9). Then the coverings τµ1,ν1

and τµ2,ν2
are equivalent if and

only if signµ1 = signµ2 and ν1 = ν2.
Thus, we proved the following statement:

Proposition 2.2. Any nontrivial one-dimensional covering over the Burgers

equation E = {ut = uux + uxx}, where the coefficients of the fields X and T are

independent of the variables t, x, and pk, k > 1, are locally equivalent to one of the

following :

τ0 : D̃x = D̄x + p0
∂

∂w
,

D̃t = D̄t +

(
p1 +

1

2
p2
0

)
∂

∂w
,

τ+
ν : D̃x = D̄x + (p0 + ew/2 + ν)

∂

∂w
,

D̃t = D̄t +

(
p1 +

1

2
p2
0 +

1

2
ew/2p0 −

ν

2
ew/2 − ν2

2

)
∂

∂w
,

τ−
ν : D̃x = D̄x + (p0 − ew/2 + ν)

∂

∂w
,

D̃t = D̄t +

(
p1 +

1

2
p2
0 −

1

2
ew/2p0 +

ν

2
ew/2 − ν2

2

)
∂

∂w
,

where ν = const. All these coverings are pair-wise nonequivalent.
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In each of the above listed cases, the manifold Ẽ is contact equivalent to a
manifold of the form (E ′)∞, where E ′ is a second order evolution equation. The
corresponding change of variables is:

u = wx for the covering τ0;
u = wx − ew/2 − ν for the coverings τ+

ν ;
u = wx + ew/2 − ν for the coverings τ−

ν .

Exercise 2.1. Write down the covering equations in each of the above listed
cases.

Remark 2.3. Similar, but more cumbersome calculations, allow one to de-
scribe higher dimensional coverings over the Burgers equation. For example, there
exist six 3-parameter families, one 4-parameter, and one 1-parameter family of
nontrivial pair-wise nonequivalent two-dimensional coverings.

2.2. Coverings over the Korteweg–de Vries equation. Consider the Korte-
weg–de Vries equation

E = {ut = uux + uxxx}
now.

Let us take the functions x, t, p1, . . . , pk, . . . for internal coordinates on E∞.
The total derivatives on E∞ are of the form

D̄x =
∂

∂x
+

∑

k

pk+1
∂

∂pk
, D̄t =

∂

∂t
+

∑

k

D̄k
x(p0p1 + p3)

∂

∂pk
.

Let the distribution on Ẽ be described by the fields

D̃x = D̄x + X, D̃t = D̄t + T,

where

X =
∑

j

Xj
∂

∂wj
, T =

∑

k

Tk
∂

∂wk
, Xj , Tk ∈ F(Ẽ).

We shall solve equation (2.1) assuming that all the functions Xj , Tk are independent
of the variables x, t, and pi, i > 2.

Then computation similar to those exposed in §2.1 lead to the following result:

Theorem 2.3. Any covering of the Korteweg–de Vries equation such that the

coefficients of the fields X and T are independent of the variables t, x, and pk k > 2,
are determined by the fields of the form

D̃x = D̄x + p2
0A + p0B + C,

D̃t = D̄t +

(
2p0p2 − p2

1 +
2

3
p3
0A

)
+

(
p2 +

1

2
p2
0

)
B

+ p1 [B,C] +
1

2
p2
0[B, [C,B]] + p0[C, [C,B]] + D,

where A, B, C, D are vector fields on the fiber of the covering satisfying the relations

[A,B] = [A,C] = [C,D] = 0,

[B, [B, [B,C]] = 0, [B,D] + [C, [C, [C,B]]] = 0,

[A,D] +
1

2
[C,B] +

3

2
[B, [C, [C,B]]] = 0.

(2.10)
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Remark 2.4. The free Lie algebra with four generators and relations (2.10)
is the universal algebra of the Korteweg–de Vries equation. It first aroused in
studies of prolongation structures [145]. It is known that this algebra is infinite-
dimensional [107].

Let us describe one-dimensional coverings over the Korteweg–de Vries equation.
It is easily seen that if a covering is nontrivial, then at least one of the fields A or
B must not vanish. Assume that A 6= 0. Then a nonlocal variable w can be chosen
in such a way that A = ∂/∂w. In this case, from (2.10) it easily follows that

B = β
∂

∂w
, C = γ

∂

∂w
, D = δ

∂

∂w
,

where β, γ, δ are constants. Thus, any covering over the KdV equation with A 6= 0
is equivalent to the covering determined by the fields

X = (p2
0 + βp0 + γ)

∂

∂w
,

T =

(
2p0p2 − p2

1 +
2

3
p3
0 + β

(
p2 +

1

2
p2
0

)
+ δ

)
∂

∂w
.

(2.11)

From the results of §1.6 it easily follows that the coverings of the form (2.11)
are nontrivial. To check whether they are equivalent to each other, consider the
Whitney product of two coverings (2.11),

D̃x = D̄x + (p2
0 + β1p0 + γ1)

∂

∂w1
+ (p2

0 + β2p0 + γ2)
∂

∂w2
,

D̃t = D̄t +

(
2p0p2 − p2

1 +
2

3
p3
0 + β1

(
p2 +

1

2
p2
0

)
+ δ1

)
∂

∂w1

+

(
2p0p2 − p2

1 +
2

3
p3
0 + β2

(
p2 +

1

2
p2
0

)
+ δ2

)
∂

∂w2
,

and the linear system

D̃x(f) = 0, D̃t(f) = 0,

where f is a function on the space of the Whitney product. It is easily seen that
this system is equivalent to the following one:

∂f

∂x
+ γ1

∂f

∂w1
+ γ2

∂f

∂w2
= 0,

∂f

∂t
+ δ1

∂f

∂w1
+ δ2

∂f

∂w2
= 0,

β1
∂f

∂w1
+ β2

∂f

∂w2
= 0,

∂f

∂w1
+

∂f

∂w2
= 0,

(2.12)

where f = f(x, t, w1, w2). Solutions of (2.12) are different from constants if and
only if β1 = β2. Using (2.12), it is easy to show that the equivalence classes
of coverings with A 6= 0 are parametrized by β and their representatives can be
written as

X = (p2
0 + βp0)

∂

∂w
,

T =

(
2p0p2 − p2

1 +
2

3
p3
0 + β

(
p2 +

1

2
p2
0

))
∂

∂w
.

(2.13)
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Assume now that A = 0. Then B 6= 0 and in a suitable coordinate system the field
B can be written in the form ∂/∂w. Then relations (2.10) are transformed to

∂3C

∂w3
= 0,

∂C

∂w
= 3

[
∂C

∂w
,C

]
,

∂D

∂w
=

[
C,

[
C,

∂C

∂w

]]
, [C,D] = 0.

This system possesses solutions of the two types

C =

(
1

6
w2 + βw + γ

)
∂

∂w
, D =

(
β2 − 2

3
γ

)
∂

∂w

and

C = γ
∂

∂w
, D = δ

∂

∂w
,

where β, γ, δ are constants. Respectively, we have

X =

(
p0 +

1

6
w2 + βw + γ

)
∂

∂w
,

T =

(
p2 + p1

(
1

3
w + β

)
+

1

3
p2
0 +

(
1

18
w2 +

1

3
βw + β2 − 1

3
γ

)
p0

+

(
β2 − 2

3
γ

)(
1

6
w2 + βw + γ

))
∂

∂w
,

and

X =

(
p0 + γ

)
∂

∂w
, T =

(
p2 +

1

2
p2
0 + δ

)
∂

∂w
.

In the first case, by the change of variables w 7→ w − 1
3β, we can transform the

covering to

X =

(
p0 +

1

6
w2 + α

)
∂

∂w
,

T =

(
p2 +

1

3
wp1 +

1

3
, p2

0 +

(
1

18
w2 − 1

3
α

)
p0 −

2

3
α

(
1

6
w2 + α

))
∂

∂w
,

(2.14)

where α is an arbitrary constant. The coverings belonging to this family are mu-
tually nonequivalent.

In the second case, all coverings are equivalent to each other. As a representa-
tive of this class, one can take, for example, the covering

X = p0
∂

∂w
, T =

(
p2 +

1

2
p2
0

)
∂

∂w
. (2.15)

It is easily seen that all the coverings (2.13)–(2.15) are pair-wise nonequivalent.
Thus, we obtained a complete description of coverings over KdV of the type under
consideration. Let us summarize the results.

Proposition 2.4. Any nontrivial covering of the Korteweg–de Vries equation

E = {ut = uux+uxxx}, such that the coefficient of the fields X and t are independent



2. EXAMPLES OF COMPUTATIONS: COVERINGS 247

of t, x, and pk, k > 2, are locally equivalent to one of the following :

τ0 : D̃x = D̄x + p0
∂

∂w
,

D̃t = D̄t +

(
p2 +

1

2
p2
0

)
∂

∂w
,

τ1
α : D̃x = D̄x +

(
p0 +

1

6
w2 + α

)
∂

∂w
,

D̃t = D̄t +

(
p2 +

1

3
wp1 +

1

3
p2
0 +

(
1

18
w2 − 1

3
α

)
p0

− 2

3
α

(
1

6
w2 + α

))
∂

∂w
, α ∈ R,

τ2
β : D̃x = D̄x +

(
p2
0 + βp0

)
∂

∂w
,

D̃t = D̄t +

(
2p0p2 − p2

1 +
2

3
p3
0 + β

(
p2 +

1

2
p2
0

))
∂

∂w
, β ∈ R.

All these coverings are pair-wise nonequivalent.

In each of the listed cases, the manifold Ẽ is contact diffeomorphic to a manifold
of the form (E ′)∞, where E ′ is a third order evolution equation. The corresponding
change of variables is of the form

u = wx for the covering τ0;
u = wx − 1

6w2 − 3
2α for the coverings τ1

α;

u = −α ±
√

β2 + wx for the coverings τ2
β .

As we already saw (see §1.9), the covering equation for the covering τ0 is the
potential Korteweg–de Vries equation wt = wxxx + 1

2w2
x, while for the covering τ1

α,
α = 0, the covering equation is the modified Korteweg–de Vries equation wt =
wxxx − 1

6w2wx.

2.3. Coverings over the equation ut = (B(u)ux)x. Let us describe, with-
out proof, another result of covering computations [54].

Proposition 2.5. Any nontrivial one- or two-dimensional covering of the equa-

tion E = {ut = (B(u)ux)x}, where the coefficients of the fields X and T are in-

dependent of the variables t, x, and pk, k > 1, is locally equivalent to one of the
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following :

τ1 : D̃x = D̄x + p0
∂

∂w
,

D̃t = D̄t + B(p0)p1
∂

∂w
,

τ2
1 : D̃x = D̄x + p0

∂

∂w1
+ w1

∂

∂w2
,

D̃t = D̄t + B(p0), p1
∂

∂w1
+ B̃(p0)

∂

∂w2
,

τ2
2 : D̃x = D̄x +

∂

∂w1
− p0w1

∂

∂w2
,

D̃t = D̄t + (B̃(p0) − w1B(p0) p1)
∂

∂w2
,

There are no irreducible coverings of dimension greater than two.

To conclude this section, let us consider two examples, where the equation
under consideration is not an evolution one.

2.4. Covering over the f-Gordon equation. Consider the equation Ef =
{uxy = f}, where f = f(u) is an arbitrary function depending on u. Let us choose
the functions x, y, u, p1, q1, . . . , pk, qk, . . . , where x = x1, y = x2, u = p(0,0),
pk = p(k,0), qk = p(0,k) for internal coordinates on E∞

f . Consider the coverings

τ : Ẽf = E∞
f × RN → E∞

f , D̃x = D̄x + X, D̃y = D̄y + Y , D̄x = D̄1, D̄y = D̄2, such
that the coefficients of the fields X and Y are independent of the variables x, y and
pi, qi, i > 1. In this case conditions (2.1) are transformed to





∂X

∂q1
=

∂Y

∂p1
= 0,

p1
∂Y

∂u
+ f

(
∂Y

∂q1
− ∂X

∂p1

)
− q1

∂X

∂u
+ [X,Y ] = 0.

Analyzing this system for the case of one-dimensional coverings, we obtain the
following result:

Proposition 2.6. Any nontrivial one-dimensional covering of the equation

E = {uxy = f}, ∂f/∂u 6= 0, where the coefficients of the fields X and Y are

independent of the variables x, y, and pi, qi, i > 1, are locally (in a neighborhood

of any point, where ∂2X/∂p2
1 6= 0 and ∂Y 2/∂q2

1 6= 0), is equivalent to the following

one:

τf
α : D̃x = D̄x + (αp2

1 + 2F )
∂

∂w
, D̃y = D̄y + (q2

1 + 2αF )
∂

∂w
,

where α ∈ R, F (u) =
∫ u

0
f(u) du. These coverings are pair-wise nonequivalent for

different values of the parameter α.

Consider the equations Ef and Eg and let us equate the right-hand sides of the
equations determining the covering τg

β . As a result, we shall obtain the system

αu2
x + 2F (u) = βv2

x + 2G(v),

u2
y + 2αF (u) = v2

y + 2βG(v).
(2.16)
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A simple check shows that if v = v(x, y) is a solution of the equation Eg such that
system (2.16) is compatible, then any solution u = u(x, y) of equation (2.16), such
that αux + uy 6= 0, is also a solution of Ef for a given v. Thus, system (2.16)
determines a “partial Bäcklund transformation” between equations Ef and Eg.

Remark 2.5. Prolongation structures for the equation Ef were studied in [106]
The result obtained can be reformulated as follows: the equation Ef possesses
nontrivial one-dimensional coverings, such that the coefficients of the fields X and
Y are linear in p1 and q1 respectively, if and only if the function f satisfies the

equation d2f/du2 = af , a = const. In particular, if f = sinu, then the manifold Ẽ
is contact diffeomorphic to (Esin u)∞ and the corresponding covering is the classical

Bäcklund transformation of the sine-Gordon equation. If f = eu, then Ẽf is contact
diffeomorphic to the manifold (E0)

∞ and the corresponding covering determines the
Bäcklund transformation between the Liouville equation and the wave equation.

2.5. Coverings of the equation uxx + uyy = ϕ(u). Consider the equation
Eϕ = {uxx + uyy = ϕ(u)}, where ϕ is a smooth function depending on u. Let
us choose for coordinates on E∞ the functions x, y, u, p1, q1, . . . , pk, qk, . . . , where
pk = p(k,0), qk = p(k−1,1) (see also [62]). Then the total derivatives D̄x and D̄y on
E∞ are of the form





D̄x =
∂

∂x
+ p1

∂

∂u
+

∑

k

pk+1
∂

∂pk
+

∑

k

qk+1
∂

∂qk
,

D̄y =
∂

∂y
+ q1

∂

∂u
+

∑

k

qk+1
∂

∂pk
+

∑

k

D̄k−1
x (ϕ − p2)

∂

∂qk
.

Let us set D̃x = D̄x + X, D̃y = D̄y + Y and assume that the coefficients of the
fields X and Y depend on the variables w1, . . . , ws, u, p1, q1 only. In this case,
conditions (2.1) transform to

∂Y

∂p1
+

∂X

∂q1
= 0,

∂Y

∂q1
− ∂X

∂p1
= 0,

p1
∂Y

∂u
− q1

∂X

∂u
− ϕ

∂X

∂q1
+ [X,Y ] = 0.

(2.17)

Let us introduce new complex variables z = p1 + iq1, H = X + iY . Then from the
first two equations (2.17) it follows that H is an analytic function in z:

H(z) =

∞∑

k=0

Hkzk, Hk = Hk(w, u) = Xk + iYk, (2.18)

while the third equation in this system acquires the form

z̄
∂H

∂u
− z

∂H̄

∂u
+ ϕ

(
∂H

∂z
− ∂H̄

∂z

)
− [H, H̄] = 0, (2.19)

Substituting (2.18) to (2.19), we obtain

∞∑

k=0

(
z̄zk ∂Hk

∂u
− zz̄k ∂H̄k

∂u
+ kϕ(zk−1Hk − z̄k−1H̄k)

)
=

∞∑

k,j=0

zkz̄j [Hk, H̄j ],
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from where it follows that

ϕ(H1 − H̄1) = [H0, H̄0],
∂H0

∂u
− 2ϕH2 = [H0, H̄1],

∂H1

∂u
− ∂H̄1

∂u
= [H1, H̄1], (k + 1)ϕHk+1 = [Hk, H̄0],

∂Hk

∂u
= [Hk, H̄1], [Hk, H̄j ] = 0, k, j > 1, k ≥ j.

(2.20)

Let us note now that by a coordinate change in the fiber of the covering, the
field ∂/∂u + X1 may be transformed to ∂/∂u. Then equation (2.20) will take the
form

2iϕY1 = [H0, H̄0], 2ϕH2 =

[
∂

∂u
+ iY1, H̄0

]
,

∂Y1

∂u
= 0, (k + 1)ϕHk+1 = [Hk, H̄0],

[Hk, H̄j ] = 0, k, j > 1, k ≥ j.

(2.21)

There are two options for the field Y1: (a) Y1 = 0 and (b) Y1 6= 0. For the first
case we have

2i[H0, H̄0] = 0, 2ϕH2 =
∂H0

∂u
,

∂Hk

∂u
= 0, (k + 1)ϕHk+1 = [Hk, H̄0],

[Hk, H̄j ] = 0, k, j > 1, k ≥ j.

(2.22)

In the case (b), after a suitable coordinate change in the fiber, the field Y1 is
transformed to the field ∂/∂w, where w = w1, and system (2.21) acquires the form

2iϕ
∂

∂w
= [H0, H̄0], 2ϕH2 = i

∂H̄0

∂ξ
,

∂Hk

∂ξ̄
= 0, (k + 1)ϕHk+1 = [Hk, H̄0],

[Hk, H̄j ] = 0, k, j > 1, k ≥ j,

(2.23)

where ξ = w + iu. Solving systems (2.22) and (2.23) in the case dim τ = 1, for an
arbitrary function ϕ we obtain the solution

H = (2µ2Φ + µ0 + µ̄2z
2)

∂

∂w
, Φ =

∫ u

u0

ϕdu,

where µ0, µ2 ∈ C.
For ϕ = 0 (and, of course, for equations transforming to this value of ϕ) we

have

H =

(
exp(γξ)

∑

k 6=1

µkzk + iz

)
∂

∂w
, τ ∈ R

and

H =
∑

k 6=1

µkzk ∂

∂w
.
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If ϕ = u, then

H =

(
µ0 + µ1ξ + iz

)
∂

∂w
.

For

ϕ =
1

2

(
1

γ
+ γ

)
sinh(2γu), γ ∈ R, γ 6= 0, 1,

we have

H =

(
cos(γξ) +

1

γ
sin(γξ) + iz

)
∂

∂w

and for

ϕ =
1

2

(
1

γ
− γ

)
sin(2γu), γ ∈ R, γ 6= 0, 1,

the solution is

H =

(
cosh(γξ) +

1

γ
sin(γξ) + iz

)
∂

∂w
.

In the first case (an arbitrary ϕ) the classes of nontrivial coverings are repre-
sented by the following fields:

H =

(
2 exp(iθ)Φ + exp(−iθ)z2

)
∂

∂w
, θ ∈ [0, 2π).

We leave to the reader to analyze other cases.

3. Nonlocal symmetries

3.1. Definition of nonlocal symmetries. Let τ : Ẽ → E∞ be a covering
over the equation E∞. A nonlocal symmetry of the equation E will be called a local

symmetry of the object Ẽ . In other words, a nonlocal symmetry of the equation

E is a transformation (finite or infinitesimal) of the object Ẽ , which preserves the

distribution C̃ on Ẽ . Note that the definition of nonlocal symmetries assumes ex-
istence of some covering over the equation E∞. To underline this fact, nonlocal

symmetries in the covering τ : Ẽ → E∞ will be called symmetries of type τ , or non-

local τ -symmetries. In what follows, we shall consider infinitesimal symmetries
only and shall call them just “nonlocal symmetries”.

Since general differential-geometric structure of covering manifolds Ẽ is quite
similar to that of infinitely prolonged equations, definition of nonlocal infinitesimal
symmetries corresponds exactly to definition of higher symmetries for differential
equations.

Definition 3.1. The algebra of nonlocal symmetries of type τ (or of nonlocal

τ -symmetries) of the equation E is the quotient Lie algebra

symτ E = DC(Ẽ)
/
CD(Ẽ),

where

CD(Ẽ) =

{ n∑

i=1

ϕiD̃i | ϕi ∈ F(Ẽ)

}
,

while DC(Ẽ) consists of vector fields X on Ẽ such that [X, CD(Ẽ)] ⊂ CD(Ẽ).
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Exercise 3.1. Prove that when coverings τ1 and τ2 are equivalent, then the
Lie algebras of nonlocal symmetries symτ1

E and symτ2
E are isomorphic.

3.2. How to seek for nonlocal symmetries? The procedure of finding
nonlocal symmetries for a particular differential equation splits in a natural way
into two steps: first, it is necessary to construct a covering τ over the equation
under consideration and then to find τ -symmetries.

The problem of covering construction was discussed in details in §2. Let us note
here that in search for nonlocal symmetries, one has to choose the corresponding
covering in a special way: in general, it may happen that the algebra symτ E di-
minishes in comparison with sym E . For example, this is the case, when we take the
covering over the Korteweg–de Vries equation by the modified Korteweg–de Vries
equation (see Example 3.1 below). Besides, some nonlocal symmetries are not
interesting in applications (for example, symmetries of trivial coverings).

Consider now the problem of computation of nonlocal symmetry algebra in a

given covering τ : Ẽ → E∞. If the covering object Ẽ is of the form Ẽ = (E ′)∞, then
the problem reduces to computation of local symmetries for the equation (E ′)∞.

When Ẽ is not represented in this form explicitly, the computational procedure
may be based on one of the theorems proved below. Examples of computations of
nonlocal symmetries will be exposed in the next section.

Theorem 3.1. The algebra symτ E is isomorphic to the Lie algebra of vector

fields X on Ẽ satisfying the following conditions:

1. X is a vertical field, i.e., X(τ∗(f)) = 0 for any function f ∈ C∞(M) ⊂
F(E∞).

2. [X, D̃i] = 0, i = 1, . . . , n.

Proof. Note that the first condition means that in local coordinates the co-
efficients of the field X at ∂/∂xi, i = 1, . . . , n, vanish. Therefore, the intersection

of the set of vertical fields on Ẽ with the algebra CD(Ẽ) is trivial. On the other
hand, in every coset [X] ∈ symτ E there exists one and only one vertical repre-
sentative Xv. Indeed, let X ′ be an arbitrary representative of the class [X]. Then

Xv = X ′−
∑n

i=1 aiD̃i, where ai is the coefficients of the of the field X ′ at ∂/∂xi.

Theorem 3.2. Let the covering τ : Ẽ = E∞ × RN → E∞ be locally determined

by the fields D̃i = D̄i +
∑N

j=1 Xij∂/∂wj , i = 1, . . . , n, Xij ∈ F(Ẽ), where w1, w2, . . .

are nonlocal variables. Then any τ -symmetry of the equation E = {F = 0} is of the

form

З̃ϕ,A = З̃ϕ +

N∑

j=1

aj
∂

∂wj
,

where ϕ = (ϕ1, . . . , ϕm), A = (a1, . . . , aN ), ϕi, aj ∈ F(Ẽ), and the functions ϕi, aj

satisfy the equations

ℓ̃F (ϕ) = 0, (3.1)

D̃i(aj) = З̃ϕ,A(Xij). (3.2)
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Proof. Let S ∈ symτ E . Using Theorem 3.1, let us write down the vertical
field S in local coordinates in the form

S =
∑′

σ,k

bk
σ

∂

∂pk
σ

+
N∑

j=1

aj
∂

∂wj
, bk

σ, aj ∈ F(Ẽ),

where the “prime” denotes summation on all internal coordinates pk
σ of the equation

E . Equating the coefficients at ∂/∂pk
σ in the commutator [S, D̃i] to zero, we shall

obtain the equations D̃i(b
k
σ) = bk

σ+1i
, if pk

σ+1i
is an internal coordinate on E∞, or

D̃i(b
k
σ) = S(p̄k

σ+1i
) otherwise.

Solving these equations in the same way as it was done for local symmetries,
we shall obtain the relations

bk
σ = D̃σ(bk

∅
), ℓ̃F (b∅) = 0, b∅ = (b1

∅
, . . . , bN

∅
).

In particular, S = З̃ϕ,A, where ϕ = b∅. Then equations (3.2) are obtained by

equating to zero the coefficients at ∂/∂wj in the commutator [S, D̃i].

Note that for finite N the covering equation is locally of the form (E ′)∞, where
E ′ = {F ′ = 0} and

F ′ =

(
F,

∂wj

∂xi
− Xij

)
, i = 1, . . . , n, j = 1, . . . , N,

and the system of equations on its local symmetry with the generating function
ψ = (ϕ,A) coincides exactly with system (3.1)–(3.2).

Exercise 3.2. Prove the following identity:

[З̃ϕ,A, З̃ψ,B ] = З̃χ,C ,

where χ = З̃ϕ,A(ψ) − З̃ψ,B(ϕ), C = З̃ϕ,A(B) − З̃ψ,B(A).

Remark 3.1. If the covering is zero-dimensional (naturally, in this case Xij =
0), i.e., τ is a local isomorphism, then equations (3.2) fulfill in a trivial way while

system (3.1)–(3.2) reduces to the equation ℓ̃F (ϕ) = 0. Thus, the local symmetry
theory embeds to the nonlocal one in a natural way. More precise, the algebra of
local symmetries of the equation E coincides with the algebra of nonlocal ones in
the covering id: E∞ → E∞.

If a covering τ : Ẽ → E∞ of the equation E∞ is given and a function ϕ ∈ F(Ẽ)
satisfies equation (3.1), then, in general, there may be no symmetry of the form

З̃ϕ,A: system of equations (3.2) may have no solution for a given ϕ. In particular,

not every local symmetry З̄ϕ, ϕ ∈ F(E∞), can be extended to a symmetry З̃ϕ,A in

the covering τ : Ẽ → E∞.

Example 3.1. Consider the one-dimensional coveting τ : Ẽ = E∞ × R1 → E∞

over the Korteweg–de Vries equation E = {ut = uxxx + uux} given by the fields

D̃x = D̄x +

(
p0 +

1

6
w2

)
∂

∂w
,

D̃t = D̄t +

(
p2 +

1

3
wp1 +

1

3
p2
0 +

1

18
w2p0

)
∂

∂w
.
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As we saw already (see Example 1.9), Ẽ = (E ′)∞, where E ′ is the modified Korteweg–
de Vries equation

wt = wxxx − 1

6
w2wx.

Consider the local symmetry of the KdV equation with the generating function

ϕ = tp1 + 1 (the Galilean symmetry) and try to extend it to a symmetry З̃ϕ,a =

З̃ϕ + a∂/∂w, a ∈ F(Ẽ), in the covering τ .
To do this, we have to solve the following system of equations for the function

a ∈ F(Ẽ):

D̃x(a) = З̃ϕ,a

(
p0 +

1

6
w2

)
= ϕ +

1

3
aw,

D̃t(a) = З̃ϕ,a

(
p2 +

1

3
wp1 +

1

3
p2
0 +

1

18
w2p0

)

= D̄2
x(ϕ) +

1

3
wD̄x(ϕ) +

(
2

3
p0 +

1

18
w2

)
ϕ + a

(
1

3
p1 +

1

9
wp0

)
.

It is easily seen that this system has no solution. Thus, there is no symmetry З̃ϕ,a,
where ϕ is the Galilean symmetry, in the covering under consideration and the
nonlocal symmetry algebra diminishes in comparison with the local one. Neverthe-
less, one can consider different coverings and may hope that in some of them the
symmetry algebra will be extended. We consider this problem in §5.

4. Examples of computation: nonlocal symmetries of the Burgers
equation

Consider the problem of finding nonlocal symmetries for the Burgers equation
in the coverings described by Theorem 2.1 (see [61]). Using Theorem 3.1, we shall

identify elements of the algebra symτ E with the fields S on Ẽ such that S = P +Φ,
where

P =
∑

i≥0

Pi
∂

∂pi
, Φ =

∑

j≥0

Φj
∂

∂wj
,

Pi,Φj ∈ F(Ẽ), and [S, D̃x] = [S, D̃t] = 0.
Using equalities (2.8), these relations can be transformed to

[S, D̃x] =
∑

i≥0

(
Pi+1 − D̃x(Pi)

) ∂

∂pi
+ P0A + [Φ, D̃x] = 0,

[S, D̃t] =
∑

i≥0

(∑

k≥0

∂

∂pk

(
D̃i

x(p0p1 + p2)
)
− D̃t(Pi)

)
∂

∂pi

+ (P1 + p0P0)A + P0[A,B] + [Φ, D̃t] = 0.

The coefficients of the fields [Φ, D̃x] and [Φ, D̃t] at ∂/∂pi vanish for all i ≥ 0, i.e.,
these fields are vertical with respect to the projection τ . Therefore, the first of the
above obtained equations is equivalent to

P0A + [Φ, D̃x] = 0, Pi+1 = D̃x(Pi), i = 0, 1, . . . ,
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which implies that Pi = D̃i
x(ψ), where ψ denotes the function P0. In other words,

P = З̃ψ =
∑

i≥0 D̃i
x(ψ)∂/∂pi. In a similar way, the second equation is equivalent

to the equalities

(D̃x(ψ) + p0ψ)A + ψ[A,B] + [Φ, D̃t] = 0, (4.1)

Зψ

(
D̃i

x(p0p1 + p2)
)

= D̃t(D̃
i
x(ψ)), i ≥ 0. (4.2)

Since [З̃ψ, D̃x] = 0, equation (4.2), for i > 0, is obtained by applying the

operator D̃i
x to equation (4.2), where i = 0, i.e.,

Зψ(p0p1 + p2) = D̃t(ψ),

or, which is the same,

D̃2
x(ψ) + p0D̃x(ψ) + p1ψ = D̃t(ψ).

Thus, we proved the following result:

Proposition 4.1. Any nonlocal symmetry of the Burgers equation in the cov-

ering (2.8) is of the form З̃ψ + Φ, where Φ =
∑

j≥0 Φj∂/∂wj , ψ, Φj ∈ F(Ẽ), while

the function ψ and the field Φ satisfy the following equations:

ψA = [D̃x,Φ],

(D̃x(ψ) + p0ψ)A + ψ[A,B] + [Φ, D̃t] = 0,

ℓ̃F (ψ) = D̃2
x(ψ) + p0D̃x(ψ) + p1ψ − D̃t(ψ) = 0,

(4.3)

where F is the function determining the Burgers equation.

Subsequent analysis of system (4.3) is to be based on particular realizations
of the Burgers equation universal algebra. Let us start with studying nonlocal
symmetries in the coverings described in Proposition 2.4. Consider the covering τ0.
Let Φ = ϕ∂/∂w. Then for the covering τ0 system (4.3) acquires the form

ψ = D̃x(ϕ),

D̃x(ψ) + p0ψ = D̃t(ϕ),

ℓ̃F (ψ) = 0.

(4.4)

Note that using Theorem 3.2, we would obtain the same system of equations.
It is easily seen that the third equation of system (4.4) is a consequence of the

first two ones. Therefore, the system can be transformed to the following one:

ψ = D̃x(ϕ),

D̃2
x(ϕ) + p0D̃x(ϕ) = D̃t(ϕ).

Let us now pay attention to the fact that the second equation is of the form

ℓ̃H(ϕ) = 0, where ℓ̃H is the universal linearization operator for the equation

E ′ = {vt = vxx + 1
2v2

x}. This agrees with the fact that the equation Ẽ is con-
tact diffeomorphic to the manifold (E ′)∞. The diffeomorphism is established by
the following coordinate change:

x = x′, w = p′0, t = t′, pk = p′k+1, k = 0, 1, . . . ,

where x′, t′, p′k are the standard coordinates on (E ′)∞. From here it follows that
symτ0 E = sym E ′. Computing the algebra sym E ′ using the scheme described in
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Ch. 4 and applying the above discussed diffeomorphism, we shall obtain that the
algebra sym E ′ is additively generated by elements of the form

ϕ−∞ = η(x, t)e−w/2, ηxx = ηt, ϕ0
−1 = 1,

ϕi
k = tipk +

1

2
((k + 1)tip0 + ixti−1)pk−1 + O(k − 2),

k = 0, 1, . . . , i = 0, 1, . . . , k + 1,

where the function O(r) depends on the variables x, t, p0, . . . , pr only.
Stress the fact that the form of system (4.3) essentially depends on choice of

a coordinate in R, i.e., on the form of a field A representation. If A = α(w)∂/∂w,
while B and C are still equal to zero, then relations (4.3) reduce to the form

ψ =
1

a
(tDx(ϕ) − p0α

′ϕ) ,

D̃2
x(ϕ) + (1 − 2α′)p0D̃x(ϕ) +

(
(α′)2 − αα′′ − 1

2
α′

)
p2
0ϕ = D̃t(ϕ).

Let us rewrite the last equality in the form L(ϕ) = 0, where

L = D̃2
x + (1 − 2α′)p0D̃x − D̃t +

(
(α′)2 − αα′′ − 1

2
α′

)
.

The operator L acquires a simpler form, if one sets α = 1
2w. Then L = D̃2

x − D̃t.

In this case, Ẽ = (E ′′)∞, where E ′′ is the heat equation wxx = wt. Thus, with
a suitable choice of a coordinate in the fiber, the covering τ0 reduces to the form
(E ′′)∞ → E∞ and, moreover, the Burgers equation represents as a quotient equation
of the heat equation E ′′ over the one-parameter group of its symmetries w 7→ εw,
where ε is a parameter. Note that such a transformation group is admitted by all

linear equations. In the chosen coordinate system on Ẽ (i.e., when A = 1
2w∂/∂w)

the generators of the algebra symτ0 E = sym E ′′ are of the form

ϕ−∞ = η(x, t)e−w/2, ηxx = ηt, ϕ0
−1 = w,

ϕi
k = w

(
tipk +

1

2

(
(k + 1)tip0 + ixti−1

)
pk−1 + O(k − 2)

)
,

k = 0, 1, . . . , i = 0, 1, . . . , k + 1.

Consider the coverings τ±
ν . System (4.3) for these coverings is easily trans-

formed to

¤(ϕ) = 0,

ψ = D̃x(ϕ) − β′ϕ,
(4.5)

where β = ±ew/2 + ν and

¤ = D̃2
x + p0D̃x − D̃t − β′(p0 + β). (4.6)

System (4.5) reduces to the sole equation ¤(ϕ) = 0 and is solved in the same
way as the equation ℓ̄F (ϕ) = 0 determining higher symmetries of the Burgers
equation (see Ch. 4). The result shows that the algebras symτ±

ν
E are isomorphic

to the algebra sym E . The solutions ϕ of (4.5) depending on the variables x, t, w,
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p0, and p1 are linear combinations of the following ones:

ϕ0
1 =p0 + β,

ϕ1
1 =t(p0 + β) − (β′)−1,

ϕ0
2 =p1 +

1

2
p2
0 + β′p0 −

1

2
νβ,

ϕ1
2 =t

(
p1 +

1

2
p2
0

)
+

(
tβ′ +

1

2
x

)
p0 +

1

2
β(x − νt) +

1

2
ν(β′)−1 + 1,

ϕ2
2 =t2

(
p1 +

1

2
p2
0

)
+ (t2β′ + xt)p0 +

1

2
β(2xt − νt2) + (νt − x)(β′)−1 + 2t.

(4.7)

The corresponding functions ψ are

ψ0
1 =p1,

ψ1
1 =tp1 +

1

2
(p0 + ν)(β′)−1 + 2,

ψ0
2 =p2 + p0p1,

ψ1
2 =t(p2 + p0p1) +

1

2
(xp1 + p0) −

1

4
ν(p0 + β)(β′)−1,

ψ2
2 =t2(p2 + p0p1) + t(xp1 + p0) −

1

2
ν(p0 + β)(β′)−1

+

(
1

2
x(p0 + β + 2β′) − 1

)
(β′)−1.

Let Si
j be a symmetry corresponding to the function ϕi

j . Then from (4.7) it follows

that the symmetries S0
1 and S0

2 are local, the symmetry S2
1 is essentially nonlocal

for ν 6= 0, and the symmetries S1
1 and S2

2 are essentially nonlocal.
The isomorphism between the algebras symτ±

ν
E and sym E implies the hypoth-

esis that the space Ẽτ±
ν

of the covering τ±
ν is contact diffeomorphic to the infinite

prolongation E∞ of the Burgers equation E . To check it, let us try to represent

the manifold Ẽτ±
ν

in the form (E ′)∞, where E ′ is a differential equation. Assuming
x and t to be independent variables in E and w to be the dependent one, let us

introduce in Ẽτ±
ν

the coordinates x, t, y0 = w, . . . , yi = D̃i
x(w), . . . Then, as it is

easily seen, D̃t(w) = y2 + 1
2y2

1 − βy1, i.e., the desired equation E ′ is of the form

wxx +
1

2
w2

x − βwx = wt. (4.8)

As it was expected, the universal linearization operator for equation (4.8) coincides
with the operator (4.6).

Further, the change of variables v = −β ∓ ew/2 − ν transforms equation (4.8)

to the Burgers equation vt = vxx + vvx. Thus, choosing the coordinates on Ẽτ±
ν

in
the form

x, t, y′
0 = v, . . . , y′

i = D̃i
x(v), . . . ,

we shall find out that Ẽτ±
ν

≈ E∞ and, by this reason, the mapping τ±
ν can be

considered as a mapping of the Burgers equation to itself. The explicit formula

for this mapping is obtained from the relation vx = D̃x(v) = −β′(u + β) = 1
2 (v +



258 6. NONLOCAL SYMMETRIES

ν)(u − ν), from which we have

u =
2vx

v + ν
+ v (4.9)

Thus, we arrived to the following remarkable result. If v is a solution of the Burgers
equation, then the function u determined by formula (4.9) is also a solution of the
Burgers equation for all values of the parameter ν.

To conclude this section, we shall consider one infinite-dimensional covering of
the Burgers equation. Let us set

A =
∂

∂w1
,

B = ew1/2 ∂

∂w2
+ w2

∂

∂w3
+ w3

∂

∂w4
+ . . . ,

C = ew1/2 ∂

∂w3
+ w2

∂

∂w4
+ w3

∂

∂w5
+ . . .

(4.10)

Obviously, the fields A, B, and C satisfy the relations (2.8) and thus determine an

infinite-dimensional covering over the Burgers equation. Let S = З̃ψ +
∑

i Φi∂/∂wi

be a nonlocal symmetry. Then, since [A,B] = 1
2ew1/1∂/∂w2, system (4.3) in the

case under consideration is of the form

p1ψ + p0D̃x(ψ) + D̃2
x(ψ) = D̃t(ψ),

ψ = D̃x(Φ1), p0ψ + D̃x(ψ) = D̃t(Φ1),

Φ1 = 2e−w1/2D̃x(Φ2), ψ + 1
2p0Φ1 = 2e−w1/2D̃x(Φ2),

Φ2 = D̃x(Φ3), Φ1 = 2e−w1/2D̃x(Φ3),

Φ3 = D̃x(Φ4), Φ2 = D̃t(Φ4),

. . . . . . . . . . . . . . . . . . . . . . . . . .

Φk−1 = D̃x(Φk), Φk−2 = D̃t(Φk),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

It can be easily checked that this system is equivalent to the following one:

ψ = D̃x(Φ1), p1ψ + p0D̃x(ψ) + D̃2
x(ψ) = D̃t(ψ),

Φ1 = 2e−w1/2D̃x(Φ2), p0D̃x(Φ1) + D̃2
x(Φ1) = D̃t(Φ1),

Φ2 = D̃x(Φ3), D̃2
x(Φ2) = D̃t(Φ2),

Φ3 = D̃x(Φ4), D̃2
x(Φ3) = D̃t(Φ3),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Φk = D̃x(Φk+1), D̃2
x(Φk) = D̃t(Φk),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(4.11)

Before solving this system of differential equations, let us introduce a filtration

to the algebra F(Ẽ). Let k > 0 and ϕ ∈ F(Ẽ). Then we set deg ϕ = k, if ∂ϕ/∂pi = 0
for all i > k; deg ϕ = −k, if ∂ϕ/∂wj = 0 for all j < k; deg ϕ = 0, if ∂ϕ/∂pi = 0 for
all i ≥ 0. Note further that if an element ψ satisfies all equations of the left column
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in system (4.11) and if ψ satisfies the k-th equation in the right column, then ψ
satisfies all equations in (4.11) for i < k.

For subsequent arguments, it is convenient to consider two cases: (a) deg Φ2 ≥ 4

and (b) deg Φ2 < 4. In the first case, since the operator D̃x increases filtration by
1, from the equations of the first column it follows that there exists a number k
such that starting from this number the functions Φi will depend on the variables
t, x, w4, w5, . . . only. Let (ψ,Φ1,Φ2, . . . ,Φk) be a solution of (k + 1) equations of
system (4.11) and k be such that

Φk = Φk(t, x, w4, w5, . . . , wr),
∂Φk

∂w4
= 0, k ≥ 2. (4.12)

For functions of the form (4.12) equations (4.11) on Φk are reduced to the form

∂2Φk

∂x2
+ 2

r∑

i=4

wi−1
∂2Φk

∂x∂wi
+

r∑

i,j=4

wi−1wj−1
∂2Φk

∂wi∂wi
=

∂Φk

∂t
.

Using induction on r, one can show that any solution of this equation linear
depends on the variables wi, i.e.,

Φk = ϕk4w4 + ϕk5w5 + · · · + ϕkrwr + ϕk0,

where the function ϕk0 is a solution of the heat equation ∂2ϕk0/∂x2 = ∂ϕk0/∂t
while the functions ϕki, i = 4, . . . , r are to satisfy the following system of differential
equations:

∂ϕk4

∂x
= 0,

∂2ϕk4

∂x2
+ 2

∂ϕk5

∂x
=

∂ϕk4

∂t
,

. . . . . . . . . . . . . . . . . . . . . . . .

∂2ϕkr−1

∂x2
+ 2

∂ϕkr

∂x
=

∂ϕkr−1

∂t
,

∂2ϕkr

∂x2
=

∂ϕkr

∂t
.

(4.13)

It is easy to show that all solution of system (4.13) are polynomial in x and t,
and ϕk4 is an arbitrary polynomial of degree r−4 depending on t only. To compute
nonlocal symmetries in our covering, we need to find solutions of system (4.13)
defined up to solutions with ϕk4 = 0. This space is of dimension r− 3 and its basis
is determined by the functions ϕk4 = 1, t, . . . , tr−4.

Let Φk = ϕk4w4 + ϕk5w5 + · · · + ϕkrwr + ϕk0 be a solution of the k-th pair
in (4.11). To find the corresponding nonlocal symmetry of the Burgers equation it
needs to construct Φk+i, i = 1, 2, . . . , satisfying the (k + i)-the pair in (4.11) and

such that Φk = D̃x(Φk+1), Φk+1 = D̃x(Φk+2), . . . Let us set

Φk+1 =
r∑

i=4

∑

α>0

(−1)α+1 ∂α−1ϕki

∂xα−1
wi+α. (4.14)

Since, as it was said above, all functions ϕki are polynomial in x, the function

Φk+1 is well defined by equations (4.11). Calculating D̃2
x(Φk+1) and D̃t(Φk+1) and

using relations (4.13), it is easy to see that Φk+1 satisfies the (k+1)-st pair in (4.11).
The functions Φk+2, . . . ,Φk+i, . . . are constructed in the same way and it is proved
that they satisfy the corresponding equations of (4.11).
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The above arguments, with insignificant corrections, are carried on to the
case (b), when Φ2 = Φ2(t, x, w5, . . . , wr).

Let us denote by Φi
k, where k ≥ −2, i ≥ 0, the symmetry for which the function

Φk+4 is of the form Φk+4 = tiw4+Ψ(t, x, w5, . . . , wr) and by Φi
k, where k < −2, i ≥

0, the symmetry, for which the function Φ2 is Φ2 = tiw2−k+Ψ(t, x, w2−k+1, . . . , wr).
Then the following theorem is valid:

Theorem 4.2. The Lie algebra of nonlocal symmetries of the Burgers equation

in the covering τ determined by the fields (4.10) is additively generated by the func-

tions Φi
k, where k = 0, ±1, ±2, . . . , i = 0, 1, 2, . . . , and by the symmetries, for which

Φ2 = Φ2(x, t) is an arbitrary solution of the heat equation ∂2Φ2/∂x2 = ∂Φ2/∂t.

Note that local symmetries of the form ψi
k = tipk +O(k− 1) correspond to the

generators Φi
k for k > 0, i < k; no local symmetry corresponds to other generators.

For example, the generating function ψ = (2w2 −w3p0)e
−w1/2 corresponds to Φ0

−2;

ψ = 1−w2p0e
−w1/2 corresponds to Φ0

−1; ψ = tp1−2w2p0e
−w1/2 +5 corresponds to

Φ1
1. If Φ2 is a solution of the heat equation, then ψ = (2∂ϕ/∂t − ∂ϕ/∂xp0)e

−w1/2.

5. The problem of symmetry reconstruction

Let τ : Ẽ → E∞ be an arbitrary covering over an equation E∞ and ϕ ∈ F(Ẽ , π)

be a solution of the equation ℓ̃F (ϕ) = 0, E = {F = 0}. As it was shown in Ch. 4,
if ϕ ∈ F(E∞, π), then З̄ϕ is a local symmetry of the equation E∞. Let us try to

find a symmetry τ of the form З̃ϕ,A = З̃ϕ +
∑N

i=1 ai∂/∂wi for the chosen function

ϕ ∈ ker ℓ̃F . This problem will be called the reconstruction problem nonlocal for
symmetries. As we saw already (see Example 3.1), for an arbitrary covering, this
problem has no solution. Nevertheless, below, for an arbitrary differential equation,
we shall construct a special covering, where this problem is always solvable. As it
happens, additional series of symmetries possessing a recursion operator arise in
this covering.

5.1. Universal Abelian covering. Among all coverings (1.2) over the equa-
tion E∞, where Xij ∈ F(E∞), there is a distinguished one: the Whitney product
of all coverings determined by basis elements of the space H̄1(E∞) (see [52, 53]).

Denote this covering by τ1 : Ẽ(1) → E∞. Let us now take the Whitney product of

all one-dimensional coverings over Ẽ(1) determined by basis elements of the space

H̃1(Ẽ(1)). We shall obtain the covering τ2,1 : Ẽ(2) → Ẽ(1) over Ẽ(1) and hence the

covering τ2 = τ1 ◦ τ2,1 : Ẽ(2) → E∞ over E∞. Proceeding with this construction, we
shall obtain the tower of coverings4 over E∞

· · · τk+1,k→ Ẽ(k) τk,k−1→ Ẽ(k−1) τk−1,k−2→ · · · τ2,1→ Ẽ(1) τ→ E∞ (5.1)

Let us denote the inverse limit of this chain of mappings by τ∗ : Ẽ∗ → E∞. We shall
call τ∗ the universal Abelian covering over the equation E∞.

4Infinite-dimensional manifolds arising in this procedure may not be inverse limits of finite-di-

mensional ones. For example, this is the case when the equation eE(k), for some k ≥ 0, possesses a

family of conservation laws depending on functional parameter. Such objects and the correspond-

ing theory, similar to that of Ch. 4, are not considered in this book.
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Remark 5.1. The condition H̃1(Ẽ∗) = 0 is convenient to reformulate in the

following way. Let the covering τ∗ be locally determined by the fields D̃1, . . . , D̃n.

Then, if A1, . . . , An ∈ F (Ẽ∗) and

D̃i(Aj) = D̃j(Ai), (5.2)

one can state that there exists a function A ∈ F (Ẽ∗) such that Ai = D̃i(A) for
any i.

5.2. Symmetries in the universal Abelian covering. From now on, till
the end of this section, the tilde sign over an operator notation will denote the
lifting of this operator to the covering τ∗.

Theorem 5.1. Let τ∗ : Ẽ∗ → E∞ be the universal Abelian covering over the

equation E = {F = 0}. Then for any vector function ϕ = (ϕ1, . . . , ϕm), ϕi ∈
F(Ẽ∗), satisfying the equation ℓ̃F (ϕ) = 0, there exists a set of functions A = (aiα),

aiα ∈ F(Ẽ∗), such that Зϕ,A is a nonlocal symmetry of type τ∗ for the equation E.

Proof. Let us assume that locally the distribution on Ẽ∗ is given by the vector

fields D̃i = D̄i +
∑

j,α Xα
ij∂/∂wjα, Xα

ij ∈ F(Ẽ∗), where i enumerates independent
variables, j enumerates levels of the tower, and α at the j-th level enumerates basis

elements in the space H̃1(Ẽ(j)). The functions Xij satisfy the conditions

D̃i(X
α
jk) = D̃j(X

α
ik). (5.3)

Note that by construction, Xα
ij is a function on Ẽ(j−1) (we set Ẽ(0) = E∞) for all i,

α, i.e., is independent of wkα for k ≥ j. We are to prove solvability of the equations

D̃i(ajα) = З̃ϕ,A(Xα
ij) (5.4)

for any ϕ ∈ ker ℓ̃F .
By Remark 5.1, it suffices to prove existence of functions (ajα) = A such that

the functions Ai = З̃ϕ,A(Xα
ij), 1 ≤ i ≤ n, for any fixed j and α satisfy (5.2). We

shall prove this fact by induction on j.

Let j = 1. Since [D̃i, З̃ϕ,A] =
∑

j,α(D̃i(ajα) − З̃ϕ,A(Xα
ij))∂/∂wjα, where Xα

i1

are functions on E∞, for any set of functions A = (ajα) on Ẽ one has

D̃i(З̃ϕ,A(Xα
k1)) = З̃ϕ,A(D̃i(X

α
k1)) = З̃ϕ,A(D̃k(Xα

i1)) = D̃k(З̃ϕ,A(Xα
i1))

(the second equality holds by (5.3)), and it implies solvability of equations (5.4) for
j = 1.

Suppose now that solvability of equations (5.4) was proved for j < s and let
a0

jα, j < s, be arbitrary solutions. Then for any set A = (ajα), where ajα = a0
jα,

if j < s, while other ajα are arbitrary functions, we have [D̃i, З̃ϕ,A]
∣∣eE(s−1) = 0.

Since Xα
is ∈ F(Ẽs−1), similar to the case j = 1, we obtain equality (5.2) for Ai =

З̃ϕ,A(Xα
is), 1 ≤ i ≤ n. The theorem is proved.

5.3. Nonlocal symmetries for equations admitting a recursion oper-
ator. Consider now the situation when the equation E = {F = 0} possesses a
recursion operator R. Recursion operators considered in literature are not, in gen-
eral, differential operators. Therefore, the expression R(ϕ), where ϕ is a symmetry
of the given equation, may be undefined. There are various interpretations for this
type of expressions (see, for example, [91, 112, 58]). Here we suggest, instead of
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the operator R, to consider an operator R̃, which in some cases is defined on the

set ker ℓ̃F . Let us describe a class of equations, where recursion operators possess
this property (other examples see in §5.6).

Proposition 5.2. Let an evolution equation

E = {ut = Dx(h(x, t, u, u1, . . . , uk))}

possess recursion operator R =
∑N

i=−1 fiD
i
x, fi ∈ F(E∞). Then for any symmetry

З̃ϕ,A in the covering τ∗ there exists a symmetry З̃ϕ′,A′ , where ϕ′ = R(ϕ).

Proof. Existence of the function ϕ′ easily follows from Remark 5.1. In fact,

since З̃ϕ,A is a symmetry, the function ϕ satisfies the equation ℓ̃F (ϕ) = 0, which, in

the situation under consideration, is of the form D̃t(ϕ) = D̃x(ℓ̃h(ϕ)) and coincides

with equations (5.2). Therefore, there exists a function ϕ′ such that ϕ = D̃x(ϕ′), or

ϕ′ = D̃−1
x (ϕ). Existence of the symmetry З̃ϕ′,A′ is guaranteed by Theorem 5.1.

5.4. Example: nonlocal symmetries of the Korteweg–de Vries equa-
tion. Consider the KdV equation E = {ut = uxxx +uux}. By Proposition 5.2, this

equation possesses the series of nonlocal symmetries З̃ψn,A, where ψn = R̃n(tp1+1),

R = D2
x + 2

3p0 + 1
3p1D

−1
x . In fact, ψn ∈ F(Ẽ(1)) for any n. This fact is implied by

the following statement:

Proposition 5.3. Let an equation E and its recursion operator R satisfy the

assumptions of Proposition 5.2. Assume also that there exists a local symmetry ϕ of

the equation E evolving by R to the infinite series of local symmetries S = {Rn(ϕ) |
n = 0, 1, . . . } and the operator R be such that f−1 ∈ S. Let R̃(1) be the lifting of

the operator R to the covering τ1 : Ẽ(1) → E∞ and wα be nonlocal variables in the

covering τ1. Then, if Φ =
∑

ϕiwi + Ψ ∈ ker ℓ̃F , where the number of summands is

finite, ϕi ∈ S, and Ψ ∈ F(E∞), then the function R̃(1)(Φ) lies in F(Ẽ(1)) and has

a similar form.

Proof. The subscript “loc” below denotes functions on E∞. We shall not
need to describe these functions in details.

One has R̃(1)(Φ) =
∑

wiR(ϕi)+ f−1D̃
−1
x (Ψ−∑

D̃x(wi)D̃
−1
x (ϕi))+Ψloc, since

by Green’s formula (see [132, 131]),

D̃−1
x (wiϕi) = wiD̃

−1
x (ϕi) − D̃−1

x (D̃x(wi)D̃
−1
x (ϕi)).

Let us set Xloc = Ψ −
∑

D̃x(wi)D̃
−1
x (ϕi) and show that D̄t(Xloc) = D̄x(Tloc) for

some function Tloc. Since this means that Xloc dx + Tloc dt is locally a conserved
current density, the statement will be proved. We have

D̃−1
x (Φ) =

∑
wiD̃

−1
x (ϕi) + D̃−1

x (Xloc) + Aloc.

From here and from the equality D̃t(Φ) = D̃x(ℓ̃g(Φ)) it follows that

D̃t(D̃
−1
x (Φ)) = D̃−1

x (D̃t(Φ)) = ℓ̃g(Φ) =
∑

wiℓ̃g(ϕi) + Bloc.
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On the other hand, since ϕi is a symmetry, we have

D̃t(D̃
−1
x (Φ)) = D̃t

(∑
wiD̃

−1
x (ϕi) + D̃−1

x (Xloc) + Aloc

)
=

=
∑

wiD̃t(D̃
−1
x (ϕi)) + D̃t(D̃

−1
x (Xloc)) + Cloc =

=
∑

wiℓ̃g(ϕi) + D̃t(D̃
−1
x (Xloc)) + Cloc.

Comparing the last two equations, we obtain

D̃t(D̃
−1
x (Xloc)) = Bloc − Cloc = Tloc.

This completes the proof.

Let us write down several symmetries of the nonlocal series for the Korteweg–
de Vries equation. To this end, let us introduce the nonlocal variables defined by the

equalities D̃xw0 = p0, D̃xw1 = 1
2p2

0, D̃xw2 = 1
6 (p3

0 − 3p2
1), . . . , and set ϕk = Rkp1,

k ≥ 0. Then

ψ0 = tϕ0 + 1,

ψ1 = tϕ1 +
1

3
xϕ0 +

2

3
p0,

ψ2 = tϕ2 +
1

3
xϕ1 +

4

3
p2 +

4

9
p2
0 +

1

9
ϕ0w0,

ψ3 = tϕ3 +
1

3
xϕ2 + 2D̄x(ϕ1) +

2

3
p0p2 +

8

27
p3
0 +

1

9
ϕ1w0 +

1

9
ϕ0w1.

5.5. Master symmetries. Consider in the covering τ∗ over the Korteweg–

de Vries equation the symmetry З̃ψ2,A and take another τ∗-symmetry З̃ϕ,B , where
ϕ is a local symmetry independent of x and t. Taking the commutator of these

two symmetries, we shall obtain a new τ∗-symmetry З̃χ,C = [З̃ψ2,A, З̃ϕ,B ], where

χ = З̃ψ2,A(ϕ) − З̃ϕ,B(ψ2) ∈ ker ℓ̃F . By simple calculations, one can see that the
function χ is a local symmetry of the Korteweg–de Vries equation independent
of the variables x and t. In fact, since ϕ is a local symmetry and ψ2 depends

only on one nonlocal variable w0 satisfying the relation D̃xw0 = p0, one has χ =

З̃ψ2
(ϕ) − З̃ϕ(ψ2) − 1

9p1D̃
−1
x ϕ, i.e., the function χ may depend on local variables

and on w0 only.
Further, since local symmetries of the Korteweg–de Vries equation independent

of x and t mutually commute, we have in particular {ϕ,ϕ1} = {ϕ,ϕ2} = 0, from
where it follows that

χ =
1

3

∑
jD̄j−1

x ϕ1
∂ϕ

∂pj
+ З̃Ψ(ϕ) − З̄ϕ(Ψ) − 1

9
p1D̃

−1
x ϕ, (5.5)

where Ψ = 4
3p2+ 4

9p2
0+ 1

9ϕ0w0. From this expression it follows that χ is independent
of x and t. A more detailed analysis shows that χ is independent of w0. Thus, χ is
a local symmetry independent of the variables x and t.

Let s = 2k + 1 be the order of the symmetry ϕ, i.e., ∂ϕ/∂ps = const 6= 0 and
∂ϕ/∂pj = 0 for all j > s. Then it is easily seen that the function χ is of the form

χ =
1

3
sps+2

∂ϕ

∂ps
+ lower order terms = cϕk+1 + lower order symmetries,

where c = 1
3s∂ϕ/∂ps = const.

This means that the operator of commutation with the τ∗-symmetry З̃ψ2,A

acts at the first component of the generating function of the τ∗-symmetry З̃ϕ,B ,
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up to symmetries of lower order, in the same way as the recursion operator R does.
Thus, this operator of commutation serves the role of the recursion operator for the
Korteweg–de Vries equation.

Note that a similar situation takes place for the equations considered in the
next subsection.

5.6. Examples. In this subsection, we consider examples of equations with re-
cursion operators, which formally do not satisfy the assumptions of Proposition 5.2.
Nevertheless, additional series of nonlocal symmetries arise in the covering τ∗ for
these equations.

Consider an equation in two independent variables x = x1, t = x2 possessing a
recursion operator of the form

R =
M∑

i=0

fiD
i
x + aD−1

x ◦ b, fi, a, b ∈ F(E∞).

To prove existence of the function Rϕ ∈ F(E∗) for any ϕ ∈ ker ℓ̃F , it suffices to

show that the function bϕ lies in the total derivative image, i.e., bϕ = D̃xψ for
some function ψ ∈ F(E∗). This fact will be established, if we prove existence of
a function T ∈ F(E∗) such that D̄t(bϕ) = D̄x(T ). It is not difficult to check this
condition in each particular case.

Example 5.1. Consider the modified Korteweg–de Vries equation

E = {ut = uxxx + u2ux}. (5.6)

The recursion operator for this equation is of the form [91]:

R = D̄2
x +

2

3
p2
0 +

2

3
p1D̄

−1
x ◦ p0.

Let us show that the operator R̃ may be applied to any function ϕ ∈ ker ℓ̃F .
In fact,

D̃t(p0ϕ) = D̃x

((
p2 +

1

3
p3
0

)
ϕ + p0(D̃

2
x(ϕ) + p2

0ϕ) − p1D̃x(ϕ) − 1

3
p3
0ϕ

)
,

D̃t(ϕ) = D̃3
x(ϕ) + p2

0D̃x(ϕ) + 2p0p1ϕ.

Therefore, equation (5.6) possesses a series of nonlocal symmetries Зψn,A, where

ψn = R̃n

(
t(p3 + p2

0p1) +
1

3
xp1 +

1

3
p0

)
.

Example 5.2. Consider the sine-Gordon equation

E = {uxt = sinu}. (5.7)

If ϕ satisfies the equation D̃xD̃t(ϕ) = ϕ cos p(0,0), then, since D̃t(p(2,0)ϕ) =

D̃x(p(1,0)D̃t(ϕ)), the recursion operator R̃ = D̃2
x+p2

(1,0)−p(1,0)D̃
−1
x ◦p(2,0) (see [91])

is defined on ker ℓ̃F . Therefore, equation (5.7) possesses the series of nonlocal

symmetries Зψn,A, ψn = R̃n(xp(1,0) − tp(0,1)).

Example 5.3. Consider the nonlinear Schrödinger equation in the form
{

ut = iuxx + 2uuxv,
vt = −ivxx − 2uvvx.
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This system possesses the following recursion operator [14]

R =




D̄x + i(p1
1D̄

−1
x ◦ p2

0

−p1
0D̄

−1
x ◦ p2

1 + p1
0p

2
0)

i(p1
0D̄

−1
x ◦ p1

1 + p1
1D̄

−1
x ◦ p1

0)

i(p2
0D̄

−1
x ◦ p2

1 + p2
1D̄

−1
x ◦ p2

0)
−D̄x + i(p2

1D̄
−1
x ◦ p1

0

−p2
0D̄

−1
x ◦ p1

1 + p1
0p

2
0)




Here pi
k = pi

k0, x1 = x, x2 = t.

To check that the operator R̃ generates an infinite series of τ∗-symmetries, it

suffices to show that D̃−1
x (p2

1ϕ − p1
1ψ), D̃−1

x (p2
0ϕ + p1

0ψ) ∈ F(Ẽ∗) for any vector

function (ϕ,ψ) ∈ ker ℓ̃F . But this fact is implied by the following equalities:

D̃−1
x (p2

1ϕ − p1
1ψ) = D̃x(i(p2

1D̃xϕ − p2
1ϕ + p1

1D̃xψ − p1
1ψ) + 2p1

0p
2
0(p

1
1ψ − p2

1ϕ)),

D̃−1
x (p2

0ϕ + p1
0ψ) = D̃x(i(p2

0D̃xϕ − p2
1ϕ + p1

1D̃xψ − p1
0ψ) − 2p1

0p
2
0(p

1
0ψ − p2

0ϕ)).

Thus, the operator R̃ is determined on symτ∗ E and the symmetry

Φ = (tp1
2 +

1

2
xp1

1, tp
2
2 +

1

2
xp2

1 +
1

2
p2
0)

generates a series of symmetries for the system under consideration.

5.7. General problem of nonlocal symmetry reconstruction. Consider

the general situation now. Namely, let τ : Ẽ → E∞ be an arbitrary covering of the

equation E∞ and ϕ ∈ F(Ẽ , π) be an arbitrary solution of the equation ℓ̃F (ϕ) = 0,

where E = {F = 0}. To find a τ -symmetry of the form З̃ϕ,A = З̃ϕ +
∑N

i=1 ai∂/∂wi,

it needs to find functions a1, . . . , aN , aj ∈ F(Ẽ), satisfying the equations

D̃i(aj) = З̃ϕ,A(Xij). (5.8)

As we already saw, this system may have no solution for a given ϕ. Note that
formal conditions of compatibility for system (5.8) are of the form

D̃i(Yjk) = D̃j(Yik), (5.9)

where Yij denotes the right-hand side of (5.8). Note further that the integrability

condition for the distribution C̃ on Ẽ , i.e., [D̃i, D̃j ] = 0, i, j = 1, . . . , n, in local
coordinates are of the form

D̃i(Xjk = D̃j(Xik) (5.10)

(see. (1.3)), where D̃i = D̄i +
∑N

j=1 Xij∂/∂wj , i = 1, . . . , n. Conditions (5.9)

and (5.10) are of a similar structure. Using this fact, let us construct a new cov-

ering τ1 : Ẽ1 → Ẽ → E∞ by introducing new nonlocal variables a1, . . . , aN and

defining new total derivatives D̃
(1)
i , i = 1, . . . , n, on Ẽ1 by the formula D̃

(1)
i =

D̃i +
∑

j Yij∂/∂aj . Introducing the covering

τ1 : Ẽ1 → Ẽ → E∞,

we can now solve system (5.8), but it does not give us a solution of the initial

problem, since the field З̃ϕ,A = З̃ϕ +
∑N

i=1 aj∂/∂wj is not necessary a symmetry
in the covering τ1. This field is to be extended up to a field of the form

З̃ϕ,A,B = З̃ϕ +
∑

i

ai
∂

∂wi
+

∑

j

bj
∂

∂aj
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on the manifold Ẽ1, where the functions bj must satisfy a system of equations
similar to (5.8). Again, this system may have no solution and we shall have to
repeat the construction procedure for a new covering. As a result, we shall obtain
a chain of coverings similar to that aroused when we constructed the universal
Abelian covering. In more formal details, this procedure is described in the next
two subsections.

5.8. Kiso’s construction. Let τ : Ẽ → E∞ be an arbitrary covering over

the equation E = {F = 0} described by the fields (1.2) and let ϕ ∈ ker ℓ̃F , ϕ =

(ϕ1, . . . , ϕm), ϕi ∈ F(Ẽ). In the paper [55], for evolution equations in one space

variable the covering τϕ : Ẽϕ → E∞ was constructed, where the function ϕ generates
a symmetry. Below we describe a generalization of this construction to arbitrary
equations.

Let us set Ẽϕ = Ẽ ×R∞ and let wl
j , j = 1, . . . , N , l = 0, 1, 2, . . . , be coordinates

in R∞ (new nonlocal variables). The mapping τϕ : Ẽϕ → E∞ is the composition of
the projection to the first factor with τ .

Let us define vector fields D̃ϕ
i on Ẽϕ by the formula

D̃ϕ
i = D̄i +

∑

j,l>0

(
З̃

(ϕ)
ϕ + Sw

)l

(Xij)
∂

∂wl
j

, i = 1, . . . , n, (5.11)

where5 З̃
(ϕ)
ϕ =

∑′
σ,k D̃ϕ

σ (ϕk)∂/∂pk
σ, Sw =

∑
j,l w

l+1
j ∂/∂wl

j , w0
j = wj .

Proposition 5.4. Let E be an equation and Ẽϕ = Ẽ × R∞. Then

1. [D̃ϕ
i , D̃ϕ

k ] = 0, i, k = 1, . . . , n, i.e., the set of fields (5.11) determines a

covering structure in Ẽϕ.

2. If ϕ ∈ ker ℓ̃F , ϕ = (ϕ1, . . . , ϕm), ϕi ∈ F(Ẽ), then [З̃
(ϕ)
ϕ + Sw, D̃ϕ

i ] = 0,

i = 1, . . . , n, i.e., З̃
(ϕ)
ϕ + Sw is a symmetry of type τϕ for the equation E∞.

Proof. Let us first show that ℓ̃F (ϕ) = 0 implies [З̃
(ϕ)
ϕ + Sw, D̃ϕ

i ] = 0, i =
1, . . . , n. One has

[З̃ (ϕ)
ϕ + Sw, D̃ϕ

i ] =
∑′

σ,k

З̃ϕ(p̄k
σ+1i

)
∂

∂pk
σ

+
∑

j,l>0

(З̃ (ϕ)
ϕ + Sw)

l+1
(Xij)

∂

∂wl
j

−
∑′

σ,k

D̃ϕ
i (D̃σ(ϕk))

∂

∂pk
σ

−
∑

j,l>0

(З̃ (ϕ)
ϕ + Sw)

l+1
(Xij)

∂

∂wl
j

=
∑′

σ,k

(З̃ϕ(p̄k
σ+1i

) − D̃σ+1i
(ϕk))

∂

∂pk
σ

= 0.

Consider now the commutator [D̃ϕ
i , D̃ϕ

k ]. Since [D̄i, D̄k] = 0 and the coefficients

of the vector fields D̄j are independent of wl
j , we have

[D̃ϕ
i , D̃ϕ

k ] =
∑

j,l>0

{D̃ϕ
i (З̃ (ϕ)

ϕ + Sw)
l
(Xkj) − D̃ϕ

k (З̃ (ϕ)
ϕ + Sw)

l
(Xij)}

∂

∂wl
j

.

5As above, “prime” denotes summation over internal coordinates.
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By the first statement of our proposition, one has

[D̃ϕ
i , D̃ϕ

k ] =
∑

j,l>0

(З̃ (ϕ)
ϕ + Sw)

l
(D̃ϕ

i (Xkj) − D̃ϕ
k (Xij))

∂

∂wl
j

= 0,

since D̃ϕ
i (Xkj)−D̃ϕ

k (Xij) = D̃i(Xkj)−D̃k(Xij) = 0. The proposition is proved.

5.9. Construction of the covering τS. Below we follow the paper [53].

Let us set Ẽτ = Ẽ × R∞, where coordinates in R∞ (nonlocal variables) are the

variables6 vl
j , j = 1, . . . , N , l = 1, 2, . . . p

(k)
σ , k > 0. The mapping τS : Ẽτ → E∞ is

the composition of the projection to the first factor with τ .

Let us define the system of fields D̃τ
1 , . . . , D̃τ

n on Ẽτ as follows:

D̃τ
i = D̄S

i +
∑

l≥0,j

(Sp + Sv)
l
(Xij)

∂

∂vl
j

, i = 1, . . . , n, (5.12)

where

D̄S
i =

∂

∂xi
+

∑′

l≥0,σ

Sl
p(p̄σ+1i

)
∂

∂p
(l)
σ

, p(0)
σ = pσ, (5.13)

Sp =
∑′

l≥0,σ

p(l+1)
σ

∂

∂p
(l)
σ

, Sv =
∑

l≥0,j

vl+1
j

∂

∂vl
j

, v0
j = wj . (5.14)

Proposition 5.5. 1. [D̃τ
i , D̃τ

k ] = 0, i, k = 1, . . . , n, i.e., the set of fields (5.12)

determines a covering structure in Ẽτ .

2. The vector field Sτ = Sp + Sv is a nonlocal symmetry of type τS for the

equation E∞.

Proof. From formulas (5.12)–(5.14) it easily follows that [Sτ , D̃τ
i ] = 0, i =

1, . . . , n, i.e., Sτ is a nonlocal symmetry. Let us now compute the commutator

[D̃τ
i , D̃τ

j ]:

[D̃τ
i , D̃τ

k ] =
∑′ {

D̃τ
i

(
Sl

p(p̄σ+1j
)
)
− D̃τ

j

(
Sl

p(p̄σ+1i
)
)} ∂

∂p
(l)
σ

+
∑ {

D̃τ
i

(
Sl

τ (Xjk)
)
− D̃τ

j

(
Sl

τ (Xik)
)} ∂

∂vl
k

=
∑′

Sl
P

{
D̃τ

i

(
p̄σ+1j

)
− D̃τ

j (p̄σ+1i
)
} ∂

∂p
(l)
σ

+
∑

Sl
τ

{
D̃τ

i (Xjk) − D̃τ
j (Xik)

} ∂

∂vl
k

= 0,

since [D̄i, D̄k] = [D̃i, D̃k] = 0. The proposition is proved.

The following theorem is a corollary of Propositions 5.4 and 5.5.

Theorem 5.6. For any covering τ : Ẽ → E∞ over the equation E = {F = 0}
and for any set Φ of vector functions ϕ1, . . . , ϕK , ϕj = (ϕj

1, . . . , ϕ
j
m), ϕj

i ∈ F(Ẽτ ),

satisfying the equation ℓ̃τ
F (ϕ) = 0, where ℓ̃τ

F is the lifting of the operator ℓF to Ẽτ ,

6To simplify notation, we omit the superscript corresponding to the independent variable

number at pσ . The superscript in parenthesis enumerates new nonlocal variables.
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there exists a covering τΦ : ẼΦ → Ẽ∞ and τΦ-symmetries Sϕ1 , . . . , SϕK , such that

Sϕj

∣∣
E∞ = З̃ϕj

∣∣∣
E∞

, j = 1, . . . ,K.

5.10. The universal property of the symmetry Sτ . In conclusion, we
shall discuss relations between the constructions of §§5.8 and 5.9. Namely, the
following statement holds:

Proposition 5.7. Let τ : Ẽ → E∞ be a covering over the equation E = {F =

0}. Then for any vector function ϕ ∈ ker ℓ̃F , ϕ = (ϕ1, . . . , ϕm), ϕi ∈ F(Ẽ), there

exists an embedding iϕ : Ẽϕ → Ẽτ such that the diagram

Ẽϕ
iϕ → Ẽτ

Ẽ
τS←

τϕ →

is commutative. Moreover, Πϕ = iϕ(Ẽϕ) is an integral submanifold of the distribu-

tion on Ẽτ determined by the fields (5.11) and

Sτ

∣∣
Πϕ

= (iϕ)∗
(
З̃

(ϕ)
ϕ + Sw

)
, D̃τ

i

∣∣
Πϕ

= (iϕ)∗D̃
ϕ
i .

Proof. Let us define the embedding iϕ by the formula iϕ(pσ) = (p
(i)
σ , vl

j),

where p
(i)
σ =

(
З̃ϕ + Sw

)i

(pσ), vl
j = wl

j . Then the manifold Πϕ is determined by

the equations p
(i)
σ =

(
З̃ϕ + Sv

)i

(pσ). Let us show that the field Sτ = Sp + Sv is

tangent to Πϕ. In fact,

{
Sτ

(
p(i)

σ −
(
З̃ϕ + Sv

)i

(pσ)

)}∣∣∣∣
Πϕ

=

{
p(i+1)

σ − Sτ

(
З̃ϕ + Sv

)i

(pσ)

}∣∣∣∣
Πϕ

=

{((
З̃ϕ + Sv

)i+1

− Sτ

(
З̃ϕ + Sv

)i
)

(pσ)

}∣∣∣∣
Πϕ

=

{(
З̃ϕ − Sp

)(
З̃ϕ + Sv

)i

(pσ)

}∣∣∣∣
Πϕ

=






 ∑′

σ′

D̃σ′(ϕ)
∂

∂pσ′

−
∑′

σ′,i

p
(i+1)
σ′

∣∣∣
Πϕ

∂

∂p
(i)
σ′




(
З̃ϕ + Sv

)i

(pσ)





∣∣∣∣∣∣
Πϕ

=

{(∑′

σ′

D̃σ′(ϕ)
∂

∂pσ′

−
∑′

σ′

p
(1)
σ′

∣∣∣
Πϕ

∂

∂pσ′

)(
З̃ϕ + Sv

)i

(pσ)

}∣∣∣∣∣
Πϕ

=

=

{∑′

σ′

(
D̃σ′(ϕ) −

(
З̃ϕ + Sv

)i

(pσ′)

)
∂

∂pσ′

(
З̃ϕ + Sv

)i

(pσ)

}∣∣∣∣∣
Πϕ

= 0,

since
(
З̃ϕ + Sv

)i

(pσ) = З̃ϕ(pσ) = D̃σ(ϕ). Let us prove now that for any function

f ∈ F(Ẽϕ) the equality

Sτ |Πϕ

(
(i∗ϕ)−1(f)

)
= (i∗ϕ)−1

(
З̃

(ϕ)
ϕ + Sw

)
(f).
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holds. In fact,

Sτ |Πϕ

(
(i∗ϕ)−1(f)

)
=

( ∑′

σ,i

p(i+1)
σ

∣∣∣
Πϕ

∂

∂pi
σ

+ Sv

)∣∣∣∣∣∣
Πϕ

(
(i∗ϕ)−1(f)

)

=

( ∑′

σ

p(1)
σ

∣∣∣
Πϕ

∂

∂pσ
+ Sv

)∣∣∣∣∣
Πϕ

(
(i∗ϕ)−1(f)

)

=

(∑′

σ

D̃σ(ϕ)
∂

∂pσ
+ Sv

)∣∣∣∣∣
Πϕ

(
(i∗ϕ)−1(f)

)
= (i∗ϕ)−1

(
З̃

(ϕ)
ϕ + Sw

)
(f).

From these relations it follows that Sτ |Πϕ
= (iϕ)∗

(
З̃

(ϕ)
ϕ + Sw

)
.

Let us show that the fields D̃τ
i are tangent to Πϕ, ϕ ∈ ker ℓ̃F , i.e., that Πϕ is

an invariant submanifold. Indeed,
{

D̃τ
i

(
p(l)

σ −
(
З̃ϕ + Sv

)l

(pσ)

)}∣∣∣∣
Πϕ

= Sl
p(p̄σ+1i

)
∣∣
Πϕ

− D̃τ
i (З̃ϕ + Sv)

l(pσ)
∣∣∣
Πϕ

= Sl
τ (p̄σ+1i

)
∣∣
Πϕ

− (i∗ϕ)−1
(
D̃ϕ

i (З̃ϕ + Sv)l(pσ)
)

= Sl
τ (p̄σ+1i

)
∣∣
Πϕ

− (i∗ϕ)−1
(
(З̃ϕ +Sv)lD̃ϕ

i (pσ)
)

= Sl
τ (p̄σ+1i

)
∣∣
Πϕ

− (i∗ϕ)−1
(
(З̃ϕ +Sv)l(pσ+1i

)
)

= 0.

Let us prove finally that D̃τ
i

∣∣∣
Πϕ

= (iϕ)∗D̃
ϕ
i . In fact, for an arbitrary function

f ∈ F(Ẽϕ) we have

D̃τ
i

∣∣∣
Πϕ

((i∗ϕ)−1(f)) =

(
D̄i +

∑

l≥0,j

Sl
τ (Xij)

∣∣
Πϕ

∂

∂vl
j

)(
(i∗ϕ)−1(f)

)

=

(
D̄i +

∑

l≥0,j

(З̃ϕ + Sv)lXij)
∣∣∣
Πϕ

∂

∂vl
j

)(
(i∗ϕ)−1(f)

)
= (i∗ϕ)−1D̃ϕ

i (f)

The proposition is proved.

6. Symmetries of integro-differential equations

The above constructed theory of nonlocal symmetries is based on the concept
of a covering, i.e., on introduction of nonlocal variables to the space of infinitely
prolonged equation. Recall that such nonlocalities are of indefinite integral nature.
Now we shall consider the situation, when the initial object is nonlocal and the cor-
responding nonlocalities are definite integrals. Such objects are integro-differential

equations and below we construct a symmetry theory for such equations.

6.1. Transformation of integro-differential equations to boundary dif-
ferential form. Let us represent a system of integro-differential equation in the
form

Gj(x, u, pσ, I) = 0, j = 1, . . . ,m1, (6.1)

where x = (x1, . . . , xn) are independent variables, u = (u1, . . . , um) are depen-
dent ones, pσ = (p1

σ, . . . , pm
σ ) are the derivatives of latter over the former, I =

(I1, . . . , Im2
) are integrals. Values of integrals may depend both on choice of a
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point x and on choice of a section u. The most popular integro-differential equa-
tions (see [41]) contain integrals of three types:

∫ b

a

f(x, s, u(s + x)) ds, (6.2)

∫ x

0

f(t, x, s, u(t, s), u(t, x − s), pσ(t, s), pσ(t, x − s)) ds, (6.3)

∫ b

a

f(t, x, s, u(t, s)) ds, (6.4)

where t, x are the independent variables, u is the dependent one, pσ is its derivatives,
and s is the variable of integration. These, as well as many others, types of integrals
are unified in the following way.

Let M be the manifold of independent variables x = (x1, . . . , xn), N be the
manifold of independent and integration variables (x, s) = (x1, . . . , xn, s1, . . . , sn1

),
ρ : N → M be the corresponding fiber bundle (possibly, with singularities), Nx be
the fiber of the bundle ρ over the point x ∈ M . Note that the integrand depends
on x, s, and u(x) and there exist smooth mappings hi : N → M , i = 1, . . . ,m2,
allowing one to rewrite (6.2)–(6.4) in the form

∫

Nx

f(x, s, h1
∗(u), h1

∗(pσ), . . . , hl
∗(u), hl

∗(pσ))ds. (6.5)

Example 6.1. For the integral (6.2) we have: M = R, N = { (x, s) ∈ R2 | a ≤
s ≤ b }, Nx is the interval [a, b] for any x, l = 1, h : (x, s) 7→ x + s.

Example 6.2. For the integral (6.3) we have: M = { (t, x) ∈ R2 | x ≥ 0 }, N =
{ (t, x, s) ∈ R3 | x ≥ 0, 0 ≤ s ≤ x }, N(t,x) is the interval [0, x] (at singular points
{x = 0}, the interval shrinks to a point), l = 2, h1 : (t, x, s) 7→ (t, s), h2 : (t, x, s) 7→
(t, x − s).

Example 6.3. For the integral (6.4) in the case b = ∞ we have: M = { (t, x) ∈
R2 | x ≥ a }, N = { (t, x, s) ∈ R3 | x ≥ a, s ≥ a }, N(t,x) is the ray {s ≥ a}, l = 1,
h : (t, x, s) 7→ (t, s). The case of the finite b is considered in a similar way.

To simplify the formulas below, we shall assume that all the integrals under
consideration are one-dimensional. The case of multiple integrals can be considered
in a similar way: it suffices to represent the integral as iterated one.

If the integral (6.5) is one-dimensional, then Nx is either an interval or an
infinite semi-interval or a straight line. In the case Nx = [ax, bx], we shall introduce
a nonlocal variable v depending on x, s, such that

∂v

∂s
= f(x, s, h1

∗(u), h∗
1(pσ), . . . , h∗

l (u), h∗
l (pσ)),

v|s=ax
= 0.

(6.6)

The value of the integral (6.5) at a point x ∈ M coincides with v|s=bx
in this case.

Let us introduce the mappings

a : M → N, x → (x, ax); b : M → N, x → (x, bx).

Then

v|s=ax
= a∗(v), v|s=bx

= b∗(v).
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The case Nx = [ax,∞) (an in a similar manner, the cases (−∞, bx] and
(−∞,∞)) can be reduced to the case of the interval by passing to a new integra-
tion variable. Such a pass is realized by constructing a diffeomorphism µ : N → N ′

taking infinite integration intervals Nx = [ax,∞) to finite semi-intervals µ(Nx) =
[āx, bx). Adding to the manifold N ′ the limit point { bx | x ∈ M } of the semi-in-
tervals µ(Nx), we shall obtain the manifold N̄ and the fiber bundle ρ̄ : N̄ → M ,
whose restriction to the subset N ′ ⊂ N̄ coincides with the mapping ρ ◦ µ−1, while
the fibers of the bundle ρ̄ are the intervals (ρ̄)−1(x) = [āx, bx], x ∈ M . Thus, we
can restrict ourselves with the case, when the sets Nx, x ∈ M are intervals (see also
Remark 6.1 below).

Thus, system (6.1) can be written in the form

Gj(x, u, pσ, . . . , bk
∗(vk), . . . ) = 0, j = 1, . . . ,m1,

ak
∗(vk) = 0, k = 1, . . . ,m2,

∂vk

∂sk
= fk(x, sk, . . . , (hk

i )
∗
(u), (hk

i )
∗
(pσ), . . . ), k = 1, . . . ,m2,

(6.7)

where x = (x1, . . . , xn) are coordinates on the manifold M , u = (u1, . . . , um) is a
section of the bundle π over M , pσ = (p1

σ, . . . , pm
σ ) is the vector of its derivatives,

vk is a function on the manifold Nk, bk, ak are the embeddings of M into Nk, hk
i ,

i = 1, . . . , lk are the projections of Nk to M , k = 1, . . . ,m2. Note that the variables
vk, k = 1, . . . ,m2, are uniquely determined by the variables uj , j = 1, . . . ,m, by
means of the second and the third equations in system (6.7). This means that
systems (6.1) and (6.7) are equivalent: solutions of one of them are reconstructed
by solutions of the other.

System (6.7) describes sections over different manifolds M , N1, . . . , Nm2
. When

the manifolds N1, . . . , Nm2
are diffeomorphic to each other, all functions and sec-

tions in system (6.7) can be represented as functions and sections over the same
manifold. In fact, let N be a manifold, Fk : N → Nk, k = 1, . . . ,m2, be diffeomor-
phisms, a0 : M → N be an embedding (e.g., a0 = F−1

1 ◦ a1), h0 : N → M be a
smooth mapping left inverse to a0, i.e., h0 ◦ a0 = idM . Let us set

ū = h0
∗(u), v̄k = F ∗

k (vk), k = 1, . . . ,m2.

Then

a0
∗(ū) = a0

∗(h0
∗(u)) = (h0 ◦ a0)

∗
(u) = u,

vk = (F−1
k )

∗
(v̄k), (hk

i )∗(u) = (hk
i )∗(a0

∗(ū)) = (a0 ◦ hk
i )∗(ū),

b∗k(vk) = b∗k((F−1
k )∗(v̄k)) = (F−1

k ◦ bk)∗(v̄k),

etc. Using these equalities and acting by the homomorphism h0
∗ on the first and

second equations (6.7), we shall rewrite these equations in the form

Gj(h0
∗(x), ū, h∗

0(pσ), . . . , b̄∗k(v̄k), . . . ) = 0,

ā∗
k(v̄k) = 0,

(6.8)

where b̄k = F−1
k ◦ bk ◦ h0, āk = F−1

k ◦ ak ◦ h0 are the mappings from N to N . Let
us now act to the third equation in (6.7) by the diffeomorphism Fk

∗. Using the
equality

F ∗
k

(
∂vk

∂sk

)
= (F−1

k )∗

(
∂

∂sk

)
(Fk

∗(vk)) = Xk(v̄k),
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where Xk = (F−1
k )∗(∂/∂sk) is a vector field on N , we obtain the equation

Xk(v̄k) = fk(Fk
∗(x), Fk

∗(sk), (h̄k
i )∗(ū), (h̄k

i )∗(h0
∗(pσ))), (6.9)

where h̄k
i = a0 ◦ hk

i ◦ Fk is a mapping from N to N .
Note that functions of the form h0

∗(pr
σ) can be represented as derivatives of

the functions ūr, if

h0,∗(Yi) =
∂

∂xi
, Yi ∈ D(N), i = 1, . . . , n.

In this case

h0
∗
(

∂ur

∂xi

)
= Yi(ū

r), h0
∗
(

∂2ur

∂xi∂xl

)
= Yi(Yl(ū

r)),

etc. Therefore, h0
∗(pr

σ) is a function in x, s, ū, and p̄σ. Besides, ū is a section of
the form h∗

0(u), u ∈ Γ(π). These and only these sections satisfy the equation

(a0 ◦ h0)
∗(ū) = ū. (6.10)

Indeed,

(a0 ◦ h0)
∗(ū) = h0

∗(a0
∗(ū))

and one can set u = a0
∗(ū). If ū = h∗

0(u), then

(a0 ◦ h0)
∗(ū) = (h0 ◦ a0 ◦ h0)

∗(u) = h∗
0(u) = ū,

since h0 ◦ a0 = idM .
Thus, system (6.7) (and consequently, system (6.1)) is equivalent to system of

equations (6.8)–(6.10), j = 1, . . . ,m1, k = 1, . . . ,m2. The functions ūj , v̄k, entering
these equations, are functions on N , while b̄k, āk, h̄k

i , h̄0 = a0 ◦ h0 are mappings
from N to N . Coming back to the previous notation, i.e., denoting by u the section
(ū1, . . . , ūm, v̄1, . . . , v̄m2) over N and by x = (x1, . . . , xn+m2

) coordinates on N , this
system can be written as a system of equations of the form

G(x, u, pσ, g∗(u), g∗(pσ)) = 0, (6.11)

where g = g1, . . . , gl are mappings from N to N . We shall call equations of the
form (6.11) boundary differential equations. The reason for this name is that in
examples, as a rule, the image of gk, k = 1, . . . ,m2, lies in the boundary of N ,
while the value of g∗k(u) is determined by the values of u on the boundary of N .
The other term for these equations is functional differential equations (see, for
example, [41]).

For prolongation of equations of the form (6.11), we can use both derivations
and the action of the homomorphism g∗, where g is a mapping from N to N . It
is easy to see that the new (prolonged) equation will contain sections of the form
g∗(g∗i (u)) = (gi◦g)∗(u), where g1, . . . , gl are the mappings used in (6.11). Therefore,
besides g, we must consider all compositions gi ◦ g, i = 1, . . . , l. Taking for g the
mappings participating in equations (6.11) and their prolongations only, we shall
obtain the semigroup containing g1, . . . , gl, the identical mapping g0 = idN and
various compositions of the mappings g1, . . . , gl. We shall call this semigroup the
semigroup of boundary differential system (6.11) and denote it by G.

Example 6.4. Let a system E0 of integro-differential equations contain one
integral of type (6.3) and one integral of type (6.4) with a = 0, b = ∞. Let
us find the semigroup of mappings for the corresponding system E1 of boundary
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h1 : (t, x, s) 7→ (t, s)
h2 : (t, x, s) 7→ (t, x − s)
a1 : (t, x) 7→ (t, x, 0)
a2 : (t, x) 7→ (t, x, 0)
b1 : (t, x) 7→ (t, x, x)
b2 : (t, x) 7→ (t, x,∞)
h : (t, x, s) 7→ (t, s)

Figure 6.2

differential equations. The manifold of independent variables for the system E0

is M = { (t, x) | x ≥ 0 } (see Examples 6.2 and 6.3). The manifold N1 for the
integral (6.3) is N1 = { (t, x, s) | x ≥ 0, 0 ≤ s ≤ x }, while for the integral (6.4) it is
N2 = { (t, x, s) | x ≥ 0, s ≥ 0 } (a = 0, b = ∞). One can see the mappings defined
on these manifolds in Figure 6.2.

Remark 6.1. The above described scheme of transformation of an integro-dif-
ferential equation to a system of boundary differential equations needs a reduction
of an improper integral of the form (6.4) with b = ∞ to a definite integral with
finite limits of integration. It is being done by construction of the diffeomorphism
µ : N2 → N ′

2 and of the manifold N̄ obtained from N ′
2 by adding some limit points

(see p. 271). Such an approach makes solution essentially more difficult. Instead,
we can assume that the sets (t, x,∞), (t,∞, s), (t,∞,∞), x ≥ 0, s ≥ 0 are added
to the manifold N2 and that a smooth structure on the set obtained is introduced
by defining the ring of smooth functions on this set. Namely, a function f in the
variables x, t, s is called smooth, if there exist the limits

f(t, x,∞) = lim
s→∞

f(t, x, s),

f(t,∞, s) = lim
x→∞

f(t, x, s),

f(t,∞,∞) = lim
x→∞
s→∞

f(t, x, s),

and they are equal to the values of the function f at the added point. Thus obtained
manifold is diffeomorphic to N̄2 and will be also denoted by N2. We introduce
similar smooth structures on M and N1. Such an approach allows to define uniquely
the mappings b2, g3 (see below) and various compositions containing g3.

The manifolds N1 and N2 are diffeomorphic and F : N2 → N1, F (t, x, s) =
(t, x + s, s) is their diffeomorphism. Let us choose for the manifold of independent
variables of the desired system of boundary differential equations the manifold
N = N2 and take for the embedding the mapping a0 = F−1 ◦ a1 : M → N . Then
the mapping h0 = h2 ◦ F : N → M can be taken for the left inverse mapping.
Consequently, the mappings

g1 = ā1 = h̄2 = F−1 ◦ a1 ◦ h2 ◦ F = ā2 = a2 ◦ h2 ◦ F, g1 : (t, x, s) → (t, x, 0);

g2 = b̄1 = F−1 ◦ b1 ◦ h2 ◦ F, g2 : (t, x, s) → (t, 0, x);

g3 = b̄2 = b2 ◦ h2 ◦ F, g3 : (t, x, s) → (t, x,∞);

g4 = h̄1 = F−1 ◦ a1 ◦ h1 ◦ F = h̄ = F−1 ◦ a1 ◦ h, g4 : (t, x, s) → (t, s, 0)
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generate a semigroup G consisting of eleven elements g0 = idM , g1, g2, g3, g4, g2
2 ,

g3 ◦ g2, g2 ◦ g4, g3 ◦ g4, g4 ◦ g3, g3 ◦ g4 ◦ g3.

Example 6.5. Let us find the system of boundary differential equations for
the Smoluchowski coagulation equation [111, 144]:

∂u(t, x)

∂t
=

1

2

∫ x

0

K(x − s, s)u(t, x − s)u(t, s) ds − u(t, x)

∫ ∞

0

K(x, s)u(t, s) ds,

(6.12)

where K(x, s) is a fixed function satisfying the condition K(s, x) = K(x, s) for all
x ≥ 0 and s ≥ 0. Let us apply the above general procedure to this particular
equation. Equation (6.12) contains one integral of type (6.3) and one integral of
type (6.4). The manifold N and the semigroup are described in Example 6.4. For
any solution u(t, x) of equation (6.12), let us introduce the function v1(t, x, s) on
N1 and the function v2(t, x, s) on N2:

∂v1

∂s
= K(x − s, s)h1

∗(u)h2
∗(u), (6.13)

a1
∗(v1) = 0, (6.14)

∂v2

∂s
= K(x, s)h∗(u),

a2
∗(v2) = 0 (6.15)

(the mappings h, h1, h2, a1, b1, a2, b2, F are defined in Example 6.4). Then the
coagulation equation is written down in the form

∂u

∂t
=

1

2
b1

∗(v1) − ub2
∗(v2). (6.16)

Let us introduce the notation u1 = (h2 ◦ F )∗(u), u2 = F ∗(v1), u3 = v2. Then,
acting to equations (6.14), (6.15) and (6.16) by the homomorphism (h2 ◦ F )∗ and
to equation (6.13) by isomorphism F ∗ and using the equality (F−1)∗(∂/∂s) =
∂/∂s − ∂/∂x, we obtain the system of boundary differential equations

∂u1

∂t
=

1

2
g2

∗(u2) − u1g3
∗(u3),

∂u2

∂s
− ∂u2

∂x
= Kg∗4(u1)u1,

∂u3

∂s
= Kg4

∗(u1),

g1
∗(u1) = u1, g∗1(u2) = 0, g∗1(u3) = 0,

(6.17)

equivalent to equation (6.12).

Let us give geometric interpretation to boundary differential equations using a
parallel with differential equations.

6.2. Spaces of (k,G)-jets. Let us generalize the concept of jet spaces in such
a way that boundary differential equations could be interpreted as submanifolds of
these spaces. Let π : E → M be a smooth locally trivial bundle over the manifold
M with boundary, k = 1, 2, . . . ,∞, πk : Jk(π) → M be the corresponding bundle
of k-jets, and G be a finite set of smooth mappings from M to M containing the
identity mapping idM . Let us denote by πG

k the Whitney product of the pullbacks
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Figure 6.3

g∗(πk): πG
k =

⊕
g∈G g∗(πk). We denote by Jk(π;G) the total space of the bundle

πG
k . The set Jk(π;G) is a finite-dimensional smooth manifold, if k is finite, and an

infinite-dimensional one, if k is infinite.
Every point of Jk(π;G) over x ∈ M is a set of k-jets θg

k ∈ Jk(π), g ∈ G,
satisfying the condition πk(θg

k) = g(x). For any g ∈ G there exists a smooth section

sg of the bundle π such that [sg]
k
g(x) = θg

k. The set of k-jets {[sg]
k
g(x)}g∈G will be

called the (k,G)-jet of the family of sections {sg} at the point x. Any family of

sections {sg}g∈G determines the section jk({sg}) of the bundle πG
k :

jk({sg})(x) = {[sg]
k
g(x)}g∈G . (6.18)

If all sections sg, g ∈ G, coincide with the section s, then the corresponding set
of jets will be called (k,G)-jet of the section s at the point x and will be denoted

by [s]
(k,G)
x . The section x 7→ [s]

(k,G)
x will be denoted by jk(s) and the subset of

(k,G)-jets of sections of the bundle π will be denoted by Jk(π;G)0. Geometrically,
the (k,G)-jet of a section s is interpreted as the class of sections of the bundle π
tangent to the section s with order ≥ k at all points g(x), g ∈ G (see Figure 6.3).
We shall call Jk(π;G) the manifold (space) of (k,G)-jets; the bundle πG

k will be
called the bundle of (k,G)-jets.

Let us describe the set Jk(π;G)0. If a point x ∈ M is such that all the points
g(x), g ∈ G, are different, then for any set of sections {sg}g∈G there exists a smooth
section s tangent to the section sg at the point g(x) with order ≥ k for any g ∈ G.

Consequently, the fiber (πG
k )−1(x) lies in Jk(π;G)0. If for a point x ∈ M two

mappings g1, g2 ∈ G, g1 6= g2, exist, such that g1(x) = g2(x), then (k,G)-jet of the
family of sections {sg}g∈G is the (k,G)-jet of a section if and only if

[sg1
]kg1(x) = [sg2

]kg2(x).

A submanifold E of the manifold Jk(π;G) will be called a boundary differential

equation of order k in the bundle π with respect to the set of mappings G (or simply,
an equation). A solution of the equation E ⊂ Jk(π;G) is a section s ∈ Γ(π) such
that jk(s)(M) ⊂ E .

Remark 6.2. Submanifolds of the form jk(s)(M) are contained in Jk(π;G)0.
It might seem that in the boundary differential case the set Jk(π;G)0 must be taken
for an analog of the space Jk(π). But since in the sequel we shall use the language of
differential geometry and the set Jk(π;G)0 is not a manifold, we extended Jk(π;G)0
to the manifold Jk(π;G) and take the latter for an analog of Jk(π).
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Let us introduce the following canonical coordinate system on the manifold
Jk(π;G). Let x1, . . . , xn be coordinates in a neighborhood U ⊂ M , u1, . . . , um

be coordinates in the fiber of the bundle π|U , xi, pj
σ, i = 1, . . . , n, j = 1, . . . ,m,

|σ| ≤ k, be the corresponding coordinates in Jk(π). Then, denoting by pj
σg the cor-

responding coordinates in the fiber of the bundle g∗(πk), we obtain the coordinate
system

xi, pj
σg, i = 1, . . . , n, j = 1, . . . ,m, |σ| ≤ k, g ∈ G, (6.19)

on Jk(π;G). The p-coordinates of the (k,G)-jet of the family of sections {sg}g∈G
at the point x are equal to

pj
σg =

∂|σ|sj
g

∂xσ
(g(x)),

where s1
g, . . . , s

m
g are the components of the section sg. We have the same coordinate

system (6.19) on the manifold J∞(π;G), but with no restriction imposed on |σ|.
Exercise 6.1. Describe the set J∞(π;G)0 in canonical coordinates.

As in the case of “usual” jets, for k > l and for k = ∞ the bundle

πG
k,l : Jk(π;G) → J l(π;G), (6.20)

is defined. Namely,

πG
k,l({θ

g
k}g∈G) = {πk,l(θ

g
k)}g∈G . (6.21)

The following equality fulfills:

πG
k,l ◦ jk({sg}) = jl({sg}), (6.22)

where {sg}g∈G is an arbitrary family of sections of the bundle π.

Exercise 6.2. Show that the space on infinite jets J∞(π;G) is the inverse limit
of the tower of finite jets generated by the mapping πG

l+1,l, l ≥ 0.

If G1 is a subset in G, then the formula

πG,G1

k ({θg
k}g∈G) = {θg

k}g∈G1
(6.23)

determines the bundle

πG,G1

k : Jk(π;G) → Jk(π;G1), (6.24)

and the following equalities hold:

πG1

k ◦ πG,G1

k = πG
k , (6.25)

πG1

k,l ◦ πG,G1

k = πG,G1

l ◦ πG
k,l, (6.26)

πG,G1

k ◦ jk({sg}) = jk({sg}g∈G1
), (6.27)

where {sg} is an arbitrary family of sections of the bundle π, g ∈ G, and {sg}g∈G1

denotes the sections sg such that g ∈ G1.

Remark 6.3. If the set G consists of the identical mapping only, then the space
Jk(π; {idM}) coincides with the “usual” jet space Jk(π) defined in Ch. 3 and 4. If
the set G contains other mappings, besides the identical one, then J0(π;G) 6= E =
J0(π). Note that for any k the bundle

π
G,{idM}
0 ◦ πG

k,0 : Jk(π;G) → J0(π;G) → E.

is defined.
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In the case when the set G is infinite, the manifold of (k,G)-jets is defined in
the following way. Let {Gα} be all finite subsets of the set G containing idM . Then

for any pair Gα ⊂ Gβ the mappings π
Gβ ,Gα

k : Jk(π;Gβ) → Jk(π;Gα) are defined and

π
Gβ ,Gα

k ◦ π
Gγ ,Gβ

k = π
Gγ ,Gα

k , if Gα ⊂ Gβ ⊂ Gγ . Let us define Jk(π;G) as the inverse

limit of the manifolds Jk(π;Gα) over the system of mappings {πGβ ,Gα

k }Gα⊂Gβ
. In

other words, a point θk of the set Jk(π;G) is a family of points θGα

k ∈ Jk(π;Gα)
such that (a) Gα is an arbitrary finite subset of G and (b) if Gα ⊂ Gβ , then

π
Gβ ,Gα

k (θ
Gβ

k ) = θGα

k . (6.28)

In this case, the mapping πG
k : Jk(π;G) → M is defined by the formula πG

k (θk) =

π
Gγ

k (θ
Gγ

k ), where θ
Gγ

k is an arbitrary element of the set θk = {θGα

k }Gα⊂G . From

formulas (6.25) and (6.28) it follows that the point π
Gγ

k (θ
Gγ

k ) ∈ M is independent

of the choice of elements θ
Gγ

k from the set θk.

The points θGα

k ∈ Jk(π;Gα), in the case of finite set Gα, are themselves sets
of k-jets {θg

k}g∈Gα
while condition (6.28) means only that the set {θg

k}g∈Gα
is a

part of the set {θg
k}g∈Gβ

provided Gα ⊂ Gβ . Therefore a point of Jk(π;G), in
the case of infinite set G, may be understood as an infinite set of k-jets {θg

k}g∈G ,

or more exactly, as {[sg]
k
g(x)}g∈G . Formulas (6.21), (6.23), and (6.18) define the

maps (6.20), (6.24), jk({sg}) : M → Jk(π;G) in the case of infinite G as well, and
as in the finite case, equalities (6.22), (6.25), (6.26), (6.27) hold, as well as the
equality πG

k ◦ jk({sg}) = idM , etc. (see Ch. 4).

Similar to the case J∞(π), the set Jk(π;G), when G is infinite and k is either
finite or infinite, is endowed with a structure of infinite-dimensional manifold. Co-
ordinates in Jk(π;G) are given by the set of functions (6.19) with infinite set G.
The concepts of smooth functions, smooth mappings, tangent vectors, vector fields,
differential forms, etc., are introduced on Jk(π;G) in the same way as in the case
of J∞(π) (see Ch. 4).

Let us denote by F(π;G) and by Fk(π;G) the algebras of smooth functions
on J∞(π;G) and on Jk(π;G) respectively and denote by Λ∗(π;G) the module of

differential forms on J∞(π;G). The monomorphisms (πG
∞,k)∗ and (πG,G′

∞ )∗, where

G′ ⊂ G, embed the algebras Fk(π;G) and F(π;G′) to the algebra F(π;G). The
images of these monomorphisms will be also denoted by Fk(π;G) and F(π;G′). In
particular, F(π) = F(π; {idM}) is a subalgebra of the algebra F(π;G). The above
introduced embeddings allow us to define two filtrations in the algebra F(π;G) (as
well as in the module Λ∗(π;G)): filtration with respect to k, similar to filtration in
F(π) (see Ch. 4) and filtration corresponding to the embeddings of finite subsets
Gα of the set G. The second filtration puts into correspondence to a function ϕ
from F(π;G) the finite subset Gα of the set G, if ϕ is a function on Jk(π;Gα). The
first filtration possesses the same properties as filtration in the algebra F(π) (see
Ch. 4). For the second filtration the properties 1.3 should be rewritten as follows:
deg ϕ is to be understood as the corresponding subset Gα ⊂ G while the inequality
≤ must be changed by the embedding ⊆.

To simplify the subsequent exposition, we shall not use the notion of filtration,
though this exposition is completely in parallel with that of Ch. 4. For example,
a smooth mapping G from J∞(π;G) to J∞(ξ;G′), where ξ : Q → M is a vector
bundle and G′ is another set of mappings from M to M , is a mapping of sets such
that for any function ϕ ∈ F(ξ;G′) the element G∗(ϕ) = ϕ ◦G is a smooth function



278 6. NONLOCAL SYMMETRIES

on the space J∞(π;G) an for any number k and any finite subset of the set Gα ⊂ G′

there exist a number l and a finite subset Gβ ⊂ G such that

G∗(Fk(ξ;Gα)) ⊂ Fl(π;Gβ).

A tangent vector Xθ to the manifold J∞(π;G) at a point θ is defined as the set
{Xx, XθGα

k
} of tangent vectors to finite-dimensional manifolds M and Jk(π;Gα) at

points x = πG
∞(θ) and θGα

k = πG,Gα

k (πG
∞,k(θ)) respectively, such that

(πGα

k+1,k)∗(XθGα
k+1

) = XθGα
k

, (π
Gβ ,Gα

k )∗(X
θ
Gβ
k

) = XθGα
k

, (πGα

k )∗(XθGα
k

) = Xx.

A vector field on the manifold J∞(π;G) is, by definition, a derivation X of the
algebra F(π;G) such that for any number k and any finite subset Gα ⊂ G there
exist a number l and a finite subset Gβ ⊂ G such that

X(Fk(π;Gα)) ⊂ Fl(π;Gβ).

The set of vector fields on J∞(π;G) will be denoted by D(π;G). The inner product

of a vector field X on J∞(π;G) with a form ω ∈ Λi(π;G) gives us the form X ω ∈
Λi−1(π;G), whose value at a point θ = {x, θGα

k } equals X
θ
Gβ
l

ω
θ
Gβ
l

, if ω is a form

on J l(π;Gβ).

Exercise 6.3. Define the de Rham differential dω and the Lie derivative X(ω)
in the case ω ∈ Λ∗(π;G1), X ∈ D(π;G2), G1 6= G2.

6.3. Boundary differential operators. Let π and π′ be smooth vector lo-
cally trivial bundles over the manifold M , G be a finite set of smooth mappings
from M to M containing the identical mapping idM . A mapping ∆: Γ(π) → Γ(π′)
is called a boundary differential operator of order k with respect to the set G, if for
any section s ∈ Γ(π) the value of the section ∆(s) at an arbitrary point x ∈ M
is determined by the k-jets of the section s at the points g(x), g ∈ G. Similar
to the purely differential case (see Ch. 4), any section ϕ of the bundle (πG

k )∗(π′)
determines a boundary differential operator ∆ϕ : Γ(π) → Γ(π′) by the formula

∆ϕ(s) = ϕ ◦ jk(s). (6.29)

In coordinates x1, . . . , xn, . . . , pj
σg, . . . on Jk(π;G) this correspondence looks as fol-

lows. If ϕ = {ϕi(x1, . . . , xn, . . . , pj
σg, . . . )} and s = {sj(x1, . . . , xn)}, then

∆ϕ(s) = (ϕ1(. . . , xi, . . . , g
∗(

∂|σ|sj

∂xσ
), . . . ), . . . , ϕm′

(. . . , xi, . . . , g
∗(

∂|σ|sj

∂xσ
), . . . )),

where m′ = dim π′.
A particular feature of the boundary differential case is that there exist bound-

ary differential operators of order k such that no section of the bundle (πG
k )∗(π′)

correspond to these operators. The reason is that using formula (6.29) and having
the function ∆ϕ, we can reconstruct the values of the section ϕ at the (k,G)-jets
of sections of the bundle π only, i.e., at points of the subset Jk(π;G)0. Therefore,
formula (6.29) determines the boundary differential operator ∆ϕ not only in the

case when ϕ is a section the bundle (πG
k )∗(π′), but also in the case when ϕ is a

section of the restriction of the bundle (πG
k )∗(π′) to the subset Jk(π;G)0.

Example 6.6. Let M = R and π = π′ : R2 → R be a trivial bundle. Let the
set G consist of two mappings: the identical mapping g0 = idR and the projection
g of the manifold R to the point 0 ∈ R. We have the coordinate system x, p0g0

, p0g
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on J0(π;G). In this coordinate system, points of the set J0(π;G) r J0(π;G)0 form
the plane {x = 0} without the line {x = 0, p0g0

= p0g}. The boundary differential
operator

∆: s →





exp

(
− 1

x2 + (s(x) − s(0))2

)
, x > 0

0, x ≤ 0,

where s ∈ Γ(π), determines a smooth function on J0(π;G)0, which cannot be
extended to entire J0(π;G).

Exercise 6.4. Prove this fact.

In what follows, only operators of the form ∆ϕ, where ϕ is a section of the

bundle (πG
k )∗(π′), will be called boundary differential operators. Not only boundary

differential operators satisfy this condition, but rather “exotic” operators also (see
Example 6.6) and thus this restriction is not too essential. We shall denote by
Fk(π, π′;G) the set of sections of the bundle (πG

k )∗(π′). Similar to the differential
case, for any k there exist the embeddings

Fk(π, π′;G) ⊂ Fk+1(π, π′;G).

Therefore, we can set

F(π, π′;G) =

∞⋃

k=0

Fk(π, π′;G).

Let us show now that the composition of two boundary differential operators of
the form ∆ϕ is again a boundary differential operator of the same form. First, we

prove this fact for the composition jG
′

k′ ◦ jGk , where jGk denotes the operator taking

an arbitrary section s of the bundle π to the section jk(s) of the bundle πG
k . In the

composition jG
′

k′ ◦ jGk , the operator jG
′

k′ takes sections of the bundle πG
k to sections

of the bundle (πG
k )G

′

k′ . Denote by G ◦ G′ the set of mappings of the manifold M of
the form g ◦ g′, g ∈ G, g′ ∈ G′. Let us construct the mapping

ΦG,G′

k,k′ : Jk+k′

(π;G ◦ G′) → Jk′

(πG
k ;G′)

by setting

ΦG,G′

k,k′ ({[sg]
k+k′

g(x) }g∈G◦G′) = {[jk({ sg }g∈G)]k
′

g′(x)}g′∈G′ .

Then for any section s ∈ Γ(π) one has

ΦG,G′

k,k′ ◦ jG◦G
′

k+k′(s) = (jG
′

k′ ◦ jGk )(s), (6.30)

i.e., jG
′

k′ ◦ jGk = ∆ϕ, where ϕ is a section of the bundle (πG◦G′

k+k′)∗((πG
k )G

′

k′ ) determined

by the mapping ΦG,G′

k,k′ . Therefore, the composition jG
′

k′ ◦jGk is a boundary differential

operator of order k + k′ with respect to the set G ◦ G′.
For any morphism Φ of the bundles π and π′ let us define its lifting

Φ(k) : Jk(π;G) → Jk(π′;G)

by the formula

Φ(k)({[sg]
k
g(x)}g∈G) = {[Φ ◦ sg]

k
g(x)}g∈G .
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Then, obviously, for any section s ∈ Γ(π) the equality

Φ(k) ◦ jk(s) = jk(Φ ◦ s) (6.31)

holds.
Let now ∆ϕ : Γ(π) → Γ(π′) and ∆ϕ′ : Γ(π′) → Γ(π′′) be two boundary dif-

ferential operators of orders k and k′ with respect to the sets of mappings G and
G′ respectively. Then using consecutively equalities (6.29), (6.31), and (6.30), we
obtain

∆ϕ′(∆ϕ(s)) = ∆ϕ′(ϕ ◦ jGk (s)) = ϕ′ ◦ jG
′

k′ (ϕ ◦ jGk (s))

= ϕ′ ◦ ϕ(k) ◦ jG
′

k′ (j
G
k (s)) = ϕ′ ◦ ϕ(k) ◦ ΦG,G′

k,k′ ◦ jG◦G
′

k+k′(s).

Therefore, the mapping

Φ = ϕ′ ◦ ϕ(k) ◦ ΦG,G′

k,k′ : Jk+k′

(π;G ◦ G′) → E′′,

where E′′ is the space of the bundle π′′, is the section of the bundle (πG◦G′

k+k′)∗(π′′)
determining the operator ∆ϕ′ ◦∆ϕ. In other words, the composition ∆ϕ′ ◦∆ϕ = ∆Φ

is a boundary differential operator of order k+k′ with respect to the set of mappings
G ◦ G′.

If ∆: Γ(π) → Γ(π′) is a boundary differential operator of order k with respect
to the set of mappings G and G′ is another set of mappings of the manifold M , then
the composition

∆G′

l = jG
′

l ◦ ∆: Γ(π) → Γ(π′G′

l )

is a again boundary differential operator of order k + l with respect to the set of

mappings G ◦ G′. The operator ∆G′

l will be called the (l,G′)-prolongation of the
boundary differential operator ∆.

Exercise 6.5. Let G and G′ be sets of mappings of the manifold M containing
the identical mapping and G be finite. Let us show that the set of mappings

{ϕ
∆G′

l

: Jk+l(π;G ◦ G′) → J l(π′;G′)}l≥0

defines a smooth mapping of J∞(π;G ◦ G′) to J∞(π′;G′).

Let now ∇ : Γ(ξ) → Γ(ξ′) be a linear boundary differential operator with respect
to the set of mappings G′, π be a bundle over the same base M , G be a set of
mappings of M . Similar to the differential case, let us define the lifting

∇̂ : F(π, ξ;G) → F(π, ξ′;G ◦ G′)

of the operator ∇. Let θ be a point of the space J∞(π;G), {sg}g∈G be a family of

sections whose infinite jet at the point x is θ, ϕ be a section of the bundle (πG
k )∗(ξ).

Let us set by definition

∇̂(ϕ)(θ) = ∇(jk({sg})∗(ϕ))(x).

Exercise 6.6. Prove the identity ∇̂(ϕ) = ϕ∇◦∆ at points of J∞(π;G)0, where
∆ = ∆ϕ. Construct an example, when this equality does not hold at other points
of the space J∞(π;G). Thus, we cannot use the “global” definition of the lifting
given in Ch. 4.
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A vector field X on the manifold M and the homomorphism g1
∗, where g1 is

a mapping from M to M , are linear boundary differential operators acting from
C∞(M) to C∞(M) with respect to the sets of mappings {idM} and {idM , g1}.
Therefore, the liftings X̂ and ĝ1

∗ are defined.

Exercise 6.7. Prove that X̂ is a vector field on J∞(π;G) satisfying equali-
ties (1.12) of Ch. 4 for ϕ ∈ F(π;G).

A smooth mapping g1 : M → M lifts to the smooth mapping

ĝ1 : Jk(π;G ◦ Gg1
) → Jk(π;G),

where Gg1
= {idM , g1}, k = 0, 1, . . . ,∞. Namely, the mapping ĝ1 takes the point

θk = {θg
k}g∈G◦Gg1

to the point θ̃k = {θ̃g
k}g∈G , where θ̃g

k = θg◦g1

k . If πG
k (θ) = x, then

θg
k is a k-jet at the point g(x) and θ̃g

k is a k-jet at the point g(x1), where x1 = g1(x).
Therefore, the diagram

Jk(π;G ◦ Gg1
)

bg1→ Jk(π;G)

M

π
G◦Gg1
k ↓

g1 → M

πG
k↓ (6.32)

is commutative, as well as the diagram

Jk(π;G ◦ Gg1
)

bg1→ Jk(π;G)

Jk(π;G′ ◦ Gg1
)

π
G◦Gg1

,G′◦Gg1
k ↓

bg1→ Jk(π;G′)

πG,G′

k↓ (6.33)

where G′ ⊂ G. The following formula is also valid:

ĝ1 ◦ jk({seg}) = jk({s̃g}) ◦ g1, (6.34)

where g̃ ∈ G ◦ Gg1
, g ∈ G, s̃g = sg◦g1

, since

ĝ1(jk({seg})(x)) = ĝ1({[seg]
k
eg(x)}eg∈G◦Gg1

)

= {[sg◦g1
]kg(g1(x))}g∈G = jk({sg◦g1

})(g1(x)).

The mapping ĝ1 is smooth for k = 0, 1, . . . ,∞, since for any number l ≥ 0 and
any finite subset Gα ⊂ G one has

(ĝ1)
∗(Fl(π;Gα)) ⊂ Fl(π;Gα ◦ Gg1

).

Exercise 6.8. Prove that in the case k = ∞ the equality ĝ∗ = ĝ∗ holds.

Note that the equality G ◦ Gg1
= G means invariance of the set of mappings G

with respect to the right action of g1, i.e., g ◦ g1 ∈ G for any g ∈ G. If the set G is
invariant with respect to the right action of g1 and g2, then the equality

ĝ1 ◦ g2 = ĝ1 ◦ ĝ2 (6.35)

holds. In fact, ĝ2({θg
k}g∈G) = {θ̃g

k}g∈G , where θ̃g
k = θg◦g2

k , and

ĝ1({θ̃g
k}g∈G) = {θ̃g◦g1

k }g∈G = {θg◦g1◦g2

k }g∈G = ĝ1 ◦ g2({θg
k}g∈G).

Equality (6.35) is valid, for example, if G is a semigroup and g1, g2 are its elements.
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Let us describe coordinate representation of liftings of vector fields and map-
pings and coordinate representation of (l,G′)-prolongations of boundary differen-
tial operators. Let x1, . . . , xn, . . . , pj

σg, . . . be coordinates in J∞(π;G), X = ∂/∂xi,

ϕ = ϕ(x1, . . . , xn, . . . , pj
σg, . . . ) ∈ F(π;G), and s = (s1, . . . , sm) ∈ Γ(π). Then

(
∂

∂xi
◦ ∆ϕ

)
(s) =

∂

∂xi

(
ϕ

(
x1, . . . , xn, . . . , g∗

(
∂|σ|sj

∂xσ

)
, . . .

))

=
∂ϕ

∂xi
+

∑

j,σ,g

∂

∂xi

(
g∗

(
∂|σ|sj

∂xσ

))
∂ϕ

∂pj
σg

.

Therefore, by the equality ∂/∂xi ◦ g∗ =
∑

l ∂g∗(xl)/∂xig
∗ ◦ ∂/∂xl, we have

∂̂

∂xi
=

∂

∂xi
+

∑

|σ|,j,g,l

∂g∗(xl)

∂xi
pj

σ+1l,g

∂

∂pj
σg

. (6.36)

Similar to the differential case, we shall denote the operator ∂̂/∂xi by Di and call
it the total derivative along the variable xi.

The mapping ĝ1, where g1 is a mapping from M to M , obviously acts on the
coordinate functions in the following way: ĝ1

∗(xi) = g∗1(xi), ĝ1
∗(pj

σg) = pj
σg2

, where
g2 = g ◦ g1.

Finally, let ∆: Γ(π) → Γ(π′) be a boundary differential operator, x1, . . . , xn,

v1, . . . , vm′

, . . . , qj
σg′ , . . . be coordinates in J∞(π′;G′), and the operator ∆ be de-

termined by the relations

vj′

= ϕj′

(x1, . . . , xn, . . . , pj
σg, . . . ), j′ = 1, . . . ,m′.

Then the (l,G′)-prolongation of the operator ∆ is described by the relations

vj′

= ϕj′

,

qj′

τg′ = g′
∗
(Dτϕj′

), j′ = 1, . . . ,m′, |τ | = 0, . . . , l, g′ ∈ G′.
(6.37)

where Dτ = Dl1
1 ◦ · · · ◦ Dln

n for τ = (l1, . . . , ln).

6.4. The Cartan distribution on J∞(π;G). If G is a finite set, then, in
parallel with the differential case, we denote by Lθk+1

the tangent plane to the

graph of the section jk({sg}) at a point θk ∈ Jk(π;G), where {sg}g∈G is a family
of sections of the bundle π such that its (k + 1,G)-jet is θk+1 ∈ Jk+1(π;G) and
θk = πG

k+1,k(θk+1). In the case of finite G and k, the Cartan distribution Ck on

Jk(π;G) at the point θk is defined as the span of the spaces Lθk+1
, where θk+1 ∈

(πG
k+1,k)−1(θk).

From formulas (6.22) and (6.27) it follows that the projections πG
k,k−1 and πG,G1

k ,

where G1 is a subset in G, take the graph of the section jk({sg}) to a graph of a
similar type. For tangent maps, this fact implies the equalities

(πG
k,k−1)∗(Lθk+1

) = Lθk
, (πG,G1

k )∗(Lθk+1
) = Leθk+1

, (6.38)

where θk = πG
k+1,k(θk+1), θ̃k+1 = πG,G1

k+1 (θk+1). Consequently,

(πG
k,k−1)∗(Ck

θk
) = Lθk

⊂ Ck−1
θk−1

, (6.39)

(πG,G1

k )∗(Ck
θk

) = Ck
eθk

, (6.40)
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where θk−1 = πG
k,k−1(θk), θ̃k = πG,G1

k (θk).

Formula (6.39) means that the distribution Ck on Jk(π;G) determines the dis-
tribution C = C(π;G) on J∞(π;G) in the case of finite set G. If G is an infinite set,
then formula (6.40) allows to define the distributions Ck on Jk(π;G) and C = C(π;G)
on J∞(π;G). Namely, a tangent vector Xθ = {Xx, XθGα

k
} to the manifold J∞(π;G)

at a point θ = {x, θGα

k } lies, by definition, in the plane Cθ, if for any number k ≥ 0

and any finite subset Gα ⊂ G the vector XθGα
k

lies in the Cartan distribution Ck

on Jk(π;Gα) at the point θGα

k . We shall call the distribution Cθ, θ ∈ J∞(π;G),
the Cartan distribution on J∞(π;G). Let us describe the Cartan distribution on
J∞(π;G) from various points of view.

Proposition 6.1. At an arbitrary point θ = {[sg]
∞
g(x)}g∈G ∈ J∞(π;G), the

Cartan plane Cθ is the tangent plane to the graph of the section j∞({sg}) at the

point θ. Namely, a vector Xθ = {Xx, XθGα
k

} lies in the plane Cθ if and only if for

any number k ≥ 0 and any finite subset Gα ⊂ G the vector XθGα
k

is tangent to the

submanifold jk({sg})(M) ⊂ Jk(π;Gα).

Proof. If the vector Xθ = {Xx, XθGα
k

} at the point θ = {x, θGα

k } belongs to the

plane Cθ, then, by the definition of the Cartan distribution, for any number k ≥ 0
and a finite subset Gα ⊂ G the vector XθGα

k+1
lies in the plane Ck+1

θGα
k+1

. Therefore,

from (6.39) we obtain

XθGα
k

= (πGα

k+1,k)∗(XθGα
k+1

) ∈ LθGα
k+1

= TθGα
k

(jk({sg})(M)),

where θ = {[sg]
∞
g(x)}g∈G and θGα

k+1 = {[sg]
k+1
g(x)}g∈Gα

.

Conversely, if the vector XθGα
k

is tangent to the submanifold jk({sg})(M), then

it lies in the Cartan distribution on Jk(π;Gα). Since this is true for all k ≥ 0 and
Gα ⊂ G, we have Xθ = {Xx, XθGα

k
} ∈ Cθ.

Proposition 6.2. The Cartan distribution on J∞(π;G) determines a connec-

tion in the bundle πG
∞: at any point θ ∈ J∞(π;G) the tangent mapping (πG

∞)∗,θ

isomorphically takes the Cartan plane Cθ to the tangent space Tx(M), where x =
πG
∞(θ).

Proof. At any point θ = {x, θGα

k } ∈ J∞(π;G) we shall construct the inverse
to the mapping (πG

∞)∗,θ : Cθ → Tx(M). For any number k ≥ 0 and a finite subset

Gα ⊂ G, the tangent mapping (πGα

k )∗,θGα
k

isomorphically maps the plane LθGα
k+1

to

the space Tx(M). Therefore, any vector Xx ∈ Tx(M) uniquely determines a set

of vectors XθGα
k

∈ LθGα
k+1

, k ≥ 0, Gα ⊂ G, such that (πGα

k )∗(XθGα
k

) = Xx. From

uniqueness of this set and from formulas (6.38) it follows that for any number
k ≥ 0 and a finite subset Gβ ⊂ Gα of the set G the equalities

(πGα

k,k−1)∗(XθGα
k

) = XθGα
k−1

, (π
Gα,Gβ

k )∗(XθGα
k

) = X
θ
Gβ
k

hold. Therefore, the set of vectors {Xx, XθGα
k

} determines a tangent vector Xθ lying

in the Cartan plane Cθ. From uniqueness of vectors {XθGα
k

} it also follows that the

above constructed mapping Xx 7→ Xθ is inverse to the mapping (πG
∞)∗

∣∣
Cθ

.

Let us now prove generalizations of Propositions 2.1–2.3 of Ch. 4.
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Proposition 6.3. The set CD(π;G) of vector fields lying in the Cartan distri-

bution is spanned by the liftings to J∞(π;G) of fields on the manifold M :

CD(π;G) = {ϕ1X̂1 + · · · + ϕlX̂l | ϕi ∈ F(π;G), Xi ∈ D(M), l = 1, 2, . . . }.

Proof. Let us prove that any vector of the form X̂θ, where θ = {x, θGα

k } ∈
J∞(π;G), X ∈ D(M), lies in the plane Cθ. This is equivalent to the fact that any

projection X̂θGα
k

of the vector X̂θ to the finite-dimensional space of jets Jk(π;Gα) lies

in the corresponding plane LθGα
k+1

. Consider an arbitrary function ϕ on Jk(π;Gα)

constant on the graph of the section jk({sg}) whose (k + 1,Gα)-jet equals θGα

k+1,
where {sg}g∈Gα

is a family of sections of the bundle π. Then

X̂θ(ϕ) = X̂θGα
k

(ϕ) = X(jk({sg})∗(ϕ))(x) = X(const)(x) = 0.

Since this is true for any function ϕ of the chosen type, the vector X̂θGα
k

is tangent

to the graph of the section jk({sg}) and consequently lies in LθGα
k+1

. Hence, X̂θ ∈ Cθ

and X̂ ∈ CD(π;G).
Consider now an arbitrary field X from CD(π;G). By the definition of vector

fields, there exists a number k such that X(C∞(M)) ⊂ Fk(π;G). Similar to the
differential case (see Ch. 4), the restriction XM of the field X to C∞(M) can be
locally represented in the form XM = ϕ1X1+· · ·+ϕlXl, where X1, . . . , Xl ∈ D(M),
ϕ1, . . . , ϕl ∈ Fk(π;G). Let us show that the field X locally coincides with the field

X̂M = ϕ1X̂1 + · · · + ϕlX̂l ∈ CD(π;G).

To this end, consider an arbitrary point θ = {x, θGα

k } ∈ J∞(π;G), where the field

X̂M is defined. The vectors Xθ and X̂M,θ lie in Cθ and, by the construction of the

field X̂M , their projections to M by the mapping πG
∞ coincide. From here and from

Proposition 6.2 it follows that Xθ = X̂M,θ. Standard arguments using partition of

unity [146, 115] gives global representation of the field ϕ1X̂1 + · · · + ϕlX̂l.

Proposition 6.4. A field X ∈ D(π;G) lies in the Cartan distribution on

J∞(π;G) if and only if for any function ϕ ∈ F(π) and any mapping g ∈ G the

identity

X (ĝ ◦ πG,Gg
∞ )∗(U1(ϕ)) = 0,

holds, where U1(ϕ) is the Cartan form on J∞(π) and Gg is the set consisting of

two mappings, idM and g.

The forms (ĝ ◦ π
G,Gg
∞ )∗(U1(ϕ)) will be called the Cartan forms on J∞(π;G).

The module generated by these forms is called the Cartan module and is denoted
by CΛ1(π;G).

Proof. From formulas (6.34) and (6.27) it follows that the mappings ĝ and

π
G,Gg
∞ preserve the Cartan distribution. Therefore, if Xθ ∈ Cθ, θ ∈ J∞(π;G), then

Xθ (ĝ ◦ πG,Gg
∞ )∗(U1(ϕ)) = (ĝ ◦ πG,Gg

∞ )∗(Xθ) U1(ϕ) = 0.

Since the bundle πG
∞ is the Whitney product of the bundles g∗(π∞), g ∈ G, the

fiber (πG
∞)−1(x) is the direct product of the fibers (g∗(π∞))−1(x), g ∈ G, for any
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point x ∈ M . On the other hand, by the definition of the bundle g∗(π∞), the fiber
(g∗(π∞))−1(x) coincides with the fiber π−1

∞ (g(x)). Thus we obtain the equality

(πG
∞)−1(x) =

∏

g∈G
π−1
∞ (g(x)).

The mapping (ĝ ◦ π
G,Gg
∞ )

∣∣∣
(πG

∞)−1(x)
is the projection to the component π−1

∞ (g(x)) of

this direct product. In fact, any point θ of the fiber (πG
∞)−1(x) is the set {θg}g∈G

of infinite jets at the corresponding points g(x), g ∈ G, i.e., θg ∈ π−1
∞ (g(x)). The

mapping π
G,Gg
∞ takes the point θ to the set consisting of two jets {θg0 , θg}, where

g0 = idM , and the mapping ĝ takes this set to the jet θg.
Thus, linear space of vertical vectors of the bundle πG

∞ at the point θ ∈ J∞(π;G)
is the direct sum of linear spaces of vertical vectors of the bundle π∞ at the points
θg ∈ J∞(π) over all g ∈ G:

Vθ(J
∞(π;G)) ≃

⊕

g∈G
Vθg(J∞(π)),

where by Vθ the space of vertical fields at the point θ of the corresponding jet
bundle is denoted.

From Proposition 6.2 it follows that the tangent space to the manifold J∞(π;G)
at the point θ is the direct sum of the space of vertical vectors and the Cartan plane
Cθ. We obtain the splitting

Tθ

(
J∞(π;G)

)
≃

(⊕

g∈G
Vθg

(
J∞(π)

)) ⊕
Cθ, θ = {θg}g∈G . (6.41)

The tangent mapping (ĝ ◦ π
G,Gg
∞ )∗ isomorphically maps the component Cθ to the

Cartan plane Cθg ⊂ Tθg(J∞(π)), the component Vθg(J∞(π)) is mapped identically
to itself, and all other components are taken to zero.

Consider now an arbitrary tangent vector Xθ to the manifold J∞(π;G) at
the point θ and its splitting with respect to (6.41): Xθ =

∑
g∈G Xθg + Yθ, where

Xθg ∈ Vθg(J∞(π)), Yθ ∈ Cθ. If the vector Xθ does not lie in the Cartan distribution,
then there exists at least one mapping g1 ∈ G such that the vertical vector Xθg1

does not vanish. Then from Proposition 2.1 of Ch 4 it follows that there exists a
function ϕ ∈ F(π) such that Xθg1 U1(ϕ) 6= 0. From here we have

Xθ (ĝ1 ◦ π
G,Gg1∞ )∗(U1(ϕ))

=

(∑

g∈G
Xθg

)
(ĝ1 ◦ π

G,Gg1∞ )∗(U1(ϕ)) + Yθ (ĝ1 ◦ π
G,Gg1∞ )∗(U1(ϕ))

= (ĝ1 ◦ π
G,Gg1∞ )∗

(∑

g∈G
Xθg

)
U1(ϕ) + 0 = Xθg1 U1(ϕ) 6= 0,

i.e., Xθ does not satisfy our identity in this case.

Proposition 6.5. Any maximal integral manifold of the Cartan distribution

on J∞(π;G) is locally the graph of infinite jet for a family {sg}g∈G of sections of

the bundle π.
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Proof. The proof is similar to that of Proposition 2.3 of Ch. 4. Namely, let
R∞ be a maximal integral manifold of the Cartan distribution on J∞(π;G). The
projections

πG
∞,k

∣∣∣
R∞

: R∞ → Rk def
= πG

∞,k(R∞) ⊂ Jk(π;G), k = 0, 1, . . . ,

and

πG
∞

∣∣
R∞ : R∞ → R def

= πG
∞(R∞) ⊂ M

are local diffeomorphisms, since the Cartan planes Cθ, θ ∈ J∞(π;G) (and conse-
quently, the tangent planes to R∞) do not contain nontrivial vertical vectors (see
Proposition 6.2). Therefore, the projection πG

0

∣∣
R0 : R0 → R is also a local diffeo-

morphism. Hence, there exists a mapping s′ : R → R0 such that πG
0

∣∣
R0 ◦ s′ is the

identity. Let us extend the mapping s′, similar to the differential case (see Ch. 4),
to a section s̃ of the bundle πG

0 . Since πG
0 is the Whitney product of the bundles

g∗(π0) = g∗(π), g ∈ G, the section s̃ of the bundle πG
0 is the set {sg}g∈G of sections

of the bundle π. The manifolds jk({sg})(M) ⊂ Jk(π;G) for k = 0, 1, . . . ,∞ are
integral manifolds of the Cartan distribution and contain the manifolds Rk for the
corresponding k. But since R∞ is a maximal integral manifold, we obtain that at
least locally the manifolds R∞ and j∞({sg})(M) coincide.

From this proposition it follows that besides the manifolds j∞(s)(M), which
correspond to solutions of equations E ⊂ Jk(π;G), other maximal integral manifolds
of the Cartan distribution on J∞(π;G) may exist. The following proposition allows
to distinguish the needed ones between all maximal integral manifolds.

Proposition 6.6. Let the set G be a semigroup of mappings of the manifold

M and N be the graph of a section of the bundle πG
∞. Then N is a graph of the

form j∞(s), s ∈ Γ(π), if and only if N is a maximal integral manifold of the Cartan

distribution on J∞(π;G) invariant with respect to any mapping ĝ, g ∈ G, i.e., such

that ĝ(N) ⊂ N .

Proof. From the definition of the Cartan distribution on J∞(π;G) it follows
that the manifold N = j∞(s)(M) is a maximal integral manifold of this distribution.

Besides, if θ = [s]
(∞,G)
x ∈ N , then ĝ(θ) = [s]

(∞,G)
g(x) ∈ N .

Let now N be a maximal integral manifold invariant with respect to G. Since
N is the graph of a section of the bundle πG

∞, we have that R = πG
∞(N) = M and

s′ is a section of the bundle πG
0 defined at all points of M (see the proof of the

previous proposition). Therefore, N is the graph of a section of the form j∞({sg}),
where {sg}g∈G is a family of sections of the bundle π determined by the section s′.

Consider an arbitrary mapping g1 ∈ G, an arbitrary point x of the manifold M ,
and the corresponding point θ = j∞({sg})(x) = {[sg]

∞
g(x)}g∈G of the manifold N .

By the assumption, the point ĝ1(θ), which, by the definition of ĝ1, is the infinite
jet at the point x1 = g1(x), lies in the manifold N = j∞({sg})(M). Therefore,
ĝ1(θ) = j∞({sg})(x1). Hence, {[sg◦g1

]∞g(x1)
}g∈G = {[sg]

∞
g(x1)

}g∈G and consequently

[sg◦g1
]∞(g◦g1)(x) = [sg]

∞
(g◦g1)(x)

for any g ∈ G. Substituting g = idM to this equality and denoting sidM
by s, we

obtain the equality [sg1
]∞g1(x) = [s]∞g1(x) for any g1 ∈ G. Consequently,

θ = {[s]∞g(x)}g∈G = j∞(s)(x).
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Since this is valid for any x ∈ M , we have N = j∞(s)(M).

Everywhere below we assume that G is a semigroup of mappings of the manifold
M .

6.5. G-invariant symmetries of the Cartan distribution on J∞(π;G).
Let us describe infinitesimal transformations of the space J∞(π;G) preserving max-
imal integral manifolds of the form j∞(s)(M). Note that any manifold j∞(s)(M)
lies in J∞(π;G)0. Therefore, in general, such a transformation is a transformation
of the set J∞(π;G)0. But by the reasons exposed in Remark 6.2 we shall assume
that our transformation X is extended to the entire space J∞(π;G). From Propo-
sition 6.1 it follows that tangent planes to manifolds of the form j∞(s)(M) are the
Cartan planes at points of the set J∞(π;G)0. Consequently (see Ch. 4), at points
of the set J∞(π;G)0 we have the embedding

X(CΛ1(π;G)) ⊂ CΛ1(π;G). (6.42)

On the other hand, a field lying in CD(π;G) is tangent to all integral manifolds of
the distribution C(π;G). Therefore, it is tangent to manifolds of the form j∞(s)(M)
and hence is the desired but “trivial” transformation (cf. Ch. 4). By this reason, it
suffices to find vertical infinitesimal transformations only, such that they preserve
the class of manifolds of the form j∞(s)(M).

Let X be such a vertical field, θ be an arbitrary point of the manifold N =
j∞(s)(M), G be a semigroup of mappings of the manifold M , and g be its element.
Assume also that the field X possesses a one-parameter group of diffeomorphisms
{At}. Any manifold Nt = At(N) is of the form j∞(st)(M), st ∈ Γ(π), and hence
ĝ(Nt) ⊂ Nt (see Proposition 6.6). Hence, ĝ(At(θ)) ∈ Nt. Since ĝ(θ) ∈ ĝ(N) ⊂ N ,
the point At(ĝ(θ)) also lies in Nt. Moreover, since X is a vertical field, the mapping
At preserves every fiber of the bundle πG

∞. From here and from the commutative
diagram (6.32) we have

πG
∞(At(ĝ(θ))) = πG

∞(ĝ(θ)) = g(πG
∞(θ)),

as well as

πG
∞(ĝ(At(θ))) = g(πG

∞(At(θ))) = g(πG
∞(θ)).

Therefore, the points At(ĝ(θ)) and ĝ(At(θ)) are projected to the same point under
the mapping πG

∞ and lie on the graph Nt of a section of the bundle πG
∞. Hence,

these points coincide. But since N is an arbitrary manifold of the form j∞(s)(M),
we obtain that θ is an arbitrary point of the set J∞(π;G)0. Consequently, at points
of the set J∞(π;G)0 we have the equality At ◦ ĝ = ĝ ◦ At for sufficiently small t,
while for any function ϕ ∈ F(π;G) the equality ĝ∗(At

∗(ϕ)) = At
∗(ĝ∗(ϕ)) holds.

Differentiating the last equality with respect to t at t = 0, we obtain the formula
ĝ∗(X(ϕ)) = X(ĝ∗(ϕ)), which is valid at points of the set J∞(π;G)0 for any function
ϕ ∈ F(π;G).

Thus, a vertical vector field X preserving the class of submanifolds of the form
j∞(s)(M), s ∈ Γ(π), and possessing the one-parameter group of diffeomorphisms
is to satisfy condition (6.42) and to commute with any homomorphism ĝ∗, g ∈ G.
These conditions are to be satisfied at points of the set J∞(π;G)0 only. But if the
closure of the set J∞(π;G)0 coincides with the entire space J∞(π;G) (and in all
examples under consideration the situation is exactly of this kind), then the field
X satisfies these conditions at all point of the space J∞(π;G). This fact explains
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why we must consider vertical fields X on J∞(π;G) satisfying conditions (6.42)
and such that ĝ∗ ◦ X = X ◦ ĝ∗ for any g ∈ G. We shall call such fields G-invariant

(infinitesimal) symmetries of the Cartan distribution on J∞(π;G). Denote by
symG C(π) the set of such fields.

Proposition 6.7. Any vector field X ∈ symG C(π) is uniquely determined by

its restriction to the subalgebra F0(π) ⊂ F(π;G).

Proof. An automorphism X of the Cartan distribution on J∞(π;G) vanishing
on the subalgebra F0(π) ⊂ F(π;G) equals zero on the subalgebra F(π) ⊂ F(π;G)
as well. This fact is proved exactly in the same way as Proposition 2.4 of Ch. 4 was
proved. The fact that X is a derivation of the algebra F(π;G), but not of F(π), is
inessential.

Let X ∈ symG C(π) and X|F(π) = 0. Consider in M an arbitrary coordinate

neighborhood and the corresponding local coordinates x1, . . . , xn, . . . , pj
σg, . . . in

J∞(π;G). If g0 = idM , then pj
σg0

∈ F(π) and X(pj
σg0

) = 0. If g 6= g0, then

X(pj
σg) = X(ĝ∗(pj

σg0
)) = ĝ∗(X(pj

σg0
)) = 0

and consequently X = 0.

Let X ∈ symG C(π). Then, similar to the differential case (see Ch. 4), the
restriction X0 = X|F0(π) is a derivation of the algebra F0(π) with values in the

algebra Fk(π;Gα) for some number k ≥ 0 and a finite subset Gα ⊂ G. Therefore,
at any point θk ∈ Jk(π;Gα) the vector X0,θk

is identified with a tangent vector to

the fiber π−1(x) of the bundle π, where x = πGα

k (θk). Since π is a linear bundle,
tangent vectors to its fibers are identified with points of these fibers. Hence, the
vector X0,θk

identifies with a point of the fiber π−1(x) while the derivation X0

identifies with a section of the bundle (πGα

k )∗(π). Thus we obtain the mapping

symG C(π) → F(π, π;G). (6.43)

Injectivity of this mapping is implied by Proposition 6.7. Let us prove surjectivity
of the mapping (6.43).

Let ϕ be a section of the bundle (πGα

k )∗(π). Consider a coordinate neighborhood
U ⊂ M and the corresponding neighborhood U∞ = (πG

∞)−1(U) ⊂ J∞(π;G). Let
us define a vector field in the neighborhood U∞ by setting

Зϕ,U =
∑

j,σ,g

ĝ∗(Dσ(ϕj))
∂

∂pj
σg

,

where ϕj is the j-th component of the restriction of the section ϕ to the neighbor-
hood U∞, Dσ is the composition of total derivatives corresponding to the multi-
index σ. Let us show that the derivation Зϕ,U in the neighborhood U∞ is a G-sym-
metry of the Cartan distribution on J∞(π;G).

The field Зϕ,U is vertical. Let us prove that it commutes with any homo-
morphism ĝ∗1 , g1 ∈ G. The function ĝ∗1(xi) = g1

∗(xi) is a function on M for any
i = 1, . . . , n and consequently

Зϕ,U (ĝ∗1(xi)) = 0 = ĝ∗1(Зϕ,U (xi)).
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For the function pj
σg, using formula (6.35), we obtain

Зϕ,U (ĝ∗1(pj
σg)) = Зϕ,U (pj

σ,g◦g1
) = (ĝ ◦ g1)

∗(Dσ(ϕj))

= (ĝ∗1 ◦ ĝ∗)(Dσ(ϕj)) = ĝ∗1(Зϕ,U (pj
σg)),

i.e., the equality Зϕ,U (ĝ∗1(ψ)) = ĝ∗1(Зϕ,U (ψ)) holds for any coordinate function ψ
on U∞ and consequently for any function on U∞.

Consider the Cartan form

ω = (ĝ1 ◦ π
G,Gg1∞ )∗(U1(ψ)),

where g1 ∈ G, ψ ∈ F(π). From the commutative diagram (6.33), where k = ∞,
G′ = {idM}, and G ◦ Gg1

= G, due to the fact that G is a semigroup and g1 ∈ G, we
obtain

ω = (πG,{idM}
∞ ◦ ĝ1)

∗(U1(ψ)).

Since (π
G,{idM}
∞ )∗ is an embedding of the module Λ1(π) to Λ1(π;G), we have ω =

ĝ1
∗(U1(ψ)). Thus, we obtain

Зϕ,U (ω) = Зϕ,U (ĝ1
∗(U1(ψ))) = ĝ1

∗(Зϕ,U (U1(ψ)))

= ĝ1
∗
(

dЗϕ,U (ψ) −
∑

i

Зϕ,U (Di(ψ)) dxi

)
.

Using calculations similar to those in the differential case (see Ch. 4) and the fact
that ψ ∈ F(π), it is easy to prove the equalities

Зϕ,U (Di(ψ)) = Di(Зϕ,U (ψ)), i = 1, . . . , n.

Therefore,

Зϕ,U (ω) = ĝ1
∗
(

dЗϕ,U (ψ) −
∑

i

Di(Зϕ,U (ψ)) dxi

)
.

The form Ω = dЗϕ,U (ψ)−∑
i Di(Зϕ,U (ψ)) dxi is an element of the Cartan module,

since elements of this module and they only vanish on the Cartan distribution (this
is easily derived from Proposition 6.4) and Dj Ω = 0, j = 1, . . . , n. The mapping
ĝ1 preserves the Cartan distribution (see formula (6.34)) and therefore the induced
mapping ĝ1

∗ preserves the Cartan module. This means that

Зϕ,U (ω) = ĝ1
∗(Ω) ∈ CΛ1(π;G) and Зϕ,U (CΛ1(π;G)) ⊂ CΛ1(π;G).

Since the restriction of the field Зϕ,U to the subalgebra F0(π|U ) is the deriva-
tion ϕ1∂/∂p1

0 + · · · + ϕm∂/∂pm
0 , the field Зϕ,U is taken to the section ϕ|U by the

mapping (6.43). Let now U ,U ′ ⊂ M be two coordinate neighborhoods in M . Then
the restrictions of the fields Зϕ,U and Зϕ,U ′ to the algebra F0(π|U∩U ′) coincide.
Thus, by Proposition 6.7, we obtain that these field coincide in the neighborhood
(πG

∞)−1(U ∩ U ′). Thus, similar to the differential case, any section ϕ of the bundle
(πG

k )∗(π) determines the field Зϕ ∈ symG C(π). Therefore, we proved the following
result:

Theorem 6.8. Any G-symmetry of the Cartan distribution on J∞(π;G) is of

the form Зϕ, where ϕ ∈ F(π, π;G). The algebra symG C(π) is identified with the

module F(π, π;G).
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Similar to the differential case, the derivations Зϕ, ϕ ∈ F(π, π;G), are called
evolutionary derivations. They determine evolution of sections of the bundle π
governed by evolution equations

∂uj

∂t
= ϕj

(
x, . . . , g∗

(
∂|σ|ul

∂xσ

)
, . . .

)
, j = 1, . . . ,m.

The field Зϕ, ϕ ∈ F(π, π;G′), may be understood both as a field on J∞(π;G′),
and as a field on any jet space J∞(π;G), where G is a semigroup of mappings such
that G′ ⊂ G. If it is necessary to stress that the field Зϕ acts on J∞(π;G), we shall
use the notation З G

ϕ .

Proposition 6.9. Assume that G′ is a subsemigroup in the semigroup G and

let ϕ ∈ F(π, π;G′). Then the field ЗG
ϕ projects to the filed З G′

ϕ under the mapping

πG,G′

∞ .

Proof. The induced mapping (πG,G′

∞ )∗ embeds the algebra F(π;G′) to F(π;G).

From the definition of the fields З G
ϕ and З G′

ϕ it follows that they coincide on the
algebra F(π;G′). Hence, at any point θ ∈ J∞(π;G), for an arbitrary function
f ∈ F(π;G′) we have

((πG,G′

∞ )∗(З
G

ϕ

∣∣
θ
))(f) = З

G
ϕ

∣∣
θ
((πG,G′

∞ )∗(f)) = З
G′

ϕ

∣∣∣
θ′

(f),

where θ′ = πG,G′

∞ (θ) ∈ J∞(π;G′). Consequently, (πG,G′

∞ )∗(З G
ϕ

∣∣
θ
) = З G′

ϕ

∣∣∣
θ′

.

From Proposition 6.9 it follows in particular, that G-invariant symmetries of
the Cartan distribution on J∞(π;G) correspond to classical symmetries of the Car-
tan distribution on J∞(π) for any semigroup G. These symmetries will be called
classical symmetries of the Cartan distribution on J∞(π;G).

The Jacobi bracket {ϕ,ψ} of two sections ϕ,ψ ∈ F(π, π;G) is defined by the
formula

З{ϕ,ψ} = [Зϕ,Зψ].

The equality {ϕ,ψ} = Зϕ(ψ) − Зψ(ϕ) holds for the Jacobi bracket, which in local
coordinates rewrites as

{ϕ,ψ}j =
∑

α,σ,g

(ĝ∗(Dσ(ϕα))
∂ψj

∂pα
σg

− ĝ∗(Dσ(ψα))
∂ϕj

∂pα
σg

), j = 1, . . . ,m.

Exercise 6.9. Prove the last two equalities.

The formula

lψ(ϕ) = Зϕ(ψ)

defines the universal linearization operator lψ of the nonlinear boundary differential
operator ∆ψ, ψ ∈ F(π;G). The operator lψ acts from F(π, π;G) to F(π;G) and its
properties are similar to those in the differential case (see Ch. 4). In addition, the
formula

l bg∗(ψ) = ĝ∗ ◦ lψ

is easily proved.

Exercise 6.10. State and prove the above mentioned properties of the opera-
tor lψ.
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6.6. Higher symmetries of boundary differential equations. Let us first
introduce the notion of the infinite prolongation for boundary differential equations.
Let E ⊂ Jk(π;G) be an equation of order k, G be a semigroup. The l-prolongation

of the equation E is called the set E(l) ⊂ Jk+l(π;G) consisting of points θk+l =

{[sg]
k+l
g(x)}g∈G such that all points ĝ(θk), g ∈ G, where θk = πG

k+l,k(θk+l), lie in E
while the graph of the section jk({sg}) is tangent to the equation E with order ≥ l
at all points ĝ(θk), g ∈ G.

Remark 6.4. The set E(0) always contains in E , though, contrary to the differ-
ential case, may not coincide with E . Besides, the equation E may not be invariant
with respect to the mappings ĝ, g ∈ G, but any prolongation E(l) of this equation,
including E(0), is invariants with respect to these mappings.

If the equation E is determined by the system

Gj

(
x, . . . , g∗

(
∂|σ|sl

∂xσ

)
, . . .

)
= 0, j = 1, . . . , r,

where sl, l = 1, . . . ,m, are the components of the section s ∈ Γ(π), |σ| ≤ k, g ∈ G,
then its zero prolongation E(0) is described by the system

Gj

(
g1

∗(x), . . . , (g ◦ g1)
∗
(

∂|σ|sl

∂xσ

)
, . . .

)
= 0, j = 1, . . . , r, g1 ∈ G,

while the l-prolongation E(l) is given by the equations

ĝ1
∗(Dσ(Gj)) = 0, j = 1, . . . , r, g1 ∈ G, |σ| ≤ l,

where Dσ is the composition of total derivative corresponding to the multi-index
σ. Thus, to obtain all consequences of the equation E ⊂ Jk(π;G) we must use both
the total derivative operators Di, i = 1, . . . , n, and the action of homomorphisms
ĝ1

∗, g1 ∈ G.

Exercise 6.11. Show that if the equation E ⊂ Jk(π;G) is given by a boundary
differential operator ∆: Γ(π) → Γ(ξ), then the l-prolongation E(l) ⊂ Jk+l(π;G)
corresponds to the (l,G)-prolongation ∆G

l = jGl ◦∆: Γ(π) → Γ(ξGl ) of this operator.

Similar to the differential case (see Ch. 4), the set E(l+1) projects to the set E(l)

by the mapping πG
k+l+1,k+l for any l. The inverse limit of the tower of equations E(l),

l ≥ 0, together with the projections πG
k+l+1,k+l, is called the infinite prolongation of

the equation E and is denoted by E∞. A point θ = [s]
(∞,G)
x ∈ J∞(π;G)0 belongs to

the set E∞ if and only if the Taylor series of the section s at the points g(x) ∈ M ,
g ∈ G, satisfy the equation E . Therefore, points of the set E∞ ∩ J∞(π;G)0 are
natural to be called formal solutions of the boundary differential equation E .

The set of restrictions to E(l) of smooth functions on the enveloping space
Jk+l(π;G) will be denoted by Fl(E). For any l ≥ 0 the embedding Fl(E) ⊂ Fl+1(E)
is defined. Elements of the set F(E) =

⋃∞
l=0 Fl(E) will be called smooth functions

on the equation E∞. The set F(E) is an algebra, because the sets Fl(E) are algebras.
If θ = {[sg]

∞
g(x)}g∈G ∈ E∞, then the graph of the section j∞({sg}) is tangent

to the set E∞ at the point θ. Hence, by Proposition 6.1, the Cartan plane Cθ at
the point θ ∈ E∞ lies in the tangent space Tθ(E∞). The distribution Cθ(E) = Cθ,
θ ∈ E∞, is called the Cartan distribution on E∞. From this definition it follows
that integral manifolds of the distribution C(E) are integral manifolds of the Cartan
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distribution on J∞(π;G). Besides, since any prolongation of the equation E is
invariant with respect to any mapping ĝ, g ∈ G, this condition is also satisfied by
the infinite prolongation E∞. From here and from Proposition 6.6 we obtain the
following statement:

Proposition 6.10. The graph of a section πG
∞

∣∣
E∞ is a maximal integral man-

ifold of the Cartan distribution on E∞ invariant with respect to any mapping ĝ,
g ∈ G, if and only if it is of the form j∞(s)(M), where s ∈ Γ(π) is a solution of the

equation E.

The restriction of the mapping ĝ, g ∈ G, to E∞ will be also denoted by ĝ.
Since the planes of the Cartan distribution on J∞(π;G) at points of E∞ coincide

with the planes of this distribution on E∞, any field lying in the Cartan distribution
on J∞(π;G) is tangent to the equation E∞. The set of restrictions of such fields to
E∞ will be denoted by CD(E∞).

Similar to the differential case, let us define the module of Cartan forms on
E∞ as the set CΛ1(E∞) ⊂ Λ1(E∞) of 1-forms annihilating by vectors of the distri-
bution C(E) at any point θ ∈ E∞. A vector field X on E∞ will be called a higher

(infinitesimal) symmetry of the equation E ⊂ Jk(π;G), if it satisfies the conditions

X(CΛ1(E∞)) ⊂ CΛ1(E∞), ĝ∗ ◦ X = X ◦ ĝ∗

for any g ∈ G. The set of such fields forms a Lie algebra denoted by sym(E).
The restriction to E∞ of a G-invariant symmetry of the Cartan distribution on

J∞(π;G) tangent to E∞ is a symmetry of this equation. Such symmetries will be
called exterior.

Theorem 6.11. If the equation E ⊂ Jk(π;G) is such that

(π
G,{idM}
0 ◦ πG

∞,0)(E∞) = J0(π), (6.44)

then any higher symmetry of the equation E is a restriction to E∞ of some exterior

symmetry of this equation.

Proof. The proof of this fact is similar to the proof of Theorem 3.7 of Ch. 4.
Namely, if X is a higher symmetry, then the restriction of X to F0(π) extends to
a derivation X ′

0 : F0(π) → F(π;G). The derivation X ′
0 determines an evolutionary

derivation Зϕ such that Зϕ|F0(π) = X ′
0 (cf. the arguments after the proof of Propo-

sition 6.7). The restriction of the field Зϕ to E∞ coincides with X. Indeed, any
coordinate function on J∞(π;G) is obtained from elements of the algebra F0(π)

by action of fields Ŷ , Y ∈ D(M), and of homomorphisms ĝ∗, g ∈ G. Coordinate
functions on E∞ are obtained by restriction to E∞ of some coordinate functions

from J∞(π;G). Since the fields Зϕ and X commute both with Ŷ and with ĝ∗ while
Зϕ|F0(π) = X|F0(π), the fields Зϕ and X coincide at any function on E∞.

Let us derive defining equations for higher symmetries. Let the equation E be
given by the relations

Gj = 0, Gj ∈ Fk(π;G), j = 1, . . . , r. (6.45)

From Theorems 6.8 and 6.11 it follows that any higher symmetry of the equation
E can be obtained by restriction to E∞ of some evolutionary derivation Зϕ, ϕ ∈
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F(π, π;G) tangent to the equation E∞. Similar to the differential case (see Ch. 4),
the condition of tangency of the field Зϕ to the equation E∞ is written in the form

Зϕ(Gj) =
∑

l,σ,g

ψ′
l,σ,g ĝ

∗(Dσ(Gl)), j = 1, . . . , r.

The right-hand sides of these equalities vanish on E∞ while the left-hand ones,
restricted to E∞, are of the form

Зϕ(Gj)|E∞ = lGj
(ϕ)

∣∣
E∞ = lEGj

(ϕ̄), j = 1, . . . , r,

where ϕ̄ = ϕ|E∞ , lEG = lG|E∞ . Denote by F(E , π;G) the set of restrictions to E∞

of elements of the module F(π, π;G) and define for elements ϕ̄, ψ̄ ∈ F(E , π;G) the
bracket

{ϕ̄, ψ̄}E def
= lEψ(ϕ) − lEϕ(ψ) = {ϕ,ψ}|E∞ ,

where ϕ̄ = ϕ|E∞ , ψ̄ = ψ|E∞ .

Theorem 6.12. If an equation E ⊂ Jk(π;G) is given by the relations (6.45)
and satisfies (6.44), then the Lie algebra sym(E) is isomorphic to the algebra of

solutions of the system

lEGj
(ϕ) = 0, j = 1, . . . , r, ϕ ∈ F(E , π;G), (6.46)

where the Lie algebra structure is determined by the bracket {·, ·}E .

Exercise 6.12. Write down equations (6.46) for the system of boundary dif-
ferential equations (6.17).

6.7. Examples. The generating sections ϕ of symmetries for integro-differen-
tial equations contain much more variables than the corresponding sections in the
differential case. By this reason, to solve equation (6.46) without aid of computer
is rather difficult.

When one analyzes methods of solution of equations (6.46) (see Examples in
Ch. 3 and Ch. 6), one sees that the main trick is differentiation of both sides of
equations over some variable. Most often, such a variable contains in the equation,
but either all components of the section ϕ are independent of this variable, or only
few of them depend on it. After differentiating, we obtain a new equation on com-
ponents of ϕ. If the new equation is sufficiently simple and contains a derivative
of the component ϕi over a variable v, then, solving this equation, we derive de-
pendence of ϕi on v. Substituting the obtained expression for ϕ to equation (6.46)
and differentiating the result over another variable (w, for example), we obtain new
equations and repeat the procedure until the final solution of equation (6.46).

The first of the examples below was computed using a program written by
means of the MAPLE V software. This program produces and analyzes system
of equation (6.46), seeks for suitable variables for differentiation, differentiates the
corresponding equations over these variables, and chooses the simplest equations in
the obtained ones. The latter were solved by hand and the corresponding procedures
are described below. When solving the equations, we used the following lemma,
which may be useful in solving other equations.

Lemma 6.13. Let M be a smooth manifold. Then
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1. If a submanifold N of the manifold M is given by the equations

fi = 0, i = 1, . . . , k,

where fi ∈ C∞(M) and the covectors dfi|x, i = 1, . . . , k, are linear inde-

pendent at all points x ∈ N , then any function f on M vanishing on N is

represented in the form

f =

k∑

i=1

fiai, (6.47)

where ai, i = 1, . . . , k, are smooth functions on M .

2. Let a second submanifold N1 ⊂ M be also determined by the equations

gj = 0, j = 1, . . . , l, gj ∈ C∞(M),

and the covectors dfi|x, dgj |x, i = 1, . . . , k, j = 1, . . . , l, be linear indepen-

dent at all points x ∈ N1. Then any smooth function f on M , vanishing

both on N and on N1 represents in the form

f =
∑

i,j

figjbij , (6.48)

where bij ∈ C∞(M), i = 1, . . . , k, j = 1, . . . , l.

Proof. The result is a consequence of [80, Lemma 2.1, Ch.3].

Example 6.7. Let us find symmetries of equation (6.12). This equation is
equivalent to the system of boundary differential equations (6.17). Let us use the
following notation. Let G the semigroup of mappings considered Example 6.4. If
v is a coordinate in the fiber of the jet space with the semigroup G, then the
coordinates corresponding to the derivatives of v over x, s, and t will be denoted
by v1, v2, and v3 respectively. For example, the coordinate u2

13 corresponds to the
derivative ∂2u2/∂x∂t. By g[ab], where the letters a, b are either of the symbols 0,
x, s, or ∞, we denote the mapping belonging to the semigroup G and taking the
point with coordinates t, x, s to the point with coordinates (t, a, b). For example,
g1 = g[x0], g2 = g[0x], etc. (See Example 6.4.) By v[ab], where v is a function

on the jet space, we denote the function g[ab]
∗(v). For example, g2

∗(u2) = u2
[0,x],

g1
∗(∂u1/∂x) = u1

1[x0], etc. We shall write just v instead of v[xs]. Note that if the

restriction of a function v to the section jk(h) is f(t, x, s), then the restriction of
the function v[ab] to jk(h) is f(t, a, b).

Exercise 6.13. Describe e, f via a, b, c, d, if g[ef ] = g[ab] ◦ g[cd].

Using the above introduced notation, let us rewrite system (6.17) in the form

u1
3 =

1

2
u2

[0x] − u1u3
[x∞], u2

2 = u2
1 + Ku1

[s0]u
1,

u3
2 = Ku1

[s0], u1
[x0] = u1, u2

[x0] = 0, u3
[x0] = 0.

(6.49)
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Linearization of system (6.49) is of the form

D3(ϕ
1) =

1

2
ϕ2

[0x] − u1ϕ3
[x∞] − u3

[x∞]ϕ
1, (6.50)

D2(ϕ
2) = D1(ϕ

2) + Ku1
[s0]ϕ

1 + Ku1ϕ1
[s0], (6.51)

D2(ϕ
3) = Kϕ1

[s0], (6.52)

ϕ1
[x0] = ϕ1, (6.53)

ϕ2
[x0] = 0, (6.54)

ϕ3
[x0] = 0, (6.55)

where D1, D2, D3 are the total derivatives with respect to x, s, t respectively,
ϕ2

[0x] = g[0x]
∗(ϕ2), etc.

We shall solve system (6.50)–(6.55) assuming that the desired functions ϕ1, ϕ2,
ϕ3 depend on coordinates in πG

∞,1(E∞) ⊂ J1(π;G), i.e., on the variables

x, s, t, u1, u2, u3, u1
1, u2

1, u2
3, u3

1, u3
3, u1

[00], u1
[∞0], u1

[s0], u2
[0∞],

u2
[0s], u2

[0x], u2
[∞∞], u2

[s∞], u2
[x∞], u3

[0∞], u3
[0s], u3

[0x], u3
[∞∞],

u3
[s∞], u3

[x∞], u1
1[00], u1

1[∞0], u1
1[s0], u2

1[0∞], u2
1[0s], u2

1[0x],

u2
1[∞∞], u2

1[s∞], u2
1[x∞], u2

3[0∞], u2
3[0s], u2

3[0x], u2
3[∞∞],

u2
3[s∞], u2

3[x∞], u3
1[0∞], u3

1[0s], u3
1[0x], u3

1[∞∞], u3
1[s∞],

u3
1[x∞], u3

3[0∞], u3
3[0s], u3

3[0x], u3
3[∞∞], u3

3[s∞], u3
3[x∞].

(6.56)

From equation (6.53) it follows that the function ϕ1 depends only on the vari-
ables (6.56) by the action of the homomorphism g[x,0]

∗. These variables are

x, t, u1
[00], u1

[∞0], u1, u2
[0∞], u2

[0x], u2
[∞∞], u2

[x∞], u3
[0∞],

u3
[0x], u3

[∞∞], u3
[x∞], u1

1[00], u1
1[∞0], u1

1, u2
1[0∞], u2

1[0x],

u2
1[∞∞], u2

1[x∞], u2
3[0∞], u2

3[0x], u2
3[∞∞], u2

3[x∞], u3
1[0∞],

u3
1[0x], u3

1[∞∞], u3
1[x∞], u3

3[0∞], u3
3[0x], u3

3[∞∞], u3
3[x∞].

The above-mentioned differentiating program was applied to equations (6.50)–
(6.52). The result is a new set of equations, etc. The equations essential for
subsequent exposition will be written down and analyzed.

Step 1. Choose the variables corresponding to second order derivatives. Differ-
entiation over these variables shows that the function ϕ1 is independent of

u2
1[0∞], u2

1[0x], u2
1[∞∞], u2

1[x∞], u2
3[0∞], u2

3[0x], u2
3[∞∞], u2

3[x∞],

u3
1[0∞], u3

1[0x], u3
1[∞∞], u3

1[x∞], u3
3[0∞], u3

3[0x], u3
3[∞∞], u3

3[x∞].

The function ϕ2 is independent of the variables

u3
1, u3

3, u1
1[s0], u1

1[x0], u2
1[0s], u2

1[0x], u2
1[s∞], u2

1[x∞], u2
3[0s], u2

3[0x],

u2
3[s∞], u2

3[x∞], u3
1[s∞], u3

1[x∞], u3
3[s∞], u3

3[x∞].

The function ϕ3 is independent of

u2
1, u2

3, u1
1[s0], u2

1[0s], u2
1[s∞], u2

3[0s], u2
3[s∞], u3

1[s∞], u3
3[s∞].
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Step 2. Differentiation of equation (6.51) over the variables u3
1, u2

1[0s], u2
1[0x],

u2
1[s∞], u2

1[x∞], u3
1[s∞], u3

1[x∞] and equation (6.52) over u2
1, u2

1[0s], u2
1[s∞], u3

1[s∞]

proves independence of the function ϕ2 of the variables

u3, u2
[0s], u2

[0x], u2
[s∞], u2

[x∞], u3
[s∞], u3

[x∞]

and the function ϕ3 of

u2, u2
[0s], u2

[s∞], u3
[s∞].

Step 3. Let us now differentiate equation (6.50) over u2
3[x∞], equation (6.51)

over u2
[0x], u3

[x∞], u1
1, u2

[0s], u1
1[s0], and equation (6.52) over u2

[0s], u1
1[s0]. Then we

obtain the following equations:

∂ϕ1

∂u2
[x∞]

= 0, (6.57)

∂ϕ2

∂u2
3

Ku1
[s0] −

∂ϕ2

∂u3
3[0x]

K[0x] = 2Ku1
[s0]

∂ϕ1

∂u2
[0x]

, (6.58)

− ∂ϕ2

∂u2
3

Ku1
[s0]u

1 +
∂ϕ2

∂u3
3[0x]

K[0x]u
1 = Ku1

[s0]

∂ϕ1

∂u3
[x∞]

, (6.59)

− ∂ϕ2

∂u1
+

∂ϕ2

∂u2
1

Ku1
[s0] − Ku1

[s0]

∂ϕ1

∂u1
1

= 0, (6.60)

∂ϕ2

∂u3
3[0s]

K[0s] +
∂ϕ2

∂u2
3

Ku1 = 2Ku1
∂ϕ1

[s0]

∂u2
[0s]

, (6.61)

∂ϕ2

∂u1
[s0]

= Ku1
∂ϕ1

[s0]

∂u1
1[s0]

, (6.62)

∂ϕ3

∂u3
3[0s]

K[0s] + K
∂ϕ3

∂u3
3

= 2K
∂ϕ1

[s0]

∂u2
[0s]

, (6.63)

∂ϕ3

∂u1
[s0]

= K
∂ϕ1

[s0]

∂u1
1[s0]

. (6.64)

Let us set ϕ4 = ∂ϕ1/∂u1
1, ϕ5 = 2∂ϕ1/∂u2

[0x]. Then the functions ϕ4, ϕ5 depend

on the same variables as ϕ1, i.e., on

t, u1
[00], u1

[∞0], u2
[0∞], u2

[∞∞], u3
[0∞], u3

[∞∞], u
1
1[00], u

1
1[∞0] (6.65)

and on x, u1, u1
1, u2

[0x], u3
[0x], u3

[x∞] (we take into account equation (6.57) here).

Multiplying equation (6.58) by u1, adding it to equation (6.59) and cancelling
Ku1

[s0], we obtain the equation

∂ϕ1

∂u3
[x∞]

= −u1ϕ5. (6.66)

The right-hand side of equation (6.63) is Kϕ5
[s0] and consequently it is inde-

pendent of the variables listed in (6.65) and of x, s, u1
[s0], u1

1[s0], u2
[0s], u3

[0s], u3
[s∞].

The left-hand side of this equation is independent of u1
1[s0], u2

[0s], u3
[s∞]. Therefore,
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ϕ5 cannot depend on u1
1, u2

[0x], u3
[x∞]. From equation (6.64), by similar reasons, it

follows that the function ϕ4 is also independent of u1
1, u2

[0x], u3
[x∞].

Due to the equalities

∂ϕ1
[s0]

∂u1
1[s0]

= g[s0]
∗(

∂ϕ1

∂u1
1

) = ϕ4
[s0],

equation (6.62) is rewritten in the form

∂ϕ2

∂u1
[s0]

= Ku1ϕ4
[s0]. (6.67)

Let us differentiate equation (6.60) over u1
[s0]. The function ∂ϕ1/∂u1

1 = ϕ4 is

independent of u1
[s0] and hence from equation (6.67) we obtain

∂2ϕ2

∂u1
[s0]∂u2

1

= 0 and
∂2ϕ2

∂u1
[s0]∂u1

= Kϕ4
[s0].

Therefore, after differentiating equation (6.60) we obtain the equality

∂ϕ2

∂u2
1

= ϕ4 + ϕ4
[s0], (6.68)

and equation (6.60) rewrites in the form

∂ϕ2

∂u1
= Ku1

[s0]ϕ
4
[s0]. (6.69)

Comparing the derivative of equation (6.68) with respect to u1 with the derivative
of equation (6.69) with respect u2

1, we obtain independence of the function ϕ4 of
u1.

From equality (6.67) it can be easily deduced that the derivatives of the function
ϕ2 involved in equation (6.58) do not depend on u1

[s0]. Hence, equation (6.58) splits

into two equations:

∂ϕ2

∂u2
3

= ϕ5, (6.70)

∂ϕ2

∂u3
3[0x]

= 0. (6.71)

In a similar way, from (6.69) one obtains that equation (6.61) splits into

∂ϕ2

∂u2
3

= ϕ5
[s0], (6.72)

∂ϕ2

∂u3
3[0s]

= 0. (6.73)

From equations (6.70) and (6.72) we have the equality ϕ5 = ϕ5
[s0]. Its left-hand

side may depend on the variables (6.65) and on x, u1, u3
[0x] only, while the right-

hand side depends on (6.65) and s, u1
[s0], u3

[0s]. Therefore, the function ϕ5 depends

on the variables (6.65) only.
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Let us represent the functions ϕ1, ϕ2, ϕ3 in the form

ϕ1 = ϕ4u1
1 + ϕ5(1/2u2

[0x] − u1u3
[x∞]) + ϕ6, (6.74)

ϕ2 = ϕ4
[s0]Ku1u1

[s0] + (ϕ4 + ϕ4
[s0])u

2
1 + ϕ5u2

3 + ϕ7, (6.75)

ϕ3 = ϕ4
[s0]Ku1

[s0] + ϕ8, (6.76)

where ϕ6, ϕ7, ϕ8 are some new functions. Looking through the lists of arguments
of the functions ϕ4, ϕ5, ϕ4

[s0], it can be easily seen that the functions ϕ6, ϕ7, ϕ8

may depend only on the same variables as the functions ϕ1, ϕ2, and ϕ3 respectively.
Differentiating equation (6.74) over u2

[0x], u3
[x∞], u1

1 and using formula (6.66) and

the definitions of the functions ϕ4 and ϕ5, we obtain that ϕ6 is independent of u2
[0x],

u3
[x∞], and u1

1. In a similar way it is proved that ϕ7 is independent of u1
[s0], u2

1,

u1, u2
3, u3

3[0x], u3
3[0s], and ϕ8 does not depend on u1

[s0]. To this end, it is sufficient

to differentiate equations (6.75) and (6.76) over the corresponding variables and to
use equations (6.67)–(6.71), (6.73) and (6.64).

Step 4. Differentiating equations (6.51) over u2
1, we obtain the equality

g[s0]
∗
(

∂ϕ4

∂x

)
− ∂ϕ4

∂x
+ K[0s]u

1
[s0]g[s0]

∗
(

∂ϕ4

∂u3
[0x]

)
− K[0x]u

1 ∂ϕ4

∂u3
[0x]

= 0.

Since the function ϕ4 is independent of u1 and u1
[s0], we have

∂ϕ4

∂u3
[0x]

= 0, g[s0]
∗
(

∂ϕ4

∂x

)
=

∂ϕ4

∂x
.

From the last equality it follows that the derivative ∂ϕ4/∂x is independent of x.
Therefore, ϕ4 = ϕ9x + ϕ̃9, where ϕ9 are ϕ̃9 are functions depending on the vari-
ables (6.65).

Substituting the obtained representations for the functions ϕ2, ϕ4 to equa-
tions (6.75) and (6.54) and taking into account the equalities u2

1[x,0] = 0, u2
3[x,0] = 0

(which are implied by the fifth equation of system (6.49)), we rewrite (6.54) in the
form

ϕ̃9K[x0]u
1u1

[00] + ϕ7
[x0] = 0.

Since the function ϕ7 is independent of u1, the function ϕ7
[x0] is also independent

of u1 and consequently, ϕ̃9 = 0 = ϕ7
[x0]. Hence, ϕ4 = ϕ9x.

Step 5. From now on, when calculating ϕ3
[x,∞], it is necessary to take into ac-

count the equality g[x,∞]
∗(Ku1

[s0]s) = 0, which holds because the improper integral

in equation (6.12) converges. Taking the second derivative of equation (6.51) over
the variables u1 and u1

[s0], we obtain the equation

−
∂ϕ6

[s0]

∂u1
[s0]

+ ϕ9g +
∂ϕ7

∂u2
− ∂ϕ6

∂u1
= 0, (6.77)

where

g = 1 +
1

K

(
s
∂K

∂s
+ x

∂K

∂x

)
(6.78)

is a function in x and s. The function ϕ6 depends linearly on u1, since the first
three summands in (6.77) are independent of u1. Substituting the expression ϕ6 =
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u1ϕ10+ϕ11 to (6.77), where ϕ10, ϕ11 are functions depending on the same variables
as ϕ6, except for u1, we obtain

ϕ7 = u2(ϕ10 + ϕ10
[s0] − ϕ9g) + ϕ12,

where the function ϕ12 depends on the same variables as ϕ7, except for u2.
Step 6. Differentiating equation (6.50) over u1

1, u3
[x∞], u3

1[x∞], u3
3[x∞] and twice

differentiating (6.51) over u2 and u1, we obtain the equalities

xD3(ϕ
9) + u1

∂ϕ8
[x∞]

∂u1
1

= 0, (6.79)

u1D3(ϕ
5) = u1

∂ϕ8
[x∞]

∂u3
[x∞]

+ ϕ11, (6.80)

∂ϕ8
[x∞]

∂u3
1[x∞]

= ϕ9x,
∂ϕ8

[x∞]

∂u3
3[x∞]

= ϕ5, (6.81)

∂ϕ10

∂u3
[0x]

= 0. (6.82)

Taking into account all differential consequences of equation (6.51), the latter is
transformed to

∂ϕ12

∂s
− ∂ϕ12

∂x
= 0. (6.83)

Substituting the obtained expression for ϕ2 to equation (6.54), we have ϕ12
[x0] =

0. Using equation (6.83), we see that ϕ12 is a function of the following form:

ϕ12 = ϕ̃(x + s, u3
[0s], u

3
1[0s], t, u

1
[00], u

1
[∞0], u

2
[0∞], u

2
[∞∞], u

3
[0∞],

u3
[0x], u

3
[∞∞], u

1
1[00], u

1
1[∞0], u

2
1[0∞], u

2
1[∞∞], u

2
3[0∞],

u2
3[∞∞], u

3
1[0∞], u

3
1[0x], u

3
1[∞∞], u

3
3[0∞], u

3
3[∞∞]).

The homomorphism g[x0]
∗ changes only the first three arguments of the func-

tion ϕ12:

ϕ12
[x0] = ϕ̃(x, u3

[00], u
3
1[00], t, u

1
[00], u

1
[∞0], u

2
[0∞], u

2
[∞∞], u

3
[0∞],

u3
[0x], u

3
[∞∞], u

1
1[00], u

1
1[∞0], u

2
1[0∞], u

2
1[∞∞], u

2
3[0∞],

u2
3[∞∞], u

3
1[0∞], u

3
1[0x], u

3
1[∞∞], u

3
3[0∞], u

3
3[∞∞]).

(6.84)

Since the arguments of the function (6.84) are independent, from the equality
ϕ12

[x0] = 0 we obtain ϕ12 = ϕ̃ = 0.

The summands xD3(ϕ
9) and ϕ11 in equations (6.79) and (6.80) are independent

of u1. Therefore, setting u1 = 0 in these equations, we obtain

D3(ϕ
9) = 0, (6.85)

ϕ11 = 0. (6.86)

Equations (6.86) and (6.80) imply the equality

∂ϕ8
[x∞]

∂u3
[x∞]

= D3(ϕ
5). (6.87)
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Equations (6.87) and (6.81) show that equation (6.50) can be simplified by
setting

ϕ8 = u3D3(ϕ
5) − u3

1xϕ9 + u3
3ϕ

5 + ϕ13,

where ϕ13 is a function of the same variables as ϕ8.
Step 7. At this stage, we differentiate equation (6.85) over the variables, of

which the function ϕ9 is independent. As a result, we obtain the equations implying
that the function ϕ9 is independent of the variables

u1
[∞0], u2

[0∞], u2
[∞∞], u3

[0∞], u3
[∞∞], u1

1[00], u1
1[∞0].

Hence, this function may depend on u1
[00] and t only. Thus, equation (6.85) acquires

the form

∂ϕ9

∂t
− u1

[00]u
3
[0∞]

∂ϕ9

∂u1
[00]

= 0,

from where it follows that ϕ9 is constant.
Step 8. Differentiating equation (6.52) over u1

[s0], we obtain

X(ϕ13) = (ϕ10
[s0] − ϕ9g − D3(ϕ

5))K, (6.88)

where

X = K
∂

∂u3
+ K1

∂

∂u3
1

+ K[0s]
∂

∂u3
[0s]

+ K1[0s]
∂

∂u3
1[0s]

, K1 =
∂K

∂x
.

Equations (6.50), (6.52) and (6.55), together with their differential consequences,
imply

D3(ϕ
10) + ϕ13

[x∞] = 0, (6.89)

∂ϕ13

∂s
= 0,

ϕ13
[x0] = 0. (6.90)

Thus, the function ϕ13 depends on the variables

u3, u3
1, u3

3, u3
[0s], u3

1[0s], u3
3[0s], x, t, u1

[00], u1
[∞0],

u1, u2
[0∞], u2

[0x], u2
[∞∞], u2

[x∞], u3
[0∞], u3

[0x], u3
[∞∞],

u3
[x∞], u1

1, u1
1[00], u1

1[∞0], u2
1[0∞], u2

1[0x], u2
1[∞∞],

u2
1[x∞], u2

3[0∞], u2
3[0x], u2

3[∞∞], u2
3[x∞], u3

1[0∞], u3
1[0x],

u3
1[∞∞], u3

1[x∞], u3
3[0∞], u3

3[0x], u3
3[∞∞], u3

3[x∞].

(6.91)

Equality (6.90) means that the function ϕ13 vanishes on the submanifold N =
im g[x0]. In the coordinate space (6.91), the submanifold N is described as the zero
set for the functions

u3, u3
1, u

3
3, u

3
[0s], u

3
1[0s], u

3
3[0s] (6.92)

(see the last equation in system (6.49)). Therefore, from the first part of Lemma 6.13
we obtain the representation

ϕ13 = u3a1 + u3
1a

2 + u3
3a

3 + u3
[0s]a

4 + u3
1[0s]a

5 + u3
3[0s]a

6, (6.93)

where ai, i = 1, . . . , 6, are smooth functions in the variables (6.91).
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Substituting expression (6.93) to equation (6.89), we obtain the equality

D3(ϕ
10) + u3

[x∞]a
1
[x∞] + u3

1[x∞]a
2
[x∞] + u3

3[x∞]a
3
[x∞]

+ u3
[0∞]a

4
[x∞] + u3

1[0∞]a
5
[x∞] + u3

3[0∞]a
6
[x∞] = 0.

Since the function D3(ϕ
10) is independent of the variables

u3
[x∞], u3

1[x∞], u3
3[x∞], u3

[0∞], u3
1[0∞], u3

3[0∞],

from the last equality we obtain the equation D3(ϕ
10) = 0. Hence (see solution

of equation (6.85) at Step 7 and of equations (6.82) and (6.89)), the function ϕ10

depends on x only, and we have the equality ϕ13
[x∞] = 0. The latter means that the

function ϕ13 vanishes on the submanifold N1 = im g[x∞]. This submanifold is the
zero set for the functions

u3 − u3
[x∞], u3

1 − u3
1[x∞], u3

3 − u3
3[x∞],

u3
[0s] − u3

[0∞], u3
1[0s] − u3

1[0∞], u3
3[0s] − u3

3[0∞].
(6.94)

Thus, from the second part of Lemma 6.13 we obtain the representation

ϕ13 =
∑

i,j

figjbij ,

where by fi, i = 1, . . . , 6, the functions (6.92) are denoted, gj , j = 1, . . . , 6, are the
functions (6.94), and bij are smooth functions in the variables (6.91).

Substituting the obtained representation for the function ϕ13 to equation (6.88),
we have at the left-hand side of this equation the following expression:

∑

i

fi

(∑

j

X(gjbij)

)
+

∑

j

gj

(∑

i

X(fi)bij

)
.

The functions at the right-hand side of (6.88) do not depend of the variables of
which the functions f1, . . . , f6, g1, . . . , g6 depend. Therefore,

ϕ10
[s0] − ϕ9g − D3(ϕ

5) = 0. (6.95)

The functions ϕ10
[s0] and ϕ5 are independent of x. Hence, from equality (6.7)

for ϕ9 6= 0 it follows that g is also independent of x. But since this function is
symmetric in x and s (this is a consequence of its definition (6.78) and of symmetry
of the function K(x, s)), the function g is also independent of s. Therefore, the
product ϕ9g is a constant. From (6.7) it follows that ϕ10

[s0] does not depend on s

and consequently ϕ10 is a constant.
Introduce the notation

ϕ14 = ϕ10 − ϕ9g, ϕ15 = ϕ5 − ϕ14t.

Equation (6.7) is rewritten in the form D3(ϕ
15) = 0. From here and from the

results of Step 7 it follows that ϕ15 is also a constant. Thus,

ϕ1 = ϕ9(xu1
1 + u1g) + ϕ14(u1 + tu1

3) + ϕ15u1
3. (6.96)

Note that if ϕ1, ϕ2, ϕ3 is a solution of system (6.50)–(6.55), then the functions
ϕ2 and ϕ3 are uniquely determined by the function ϕ1. Indeed, the functions ϕ2

and ϕ3 determine evolution of the variables u2 and u3. The variables u2 and u3 are
uniquely determined by the variable u1 (see (6.49)). Therefore, it suffices to find
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some functions ϕ2 and ϕ3 together with ϕ1 satisfying system (6.50)–(6.55). Setting
ϕ13 = 0, we obtain

ϕ2 = ϕ9(su2
2 + xu2

1 + u2g) + ϕ14(2u2 + tu2
3) + ϕ15u2

3,

ϕ3 = ϕ9(su3
2 + u3g + xu3

1) + ϕ14(u3 + u3
3t) + ϕ15u3

3.
(6.97)

It is easily seen that the functions (6.96)–(6.97) satisfy system (6.50)–(6.55)
and determine the classical symmetries corresponding to the liftings of the fields

ϕ9

(
u1g

∂

∂u1
− x

∂

∂x

)
+ ϕ14

(
u1 ∂

∂u1
− t

∂

∂t

)
+ ϕ15 ∂

∂t
,

where ϕ9, ϕ14, ϕ15 are constants. If ϕ9 does not vanish, then g is a constant, while
from equation (6.78) it follows that K(x, s) is a homogeneous function with degree
of homogeneity σ = g − 1.

Exercise 6.14. Reconstruct computations of the above example in all details.

In paper [18] another system of boundary differential equations was studied,
also equivalent to equation (6.12), but possessing a larger semigroup. The symmetry
algebra for this system is the same. In paper [19] the result of symmetry computa-
tions for a generalization of equation (6.12) is given. The symmetries, which were
searched for, were of the closest type to the above found (6.96)–(6.97). Computa-
tions were not too cumbersome in spite of much more complicated equations, and
were fulfilled without computer.

Remark 6.5. The choice of a semigroup for a given equation is not unique.
One can always extend it and in some cases make it smaller (compare the semigroups
for the coagulation equation (6.12) given in [18] and in Example 6.4). Changing the
semigroup may lead to changes in the symmetry algebra (see the remark in [19, §5]).
Thus, a problem of a semigroup choice for obtaining the largest symmetry algebra
arises. It can be shown that in the differential case, extension of the semigroup
consisting of one element (the identity) may lead only to the “trivial” extension
of the symmetry algebra. For example, let our equation possess a symmetry ϕ(c)
depending on an arbitrary constant c and assume that there exists an integral (or
boundary differential) variable v independent of unknown functions in the equation.
For example, v is the value of a dependent variable at some point. Then the change
of c to v is a new symmetry ϕ(v). Suppose that the symmetry ϕ(c) depends
on an arbitrary function c of some independent variable z. Then, exactly in the
same way, we can change c by a variable v depending on z only and obtain a new
symmetry ϕ(v). We call such an extension of the symmetry algebra extension by a

fake constant. It is trivial in the following sense: in the fiber v = c of our equation,
the symmetries ϕ(v) and ϕ(c) coincide.

Example 6.8. The Khokhlov–Zabolotskaya equation (see §5.3 of Ch. 3) pos-
sesses the symmetry

ϕ = q3p2gp1 + 2pgp3 + q3p22g,

where g : (q1, q2, q3, q4) 7→ (a, q2, b, c), a, b, c are arbitrary numbers. This symmetry
is obtained from the symmetry f(A) (see (5.16) of Ch. 3) by changing the function
A(q2) by pg.



6. SYMMETRIES OF INTEGRO-DIFFERENTIAL EQUATIONS 303

Remark 6.6. Assume that we are interested not in all solutions of a given
equation, but only in the ones satisfying additional conditions (boundary or inte-
gral). Then a semigroup extension may lead to extension of the symmetry algebra.
An example of integral symmetry the reader can find in the book [29]. The au-
thors are looking for symmetries of the Maxwell equations. They compute classical
symmetries of the equations obtained by the Fourier transformation of the initial
system. The inverse Fourier transformation delivers integral symmetries of the sys-
tem consisting of the Maxwell equations and of the existence conditions for the
corresponding Fourier transformation.

In conclusion, we consider an example of using the Laplace transformation for
obtaining integral symmetries of integro-differential equations.

Example 6.9. Consider equation (6.12) in the case K(x, s) = x + s. The
Laplace transformation with respect to the variable x takes this equation to the
boundary differential equation

Φ2 = ΦAΦ1 + Φ1AΦ − ΦΦ1, (6.98)

where

Φ = Φ(p, t) =

∫ ∞

0

u(x, t)e−px dx,

ΦA =

∫ ∞

0

u(x, t) dx = Φ(0, t),

Φ1A = −
∫ ∞

0

xu(x, t) dx =
∂Φ

∂p
(0, t),

Φ1 are Φ2 the derivatives of Φ over p and t respectively. The semigroup of this
equation consists of the mappings: the identity and A : (p, t) 7→ (0, t). The equation
for the generating function of a symmetry ψ is of the form

X(ψ) = Φ1Â
∗(ψ) + ΦÂ∗(D1(ψ)) + (Φ1A − Φ1)ψ, (6.99)

where X = D2 −ΦAD1 + ΦD1. The 0-prolongation of equation (6.98) is the space
of variables p, t, ΦA, Φ1A, Φ, Φ1. If ψ is a function on the 0-prolongation, then X
may be considered as a vector field on the same space, and it is easy to find the
first integrals of this field:

q1 = Φ1A, q2 = ΦAe−q1t, q3 = Φe−q1t,

q4 = q1p + ΦA − Φ, q5 =

(
q1

Φ1
− 1

)
eq1t.

Equation (6.99) is easily solved in this case. The general solution, modulo sum-
mands corresponding to the trivial extension of the classical symmetry algebra (see
Example 6.7), is

ψ = (f − Â∗(f))
Φ1

q1
+

Φ1

q1
eq1tÂ∗

(
∂f

∂q5

)
, (6.100)

where f is a function in q1, q2, q3, q4, q5, such that Â∗(∂f/∂q3) = 0. Substituting
f = q1q3q4 to formula (6.100), we obtain

ψ = q3q4Φ1 = Φe−q1t(q1p + ΦA − Φ)Φ1.

The corresponding symmetry of equation (6.12) for K(x, s) = x + s is of the form
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ϕ = e−q1t

[
x

3

∫ x

0

∫ s1

0

u(x − s1, t)u(s1 − s2, t)u(s2, t) ds2 ds1

− q1

∫ x

0

u(x − s, t)su′
s(s, t) ds − q1

∫ x

0

u(x − s, t)u(s, t) ds

− x

2

∫ ∞

0

u(s, t) ds

∫ x

0

u(x − s, t)u(s, t) ds

]
,

where q1 = −
∫ ∞
0

su(s, t)ds.

Exercise 6.15. Prove formula (6.100). Using this formula, find all symmetries
of equation (6.12) for K(x, s) = x + s containing double integrals.



APPENDIX

From symmetries of partial differential equations
towards Secondary (“Quantized”) Calculus

But science is not yet just a catalogue of
ascertained facts about the universe; it is
a mode of progress, sometimes tortuous,
sometimes uncertain. And our interest in
science is not merely a desire to hear the
latest facts added to the collection, we like
to discuss our hopes and fears, probabili-
ties and expectations.

Sir A. Eddington

Introduction

The pre-history of rational mechanics was the study of so-called simple mecha-
nisms. A number of attempts to explain the whole Nature as a machine composed of
these mechanisms was made in that period. The “standard schemes” and “models”
of the modern quantum field theory (QFT) look much alike these simple mecha-
nisms.

This analogy maybe clarifies the reasons of an almost common feeling that
quantum field theory, in its present form, is not yet a “true” well-established theory.
Below we undertake an attempt to analyze why this is so and what ingredients are
to be added to the solution to get the desired crystallization.

Having this in mind, we start the paper with some general observations on
genesis of long-scale theories. These introductory pages furnish our subsequent
considerations with the necessary initial impulse. Following it, we eventually arrive
at Secondary or, more speculatively, Quantized Differential Calculus, which seems
to have some chances to provide the passage from “standard models” to the “true”
theory with the necessary mathematical background.

From the very beginning, we would like to stress that Secondary Calculus is only
a language with which, hopefully, QFT can be developed smoothly, i.e., without
“renormalizations”, “anomalies”, etc. If this is the case, the fundamental problem
to translate QFT systematically into Secondary Calculus remains to be carried out
separately. Of course, results and experiences accumulated in the study of concrete
models up to now are indispensable to this purpose.

A short version of the article by A. M. Vinogradov first published in J. Geom. Phys.

14 (1994), 146–194.
Reproduced by permission of Elsevier Science—NL, Sara Burgerhartstraat 25, 1055 KV Am-

sterdam, The Netherlands.
c© 1994 Elsevier Science B.V. All rights reserved

305



306 APPENDIX: SECONDARY CALCULUS

This text is neither a review nor a research account, but a long motivation for
this Secondary Calculus. We describe informally some principle ideas and results
already obtained in this field and also indicate some problems and perspectives
which seem promising at this moment.

It was not our intention to present here a systematic and rigorous exposition of
Secondary Calculus. That would be hardly possible within the limits of such a text.
So, we restrict ourselves to a general panorama, which could help the interested
reader to enter the subject by consulting the bibliography. A lot of details and
techniques can be found in the main text of this book (see also [131, 135, 130]).
It should be followed by [3, 60, 132, 117, 138, 118, 119, 57, 62, 133, 76].

And, finally, the first “philosophical” pages of this Appendix are to be read
half-seriously keeping an eye on the uncertainty principle: making more precise the
meaning of words used will kill the motivating impulses we hope they emit.

1. From symmetries to conceptions

It is banal to say that every theory has its origin in rather simple things. But
what are they? The word “simple” of common language incorporates many mean-
ings. In linear approximation, they can be displayed by the following diagram:

BANAL · · · · · SYMMETRIC

in which the dots indicate the “intermediate states”. In other words, we find enough
reasons to interpret “symmetric” as “simple but not banal”. Details are just ob-
structions to symmetry. So, the models manifesting only the essence of the phenom-
ena in question are necessarily symmetric. Recall Euclidean geometry, Copernicus’
planetary system, Newton’s laws in mechanics or special relativity to illustrate this
idea. Hence, we accept as the leading principle that the initial stage in the genesis
of theories is the study of symmetric models. (Of course, the above remarks are
applicable only to rather long-scale situations.)

Symmetry considerations replace conceptual thinking in studying symmetric
models quite well. That is why they work well at first, especially for mathemati-
cally based theories, owing to the fact that “symmetry” implies “solvability” and
“integrability” in this case.

At this point, the theory passes to the next stage of its development when the
dominating paradigm states that everything can be composed of simple (symmetric)
elements studied earlier and the only thing to be understood is how. Schematically,
this period can be characterized as the time when operative concepts of the fu-
ture “true” theory, not yet discovered, are substituted by their “morphemes” and
when more or less mechanical mosaics of the latter replace the calculus of these
conceptions. This is the reason to call this stage “morphological”.

A serious deficiency of these morphological compositions is that many of them
are to be corrected constantly to be in agreement with new experimental data and
theoretical demands. This produces numerous perturbation-like schemes which are
very characteristic to the morphological era.

Ptolemy’s planetary system with its numerous epi- and hypo-cycles and quan-
tum electrodynamics with its renormalizations illustrate this quite well. Also, one
can learn from these examples that the incredibly exact correspondence to experi-
ments is not all what is needed to be a “true” theory. Of course, there is nothing
bad in using a perturbation scheme for technical purposes. But it would be hardly
reasonable to erect a skyscraper on a perturbed foundation.
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Darwin’s selection theory seems to be applicable to this selection of concepts as
well. For example, one can see many fantastic creations appearing during troubled
times (for example, look at the history of QFT in recent decades). This is typical
for situations when the expressive powers of the language do not correspond to
the subject to be described. Summing up, we represent our idea on genesis of
mathematically based theories by the scheme:

symmetric origin

(“beautiful times”)
===⇒ morphological

era

===⇒ conceptual self-organization

(“troubled times”)
===⇒ conceptual

happy end
(1)

Of course, in reality, the indicated periods get mixed and this can happen, some-
times, in a very curious way. For example, nowadays synthetic geometries, typical
creations of the morphological era, have almost left the land, being substituted by
differential geometry. On the other hand, measure theory, being a morphological
realization of the idea of integration, coexists peacefully with its future conqueror,
namely, the de Rham-like cohomologies.

The passage from attempts to model the scope of new phenomena in terms of
the “old”, already existing mathematical language to a new one of a higher level,
whose expressive potentials are just adequate to the new demands, is the essence of
scheme (1). Here we use “mathematical language” in the spirit of “programming
language”. This enables us to take into account anthropomorphic elements present
implicitly in the theories due to the fact that individual brains and scientific com-
munities are something like computers and computer networks, respectively. The
history of metric geometry from Hellenistic symmetric form based on common logic
up to its modern Riemannian form based on Calculus gives an ideal illustration of
the above scheme.

2. “Troubled times” of quantum field theory

Assuming scheme (1) to be true, it becomes quite clear that nowadays QFT
passes through its “troubled times”. Even some key words of QFT’s current vo-
cabulary, such as “renormalizations”, “broken symmetries”, “anomalies”, “ghosts”,
etc., indicate a deep discrepancy of its physical content and the mathematical equip-
ment used. Also, one can see too many Lie groups, algebras, etc., up to quantum
and quasi-quantum ones, and symmetry considerations based on them, which play
a fundamental role in the structure of modern QFT. This shows that the theory is
not sufficiently distinct from its symmetric origin. In fact, the strongest and most
obvious argument in favor of these “troubled times” comes from the perturbation
type structure of the existing theory. However, the absence of real alternatives and
long-time habits have reduced the value of this argument almost to zero.

We realize that the sceptic reader, even convinced of these “troubled times”,
will prefer to follow the current research activity in expectation of times when the
aforementioned natural selection mechanisms will have accomplished their work.
So, this text is mainly meant for those who would be interested to seek some
possible artificial selection mechanisms, which, as is well known, work much faster.

At this point, we start to look for this “programming language” for QFT, being
motivated by the above “evolution theory”. Of course, the latter should be exposed
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in more details to be perceived correctly. But we do not take the risk to go more
in this direction, remembering the attitude toward any philosophy at the end of
the “set-theoretic” epoch we are living in. Instead we invite the reader to return
to this point once again after having read the whole text. Also, a development of
above general ideas can be found in [3, Ch. 1]. In particular, there we touch such
topics as: what anthropomorphic factor stands behind the idea to put set theory
in the foundations of the whole mathematics and why Calculus is the language of
classical physics.

3. “Linguization” of the Bohr correspondence principle

We find the initial data in the following two general postulates, which seem to
be beyond doubt:

I. Calculus is the language of classical physics.
II. Classical mechanics is the limit case as h → 0 of quantum mechanics (the

Bohr correspondence principle).

These are our initial position and momentum, respectively.
To avoid misunderstanding, we would like to stress that the word “Calculus” is

used here, and later on, in its direct sense, i.e., as a system of concepts (say, vector
fields, differential forms, differential operators, jets, de Rham’s, Spencer’s, . . . ,
cohomologies, etc., governed by general rules, or formulas like d2 = 0, LX =
iX ◦ d + d ◦ iX , etc.). As we showed in [123], they all constitute a sort of “logic
algebra” due to the fact that differential calculus can be, in fact, developed in a
pure algebraic way over an arbitrary (super)commutative algebra A (see also [60,
Ch. 1]). This algebraically constructed Calculus coincides with the standard one
for smooth function algebras A = C∞(M). Also, one can learn from this algebraic
approach, and this is very important to emphasize, that there are many things to
discover and to perceive in order to close this logic algebra, i.e., to get the whole
Calculus. Higher-order analogs of the de Rham complexes [128] give such kind of
an example.

Thus, the first postulate suggests to look for an extension of Calculus while the
second one defines more precisely the direction to aim at. Having this in mind, we
need to extract the mathematical essence of Bohr’s correspondence principle and
the following diagram illustrates how it can be done:

equations of quantum mechanics

(Schrödinger equations)

h→0 →←
quantization

equations of classical mechanics

(Hamilton equations)

⇓ “mathematization”

partial differential

equations

CHARQ → ordinary differential

equations

Here CHARΣ denotes the map which assigns to a given system of partial differential
equations E a system E0

Σ of ordinary equations describing how Σ-type singularities
of solutions of E propagate. What is meant by solutions singularity types Σ and
what is, in particular, the above singularity type Q will be discussed later on,
see also [124, 133, 74, 76]. But now we shall explain what are the reasons for
suspecting CHARQ to be behind the Bohr correspondence principle.
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First, note that the mathematical background of the passage from wave to
geometric optics can be naturally presented in the form E → E0

FOLD, where FOLD
stands for the folding type singularity of multi-valued solutions of E (see §9). On
the other hand, multivalence of solutions is related to nonuniqueness of the Cauchy
problem and, therefore, to the theory of (bi)characteristics.

Remark 1. There exists a dual way to pass to geometric optics proposed by
Luneburg [71] and based on the study of discontinuous solutions. However, the
choice of Luneburg’s approach instead of that we have adopted does not lead us to
essential changes in our subsequent arguments.

Second, recollecting that Schrödinger discovered his famous equations proceed-
ing from the analogy with wave-geometric optics, one can expect a similar mecha-
nism in the passage from quantum to classical mechanics [102]. More precisely, it
seems natural to hypothesize the equations of classical mechanics to be the Q-char-
acteristic equations of the corresponding equations of quantum mechanics. These
hypothetical Q-characteristic equations should play a similar role with respect to
an appropriate “quantum” solution singularity type as the standard characteris-
tic equations do with respect to the singular Cauchy problem. This hypothesis
becomes almost evident in the framework of Maslov’s approach to semi-classical
asymptotics [83]. We refer also to the lectures by Levi-Cività [67] and the work by
Racah [96], one of the first attempts to go this way.

This all motivates us to take the formula

QUANTIZATION = CHAR−1
Q (2)

as the leading principle and we go to seek for its consequences.
First of all, the direct attempt to extend (2) to QFT leads immediately to the

problem illustrated by the following diagram:

quantum fields
h→0→ classical fields

⇓ “mathematization” ⇓

?
CHARQ→ partial differential

equation

(3)

In other words, we have to answer the question: what kind of mathematical objects
are to be placed into the left lower rectangle of (3) or, more precisely, what is
the mathematical nature of the equations whose solution singularity propagation is
described by means of partial differential equations? The scheme

ordinary differential

equations
←CHAR partial differential

equations
←CHAR

?

motivates us to call these, yet unknown, mathematical objects secondary quantized

differential equations.
Thus, the problem to consider next is

What are secondary quantized differential equations? (4)

All the preceding discourses do not furnish us with the necessary impulse to at-
tack it. In searching such an impulse we consider the simplest situation when a
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CHAR-type mapping appears:

∑

i

ai(x)
∂u

∂xi
= b(x)

CHAR→ {ẋi = ai(x)}.

In other words, we shall examine the passage from vector fields to ordinary differ-
ential equations making an attempt to understand what secondary (“quantized”)
vector fields should be.

We can profit from simplicity of this situation, which, in turn, comes from the
symmetry of the context in full accordance with §1. More exactly, infinitesimal
symmetries of the system ẋi = ai(x) are vector fields Y =

∑
ci∂/∂xi commuting

with the field X =
∑

ai∂/∂xi and, as is well known, any vector field admits locally
a lot of fields commuting with it. For our purpose it is important to observe
that symmetries of the system ẋi = ai(x) are objects of the same nature as the
differential operator (namely, X =

∑
ai∂/∂xi) defining the first-order part of the

initial equation X(u) = b. For this reason, it seems very likely that secondary
quantized vector fields are identical to symmetries of partial differential equations.

So, proceeding to check this hypothesis it is wise to consider the theory of
differential equations from the category theory viewpoint, which furnishes a means
for drawing an analogy with the category of smooth manifolds.

4. Differential equations are diffieties

A natural generalization of the concept of infinitely prolonged equation moti-
vated by the factorization procedure (see Ch. 3), nonlocal symmetries (see Ch. 6),
etc., is given by the following

Definition 1. A manifold O supplied with an n-dimensional distribution C
satisfying the Frobenius complete integrability condition is called a diffiety1, if it is
locally of the form E∞.

The integer n is called the diffiety dimension of O and is denoted by DimO. Of
course, it differs generally from the usual dimension of O, which is equal to infinity
as a rule.

Example 1 (the projective diffiety). Let E = En+m be a smooth (n + m)-di-
mensional manifold. The k-jet [M ]kθ of an n-dimensional submanifold M at a point
θ ∈ E is the class of n-dimensional submanifolds of E tangent to M with order k
at θ ∈ E. The totality of k-jets of all possible n-dimensional submanifolds M
at all points θ ∈ E is denoted by Ek

n. If we recollect the construction of Jk(π),
k = 0, . . . ,∞, we shall easily prove that

1. The set Ek
n is supplied with a natural structure of smooth manifold.

2. There exist the natural projections Ek+1
n → Ek

n.
3. The space J∞(E,n) = E∞

n defined as the inverse limit of these projections
is equipped with the natural completely integrable distribution.

It is also obvious that J∞(E,n) has locally the form J∞(π) for an appropriate
m-dimensional bundle π over an n-dimensional manifold and, thus, is a diffiety of
dimension n.

1From “DIFFerential varIETY”.
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Diffieties are objects of a category called the category of differential equation,
with the morphisms being the maps that preserve the distribution.

All natural constructions of the theory of differential equations can be extended
to arbitrary diffieties with minor or no modifications. In particular, any local
isomorphism τ : O′ → O is called a covering of O, while a symmetry of O′ is said
to be a τ -nonlocal symmetry of O. Evidently, all τ -symmetries of O constitute
a Lie algebra for a fixed τ : O′ → O, which coincides with symO′. But, at first
glance, it seems to be absurd to look for the commutator of two nonlocal symmetries
defined on two different coverings. However, it turns out to be possible to find the
desired commutator on a suitable third covering. Therefore, in order to organize
all nonlocal symmetries of O into something like a Lie algebra one must take into
consideration all coverings of O simultaneously.

All coverings of a given diffiety constitute in a natural way a category which we
called a cobweb (see [62]). This construction implies many important consequences
for Secondary Calculus. But at the moment this is only a beautiful perspective to
be explored systematically.

We remark also that, while diffieties are analogs of affine varieties of algebraic
geometry, cobwebs are analogs of fields of rational functions on them.

There are two different natural inclusions of the category of finite-dimensional
manifolds to the category of differential equations:

1. Mn ⇒ J∞(Mn, n).
2. Mn ⇒ J∞(Mn, 0).

In the first case an n-dimensional manifold M goes to an n-Dimensional diffi-
ety, i.e., dimM = Dim M , whereas in the second case DimM = 0. These two ways
are, in a sense, dual to each other, and therefore, lead to a kind of duality in the
theory of differential equations. Also, one can see that the traditional “differential”
mathematics (Calculus, geometry, equations, etc.) viewed as a part of diffiety the-
ory becomes conceptually closed only if the underlying manifolds are understood
to be zero-dimensional diffieties. In other words, the standard “differential” math-
ematics forms zero-dimensional part of the diffiety theory. So, from this point of
view it would be quite natural to suspect that the relevant mathematics necessary
to quantize smoothly classical fields has not yet been discovered to a great extent.

Let us now return to the problem posed at the end of the previous section and
ask ourselves: what do the notion of symmetry means when applied to zero-dimen-
sional diffieties, i.e., to usual manifolds. Obviously, symM = D(M), where D(M)
stands for the Lie algebra of all vector fields on M . In an arbitrary coordinate
system u1, . . . , um on M , the standard coordinate expression

X =
∑

i

ϕi(u)
∂

∂ui
, u = (u1, . . . , um),

for a vector field X on M is a particular case of formula (2.15) of Ch. 4 for evolu-
tionary derivation

Зϕ =
∑

i,σ

Dσ(ϕi)
∂

∂ui
.

Recall that to each evolutionary derivation Зϕ there corresponds the evolution
equation (2.19) of Ch. 4

∂ui

∂t
= ϕi(x, u, . . . , uj

σ, . . . ), i = 1, . . . ,m. (5)
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In the case Зϕ = X, system (5) takes the form

dui

dt
= ϕi(u

1, . . . , um), i = 1, . . . ,m. (6)

But in (6) we recognize the ordinary differential equations of characteristics for
the first-order partial differential operator X =

∑
i ϕi∂/∂ui. Now the analogy

X 7→ Зϕ, (6) 7→ (5) motivates the following principal statement:

If ϕ = (ϕ1, . . . , ϕm) is the generating function of a symmetry χ ∈
sym E∞, then system (5) of partial differential equations can be nat-

urally considered as the characteristic system corresponding to the

operator χ.

By virtue of (3), this gives the desired solutions of the main problem (4) for
first-order equations:

Symmetries of partial differential equations are first-order secondary

quantized differential operators.

This is our starting point when we look for secondary quantized differential
operators of higher order.

5. Secondary (“quantized”) functions

It seems natural to define higher-order secondary quantized differential opera-
tors as compositions of first-order ones. But going this way we meet immediately
the following difficulty.

Recall that first-order secondary differential operators are elements of the Lie
algebra symO. On the other hand, they are not proper differential operators but
cosets (equivalence classes) of them. So the question arises: how to compose the
cosets? We leave to the interested reader the task of verifying that a direct attack
to this problem fails.

Another aspect of this problem can be extracted from a similar question: on
what kind of objects do secondary differential operators act? No doubt, secondary
differential operators should be proper operators, i.e., act on some kind of objects.
The usual functions cannot be taken as such. One can see this by trying to define
an action of the algebra symO on C∞(O). The only natural way to do this is to put
χ(f) = X(f) for χ ∈ symO, X ∈ DC(O), χ = X mod CD(O), and f ∈ C∞(O).
But this definition is clearly not correct. Namely, if X1, X2 ∈ DC(O) are two
different vector fields and X1 ≡ X2 mod CD(O), then, generally, X1(f) 6= X2(f).

However, it is clear that, linguistically, secondary operators should act on sec-
ondary functions and we shift this question by asking what they are. The following
analogy will help us to answer.

Let Λi(M) denote the space of differential i-forms on the manifold M . The
map

C∞(M)
d→ Λ1(M) (7)

provides extremal problems on smooth functions on M with the “universal solu-
tion”. Treating smooth manifolds as zero-dimensional diffieties we see that the
analog of (7) should be a map providing variational problems for multiple integrals
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with the universal solution. But this is the well-known Euler–Lagrange map:

variational functionals,

or “actions”

E→ differential

operators
(8)

i.e., E associates with an “action”
∫
Ω

Ldx1 · · · dxn the left-hand side of the corre-
sponding Euler–Lagrange equation. Therefore, this analogy between (7) and (8)
suggests to adopt “actions” as secondary (or “quantized”) functions. This idea
is to be corrected because “actions”, understood in the standard way, contain a
detail, malignat for our aim and necessary to be eliminated. This detail is the
explicit reference to the domain of integration Ω. So, our next problem is to find a
meaning for hieroglyphs of the form

∫
Ldx1 · · · dxn (without “Ω”!). We shall solve

it by interpreting them as some kind of cohomology classes (for more motivations
see [38]). But before that, we need some preliminaries (cf. Ch. 4).

Let O be a diffiety, DimO = n. Observe that there is the horizontal de Rham
complex on O, which is constructed similarly to that on an infinitely prolonged
equation. Namely, consider the submodule CΛi(O) of Λi(O) consisting of forms
whose restrictions to the contact distribution of O vanish:

ω ∈ CΛi(O) ⇐⇒ (Y1, . . . , Yi) = 0 ∀Y1, . . . , Yi ∈ CD(O).

We put

Λi
0(O) = Λi(O)

/
CΛi(O).

Elements of Λi
0(O) are called horizontal differential forms on O. Evidently,

Λi
0(O) = 0 for i > n.

It is easy to see that d(CΛi(O)) ⊂ CΛi+1(O) and, therefore, the standard dif-
ferential d induces the horizontal differential

d̂ : Λi
0(O) → Λi+1

0 (O).

Of course, d̂2 = 0 and this enables us to introduce the horizontal de Rham complex
of O. Its cohomology is called the horizontal de Rham cohomology of O and is
denoted by H̄i(O), i = 0, . . . , n.

Finally, we accept the following basic interpretation:

Secondary (or “quantized”) functions on O are elements of the co-

homology group H̄n(O).

In other words, we consider the cohomology group H̄n(O), DimO = n, to be
an analog of the smooth function algebra in Secondary Calculus.

To justify the choice made, we shall describe in coordinates the “horizontal”
constructions just given, for O = J∞(E,n) (see Ch. 4 and 5). First of all, we
observe that the coset of a differential form ω ∈ Λi(J∞(E,n)) contains only one
element of the form

ρ =
∑

1≤k1<...ki≤n

ak1,...ki
(x, u, . . . , uj

σ, . . . ) dxk1
∧ · · · ∧ dxki

,

where ak1,...,ki
∈ C∞(J∞(E,n)). The characteristic feature of such a form is that

the differentials duj , duj
σ do not enter into its coordinate expression. Therefore,

the module Λi
0(J

∞(E,n)) can be identified locally with the module of the form of
this type.
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Under the identification made, the horizontal de Rham differential d̂ looks as

d̂ρ =
∑

s,k1,...,ki

Ds(ak1,...ki
) dxs ∧ dxk1

∧ · · · ∧ dxki
,

where Ds is the s-th total derivative. In particular, every horizontal (n − 1)-form
can be uniquely represented as

ρ =
∑

i

(−1)i−1ai dx1 ∧ · · · ∧ dxi−1 ∧ dxi+1 ∧ · · · ∧ dxn, ai ∈ C∞(J∞(E,n)),

and

d̂ρ = div(A) dx1 ∧ · · · ∧ dxn,

where A = (a1, . . . , an) and div(A) =
∑

i Di(ai). Also, horizontal n-forms look as

L(x, u, . . . , uj
σ, . . . ) dx1 ∧ · · · ∧ dxn, L ∈ C∞(J∞(E,n)),

and one can recognize Lagrangian densities in them. So, we see that the horizontal
cohomology H̄n(J∞(E,n)) can be identified locally with the linear space of equiv-
alence classes of Lagrangian densities on J∞(E,n) with respect to the following
relation:

L1 ∼ L2 ⇐⇒ L1 − L2 = div(A) for some A.

On the other hand, actions
∫
Ω

Li dx1 ∧ · · · ∧ dxn, i = 1, 2, are equivalent in the
sense that they lead to identical Euler–Lagrange equations if and only if L1 ∼ L2.
This is independent of the choice of Ω. For these reasons, it is natural to identify
hieroglyphs

∫
Ldx1 ∧ · · · ∧ dxn with n-dimensional horizontal cohomology classes.

We conclude this section by noting that similar reasonings are valid for arbitrary
diffieties as well.

6. Higher-order scalar secondary (“quantized”) differential operators

First of all, we must justify the above adopted definition of secondary functions
demonstrating that first-order differential operators really act naturally on them.
In other words, we must look for a natural action of the algebra symO on the space
H̄n(O). This, however, can be done straightforwardly.

First, note that if X ∈ DC(O), ω ∈ CΛi(O), and LX denotes the Lie derivative
along X, then LX(ω) ∈ CΛi(O), as it results from definitions and the fact that

CΛi(O) = CΛ1(O) ∧ Λi−1(O), i > 1.

This allows us to define the Lie derivative on horizontal forms by passing to quo-
tients:

LX : Λi
0(O) → Λi

0(O).

Next, let

χ ∈ symO, χ = X mod CD(O) for X ∈ DC(O),

θ ∈ H̄n(O), θ = ω mod d̂Λn−1
0 (O) for ω ∈ Λn

0 (O).

We define now the action of χ on θ by putting

χ(θ) = LX(ω) mod d̂Λn−1
0 (O) ∈ H̄n(O).

The fact that the action is well defined is implied by the following two statements:

1. LY (ω) ∈ d̂Λn−1
0 (O) if ω ∈ Λn

0 (O) and Y ∈ CD(O).
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2. LX ◦ d̂ = d̂ ◦ LX .

They both are direct consequences of definitions.
Now we see that the above definition of secondary functions correlates nicely

with other “secondary” constructions and, therefore, can serve as an example in
proceeding to more complicated “secondary” notions. For example, let us observe
that we have succeeded to define a correct action of one quotient (namely, symO =

DC(O)
/
CD(O)) on another (namely, H̄n(O) = Λn

0 (O)/d̂Λn−1
0 (O)) owing to:

1. The quotient DC(O) consists of first-order differential operators which act

on the C∞(O)-module Λn
0 (O) leaving d̂Λn−1

0 (O) invariant.
2. The images of Λn

0 (O) under the action of first-order operators belonging to

CD(O) are contained in d̂Λn−1
0 (O).

We shall get the necessary generalization to higher-order secondary differential
operators simply by replacing the words “first-order” by “k-th order” in 1 and 2
above. More exactly, let Diffk(Λn

0 (O)) denote the C∞(O)-module of all (“usual”)
differential operators of order ≤ k acting on Λn

0 (O) and put

Diffk(O) = {∆ ∈ Diffk(Λn
0 (O)) | ∆(d̂Λn−1

0 (O)) ⊂ d̂Λn−1
0 (O) },

Diffk(O) = {∆ ∈ Diffk(Λn
0 (O)) | ∆(Λn

0 (O)) ⊂ d̂Λn−1
0 (O) }.

Then the space of all scalar secondary (“quantized”) operators

of order ≤ k on O is defined to be the quotient

Diffk(O) = Diffk(O)/Diffk(O). (9)

Of course, every secondary operator ∆ ∈ Diffk(O) can be understood as an
operator

∆: H̄n(O) → H̄n(O),

acting on secondary functions. In fact, if

∆ = δ mod Diffk(O) for δ ∈ Diffk(O),

Θ = ω mod d̂Λn−1
0 (O) for ω ∈ Λn

0 (O),

then the horizontal cohomology class

∆(Θ) = δ(ω) mod d̂Λn−1
0 (O)

is well defined, i.e., does not depend on the choice of the representatives δ and ω.
For O = J∞(E,n), thus defined secondary differential operators admit the

following coordinate description. Operators of the form

k∑

s=1

∑

i1,...,is
σ1,...,σs

ai1,...,is
σ1,...,σs

∂s

∂ui1
σ1 . . . ∂uis

σs

+ const,

where σ1, . . . , σs are multi-indices, are called vertical (with respect to chosen coor-
dinate system). Then it can be proved that every coset

∆ = δ mod Diffk(J∞(E,n)) ∈ Diff(J∞(E,n))

for δ ∈ Diffk(J∞(E,n)), contains only one vertical operator. So, the quotient (9)
representing secondary differential operators can be identified locally with the set of
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all vertical secondary operators. These operators (of order ≤ k) can be represented
in the form

З∇ =

m∑

i=1

∑

σ

L(∇i) ◦ ∂

∂pi
σ

, ∇ = (∇1, . . . ,∇m),

where ∇i ∈ Diffk−1(C
∞(J∞(E,n))) are arbitrary C∞(J∞(E,n))-vertical opera-

tors and

Lσ(∇i) = [Di1 , . . . , [Dis
,∇i] . . . ]

where σ = (i1, . . . , is). The generating operator ∇ is the higher-order analog of
the generating functions for evolutionary derivations but, unlike the latter, it is not
defined uniquely if k > 1.

Secondary operators of order > 1 are not reduced to compositions of first-order
secondary operators. This fact is instructive in connection with the discussion at
the beginning of §5.

We note also that an explicit description of secondary differential operators on
arbitrary diffieties is a much more difficult problem.

Further details, results, and alternative views concerning secondary differential
operators can be found in [38].

Finally, turning back to question (4), we can exhibit the simplest k-th order
linear secondary (quantized) differential equation as

∆(H) = 0, ∆ ∈ Diffl(O), H ∈ H̄n(O).

It must be emphasized, however, that these equations form a very special class of
secondary differential equations. For instance, differentials dp,q

1 = dp,q
1 (O) of the

C-spectral sequence (see Ch. 5 and §7) give us other examples of secondary quantized
differential operators and, therefore, secondary differential equations. One of them
looks as

E

(∫
Ldx

)
= 0,

where
∫

Ldx ∈ H̄n(O) and E is the Euler operator assigning to an action
∫

Ldx the

corresponding Euler–Lagrange equation. This is due to the fact that E = d0,n
1 . Note

also that operators dp,q
1 are of finite order, say ord(k), when restricted to elements

of the k-th filtration, but ord(k) → ∞ when k → ∞. For example, ord(k) = 2k for
the operator E.

7. Secondary (“quantized”) differential forms

In this section, we shall consider another aspect of Secondary Calculus, namely,
secondary (“quantized”) differential forms. What are they? This is a more diffi-
cult question than the one about secondary differential operators we have already
discussed. By this and other reasons we shall omit here preliminary motivations
showing, as before, how to arrive at exact definitions. However, some a posteriori

justifications will be given.
Let O be a diffiety. Adopting the notations of §6, we consider the algebra

Λ∗(O) =
∑

i≥0

Λi(O)
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of all differential forms on O and its ideal

CΛ∗(O) =
∑

i≥0

CΛi(O).

Denote by CkΛ∗(O) the k-th power of this ideal. Then all ideals CkΛ∗(O) are stable
with respect to the exterior differential d. So, we get the following filtration:

Λ∗(O) ⊃ CΛ∗(O) ⊃ C2Λ∗(O) ⊃ · · · ⊃ CkΛ∗(O) ⊃ · · ·
of the de Rham complex of O by its subcomplexes {CkΛ∗(O), d}. The ideals CkΛ∗(O)
are naturally graded,

CkΛ∗(O) =
∑

s≥0

CkΛk+s(O),

where

CkΛk+s(O) = CkΛ∗(O) ∩ Λk+s(O).

Thus, as in Ch. 5 for infinitely prolonged equations, we can construct the
C-spectral sequence

Er(O) =
∑

p,q

Ep,q
r (O), dr =

∑

p,q

dp,q
r ,

of the diffiety O.
If DimO = n, then all nontrivial terms of Ep,q

r (O) are situated in the region
p ≥ 0, 0 ≤ q ≤ n, i.e., as in the case of infinitely prolonged equations.

Definition 2. Elements of E1(O) are called secondary (“quantized”) differ-

ential forms on the diffiety O.

Some reasons in favor of this interpretation are as follows. Let M be a finite-di-
mensional manifold considered as a zero-dimensional diffiety (see §4). Then the
term E1 of its C-spectral sequence degenerates to one line

0 → Λ0(M)
d0,0
1→ Λ1(M)

d1,0
1→ Λ2(M) → · · · → Λm(M) → 0.

Moreover, dp,0
1 = d. In other words, we see that the de Rham complex of M

coincides with the (generally) nontrivial part of the first term of its C-spectral
sequence.

We can observe that standard constructions and formulas connecting “usual”
vector fields and differential forms are also valid for their secondary (“quantized”)
analogs. For instance, the inner product operator of secondary vector fields (“sym-
metries”) with secondary differential forms as well as corresponding Lie derivatives
are well defined. Moreover, they are related by means of the secondary analog of
the infinitesimal Stokes formula

LX = iX ◦ d + d ◦ iX ,

in which the exterior differential d is to be replaced by its secondary analog, i.e.,
by d1(O).

Finally, we remark that secondary differential forms are bigraded objects unlike
the “usual” ones, which are only monograded. The reason is clearly seen from the
above diagrams. This is an illustration of the fact that secondary objects are richer
and more complicated structures than their “primary” analogs. The same idea can
be expressed alternatively by saying that the “usual” (or “primary”) mathemat-
ical objects are degenerate forms of the secondary ones. This statement can be
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also viewed as the following mathematical paraphrase by the Bohr correspondence
principle:

Secondary Calculus
Dim→0→ Calculus

The cobweb theory (see §4) allows us to give an exact meaning to “Dim → 0”.
This is because the Dimension (not dimension!) is an R-valued function in the
framework of this theory.

We saw in Ch. 5 how the C-spectral sequence works. Let us make some further
remarks on the term E2. In the case of infinitely prolonged equations, E2(E∞)
consists of characteristic classes of bordisms composed of solutions of E . The stan-
dard “differential characteristic classes” theories can be obtain in this way under
a suitable choice of E (see [138, 121]). This approach leads, however, to finer
characteristic classes, for instance, special characteristic classes. We illustrate this
topic for solutions of the (vacuum) Einstein equations, or Einstein manifolds. Let
E be the Einstein system on a manifold M . Then it is possible to show that

E∞/
Diffeo(M) = (E ′)∞,

where Diffeo(M) is the diffeomorphism group of M acting naturally on E∞ and E ′ is
a certain system of partial differential equations. In fact, E ′ does not depend on M
and, therefore, its solutions are just diffeomorphism classes of Einstein manifolds.
The corresponding characteristic classes are elements of E2((E ′)∞).

8. Quantization or singularity propagation? Heisenberg or
Schrödinger?

In the preceding pages, we have reached the coasts of “terra incognita”, i.e.,
diffieties and Secondary Calculus on them, whose existence was predicted by the
linguistic version of the Bohr correspondence principle as formulated in §3. Being
the exact analog of algebraic geometry for partial differential equations, this branch
of pure mathematics deserves to be explored systematically, maybe much more than
algebraic geometry itself and independently of the possible physical applications
that stimulated the expedition. Later on we shall discuss briefly some other topics
related to Secondary Calculus. But now it would be timely to reexamine how close
to the solution of the quantization problem for quantum fields we are after having
got Secondary Calculus at our disposal.

It should be stressed from the very beginning that the passage to the “linguis-
tic” version of the Bohr principle inevitably costs us the loss of its original physical
context. On the other hand, the accumulated experience in Secondary Calculus
convinces us that every natural construction in the classical Calculus has its sec-
ondary analog, which can be found by means of a more or less regular procedure.
So, one can expect to deduce fundamental QFT equations by “secondarizing” sam-
ple situations in which both the source and the target of the Bohr principle belong
to the area of classical Calculus.

Evidently, quantum mechanics of particles is exactly such a sample due to the
fact that the Bohr correspondence principle here starts from differential (Schrödinger)
equations and finishes also at differential (Hamilton) equations. However, the Bohr
principle in this case is to be reinterpreted exclusively in terms of Calculus to be-
come secondarizable. This is the key point.

The desired reinterpretation is not obvious and, in particular, should not be
based on the “h → 0” trick, formal series on H, deformations, Hilbert spaces, and



8. HEISENBERG OR SCHRÖDINGER? 319

similar things. We accept formula (2) to be the first approximation. Then our
approach to QFT can be summarized as

FIELD QUANTIZATION = CHAR−1
S(Q),

where S stands for “secondarization”. Hence, the question to be answered first is:
what is the solution singularity type (or types) outlined in §3?

The last problem belongs to the theory of solution singularities of partial dif-
ferential equations, which has not been elaborated enough up to now to provide
us with the immediate answer. So, we postpone the direct attack for the future
and limit ourselves here to a quick trip through the theory of some special solution
singularities called geometric. In addition, the reader can conceive from this model
more precise ideas on the general theory as well as more detailed motivation for
formula (2). But first we shall make some remarks of a historical nature.

As it is well known, two different approaches, one by Heisenberg and the other
by Schrödinger, were at the origin of quantum mechanics. In modern terms, the
first is based on a formal noncommutative deformation of the commutative algebra
of classical observables while the latter proceeds from an analogy with optics. Both
were proclaimed and even proved equivalent and this is just the point we would like
to doubt now. Namely, it seems that a more exact formulation of this equivalence
theorem would be:

The Schrödinger point of view becomes equivalent to the Heisenberg

one after being reduced appropriately.

Below some brief general justifications for this assertion are given and the reader
is asked not to confuse “approach” with “picture” in what follows.

First, the Heisenberg approach is “programmed” in the language of operator
algebras while that by Schrödinger is in Calculus. The former is nonlocalizable
in principle and this is its great disadvantage in what concerns applications to
fundamental (nontechnical) problems of physics. In particular, the passage from
one space-time domain to another cannot be expressed in terms of this language
only (see, e.g., [39]). But, evidently, fundamental physical theories, both at classical
and quantum levels, must be localizable in this sense by their nature. On the other
hand, Calculus is the only localizable language due to the fact that localizable
operators are just differential ones.

Second, in the Heisenberg approach classical mechanics appears to be a limit
case of quantum mechanics or, vice versa, the latter is viewed to be a noncom-
mutative deformation of the former. In particular, this means that they both are
treated to be things of the same nature differing from each other by a parameter.
This is not so in the framework of the Schrödinger approach. In fact, as it follows
from the general mathematical background of the passage from wave to geometric
optics, the latter appears to be a particular aspect of the former. So, applying the
analogy between quantum mechanics and optics discovered by Schrödinger one can
conclude that

classical mechanics is a particular aspect of quantum mechanics.

In this connection it would be relevant to note that Plank’s constant is a true
constant and, therefore, “h → 0” can serve as a trick but not as a ground-stone of
the theory.

Thus these are, shortly, the reasons in favor of the Schrödinger alternative. On
the other hand, it is clearly seen that it had no chances to be realized mathematically
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in the building period of quantum electrodynamics and other quantum field theories.
So, the Heisenberg alternative remained, due to its formality and abstraction, the
only possible way for progress of these theories. This was its invaluable historical
merit and it seems to be going to be exhausted now. Finally, we add that this text
can be regarded also as an attempt to provide the Schrödinger approach with the
mathematical tools which are necessary to extend it to QFT.

9. Geometric singularities of solutions of partial differential equations

In this section we present geometric singularities of solutions of (nonlinear)
partial differential equations and some general results on them relevant to our
discussion of the quantization problem. Some examples illustrating the general
theory and, in particular, the mechanism connecting wave and geometric optics are
collected in the next section.

Solution singularities which we called geometric arise naturally in the context
of the theory of multi-valued solutions of (nonlinear) partial differential equations.
There are different ways to realize strictly the idea of multivalence and we choose
the one based on the notion of R-manifold. This is as follows.

Recall (see Ch. 3 and 4) that a submanifold W ⊂ Jk(E,n), 0 ≤ k ≤ ∞, is
called integral, if TθW ⊂ Cθ for every θ ∈ Jk(E,n) (Cθ stands for the Cartan plane
at θ). An integral submanifold W is called locally maximal, if no open part of it
belongs to another integral submanifold of greater dimension.

Definition 3. A locally maximal n-dimensional integral submanifold of Jk(E,n)
is said to be an R-manifold.

In particular, the graphs L(k) = Mk
f of jets of sections of a bundle π : E → M

are R-manifolds. They are characterized by the following two properties:

1. L(k) is a locally maximal integral manifold.
2. The restriction of the projection

πk,k−1 : Jk(E,n) → Jk−1(E,n)

to L(k) is an immersion.

So, omitting property 2, we get the multi-valued analogs of submanifolds L(k),
i.e., R-manifolds.

Remark 2. Recall that there exist different types of locally maximal integral
submanifolds of Jk(E,n) which differ from each other by their dimensions. One
of these types is formed by fibers of the projection πk,k−1. These are integral
submanifolds of the greatest possible dimension.

Informally, R-manifolds can be treated, generally, as nonsmooth n-dimensional
submanifolds of E = J0(E,n) whose singularities can be resolved by lifting them
to a suitable Jk(E,n).

Now we define a multi-valued solution of a partial differential equation E ⊂
Jk(E,n) to be an R-submanifold, say W , belonging to one of its prolongations
E(s) ⊂ Jk+s(E,n), 0 ≤ s < ∞.

If W ⊂ Jk(E,n) is an R-manifold, then its singular (or branch) points are
defined to be the singular points of the projection πk,k−1 : Jk(E,n) → Jk−1(E,n)
restricted to W (see Figure 1).

We stress here that W is a smooth (=nonsingular) submanifold of Jk(E,n)
and the adjective “singular” refers to the projection πk,k−1.
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Figure 1

A very rich and interesting structural theory stands behind these simple defini-
tions. This cannot be reduced to the standard singularity (or catastrophe) theory.
On the contrary, the latter is a particular degenerate case of the former.

We start with a classification of geometric singularities, which is, of course, the
first structural problem to be considered. According to “the general principles” we
have to classify s-jets of R-manifolds in Jk(E, π) for a prescribed integer s under
the group of contact transformations of this jet space. The simplest case s = 1 is
sufficient for our purposes.

Let W ⊂ Jk(E,n) be an R-manifold and θ ∈ sing W . The subspaces of the
tangent space TθJ

k(E,n) which are of the form TθW are called singular R-planes

(at θ). So, our problem is to classify singular R-planes.
Let P = TθW be a singular R-plane at θ. The subspace P0 of P that consists of

vectors annihilated by (πk,k−1)∗ is called the label of P . It turns out that singular
R-planes are equivalent if and only if their labels are equivalent. So, the classifica-
tion problem in question is reduced to the label classification problem. We define
the type of a (singular or not) R-plane to be the dimension of its label:

type P = dimP0, 0 ≤ typeP ≤ n.

Obviously, typeP = 0 if and only if P is nonsingular.

Example 2. Branched Riemannian surfaces are identical to multi-valued solu-
tions of the classical Cauchy–Riemann equation. Let W be one of them. Then the
set sing W consists of a number of isolated points, say θα. In this case, typePα = 2
for Pα = Tθα

W .

The final result of the label classification is as follows [140]:

Theorem 1. Label equivalent classes of geometric singularities are in one-to-

one correspondence with isomorphic classes of unitary commutative R-algebras, so

that the dimension of a label is equal to that of the algebra corresponding to it.

Recall that every unitary commutative finite-dimensional algebra splits into a
direct sum of algebras F(k), k = 1, 2, . . . , where F(k) denotes the unitary F-algebra

generated by one element ξ such that ξk = 0, ξk−1 6= 0 and F = R or C. Such
a splitting is not unique but the multiplicity numbers showing how many times a
given algebra F(k) enters it do not depend on the splitting. So, these multiplicity
numbers determine completely the isomorphism class of the algebra in question.

Below we speak of A-type geometric singularities referring to the commutative
algebra A corresponding to it by the above theorem.

Example 3. Since the only one-dimensional R-algebra is R itself, there exists
only one label type of geometric singularities with one-dimensional label. This
type is realized by R-manifolds projected to the manifold of independent variables
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as foldings. By this reason, it is denoted by FOLD. The standard theory of char-
acteristic covectors takes a natural part in the FOLD-singularity theory.

Example 4. There are just three isomorphic classes of two-dimensional uni-
tary commutative algebras, namely, that of C, R(2), and R ⊕ R, where (see above)

R(2) = { 1, ξ | ξ2 = 0 }. For equations with two independent variables, C-type
geometric singularities look as ramification points of Riemannian surfaces and as
(n−2)-dimensional families of such ones for n independent variables. In four-dimen-
sional space-time, a C-type singularity can be viewed as a vortex around a moving
curve. This sets fire to suspicion that C-singularities could play an important role
in the future turbulence theory.

The next question that arises immediately when studying concrete equations
is:

What label type geometric singularities does a given system of partial

differential equations admit?

This is an essentially algebraic problem which we illustrate with the following
examples to omit the general discussion.

Example 5. A system of partial differential equations admits FOLD-type sin-
gularities only if it admits nonzero characteristic covectors. For instance, solutions
of elliptic equations do not admit FOLD-singularities.

Example 6. Let E be a second-order scalar differential equation with two in-
dependent variables. Then it admits only one of the three types of two-dimen-
sional singularities mentioned above. This is the C-type for elliptic equations, the
R(2)-type for parabolic equations, and the R ⊕ R-type for hyperbolic equations.

A more delicate problem is to describe submanifolds of the form singΣ W for
multi-valued solutions W of a given differential equation and a given solution singu-
larity type Σ. Here singΣ W ⊂ W stands for the submanifold of Σ-singular points
of W . In other words, we are interested in determining the shape of Σ-singularities
admitted by a given equation.

The solution of this problem can be sketched as follows: Let a label solution
singularity type Σ be fixed; then it is possible to associate with a given system of
partial differential equations E another system EΣ such that submanifolds of the
form singΣ W , W being a multi-valued solution of E , satisfy EΣ and, conversely, ev-
ery solution of EΣ is of the form singΣ W for (possibly formal) multi-valued solutions
of E .

If E is of n independent variables, then EΣ is of n − s independent variables,
where s is the dimension of the label Σ. The construction of equations EΣ is not
simple enough to be reproduced here. Instead, in the next section we exhibit some
examples from which the reader can conceive an idea of them. Informally speaking,
if E describes a physical substance, say a field or a continuous medium, then EΣ

describes behavior of a certain kind of singularities of this substance, that can
be characterized by the label singularity type Σ. In the case when E refers to
independent space-time variables the equation EΣ describes propagation of Σ-type
singularities in the substance in question.

Denote by CHARΣ the functor that associates the equation EΣ with a given
equation E . The problem:
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To what extend does the behavior of singularities of a given type of

physical system determine the system itself ?

is evidently of a fundamental importance and the search for the domain of invertibil-
ity of the functor CHARΣ is maybe the most significant aspect of it. The following
result gives an instructive example of this nature.

The FOLD-Reconstruction Theorem. Every hyperbolic system of partial

differential equations E is determined completely by the associated system EFOLD.

In other words, to write down explicitly a hyperbolic system E it is sufficient
to know the system EFOLD.

The above theorem can be reformulated by saying that the functor CHARΣ is
invertible on the class of hyperbolic equations. On the other hand, this functor is
not invertible on the class of elliptic equations due to the fact that EFOLD is empty
for any elliptic E .

The general “singularity reconstruction problem” we are discussing may have
various flavors depending on the chosen, not necessary geometric, solution singu-
larity type. For instance, the classical problem of fields and sources can be viewed
as its particular case. Another remarkable example can be found in the history of
electrodynamics. Observing that the elementary laws of electricity and magnetism
such as that by Coulomb or Faraday describe the behavior of some kind of singu-
larities of electromagnetic fields, we see Maxwell’s equations to deliver a solution
to the corresponding singularity reconstruction problem.

The importance of multi-valued solution theory comes in evidence also due to
its relations with Sobolev–Schwartz theory of generalized solutions of linear partial
differential equations. These relations are based on the observation that one can
get a generalized solution of a given linear differential equation simply by summing
up branches of multi-valued solution. As a matter of fact, the procedure assigning
the generalized solution to a given multi-valued one is more delicate than a simple
summation and is based on the choice of a de Rham type cohomology theory and
a suitable class of test functions. Maslov-type characteristic classes then arise as
obstructions to perform this procedure and their nature depends on the cohomology
theory chosen (see [74, 133, 76]).

It is worth stressing that generalized solutions assigned to multi-valued ones
with no FOLD-singularities are, in fact, smooth, i.e., not properly generalized func-
tions. This correlates nicely with the well-known fact that generalized solutions of
elliptic equations are exhausted by smooth solutions, i.e., single-valued ones, while
such equations admit nontrivial multi-valued solutions (say, branched Riemann-
ian surfaces for the Cauchy–Riemann equation) with non-FOLD-type singularities.
These and other similar facts show multi-valued solutions to be a satisfactory sub-
stitution for generalized ones for nonlinear differential equations, where generalized
solutions cannot even be defined. Moreover, the former are a finer tool in the
framework of the linear theory also.

Further details and results on the topics touched upon in this section the reader
finds in the book [60] and in the lecture [133]. For a systematic exposition see [140].
Many other interesting aspects of solution singularity theory are presented in the
recent review by V. Lychagin [76].

Multi-valued solutions were introduced in the work [124], followed by a techni-
cally simple but instructive work [63] by A. Krishchenko. Afterwards, a significant
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series of works by V. Lychagin appeared. Unfortunately, these names almost ex-
haust the list of contributions in this field. For a full bibliography see [60, 76, 140]2.

10. Wave and geometric optics and other examples

In this section we illustrate the generalities of the previous one with some
simple examples taken from [69]. We enter here neither into technical details nor
into interpretations of exhibited equations, referring the reader to [69].

10.1. Σ-characteristic equations. Let π : E → M be a fiber bundle, E ⊂
Jk(π) be a system of differential equations, and Σ be a label solution singular-
ity type. The Σ-characteristic system of Σ is the system of differential equations
whose solutions are of the form πk(singΣ W ), where πk : Jk(π) → M is the natural
projection and W is a multi-valued solution of E .

Denote the Σ-characteristic equation of E by E0
Σ and observe that the whole

system EΣ is obtained by adding to E0
Σ some other equations called complemen-

tary. If E refers to independent space-time variables, then E0
Σ governs motions of

Σ-singularities locuses of the physical system in question while the complementary
equations describe the evolution of the internal structures of Σ-singularities.

Classical characteristic equations, whose theory was initiated by Hugoniot and
then developed systematically by Hadamar (see [40]), arise naturally in the study of
uniqueness of the initial data problem. As we have already mentioned, the unique-
ness problem is included in the theory of FOLD-singularities. So, it is not surprising
that FOLD-characteristic equations coincide with classical ones. We recommend
the works [67, 66, 96], in which first attempts to apply classical characteristic
equations to quantum mechanics and relativity were made.

The coordinate-wise representation of FOLD-characteristic equations looks as
follows. Let the basic equation E be given by

Fj(x, u, . . . , ui
σ, . . . ) = 0, j = 1, . . . , l,

where Fj ∈ Fk(π). Introduce the characteristic matrix of E to be

MF =




∑
|σ|=k ∂F1/∂u1

σpσ . . .
∑

|σ|=k ∂F1/∂um
σ pσ

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .∑
|σ|=k ∂Fl/∂u1

σpσ . . .
∑

|σ|=k ∂Fl/∂um
σ pσ


 ,

where pσ = pi1
1 · . . . · pin

n for σ = (i1, . . . , in). The FOLD-characteristic equation be-
comes trivial, i.e., 0 = 0, for l < m. If l ≥ m, we get the FOLD-characteristic equa-
tion E0

FOLD of Σ-singular locuses representable in the form xn = ϕ(x1, . . . , xn−1)
by substituting ∂ϕ/∂xi for pi, i = 1, . . . , n − 1, and −1 for pn in MF and then
equating to zero all m-th order minors of the matrix so obtained.

Remark 3. Strictly speaking, the above procedure is valid only for formally
integrable E .

10.2. Maxwell’s equations and geometric optics. Consider the vacuum
Maxwell equations (=“wave optics”):

div E = 0, curlE = −1

c

∂H

∂t
,

div H = 0, curlH =
1

c

∂E

∂t
.

2See also a recent paper by A. Givental [34].
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In this case, n = 4, m = 6, l = 8. So, the characteristic matrix is 8× 6 rectangular
and a direct computation shows that all its sixth-order minors are of the form

λ

(
p2
1 + p2

2 + p2
3 −

1

c2
p2
4

)2

,

with λ = 0 or ±pipj . So, putting x4 = t we see that the equation E0
FOLD coincides

with the standard eikonal equation

(
∂ϕ

∂x1

)2

+

(
∂ϕ

∂x2

)2

+

(
∂ϕ

∂x3

)2

=
1

c2
. (10)

In such a way we obtain the interpretation of this well-known fact in terms of
the solution singularity theory. However, this gives us something more, namely, the
complementary equations that compose, together with the eikonal equation, the
whole system EFOLD. They look as follows:

div hE = gradϕ · curlhH ,

curlhE + div hH · gradϕ = gradϕ × curlhH .

Here hE and hH are singular values, i.e., values on the singular surface t =
ϕ(x1, x2, x3), of the electric and magnetic fields, respectively.

10.3. On the complementary equations. It is obvious from the procedure
of §10.1 that very different equations can have the same characteristic equation.
For example, the eikonal equation (10) is also the characteristic equation for the
Klein–Gordon equation

1

c2

∂2u

∂t2
− ∆u − m2u = 0.

So, it is not possible to reconstruct the original equation knowing only its
characteristic equation. In view of the Reconstruction Theorem of §9, the only
information one needs for the reconstruction is contained exactly in the comple-
mentary equations. Therefore, an independent and direct physical interpretation
of quantities in these equations would allow one to make up information that lacks
to solve the corresponding singularity reconstruction problem. One can see now
that this singularity interpretation problem becomes very important. For example,
a solution of this problem for continuous media would provide us with a regular
method

to deduce equations governing a given continuous medium proceed-

ing from observation of how a given type (or types) of singularities

propagate in it.

This would be an attractive alternative to the present phenomenological status
of mechanics of continuous media.

It is clear that quantization “à la Schrödinger” can also be treated as such a
kind of interpretation problem. In this context the Hamilton–Jacobi equations of
classical mechanics considered as Q-characteristic equations are to be completed
by suitable complementary equations. It is natural to think that the standard
formal quantization methods “à la Heisenberg” cover just the remaining gap of
these hypothetical complementary equations.
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10.4. Alternative singularities via the homogenization trick. The clas-
sical, i.e., FOLD-characteristic equation for the Schrödinger equation

i~
∂ψ

∂t
+

~2

2m
∆ψ − V ψ = 0, (11)

and for singular locuses given in the form t = x4 = ϕ(x1, x2, x3), is
(

∂ϕ

∂x1

)2

+

(
∂ϕ

∂x2

)2

+

(
∂ϕ

∂x3

)2

= 0.

This demonstrates that geometric singularities are not adequate for the correspon-
dence between quantum and classical mechanics. For the hypothetical “quantum”
singularity type (see §3) the Q-characteristic equation E0

Q should be

∂ϕ

∂t
− 1

2m

3∑

i=1

(
∂ϕ

∂xi

)2

− V = 0. (12)

It is possible, however, to interpret (12) as the classical characteristic equation for
the “homogenized” Schrödinger equation

∂2ψ̃

∂t∂s
− 1

2m

3∑

i=1

∂2ψ̃

∂x2
i

+ V
∂2ψ̃

∂s2
= 0, (13)

in five-space with coordinates x1, x2, x3, t, s assuming that singular locuses are
given in the form s − ϕ(x1, x2, x3, t) = 0. On the other hand, (13) reduces to (11)
on the functions

ψ̃ = ψ(x, t) exp

(
i

~
s

)
. (14)

This motivates us to define Q-singularities as the reduction of FOLD-singularities
on the functions (14). This is not, however, very straightforward and we refer the
reader to [69] for some results of this approach.

10.5. R(k)-characteristic equations. In this subsection, some analogs of the
Hamilton–Jacobi equation for extended (i.e., not point-like) singular locuses are
exhibited. For simplicity, we chose the wave equation

3∑

i=1

∂2u

∂x2
i

− 1

c2

∂2u

∂t2
= 0

as a basis. Since R(1) = FOLD, the R(1)-characteristic equation coincides with the
standard eikonal equation (10).

For k = 2 and the singularity locuses given by

x2 = ϕ(s, t), x3 = ψ(s, t) with s = x1,

the R(2)-characteristic equation looks as
(

∂ψ

∂t

∂ϕ

∂s
− ∂ϕ

∂t

∂ψ

∂s

)2

+

(
∂ϕ

∂t

)2

+

(
∂ψ

∂t

)2

− c2

(
∂ϕ

∂s

)2

− c2

(
∂ψ

∂s

)2

− c2 − 0.

Its solutions are two-dimensional surfaces tangent to the light cone.
Finally, the R(3)-characteristic equation for singularity curves of the form xi =

xi(t), i = 1, 2, 3, is

ẋ2
1 + ẋ2

2 + ẋ2
3 = c2.
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For other examples, results, and discussions see [69].
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action, see Lagrangian

adapted coordinates, 73

adjoint operator, 191, 207

algebra of nonlocal symmetries, 251

algebra with filtration, see filtered algebra

almost contact manifold, 49

Bäcklund autotransformation, 239

Bäcklund transformation, 239, 249

Bäcklund transformations

for the Korteweg–de Vries equation, 240

for the modified Korteweg–de Vries equa-

tion, 239

for the sine-Gordon equation, 239

Bianchi–Lie theorem, 26

boundary differential equation, 272, 275

boundary differential operator, 278, 279

branch point, see singular point

bundle of infinite jets, 124

bundle of (k,G)-jets, 275

Burgers equation, 71, 96, 130, 167, 169, 228

classical symmetries, 96

conservation laws, 208

coverings, 230, 241

factorization, 114

higher symmetries, 167, 173

nonlocal symmetries, 223, 254

recursion operators, 225

canonical coordinates, 74; see also special

coordinates

Cartan connection, 133

Cartan distribution, 3, 7, 39, 41, 282, 283,

291

on E∞, 159

on J∞(π), 139

on Jk(π), 76

on Jk(n, m), 70

on a differential equation, 78

Cartan form, 77, 140, 234, 284

Cartan module, 284

Cartan plane, 39, 76

category of differential equations, 227, 311

Dimension of objects, 227

morphisms, 227

objects, 227; see also diffiety

Cauchy data, 56

C-complete equation, 116

C-differential operator, 189, 207

C-general equation, 116

characteristic, 16, 56

characteristic direction field, 56

characteristic distribution, 17

characteristic distribution of a form, 49

characteristic equations, 324

characteristic field, 10

characteristic matrix, 324

characteristic symmetry of a distribution, 15

characteristic vector field, 49

charge density, see conserved density

Clairaut equation, 5

complete integral, 47

exceptional integrals, 48

classical finite symmetry of a differential equa-

tion, see finite symmetry

classical infinitesimal symmetry of a differ-

ential equation, 92

classical symmetries, 290

of the Burgers equation, 96

of the Kadomtsev–Pogutse equations, 103

of the Khokhlov–Zabolotskaya equation,

99

of the Korteweg–de Vries equation, 98

coagulation equation, see Smoluchowski equa-

tion

Cole–Hopf transformation, 224

common equation, 116

commutator relation for symmetries, 164

complementary equations, 324

complete integral, 60, 63

of the Clairaut equation, 47

completely integrable distribution, 138

composition of differential operators, 128

conservation law, 186, 188

conservation law of an equation, 168

conservation laws

of Korteweg–de Vries equation, 210

of the Burgers equation, 208

of the filtration equation, 209

of the heat equation, 209

of the Kadomtsev–Pogutse equations, 214

of the Khokhlov–Zabolotskaya equation,

212

335
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of the Navier–Stokes equations, 213

of nonlinear Schrödinger equation, 211

of the plasticity equations, 212

of the Zakharov equations, 211

conserved current, 186

conserved density, 186

contact element, 37

contact manifold, 49

contact symmetry (finite), 46

contact symmetry (infinitesimal), 54

contact transformation, 42

contact transformation (infinitesimal), 50

contact vector field, 32, 50

covering, 226, 227, 311

covering associated to a local symmetry, 228

covering associated to an operator, 227

covering equation, 235

coverings

over the f -Gordon equation, 248

over the Burgers equation, 230, 241

over the equation uxx + uyy = ϕ(u), 249

over the Korteweg–de Vries equation, 236,

244

over the nonlinear heat equation, 247

over the potential Korteweg–de Vries equa-

tion, 225

C-spectral sequence, 187, 317

Darboux transformation, 115

DE category, see category of differential equa-

tions

defining equations for classical symmetries,

94

defining equations for higher symmetries, 162,

164, 292

density of a Lagrangian, 215

differential equation of order k, 69, 78

differential forms on J∞(π), 134

differentially closed ideal, 158

diffiety, 310

diffiety dimension, 310

Dimension in the DE category, 227

distribution, 11

distribution on J∞(π), 137

dressing procedure, 115

Einstein equations, 199

equivalent coverings, 229

equivalent equations, 46

equivalent predistributions on J∞(π), 137

Euler operator, 195, 197, 215

Euler transformation, 44

evolutionary derivation, 147, 290

exceptional integral of the Clairaut equation,
48

exterior higher symmetry, 161

exterior symmetry, 116, 292

f -Gordon equation, 248; see also sine-Gordon

equation

coverings, 248

factorization, 7, 108, 228

of evolution equations in one spatial vari-

able, 114

of the Burgers equation, 114

of the heat equation, 114, 228

of the Laplace equation, 110, 113

of the wave equation, 114

filtered algebra, 125

filtered module, 130

filtration degree, 125

filtration equation

conservation laws, 209

finite symmetry of a differential equation, 92

finite symmetry of a distribution, 11

first integral, 58

first integral of a distribution, 21

first-order differential equation, 41

flux, 186

FOLD-Reconstruction Theorem, 323

formal solution of a boundary differential equa-

tion, 291

functional differential equation, see bound-

ary differential equation

Galilean transformation, 84

generalized solution of a differential equa-

tion, 41, 71, 78

generating function, 30, 202, 207

generating function of a contact field, 52

generating function of a Lie field, 92; see also

generating section

generating section, 32

generating section of a Lie field, 92; see also

generating function

generating section of an evolutionary deriva-

tion, 147

generic point of an equation, 180

geometric singularity, 319

G-invariant solution, 95

g-invariant solution, 95

G-invariant symmetry, 288

Hamilton–Jacobi equation, 58

Hamiltonian, 218

Hamiltonian equation, 205, 206

Hamiltonian evolution equation, 218

Hamiltonian operator, 204, 217

Hamiltonian structure, 204

Hamiltonian vector field, 205

Harry Dym equation

Hamiltonian structures, 220

heat equation, 167, 170, 224, 228, 256, 260

conservation laws, 209

factorization, 114, 228

higher symmetries, 167, 173

recursion operators, 175
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higher Jacobi bracket, 33, 148

higher Korteweg–de Vries equations, 123; see

also higher symmetries of the Korteweg–

de Vries equation

higher symmetries

of ordinary differential equations, 180, 184

of the Burgers equation, 167, 173

of the heat equation, 167, 173

of the Korteweg–de Vries equation, 224

of the plasticity equations, 177, 179

transformation under change of variables,

178

higher symmetry of a differential equation,

32, 158, 160, 292

hodograph transformation, 85

horizontal de Rham cohomology, 187, 313

horizontal de Rham complex, 136, 187, 188

horizontal differential, 313

horizontal differential form, 234, 313

horizontal differential forms, 136

horizontal module, 189

horizontal operator, see C-differential oper-

ator

horizontalization, 30

ideal of a distribution, 137

ideal of an equation, 157

identically conserved current, see trivial con-
served current

infinite jet of a section, 124

infinite prolongation of a differential equa-

tion, 156, 291

infinitely prolonged equation, see infinite pro-

longation of a differential equation

infinitesimal automorphism of a distribution,

138

infinitesimal contact symmetry, 54

infinitesimal contact transformation, 50

infinitesimal interior symmetry, 115

infinitesimal symmetry of a distribution, 12,

14

integral manifold of a distribution, 138

integral of motion, see conservation law

integral submanifold, 320

integrating factor, 24

interior symmetry, 115

internal coordinates on E∞, 164

invariant manifold of a distribution, 231

invariant solution, 20, 95; see also G-invari-

ant and g-invariant solution

invariant solutions

of the Kadomtsev–Pogutse equations, 104

of the Khokhlov–Zabolotskaya equation,

101

irreducible covering, 231

Jacobi bracket, 53, 93, 290

Jacobi brackets, 148

jet of a section, 75, 275

Kadomtsev–Pogutse equations, 102

classical symmetries, 103

conservation laws, 214

invariant solutions, 104

reproduction of solutions, 106

KdV equation, see Korteweg–de Vries equa-

tion

Khokhlov–Zabolotskaya equation, 99

classical symmetries, 99

physically meaningful symmetries, 100

conservation laws, 212

invariant solutions, 101

nonlocal symmetries, 302

Korteweg–de Vries equation, 98, 123

Bäcklund transformations, 240

classical symmetries, 98

conservation laws, 210

coverings, 236, 244

Hamiltonian structures, 219

higher symmetries, 224
master symmetry, 263

nonlocal symmetries, 224, 253, 262

recursion operators, 220, 224, 262

label of a singular R plane, 321

Lagrange–Charpit method, 65

Lagrangian, 215

Lagrangian derivative, 215; see also Euler

operator

Lagrangian plane, 56

Laplace equation

factorization, 110, 113

Laplace invariants, 228

Laplace transformation, 227, 303

Legendre transformation, 11, 44, 87

Lenard recursion operator, 220; see also re-

cursion operator

Lie equations, 14

Lie field, 89

Lie fields on J∞(π), 149

Lie transformation, 86

lifting of a Lie field, 89

lifting of a linear boundary differential oper-
ator, 280

lifting of a linear differential operator, 134

lifting of a point transformation, 85

lifting of a submanifold, 79
lifting of a transformation, 44

lifting of a vector field, 31, 51, 133

linear conservation law, 209
linear Lie equations, 14

linearization, see universal linearization op-

erator

linearization at a section, 151

Liouville equation, 249
ℓ-normal equation, 198, 207

locally maximal integral manifold of a dis-

tribution, 138
locally maximal integral submanifold, 320



338 INDEX

l-solvable equation, 117

manifold of infinite jets, 124

manifold of (k,G)-jets, 275

manifold of 1-jets, 38

master symmetry, 263

matrix nonlinear differential operator, 126

Maxwell equations, 199, 303

Mayer bracket, 53

Miura–Gardner transformation, 236

mKdV equation, see modified Korteweg–de Vries

equation

modified Korteweg–de Vries equation, 236,

254

Bäcklund transformations, 239

recursion operators, 264

module with filtration, see filtered module

morphism in the DE category, 227

multi-valued solution of a differential equa-

tion, 320

multi-valued solution of a differential equa-

tion, 3

Navier–Stokes equations

conservation laws, 213

Newton equations

symmetries and conservation laws, 216

Noether map, 203

Noether theorem, 215

nondegenerate complete integral, 60

nondegenerate subspace, 22

nonlinear differential operator

matrix, 126

scalar, 126

nonlinear heat equation

coverings, 247

nonlinear Lie equations, 14

nonlinear Schrödinger equation

conservation laws, 211

recursion operators, 264

nonlocal conservation law, 187, 234

nonlocal coordinates, 229

nonlocal symmetries

of the Burgers equation, 223, 254

of the Khokhlov–Zabolotskaya equation,

302

of the Korteweg–de Vries equation, 224,

253, 262

of the Smoluchowski equation, 294

nonlocal symmetry, 224, 251, 311

nonlocal symmetry of type τ , 251

nonlocal τ -symmetry, 251

nonsingular contact element, 37

nontrivial symmetry of a distribution, 15, 16

normal equation, 117

object of the DE category, 227

1-jet, 38

1-jets manifold, 38

order of a covering, 235

ordinary differential equations

higher symmetries, 180, 184

point symmetries, 184

oricycle foliation, 18

pedal transformation, 45

pKdV equation, see potential Korteweg–de Vries

equation

plasticity equations, 175

conservation laws, 212

higher symmetries, 177, 179

recursion operator, 177

recursion operators, 177

point symmetries

of ordinary differential equations, 184

point transformation, 31, 44, 85

Poisson bracket, 54, 203, 217

potential Korteweg–de Vries equation, 225,

236

coverings, 225

predistribution on J∞(π), 137

prolongation of a boundary differential equa-

tion, 291

prolongation of a boundary differential op-
erator, 280

prolongation of a differential equation, 155

prolongation of a differential operator, 128,

129

prolongation of a submanifold, see lifting of

a submanifold

prolongation structure, 242, 245

proper conservation law, 202, 208

“quantized” differential form, 317

“quantized” operator, see secondary (“quan-

tized”) operator

quotient equation, 8, 9

R-manifold, 320

R-plane, 75

ray, see ray submanifold

ray submanifold, 79

recursion operator, 175, 177, 224, 261

for the plasticity equations, 177

recursion operators

for the Burgers equation, 225

for the heat equation, 175

for the Korteweg–de Vries equation, 224,
262

for the modified Korteweg–de Vries equa-

tion, 264

for the nonlinear Schrödinger equation, 264

for the plasticity equations, 177

for the sine-Gordon equation, 264

reduced MHD equations, see Kadomtsev–

Pogutse equations

reducible covering, 231

regular equation, 198
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reproduction of solutions, 94

of the Kadomtsev–Pogutse equations, 106

rigid conservation law, see topological con-

servation law

rigid equation, 115

scalar differential invariants, 114

scalar nonlinear differential operator, 126

scale symmetry, 96

scale transformation, 84

secondary (“quantized”) differential form, 317

secondary (“quantized”) differential equations,

309

secondary (“quantized”) operator, 315

self-similar solution, 96; see also invariant

solution

semigroup of a boundary differential system,

272

Σ-characteristic system, 324

sine-Gordon equation, 249

Bäcklund transformations, 239

Lagrangian, 216

Noether symmetries, 216

recursion operator, 216

recursion operators, 264

singular point, 3, 320

singular point of an equation, 42

singular R-plane, 321

singularity interpretation problem, 325

Smoluchowski equation, 274

symmetries, 294

smooth distribution, 11

smooth functions on J∞(π), 124

smooth mapping of jet manifolds, 126

solution of a boundary differential equation,

275

solution of a differential equation, 3

solvable Lie algebra, 26

space of k-jets of a bundle, 74

special characteristic classes, 318

special coordinates, 74; see also canonical

coordinates

special local coordinates, 38; see also canon-

ical local coordinates

symmetry of a differential equation, 92; see

also finite symmetry

symmetry of a distribution, 11, 12, 14

symmetry of a distribution on J∞(π), 138

symmetry of a dynamical system, see sym-

metry of a vector field

symmetry of a vector field, 18

symplectic operator, 206

system in involution, 67

topological conservation law, 202, 207

total derivative operator, 29, 86, 134, 282

total Jacobian, 86

translation, 84

trivial conserved current, 186

trivial covering, 230

trivial symmetry of a distribution, see char-

acteristic symmetry of a distribution

type of a singular R plane, 321

universal Abelian covering, 260

universal algebra of a covering, 242

universal element, 40

universal evolutionary differential, 148

universal linearization, see universal lineariza-

tion operator

universal linearization operator, 31, 152, 290

variational complex, 197

variational derivative, see Lagrangian deriv-

ative
variational functional, see Lagrangian

vector field depending on time, 49

vector field on J∞(π), 131

vertical operator, 315

vertical secondary operator, 316

vertical vector field, 132, 161, 234

wave equation, 249

factorization, 114

weights, 174

Whitney product of coverings, 231

Yang–Mills equations, 199

Zakharov equations

conservation laws, 211

Hamiltonian structure, 218

symmetries, 219


